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Abstract We study a three-component consumer chain model which is based on Schnaken-
berg type kinetics. In this model there is one consumer feeding on the producer and a second
consumer feeding on the first consumer. This means that the first consumer (central compo-
nent) plays a hybrid role: it acts both as consumer and producer. The model is an extension
of the Schnakenberg model suggested in Gierer and Meinhardt (Kybernetik 12:30-39, 1972)
and Schnakenberg (J Theoret Biol 81:389-400, 1979) for which there is only one producer
and one consumer. It is assumed that both the producer and second consumer diffuse much
faster than the central component. We construct single spike solutions on an interval for
which the profile of the first consumer is that of a spike. The profiles of the producer and
the second consumer only vary on a much larger spatial scale due to faster diffusion of these
components. It is shown that there exist two different single spike solutions if the feed rates
are small enough: a large-amplitude and a small-amplitude spike. We study the stability prop-
erties of these solutions in terms of the system parameters. We use a rigorous analysis for
the linearized operator around single spike solutions based on nonlocal eigenvalue problems.
The following result is established: If the time-relaxation constants for both producer and
second consumer vanish, the large-amplitude spike solution is stable and the small-amplitude
spike solution is unstable. We also derive results on the stability of solutions when these two
time-relaxation constants are small. We show a new effect: if the time-relaxation constant of
the second consumer is very small, the large-amplitude spike solution becomes unstable. To
the best of our knowledge this phenomenon has not been observed before for the stability
of spike patterns. It seems that this behavior is not possible for two-component reaction—
diffusion systems but that at least three components are required. Our main motivation to
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study this system is mathematical since the novel interaction of a spike in the central com-
ponent with two other components results in new types of conditions for the existence and
stability of a spike. This model is realistic if several assumptions are made: (i) cooperation
of consumers is prevalent in the system, (ii) the producer and the second consumer diffuse
much faster than the first consumer, and (iii) there is practically an unlimited pool of pro-
ducer. The first assumption has been proven to be correct in many types of consumer groups
or populations, the second assumption occurs if the central component has a much smaller
mobility than the other two, the third assumption is realistic if the consumers do not feel the
impact of the limited amount of producer due to its large quantity. This chain model plays a
role in population biology, where consumer and producer are often called predator and prey.
This system can also be used as a model for a sequence of irreversible autocatalytic reactions
in a container which is in contact with a well-stirred reservoir.

Keywords Pattern formation - Consumer chain model - Predator—prey model -
Autocatalytic reaction - Reaction—diffusion systems - Spiky solutions - Stability

Mathematics Subject Classification Primary 35B35, 92C40 - Secondary 35B40

1 Introduction

We consider a reaction—diffusion system which serves as a cooperative consumer chain
model. It takes into account the interaction of three components, one pure producer, one
pure consumer and a central component which acts as both producer and consumer. These
three components supply each other in a linear chain. This model is an extension of the
Schnakenberg model introduced in [12,27] which possesses only one producer and one
consumer. In the model under investigation we have a central component which plays a
hybrid role: it consumes the pure producer and it is consumed by the second consumer. It
is assumed that both the producer and second consumer diffuse much faster than the central
component.
The system can be written as follows:

aS ai 2
T— =D|AS+1— —Suj, xeQ,t>0,
at €
duy 2 2 2
?:6 Auy —uy + Suj — axuius, xeQ,t>0, (1.1)
0 1
TI%ZD2AMQ—MQ+7M1M%, xe,t>0,
€

where S and u; denote the concentrations of the producer (food source) and the two con-
sumers, respectively. Here 0 < 2 «land0 < D1, 0 < D are three positive diffusion
constants. The constants a;, ay (positive) for the feed rates and t, 71 (nonnegative) for the
time relaxation constants will be treated as parameters and their choices will distinguish
between stability and instability of steady-state solutions.

We choose as domain the interval 2 = (—1, 1) and consider Neumann boundary condi-
tions

ds ds duy dui
—(-=1,0)=—(1,00=0, —(-1,00)=—(1,0)=0,

dx( ) dx( ) dx( ) dx( )

duy duy

—(=1,0) = —=(1,0) =0. 1.2
I ( ) T (1,0) (1.2)
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These type of boundary conditions are also called “reflective” boundary conditions and
model a system which does not have exchange to the outside world by permeation through
the boundary.

Remark 1.1 Our choice of diffusion constants is essential for the type of spike solutions under
consideration. We need to have a very small diffusion constant for the central component to
get a spike and much larger diffusion constants for the other two components resulting in
profiles on the order unity scale only.

Remark 1.2 The choice of the coefficients —”?1, 1, —ay, é of the nonlinear reaction terms
in (1.1) allows us to have spiky solutions for which all three components have an amplitude of
order O (1) as € — 0. Other choices of parameters in the model are possible, but they would
result in amplitudes which are not of order O(1). In that case, a rescaling of amplitudes is
possible which will lead to the scaling we used in (1.1) and amplitudes of order O(1). For
this reason we have used the system in the form (1.1) as our starting point.

The interaction of a spike in the central component of a consumer chain model with
two other components, one preceding it and the other succeeding it, results in new types of
conditions for the existence and stability of a spike. This was the main motivation for us to
study this problem in detail.

We first prove the existence of single spike solutions in an interval. It is shown that such
a pattern exists if the feed rates aj, ap are small enough. We prove that there are two such
spiky solutions, one with a large-amplitude spike and the other with a small-amplitude spike.

We show that the large-amplitude solution can be stable for 7; = 0, whereas the small-
amplitude solution is always unstable. However, for 0 < ¢ < 17 < 1 the large-amplitude
solution is unstable due to an eigenvalue of order 0(711) which has a positive real part (see
Corollary 2.1).

We expect that for 0 < 71 <« € < 1 the system will be stable, i.e. the instability will
vanish if the time-relaxation constant 7| of the last component is very small compared to the
square root of the diffusion constant of the spike component.

This is a new effect which to the best of our knowledge has not been observed before for
the stability of spike patterns. It seems that this behavior is not possible for two-component
reaction—diffusion systems but that at least three components are required.

We use a rigorous analysis for the linearized operator around a single spike solution based
on nonlocal eigenvalue problems.

Models involving a chain of components play an important role in biology, chemistry,
social sciences and many other fields. Well-known examples include consumer chains,
predator-prey systems, food chains, genetic signaling pathways, autocatalytic chemical reac-
tions and nuclear chain reactions. For food chains it is commonly assumed that there is
only limited supply of resources which leads to a saturation effect and the solutions remain
bounded for all times. On the other hand, for autocatalytic chemical or nuclear chain reactions
the interaction of the components in the chain has a self-enforcing effect and the solutions can
grow and become unbounded. In our model the cooperation of consumers is accounted for by
superlinear nonlinearities. In general we do not know the exact shape of the nonlinearities,
which will depend on more details of the application considered, and so for simplicity we
choose quadratic nonlinearities. This choice can be motivated for chemical reaction systems
by the mass balance law in the case of binary reactions. It can also be derived using mathe-
matical principles by expanding a general nonlinearity for small amplitudes around zero and
will then play a role in understanding solutions with small amplitudes.
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In this respect, it is interesting to consider the work of Bettencourt and West [2] who
collected extensive empirical data on typical activities in cities such as scientific publications,
patents, GDP, the number of educational institutions but also on crime, traffic congestion or
certain diseases indicating that they grow at a superlinear rate with population size. They
established a universal growth rate which applies to most of the activities in major cities
independent of geographic location, ethnicity of the population or cultural background which
corresponds to a power law with power of around 1.15. Although this is less than the quadratic
power law considered in this paper we expect that many of our results will not change
qualitatively if we replace the quadratic law by this smaller power growth. The general
explanation behind this superlinear growth in societies is that they are able to attract those
people which will be most suitable to interact with the pre-existing population successfully.

In our model we further assume that the limited amount of resources is not felt which is
realistic if resources are plentiful or if consumption is practised wisely to use the remaining
supplies in a sustainable way.

We refer to the recent work [18] in which the stability of food chains was analyzed under
the assumption that supply of resources is limited.

In biological populations consumer and producer are often called predator and prey. For
more background on predator-prey models we refer to [21]. Our system can also be used as a
model for a sequence of irreversible autocatalytic reactions in a container which is in contact
with a well-stirred reservoir. Similar models have been suggested, see e.g. Chapter 8 of [29]
and the references therein.

Our main results are generalizations of similar statements for the Schnakenberg model. Let
us briefly recall some related results: In [15,30] the existence and stability of spiky patterns
on bounded intervals is established. In [39] similar results are shown for two-dimensional
domains. In [1] it is shown how the degeneracy of the Turing bifurcation [28] can be lifted
using spatially varying diffusion coefficients. In [22—24] spikes are considered rigorously for
the shadow system.

For a closely related system, the Gray-Scott model introduced in [13,14], some of the
results are the following: In [4-7] the existence and stability of spike patterns on the real line
is proved. The two-dimensional case is studied in [32,33,36,37]. In [16,17] different regimes
for the Gray-Scott system are considered and the existence and stability of spike patterns in
an interval is shown. In [25,26] a skeleton structure and separators for the Gray-Scott model
are established.

Other “large” reaction diffusion systems (more than two components) with spiky patterns
include the hypercycle of Eigen and Schuster [8—11,34,35], and Meinhardt and Gierer’s
model of mutual exclusion and segmentation [19,20,40]. These results have been summarized
and reviewed in [42].

The paper [41] is a companion to the current one. In that work the diffusion constants
are chosen as follows: the diffusivity for the first component is much larger than for the
second, and for the second it is much larger than for the third. Results on the existence and
stability of a spiky cluster solution have been derived. That solution has a spike for the last
component which acts on a very small scale, for the central component there are two partial
spikes glued together acting on an intermediate scale, and for the first component there is a
profile which changes on the order unity scale only. This spiky solution can be stable, but to
achieve stability a fine balance is required between the three components.

The structure of this paper is as follows:

In Sect. 2, we state and explain the main theorems on existence and stability.

In Sects. 3 and 4, we prove the main existence result, Theorem 2.1. In Sect. 3, we compute
the amplitudes of the spikes. In Sect. 4, we give a rigorous existence proof.
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In Sects. 5 and 6, we prove the main stability results, Theorem 2.2 and Corollary 2.1. In
Sect. 5, we derive a nonlocal eigenvalue problem (NLEP) and determine the stability of the
O (1) eigenvalues. In Sect. 6, we study the stability of the o(1) eigenvalues.

Throughout this paper, the letter C will denote various generic constants which are inde-
pendent of €, for € sufficiently small. The notation A ~ B means that lim._,¢ % = 1 and
A = O(B) is defined as |A| < C|B| for some C > 0.

2 Main Results: Existence and Stability of a Single Spike Solution

We now state the main results of this paper on existence and stability. We first construct
stationary spike solutions to (1.1), i.e. spike solutions to the system

DiAS+1— s =0, xeQ, >0,
€
ezAul—ul—i—Su%—azulu%:O, xe,t>0, 2.1)
1
DzAuz—uz—i-fulu%:O, xe,t>0,
€

with the Neumann boundary conditions given in (1.2).
We will construct solutions of (2.1) which are even:

S = S(lx|) € Hy (),
u = u(ly) € Hy(QR). y="
uy = ux(|x|) € Hy(),

where

Hy(@) ={ve H}(Q) : v/ (=) =v (1) =0},
(-0
Qe: T I
€ €
@0 ={rerr@r v () =v(c) =]
Hy(Q) =jveH (Q) : vV |—)=v({-])=0;.
€ €

Before stating the main results, we introduce some necessary notations and assumptions.
Let w be the unique solution of the problem

lwyy—w—i-wz:O, w >0 inR, 2.2)
w(0) = maxyer w(y), w(y) — Oas|y| — +oo.
The ODE problem (2.2) can be solved explicitly and w can be written as
w(y) = th% (2.3)
We now state the main existence result.
Theorem 2.1 Assume that
Dy =const., € <1, D= const. 2.4

Let Gp, and G p, be the Green’s functions defined in (7.1) and (7.18), respectively. Assume

that
122

4

2

ata; < ——Gp,(0,0) — S. (2.5)
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(Expressed more precisely, (2.4) means that € is small enough; (2.5) means the following:
there are positive numbers 8y and €q such that (2.5) is valid for all € with 0 < € < €q.)

Thenproblem (2.1) admits two “single-spike” solutions (S? uﬁ"e, ”i,e) and (Sé, ul]’E, ulz,e)
with the following properties:

(i) all components are even functions.

(ii)
$51(x) = ¢7LGp, (x.0) + O(e), 2.6)
e
ure(x) =& w — + O(e), 2.7
U2,e(x) = ¢5LGp,(x.0) + O(e), 2.8)

where w is the unique solution of (2.2),

9P + /191 - 4a7a2] 212G 520, 0)

1\2
~ +0(e), 2.9
(&) 7247 (€) 2.9)
, 122 = /19 — 4424212126 ,2(0.0)
S = =+ O(e N 210
(&) a2 () (2.10)
, 1+ o 1+l
el = % Lo, ol 410G, @1

= e — +
2'Gp,(0,0) 6621 G2, (0. 0)

where ag’l is given by (3.8).
(iii) If € is small enough and
2 1P ,
aja > TGDz(O’ 0) + do.
for some &g > 0 independent of € (in the same sense as in (2.5)) then there are no
single-spike solutions which satisfy (i) and (ii).

Remark 2.1 We choose to keep the factor |€2] in the estimate (2.5) although of course in our
scaling we have |Q2| = 2.

Theorem 2.1 will be proved in Sects. 3 and 4.
The second goal of this paper is to study the stability properties of the single-spike solution
constructed in Theorem 2.1. We now state our main results on stability.

Theorem 2.2 Assume that (2.4) and (2.5) are satisfied. Suppose that t = 11 = 0. Then we
have the following:

(1) (Stability) The large-amplitude solution (Sé, ”[1,5» ulz’e) is linearly stable. There is a
small eigenvalue of exact order O(€2) with negative real part which is given in (6.23).

(2) (Instability) The small-amplitude solution (S:, u‘i’e, ui’é) is linearly unstable. There is
a large eigenvalue of exact order O(1) with positive real part. There is also a small
eigenvalue of exact order O (€%) with negative real part which is given in (6.23).

For the case of t and 7] positive and small we have the following result:
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Corollary 2.1 Assume that (2.4) and (2.5) are satisfied.

(1) (Stability/Instability) There exists a constant Ty > 0 independent of € such that for 0 <
T < 19 and 1 = O the stability properties of the large-amplitude solution (Sé, ull o ul2 )
and the small-amplitude solution (S, “i,e! uie) are the same as in the case t = 11 = 0.

There is also small eigenvalue of exact order O(e?) with negative real part which is
given in (6.23).

(2) (Instability) There exists a constant tg > 0 independent of € such that for 0 < 7 < 19
and 0 < € K 11 K 1 for both the large-amplitude solution (Sé, ”ll,e’ ulz’é) and the
small-amplitude solution (S, usl"g, ”5,6) there is an eigenvalue

=240
T]

with corresponding eigenfunction

¢ =w + O(11).

Thus both solutions (Sé, ull o

eigenvalue of exact order O (€%) with negative real part which is given in (6.23).

ulz.’e) and (S?, uslﬁé, usz’g) are unstable. There is also small

We would like to make a few remarks on the stability results.

Remark 2.2 This result can be interpreted as follows: to have this type of spiky solution, the
feed rates @ and a, in particular their combination a% ay, must be small enough. Otherwise
the food source S and the hybrid #| will not be able to sustain #1 and u;, respectively. Instead,

among others, one of the following three behaviors can happen:

(i) The consumer u; dies out resulting in the long-term limit u» = 0 and a spike for the
two-component Schnakenberg model remains for which only the components S, and
u1, are non-vanishing. We get the same solution by setting o = 0 in Theorem 2.1.
This solution has been analyzed in [15].

(i1) The component u; dies out and u, S will both approach positive constants. It can easily
be seen that we have
aj

€
S=—, u=—.
€ al

(iii)) The components approach a positive homogeneous steady state which solves

€ , € 2 €
5, U] — —ui+axe =0, u=—.

S:*
alu ai uj

Remark 2.3 Inthe proof of Corollary 2.1 we expand the eigenvalue and eigenfunction further,
see (5.16) and (5.17).

Remark 2.4 We do not rigorously study the dynamics of this model. Instead we analyze
the stability or instability of the steady states. Then the dynamics can be understood locally
near the equilibrium points by using the fact that the unstable eigenfunctions will grow in
amplitude, whereas the stable eigenfunctions will decay to zero as time progresses.

Next we plot the large-amplitude and small-amplitude spike solutions.

Figure 1 shows the spatial profiles of the large-amplitude spike (Sé, ull, o ulz’ o)»le uyis
large.
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Fig. 1 The spatial profiles of the large-amplitude spike steady state (Sé, ull e ul2 () for parameters Dy =
10, €2 =001, Dy=1,a; =1, ap = 0.04
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Fig. 2 The spatial profiles of the small-amplitude spike steady state (S?, u{ ¢+ U2,¢) for parameters D =
10, €2 =001, Dy =1, a; =1, ay = 0.04

Figure 2 shows the spatial profiles of the small-amplitude spike (S, uj ., u3 ), i.e.ujis
small.

Here by the choice of parameters the amplitudes of the three components are very different.

We will rigorously derive the existence result Theorem 2.1 in Sects. 3 and 4. The stability
results Theorem 2.2 and Corollary 2.1 will be proved in Sects. 5 and 6.

3 Existence I: Computation of the Amplitudes in Leading Order
In this section and the next, we will show the existence of spike solutions to (2.1) and prove

Theorem 2.1. We begin by computing the amplitudes in leading order and will give a rigorous
existence proof in the next section.

Proof of Theorem 2.1 We will show the existence of spike solutions to (2.1) which in leading
order are given by (2.6)—(2.8). More precisely, we choose the second component of the
approximate solution as follows:
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|x|\/1+ae)
€

ir,e(x) Z&w( x(IxD) (3.D

for some positive constants & and «.. Here x is a smooth cutoff function which satisfies

5 3
x € Co°(=1, 1), x(x)=1forl|x| < 3 x(x) =0for |x| > T 3.2)
The main reason for using the cut-off function (3.2) in the ansatz (3.1) is that Neumann
boundary conditions are satisfied exactly. O
We set
X
y=-
€

and consider the limit
e — 0.

We substitute (2.7) into the second equation of (2.1) and, using (2.2), we note that

w (yo/T+ ac) satisfies

wyy — (1 +a)w + (1 +a)w? = 0. (3.3)
Comparing coefficients between the second equation and (3.3) gives
ae = azu3 (0) + O(e), (3.4)
1+ o
= + O(e). 3.5
&e 5.0) (€ (3.5)

We remark that in leading order Seuf’ . agrees with S, (O)ui . since uy ¢ decays rapidly away
from O.
Substituting (2.7) into the third equation of (2.1) and using (2.2), we get

&e
= Gp,(x,0)u3 (0) —— dy + O(e),
uze(x) D, (x, 0)uj (0) N w(y)dy + O(€)
where G p, has been defined in (7.18). This implies
V14«
Uz, (0) = - + 0(e), (3.6)
Gp, (0,006 [w(y)dy
G ,0)4/1
ug.e(x) = D2 OV + e + 0(e). (3.7)

G2,(0, 0 [w(y)dy

In the next step, we will derive two conditions, by substituting (3.1), (3.6) with (3.4), (3.5)
in (2.1). Then we will solve these two conditions to determine o, and &.

Integrating the first equation in (2.1), using the Neumann boundary condition and balanc-
ing the last two terms, we get the first condition

g 2
Q| =a15:(0) —— dy 4+ O(e).
1€2] = a15¢(0) s ]Rw(y) y (€)
From (3.4), we compute
ar(1 + ae)

O(e).

Qe

= +
£2G7,(0,0)(fp w(y) dy)?
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Summarizing these results, (ac, &) solve the system

a
e = + O(e), 3.8
= 6,0, 0(pwmdt—a 0 8
2l = alss/ w2 (y) dy /1 + e + 0(e). (3.9)
R

Using

/w(y)zdy=/w<y>dy=6,
R R

the system (3.8), (3.9) can be rewritten as a quadratic equation in 562
362G p, (0, 0)264 — 36G p, (0, 0)2E2|Q + a2|2)> = O(e)

which has the two solutions

Q2 + /1214 — 4420212126 p, 0. 0)~2
B 7243

+ 0(e) (3.10)

GOF

under the condition

Q 2
alay < %G p,(0,0)2.

The last condition states that, all other constants being equal, the combination alzaz must be
small enough.
This implies that under the condition

1
4
there are two solutions for & which satisfy

2

ayay < Gp, (0, 0)2 — 8o forsome dp > 0

0<§& < —lle < SEI
72a}
On the other hand, if
2 2? 2
aiyaz > TGDZ(O’ 0)” + 8y for some §y > 0,

then there are no such solutions.
Resulting from the two solutions & and éel there are also two solutions for f and Olé
which are computed from (3.8).
Now we show that
ol <landa? > 1. (3.11)

Substituting (2.10) and (2.9) in (3.8), we get

Za%az

Qe

126 p, (0,02 £ /114G p, (0, 0)* — 4a2a2| 212G p, 0, 0)? — 2a%a

Thus it remains to show that

192G 0, (0,002 — 4alaz < /121G p, (0, 0)* — 4a2a21212G p, (0, 0>
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which follows easily after taking squares on both sides.
Finally, this results in the two single-spike solutions (S?, ”‘i,e’ “5,5) and (Sé, ull,e’ ulz,e)
of (2.1). In the next section we will rigorously prove the existence of these two solutions.

4 Existence II: Rigorous Proofs

In this section we show the existence of solutions of (2.1) for which the central compo-
nent has a spike. As we have shown in the previous section, there are two such solutions,
(S, u‘iqé, “5,5) and (Sé, ullye, ulz,e) which differ by the size of the amplitude. The existence
proof applies to both of them. Therefore we will not write the superscripts * and ! in this
section.

The second component of the approximate spike solution introduced in (3.1) is given by

[/ 1T+ oe
€

ﬁ1,e(X)=§sw( )X(IX|)+0(€),

where & and o have been computed to leading order in (3.8), (3.10), and x has been
introduced ip (3.2).

Further, S, an~d i ¢ solve a partial differential equation which depends on it ¢ only. There-
fore we denote S = T[it1 ] and it2 . = T»[i1 ], respectively. We insert this approximate
spike solution into (2.1) and compute its error.

The LHS of the second equation in (2.1) at (S¢, 1., t2.e) = (T1li1.el, U1.e. Tali1,e])
is calculated as follows:

Ayiiye — iy e + Seiiy . — il ey . = Ayl e — e + Se(0)it]  — aziy eit3  (0)

+[Se = Sc(0)]i1 . — aziiy e2(iia,e
- 122,6(0))1;2,6(0) + 0 (62)
= E| + Ey+ Es+ 0(€?)
in L2(S2), where Q¢ = (—l l).
We compute
E; = 0(e)
by the definition of & and «¢ in (3.4) and (3.5). Computing S, (x), using the Green’s function

G p, defined in (7.1), we derive the following estimate:

Ey = [Sc(ey) — Sc(0)]ag (ey)

1/e »
—ii} (ey)ay / y [Gp, (ey,€2) — Gp(0, €2)] Se(z)ﬁ%’e(z) dz (14 0(e))

i (€y) 1 !
=a E:(O) el +Oée)2/R (2D1 ly —zl = H|Z|) w?(zy/1+ ) dz(1 + O (elyl))
i ((€y)
+ar(1+ae) 222 Hp, 14(0.006(1 + O (ely])) = O (elyl)il ..

Sc(0)

Thus we have
E» = O(e) in L*(Q0).
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Here we have used that Hp, (0, 0) = 0 by (7.4).
Similarly, we compute

E3 = —azii1 e (€y)2(it2,e (€y) — i12,¢(0))it2,¢ (0)
1/€
= 2ayily ¢ (€Y)it3 . (0) / [Gp,(ey, €2)
—1/e

—Gp(0,€z)]ir,e(ez)dz (1 + O(e))
ﬁZ,e(O)

=2ae(1+ae)ﬁl,e(€y) 36(0) R(KDz(eb’_ZD

—Kp, (€lzl) ) w(zy/T+ac) dz (1 + O(elyD)
—20e/1 + ity e (e)iin,e (0)€*y* Hp, 1 (0, 0) ( / wdy) (1+ 0CelyD)
R

N ii2.¢(0)
~2ac+ a2 | (Kos(ely =)

—Kp, (€lzl) ) w(ev/T+ ) dz (1 + O(elyD)

—2ae/1 + aeiir e (€)iia,e (0)€*y* Hp, (0,006 (1 + O(ely)))
= O(elyDiitc.

Thus we have

Ez = 0(¢) in L*(Q0).

By definition, the first and third equations of (2.1) are solved exactly and so do not
contribute to the error.

Writing the system (2.1) in the form R (Se, u1,e, u2,) = 0, we have now shown the
estimate

HRG (Tilirel, it e, Tz[ﬁl,e])l

iy =0© @.1)
_Next, we investigate the linearized operator L around the approximate solution
(Se, G 1, Ue2). It is defined as follows:

L HE(Q) x HE () x HE(Q) — L*(R) x L*(Q) x L*(R),

ap 5 - ai -
DIAWI,G - Zfséul,eqbe - 71#1,6“%75
5 1,//l,e 2 € - € 2 3 o
Le be = | €Ape — Ppe + 2Seu1,e¢s + 1;[’1,6141_6 - aZ(beuz,g - 2a2u1,eu2,el//2,e
Ve | R 2. .
DyAY e — V2.6 + g¢euz,e + Eul,eulelﬁZ,e
4.2)

We will show this operator will lead to a uniformly invertible one for € small enough.

To study the kernel of L., we first solve its first and third components. Therefore, we
have ¥, = T{[ii1,clpe and ¥ ¢ = T,ii1 e, where T/[ii1 ] and T;[ii ] are linearized
operators which can be expressed by the Green’s functions G p, and G p, defined in (7.1) and
(7.18), respectively. Substituting these expressions into L, the first and third components
vanish and it only remains to consider the second component. We obtain the following
operator:
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Le + HY () — La(Qe),
Ee (¢5) = Ay¢e - ¢5 + 2§el/~l1,e¢e + (T]/[ﬂl,e]¢e)’;%e - a2¢e’/~l%,€
~2aniy cits.« (T3l ). (43)

In order to introduce a uniformly invertible operator, we define approximate kernel and
co-kernel as

Ke = span{it; .} C Hy (0,
Ce = span{ii} .} € L*(Q0).
Then the linear operator L, is defined by
Le : ICi‘ - CZ,
Le =1 0Le(pe) 4.4)
where K and C} denote the orthogonal complement with the scalar product of L?(2) to
K and Ce, respectively, and 7 is the L2-projection from L2(£2¢) into ct.

We will show that this operator is uniformly invertible for € small enough. In fact, we
have the following result:

Proposition 4.1 There exist positive constants €, A such that for all € € (0, €),

Lty = Mllg2,, forallp e KE. (4.5)

Further, the linear operator L is surjective.

Proof of Proposition 4.1: We give an indirect proof. Suppose (4.5) is false. Then there exist
sequences {€r}, {¢F} with ep — 0, ¢* = ¢¢, k =1,2,...such that

|26 2iq, = 0 ask — oo, (4.6)
16" 12y = 1 k=1,2,.... (4.7)
By using the cut-off function x defined in (3.2), we define the following functions:
D1.6(y) = e (M x (Ix1). y € Q.
$2.6(0) = peM(1 = x(IxD), ¥ € Qe. (4.8)

At first the functions ¢ ¢, ¢2 ¢ are only defined in €2.. However, by a standard extension
result, ¢1 ¢ and ¢ ¢ can be extended to R such that the norms of ¢ ¢ and ¢  in H 2(R) are
bounded by a constant independent of € for all € small enough. In the following we shall
study this extension. For simplicity, we use the same notation for the extension. Since for
i = 1,2 each sequence {¢l{‘} = {¢i} (k=1,2,...) is bounded in leoc(R) it has a weak
limit in lea . (R), and therefore also a strong limit in L,20 (R) and L (R). We call these limits

loc
éi-
Taking the limit € — 0 in (4.4), then ® = (31 ) satisfies
2
/ prwydy =0 4.9)
R
and it solves the system
L1 =0, (4.10)

@ Springer



1154 J Dyn Diff Equat (2015) 27:1141-1171

where the operator £ is defined by

Lo = Ayr — (1 +a)py +2(1 + )wey —2(1 + a)sz LT

fR w2dy wady

In Lemma 5.1 below we will show that the system (4.9), (4.10) has only the solution ¢; = 0
in R.

Further, trivially, ¢» = 0 in R.

By standard elliptic estimates we get [|¢; ¢, | j2r) — O fori =1, 2as k — oo.

This contradicts the assumption that okl o) = 1

To complete the proof of Proposition 4.1, we need to show that the adjoint operator of L,
(denoted by L) is injective from /. L to C. L. We first pass to the limit € — O for the adjoint
operator £}. This limiting process follows along the same lines as for £, and is therefore
omitted. Then we have to show that the limiting adjoint operator £* has only the trivial kernel.
This will be done in Lemma 5.2 below. O

Finally, we solve the system (2.1). It can be written as
Re(se+1//laﬁl,e +¢,ﬁ2,€+1/f2):R€(U€+q>):0, (4-11)

where U, = (S;, fiLe. ﬁz,e) . ® = (Y1, ¢, ¥2). Since L. is uniformly invertible if € is
small enough, we can write (4.11) in function space with even ® as

O =L R (Ue) — LI N(®) =: Mc(®), 4.12)
where L;l is the inverse of £, and
Ne(®) = Re(Ue + @) — Re (Ue) — RL(Ue)®. (4.13)

Note that the operator M, defined by (4.12) is a mapping from HZ (Q) x H3 () x HE ()
into itself. We are going to show that the operator M, is a contraction on

Bes = {® € Hy(Q) x Hy(Qe) x H(Q) : @ even, ||l g2 520y xH2(@) < 0}

if € is small enough and § is suitably chosen. By (4.1) and Proposition 4.1, we have
-1
I Me (@)l 522y x m2(20) x H2(Q) = & (”Ne(q))||L2(Q)><L2(Qe)><L2(Q)

+ ||R€(Ue)”LZ(Q)XLZ(QE)XLZ(Q))
<27 'Co(c(8)8 +€),
where A > 0 is independent of § > 0, € > 0 and ¢(§) — 0 as § — 0. Similarly, we show
[Mc(®1) — Mc(P)l g2 (0 x 52 (@) x H2 (@) < A1 Co(c(®)8) @1 — Dol g2 @) H2 (@) x H2(Q)»

where ¢(8) — 0 as § — 0. Choosing § = Cje for A~!Cy < C; and taking € small enough,
then M, maps from B, 5 into B¢ 5 and it is a contraction mapping in B¢ s. The existence of
a fixed point &, € B s now follows from the standard contraction mapping principle, and
d. is a solution of (4.12).

We have thus proved
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Lemma 4.1 There exists € > 0 such that for every € with 0 < € < € there is an even
®. € H}(Q) x HX(Qe) x HE(Q) satisfying Re(Ue + ) = 0. Furthermore, we have the
estimate

1Pell 2@y x 202 x H2(2) =< CE€. (4.14)

In this section we have constructed two exact spikes solution of the form U + &, =
(Se, e, 1, Ue,2). We are now going to study their stability.

5 Stability I: Derivation, Rigorous Deduction and Analysis of a NLEP

We study a small perturbation of a single-spike steady state (Se, ue, 1, Ue,2) Which could
be either the small-amplitude solution (S?, ui o u% ;) or the large-amplitude solution
(et ¢ o).

We linearize (1.1) around the single-spike solution we derive in leading order S¢ +1r1 ce*<’,
Ue | + Pee™!, ue s + Yo ce’<!, where the three perturbations v/ . € H]%, (RQ), ¢e € HI%,(QE)
Yo.e € HI%, (£2) are small in their respective norms Then the perturbations in leading order
satisfy the eigenvalue problem

B wl,e The 1/fl,e
Le ¢e = )\efpe s (51)
V2.e TIAV2,e

where £, denotes the linearized operator around the steady state steady state (Se, ue, 1, Ue2)
which has been defined in (4.4) and has the domain HI%,(Q) X HI%,(QG) X HI%, (2). Here we
have A, € C, the set of complex numbers.

We say that a spike solution is linearly stable if the spectrum o (L¢) of L lies in a left
half plane {, € C : Re(r) < —cp} for some ¢y > 0. A spike solution is called linearly
unstable if there exists an eigenvalue A, of £, with Re(i¢) > 0.

We first consider the case t = 0 and 71 = 0 and show stability. Then we study the stability
for t > 0 small or 7; > 0 small. We will show that for t > 0 small and 7; = 0 we still have
stability, but for 7 > 0 small and 0 < € <« 71 < 1 the solution will be unstable.

Writing down Le explicitly and expressing ¥; ¢ = Ti’[ui,é]dk, i = 1,2, using Green’s
functions G p, defined in (7.1) and (7.18), respectively, we can rewrite (5.1) as

62¢6Axx — ¢e + 256“1,e¢'e + (Tll[“],e](be)u%,e - a2¢e“%.e - 2“2”1,5“2.6(T2/[u2.e]¢6) = dePe-
5.2)

Then, arguing as in the proof of Proposition 4.1, a subsequence of the sequence ¢, con-
verges to a limit which we denote by ¢. Next we derive an eigenvalue problem for ¢.
Integrating the first equation of (5.1), we get

1 1
Y16 (0) / W2 dx = —25,(0) / ur e dx + 0(€)
—1 —1

which implies
_28.(0) Jpwody
&e fR w? dy

U1.e(0) = (1+0() (5.3)
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This gives
Ol = _ZS}iO) m 202 (14 0()
=-2(1+ aé)j}lﬂ‘;ls)‘gjyyw2 (14+0() in H*(Qe).
using (3.5). We also derive from (2.11) that
U2, (0) = _ e + 0(e)

G D> (Os 0) 656

and compute

) Lo
120 = G0, 0.0 |13 0 [ 90y

+ 292, (0)u2,(0) 1+ 0(e))

'575 wdy:|(
V1 +ae Jr

= u2,(0)Gp,(0,0) uz,s(O)/RcﬁdvaZl/fz,e(O)&e/Rwdy}

1
«/ﬁ[

which implies

Uz e 0) fR ody

V2,6(0) & Lwd ( )
Finally, we get
1 B d
¥2,e(0) = Tia Jpod (1+ 0(e)). (5.4)

 Gp,(0,0)682 [, wdy

Therefore, we compute

_a2ul,62u2,€w2,6 = _a2u1,62u2,e(0)1/f2,e(0) (1 + 0(5))
Ec¥2,6(0)

= —2acw 14 O(e)

T u2(0) ( )

d
20 20 4 0w) in @0,
Jpwdy
using (3.4).
Putting all these expressions into (5.2) and taking the limit € — 0, we derive the NLEP
wod d
£6 = 8 —(+ap+20+aup— 201+ 20D 2 Lo 0D s,
Jpw?dy Jpwdy

where o = lim,_, ¢ ae.
Although this derivation has been only made formally, we can rigorously prove the fol-
lowing separation of eigenvalues.

Theorem 5.1 Let \¢ be an eigenvalue of (5.2) for which Re(A¢) > —aq for some suitable
constant ay fixed independent of €.

(1) Suppose that (for suitable sequences €, — 0) we have A, — Lo # 0. Then Xg is an
eigenvalue of the NLEP given in (5.5).
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(2) Let Ao # 0 be an eigenvalue of the NLEP given in (5.5). Then for all € sufficiently small,
there is an eigenvalue L¢ of (5.2) with Ac — Ag as € — O.

Remark From Theorem 5.1 we see rigorously that the eigenvalue problem (5.2) is reduced
to the study of the NLEP (5.5).

Now we prove Theorem 5.1.

Proof of Theorem 5.1: Part (1) follows by an asymptotic analysis combined with passing to
the limit as € — O which is similar to the proof of Proposition 4.1.

Part (2) follows from a compactness argument by Dancer introduced in Sect. 2 of [3]. It
was applied in [38] to a related situation, therefore we omit the details.

The stability or instability of the large eigenvalues follows from the following results:

Theorem 5.2 [31] Consider the nonlocal eigenvalue problem

&R Zf w? = ad. (5.6)
R

(1) If y < 1, then there is a positive eigenvalue to (5.6).
(2) If y > 1, then for any nonzero eigenvalue A of (5.6), we have

¢ —¢+2wp—y

Re(A) < —co < 0.
B3) Ify # land A = 0, then ¢ = cow’ for some constant c.

In our applications to the case when t > 0 or 7; > 0, we need to handle the situation
when the coefficient y is a complex function of TX. Let us suppose that

v eR, [y =<C forig >0, 7 >0, (5.7
where C is a generic constant independent of t, A. Then we have

Theorem 5.3 (Theorem 3.2 of [38])
Consider the nonlocal eigenvalue problem

?R l:)‘f w? = A, (5.8)
R

where y (tA) satisfies (5.7). Then there exists tg > 0 such that for all 0 < t < 10,

9" — ¢ +2wp — y (1)

(1) if y(0) < 1, then there is a positive eigenvalue to (5.8);
(2) if y(0) > 1, then for any nonzero eigenvalue A of (5.8), we have

Re()) < —co < O.
Now we consider the stability of the eigenvalue problem (5.5).

Lemma 5.1 (1) Ifa < 1, the eigenvalue problem (5.5) has only stable eigenvalues, i.e. for
any nonzero eigenvalue of (5.5), we have

Re(A) < —co < 0.
If a > 1, the eigenvalue problem (5.5) has an eigenvalue with Re(L) > 0.

2) Ifa # 1 and A = 0, then ¢ = cow’ for some constant cy.

@ Springer



1158 J Dyn Diff Equat (2015) 27:1141-1171

Proof of Lemma 5.1
Proof of (1): Integrating (5.5), we derive

()»—l-l—ot)/qbdy:O.
R

Then for all the eigenvalues we have (i) A + 1 —« = 0 or the corresponding eigenfunction
satisfies (i) [ ¢ dy = 0.

Let us first consider case (i). If @ < 1 then (i) implies that A < 0 and this eigenvalue X is
stable for (5.5). If @ > 1, then we construct an eigenfunction ¢ with eigenvalue A = ao—1 > 0
as follows and the eigenvalue problem (5.5) is unstable: first we set

p=L+1-a)" [cw?+cuw], (5.9)
where
L :K*—>CY Lop:=A7p—(1+a)p+2(1+a)we,
[u € HZ(R):/vady=0], ct= [v eL2(R):/vady=0},

2(1 +a) [ wpdy o 20 [y ¢dy

¢l = , .
Jp w?dy Jrwdy

Then we multiply (5.9) by w and 1, respectively, and integrating we get a linear system
for the coefficients ( fR wo dy, fR ¢ dy) which has a unique nontrivial solution. Solving this
system, using the identities

JaF1
Lw = (1 +a)w?, L(y‘);ery + w) = (1 +a)w,

KL

we can eliminate ¢ in the definitions of ¢; and ¢;. We finally get

c :/w(L+ 1 —a)ilwdy,
R

c2=—/w(L+1—a)7lw2dy+73 :
R 1

Thus the eigenvalue problem is unstable for « > 1.

Next we consider case (ii). Rescaling the spatial variable, NLEP (5.5) reduces to the
familiar NLEP considered in Theorem 5.2 with y = 2 which implies that the real parts of
all eigenvalues are strictly negative and we have stability.

Proof of (2) Integrating (5.5), we derive

/qudyzo.

Rescaling the spatial variable, NLEP (5.5) reduces to the familiar NLEP considered in The-
orem 5.2 with y = 2 and we derive ¢ = cow’ for some constant c. ]

Proof of Theorem 2.2 By (3.11) we have &l < 1 and o > 1. Then the theorem follows by
combining the results of Theorem 5.1 and Lemma 5.1. O
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We also need to consider the adjoint operator £} to the linear operator L. Expressing £}
explicitly, we can rewrite the adjoint eigenvalue problem as follows:

1
DiAYe+ —(¢e = aryi)ut . = thePie,
€2A¢€ — e +28cu e (d’e - alwl,e) =+ (w2,€ - a2¢e)”%’e = Ae®e, (5.10)
DoAY e — Yo+ gul,eule(wle — aype) = Tihe Ve

We need to consider the kernel of this adjoint eigenvalue problem. (In the proof of Propo-
sition 4.1 we need the result that this kernel is trivial.) Taking the limit € — O as in the proof
of Proposition 4.1, we derive the following nonlocal linear operator which is the adjoint
operator of (5.5):

f 2¢’ dy 12 fR wo dy

L'¢=7A¢p—(1+a)p+2(1+a)wp —2(1 +« )f gy Y O{wady

=0.
(5.11)

We are now going to show the following Lemma:
Lemma 5.2 The kernel of the operator (5.11) is trivial.

Proof of Lemma 5.2: Integrating (5.11), we derive fR we¢ dy = 0 since otherwise there is
an unbounded term. Further, we get the relation

/¢dy+2/ w’¢dy = 0. (5.12)
R R

Multiplying (5.11) by w and integrating, we derive
/ w?¢dy = 0. (5.13)
R

Then from (5.12) we get fR ¢ dy = 0. Finally, going back to (5.11), all the nonlocal terms
vanish and by Theorem 5.2 in the special case y = 0 we derive ¢ = cow’ for some constant
co. Thus the kernel of £* is trivial. O

Now we extend the consideration of the stability problem for the linearized operator to
the conditions T > 0 or t; > 0 and prove Corollary 2.1.

Proof of Corollary 2.1 To emphasize the possible different behaviors if ¢ > 0 or 7y > 0, we
consider the cases separately:
Proof of (1): 0 <t < 1 forsome 79 > O and 71 = 0.
We first compute, using (3.5), (7.8),
ay 1

V10 === | Gpu [V1.cut . +2Seurcpe] dx
—1

1 1
G, 10,0 [me(m / W2 dx +25.(0) / ul,ewx] (1+0()

/w dy+21/1+ozs/ w¢€dy:| 1+ 0(e)).

_alGDl,T)»(Os 0) [Wlﬁe(o)m
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This implies
241G p, 120, 0)v/ T+ ac [ woe dy
2
1+ ai GD],T)\.(O’ 0) \/lgj-TE fR w2 dy

2(1 + ae) fR wee dy
= — 14+ O(e)). (5.14)
V1+oe + 552 fR w? dy ( )

a1Gpy,71(0,0)

V1,(0)

Putting everything together, we compute

YO, = -9t Jawoedy 5 (1+0(e)

V1tae 2 2
@Gy .0(0,0) +82 [pw?dy

2l+a)  fpweedy ,
- _ w” (14 0(e))
Vitae wzd
I+ &G, mo0E Jewdy

2(1 4+ o) f]R wee dy 2 . 2
= — 14+ 0 A H" (),
l+c3eth [pw?dy w” (140 +[zaD) in HY(Q0)

where ¢3 ¢ = % > 0, using formula (7.9). In particular, the factor
—2(1 + ac)
+ V14o,

6a1Gp; 71(0,0)&2

is bounded if Re(}) > 0. Therefore, by Theorem 5.3, both the stability and instability result
extend from t = 0 to arange 0 < t < 719 (for some constant 7y > 0).

Proof of (2) We prove this case in two stages. In the first stage we only allow 11 to be
nonzero, i.e. we assume T =0and 0 < e K 11 < 1.

Similar to the derivation of (5.14), we have

1
¥2.0) = Gy 1130, 0) [u%,e(mﬁ /R be dy

&

P2 OO Z [ w dy:| (1+0()
1

=u2,(0)Gp, (0, O)ﬁ [“2,6(0)/R¢e dy + 2y < (0)& /]R w dy:|

which implies

2Gp,.01(0.0) 1) _60,52(0.0) u2,6(0) fip $edy (14 0).

<0
Y, ( )( GDz(OvO) GDZ(O,O) &c wady

Thus we have

- G py.11.(0,0) VA o
2Gp,,1,2(0,0) — G p,(0,0) Gp,(0,0)6£2 [ wdy

V2.6(0) = (14+0(e). (5.15)

Finally, we get

GDZ,T])\.(O’ O) fR ¢€ dy
2Gp,.113.(0,0) — Gp,(0,0) [pwdy

—axuy,2un e Yo.e = 20 w(l+0(e) in H*(Q0).
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It is now essential to study the asymptotic behavior of the function

GDZ,I]A.(O’ O)
2G p,,712.(0,0) — G p,(0,0)
1

5 6,00
GDy.c17(0.0)

1

7 _ JI1+tiAcoth6,
coth(6r /1411 1)

using the formulas (7.19), (7.20), (7.24). Thus we have

f(tix, Do) =

£, D) =1, f(p,Dy) > 0 asp— o0;
f(p, Dy) — +o0 as p — Fpo,

where pg is the unique positive solution of

V' 1+ pgcothf, = 2coth(fr4/1 + po).

We expand the eigenvalue problem (5.1) with respect to 71 for [tjA — pg| = O(71), Thus we
get the expansions

fmr) = _N + 2+ O(z1),
PO — TIA

=2+ hom 4+ 0().
1
¢ =w+ 1T + O(t7) in H*(Q),
which satisfy
2(1+ae) 5
—w
1 +c3eTh
2(1 4+ o) fR weor dy w2
1+ c3eth [pw?dy

+2a€( fi 4 ) fR¢e dy w — 2(1 + ae) wa¢1 dywz
—TA Jpwdy I+ c3eth [pw?dy

20, (L + fz) w+ (1 +ao)w? —
Po — TIA

+A¢ — (1 + o)t +2(1 + ac)weoy —

2o A+ 0( 0(t?) inH*(Q
- 1 271 + T1) (w+ g1t 4+ 0()))  in H*(Qe).

Comparing powers of 71, we get

f@ )= —lfil*-fl + 2+ O(t1),

the eigenvalue
=2 4 h+ i + o), (5.16)
1

where

2 22 d
)le_aefl, PO _ka Jr b1 Yy

2= 1
00 2ee fi i1 [pwdy
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and the eigenfunction

o=t - 10“6 (1 - Ciem) wlt + 0(c2) in HA(Q0). (5.17)

In conclusion, the eigenvalue problem (5.1) is always unstable for 0 < 71 small enough,
although it is stable for 71 = 0.

This behavior stands in marked contrast (1), where in the regime 0 < 7 < 7 (for some
79 > 0) the stability behavior is the same as for T = 0.

In the second stage we allow both t and t| to be nonzero. We assume 0 < t© < 10 for
some 1y > 0 small enough and 0 < e K 11 K 1.

Combining the formulas in the proofs of (1) and (2), it follows that now we have the same
behavior as in (2) since the leading terms in (2) which are of exact order % dominate those
in (1) which are of exact order 1.

The analysis in the proof has been performed considering the limiting eigenvalue problem
for € = 0 and then letting 7y — 0. The proof extends to the case 0 < ¢ < 71 < 1 in (5.1)
by a perturbation argument as in Theorem 5.1. O

Remark 5.1 We expect that in the regime 0 < 7] < € < 1 and 0 < t < 7 for some 9 > 0
small enough the system will be stable.

6 Stability II: Computation of the Small Eigenvalues

We now compute the small eigenvalues of the eigenvalue problem (5.1), i.e. we assume that
Le — 0as e — 0. We will prove that these eigenvalues satisfy Ac = O (¢2). We emphasize
that the analysis in this section applies to both (S?, u‘i’e, uiyé) and (Sé, ”[1,5’ ulz’é). Further, it
includes nonzero values for 7 or 71 , i.e. we assume 0 < 7 < 7, where 79 > 0 is a constant
which is small enough and may be chosen independent of €, and 0 < 71 < 1. Let us define

lye(x) = X(|x|)ul,e(x)- 6.1
Then it follows easily that
Ue(x) =ii.e(x) +est in H(Qe). (6.2)

Taking the derivative of the system (2.1) w.r.t. y, we compute

~/1!

~/ ~/ r 2 ~/ 2 ~/
Uy e — Uy +28uy ey +eSeuy o — axuiy us o — 2€aru ey ¢l = €.8.t.. (6.3)

Here ’ denotes derivative w.r.t. the variable of the corresponding function, i.e. it means
derivative w.r.t. x for S¢ and u3 ¢, and w.r.t. y for uj ..
Let us now decompose the eigenfunction (V1 ¢, P, ¥2.¢) as follows:

pe = a‘il] . + ¢ (6.4)

where a€ is a complex number to be determined and

. 11
¢+ L Ke = span{i} } C H} (—g, g) .

We decompose the eigenfunction v/  as follows:

0 1
WI,E = aewl,e + 1//1,6’
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where 1//? . satisfies

DlAw?,e - %w?,eu%,e - Z%S‘gulfﬁl,e = f)“fw?,e’ (6.5)
U D =0 '
L . .
and i is given by
DAY, — Byt ut, — 2% Seur ¢t = The Vi, 66)
Yt (D) =0. '
Similarly, we decompose the eigenfunction v  as follows:
WZ,G = aglﬁg,e + wie’
where l/fg’ . satisfies
DZAIWS,G - wg,e + %Ml,euz,dpg{ + %ﬁ/l,eu%,e =T }‘ng,e’ (6 7)
vy ED=0 '
and 1//2%6 is given by
Dzﬁ/lﬁiE — V3 + Zureun Vi, + toFus = TideYy, ©6.8)
Y3, (£1) =0. '

Note that ¥  and 2 ¢ can be uniquely expressed in terms of ¢ by solving the first and
third equation using the Green’s functions G p, 3, and G p, ¢, defined in (7.8) and (7.23),
respectively,

Yie = a P + Ui =aT i+ T 0. 6.9)
wZ,e = aewg,e + ‘('Z/2J,_€ = aeTZ/,rllgﬁll,e + T2/,r1)\5¢:_' (610)

Using the Green’s function G p, defined in (7.1) we compute S, near zero. We get

1/€
€SL(ey) — €S.(0) = aje /71/6 [E(Sgn(y —2) — sgn(—z))

+ Hp, x(€y, €2) — Hp, (0, ez)] Se(e2)ui (ez)dz + O(e’|y|?)

e [7 2
= al—/ Se(ez)uy (€2) dz
D1 Jo

1/€
+aie’y Hp, +x(0,0)Sc(e2)uf (e2)dz + O(e’|y]?)
—1/e
a(l+ae)? € [/y 2 ‘5)’/ 2 } 3,2
= w(z)dz — = [ w(z)dz| + Ole
5.0 D L 2 e S
ar(1+ac)? e [/y 2 ] 3,2
= w(z)dz — 3¢ + O (e s (6.11)
S:©  Di Lo v ot

where sgn is the sign function (sgn(x) = 1 if x > 0, sgn(0) = 0, sgn(x) = —1if x < 0.)
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Similarly, we compute using the Green’s function G p, ;. defined in (7.8) that

1.
¥l ()= (0) =:—a1e(/; [Gp1er. (€. €2) =Gy, (0. €0)|2Scur e (2) i) ((e2) dz

+0(ey?)
mm+mT/W1 ,
= "< —e(ly — z| — |z])zww’ dz
Se(0) —17¢ D1 ( )

+2 Hp, x2(0,0) éy/ zww’ dz] (1 + O0((r + )lAel) + 0(€|y|))-
— R

=0
(6.12)

Note that from (6.5), we derive
Ul (0) = O(e + Tlacl). (6.13)

Adding the contributions from (6.11) and (6.12), we get

d
= [Se(€y) = Se(O)] = [¥1,e(e9) — Y1, (0)]

dy
6ai(1 + ac)?
= 62 (HDl,XX(09 O) + HDl,xz(O, 0)) %_y (1 + 0(E|y| + (T + T1)|)Le|))
€
€2 3a;(1 + ac)?
=—— ———y(1+0 Ael)). 6.14
b 50 v (14 0felyl + (@ + ) (6.14)
Similarly, we from (6.7) we get
¥3.(0) = O (e + 11 lrel). (6.15)

Using G p,, we compute that

d
& [t2,e(€)) — U2, ()] = [W2,e(€)) = ¥2,(0)]

63, (0)(1 + ctc)

2
=¢" (H 0,00+ H 0,0
( Dz,xx( ) Dz,xz( )) Se (0)

y(1+ 0felyl + @ + )

2
3(1
€ 3 ta) 13 (0) 63 (coth 6 — tanh Gz)y(l +O(elyl + (r + n)|x€|)),

(6.16)

T Dy S0

where 6; = ﬁ, i=1,2.
Suppose that ¢ satisfies [Pl g2,y = 1. Then la¢| < C.

Substituting the decompositions of ¥/ ¢, ¢ and ¥  into (5.2) and subtracting (6.3), we
have

aéui6 (V1,e —€S.) —a2aruy cuz e (Ya,e — 614/2’6)

+(8)" — ¢ +2u1 e Sepr +ud Vi — 2a0u1 cur Vs — 2a09 U3 — regpt
= hed“il} . 6.17)
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Let us first compute, using (6.13) and (6.14),
I = a‘ui, (V1.c —€S))

L+ a
= ezaf%f”@eﬁywz(y)s (14 0yl + @ +hel)).  618)

Similarly, we compute from (6.15) and (6.16),
I = —a2apuy cuse (Ya.c — €uly )
- e2a€2Dizz($E)2u;€(O)92(coth 62 — tanh 62)yw(»)3 (1 + O(elyl + (= + T)[Acl)).
(6.19)

We now estimate the orthogonal part of the eigenfunction which is given by (T . Aed)el’
o, T3 ¢+). Expanding, we get

'C_Ed)el =glet &2

where
lgtell 2, = O(€ +e(t + t)lAel).
and
.6l CGJ‘.
By Proposition 4.1 we conclude that
quél I H2(Q0) = 0(63 + €(t + 11)|Ae ). (6.20)
This implies that
|77 1.8 |2y = O(€7 + €(x + T)el) 6.21)
and
(e HHZ(Q) = 0(’ +e(r +1)rel) (6.22)

Multiplying the eigenvalue problem (5.2) by w’ and integrating, we get

LHS = / (I + L)w' dy
R

1+
_ 62616 a( ae)

263 (14 0fe + -+ i) [yt o'y

2 e 2ap 2.3
+€“a D—z(&) u3 (0)6 (coth 6 — tanh 67) 3

(14 Ofe + e+ rke) [ yww)dy

= —e%af(E.)> [7.2a1§)1 tad, 118)“2 13 . (0)02( coth 6, — tanh 92)] (14 0(e)).
1 2

Here we have used the elementary computations

w3 9
/ wX(Mw' (y)dy = —/ —dy, = —/ — _dy=-24,
Ry R 3 = 8 cosh® %

/ Mw'(yd /wzd / S 3
w w = — —_— = — _— = —J.
L ywOw () dy Lo e Soosh? ] y
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Further, the contributions to LHS which coming from orthogonal part of the eigenfunction
can be estimated by 0(3 4 (T + 1)|Ael), using (6.20)—(6.22).
Further, we compute

RHS = A.a® /R(w’)2 dy (14 0(e))
=1.2a% (1+0(1)).
Note that in the previous calculation
T+ 1)k = O(?)

and thus the error terms involving t or 71 can be neglected. Therefore

6a;(1 +«o 15a
Ae = —€2E2 [ 1(01 f)ge + 1)22 u3 . (0)6,(coth 6, — tanh 92)] +o0(€?).

We summarize our result on the small eigenvalues in the following theorem.

Theorem 6.1 The eigenvalues of (5.1) with A — 0 satisfy

6a;(l +«o 15
he = —€2E2 [ ‘”(Dl e 4 DZZ 13 (0)6:(coth 6 — tanh@z)] +o(e?). (623

In particular these eigenvalues are stable.
This completes the proof of Theorem 2.2. O
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Appendix: Two Green’s Functions

Let Gp, (x, z) be the Green’s function of the Laplace operator with Neumann boundary
conditions:

DiGp, ax(x,2) — 3 +8.(x) =0 in (=1, 1),
/1 Gp,(x,z2)dx =0, (7.1)
Gyx(—1,2) = Gy (1,2 = 0.

Here 6, (x) denotes the Dirac delta distribution concentrated at the point z.

We can decompose G p, (x, z) as follows:

1
Gp,(x,2) = —ﬂlx —z| — Hp,(x, 2), (7.2)

where Hp, is the regular part of G p,.
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Written explicitly, we have

2 2
Gp,(x.2) Sl E e TR (7.3)
Dy X, 7)) = .
T PR PP
By simple computations, we have
Hp, (x,2) L O S (7.4)
X, )=———|-+=+=1. .
DAY =Top 13T 2 T2
For x # z, we calculate
ViV.Gp,(x,2) =0.
Further, we have
JZC—JDFII, —l<x<z<l,
ViVeGp,(x,2) =0, ViGp,(x,2) =1 | (7.5)
2D, —1l<z<x<l1.
We further have
Z
(Vx GD] (x’ Z)|x=z> =-V, HD] (x» Z)|x:z = ﬁa (76)
where (-) denotes the average of the limits from both sides.
Taking another derivative, we get
1
GD],xx(O’ 0) = 2D1 s
Gp, x;(0,0) =0.
Note that in particular
1
Gp,,xx(0,0) + Gp; x:(0,0) = -— > 0. (7.7)
2D,
Next we define
DiGp, rrxx(x,2) —TAGD; 10 (x,2) +3:(x) =0 in (=1, 1), (7.8)

GDl,tk,x(_ls ) = GDl,rA,x(la z2) =0.
We calculate explicitly

01
———cosh |0 Al h (6 r1 -2, -1 < 1,
G o ene) = \/asin%@@l\/a) Cos [ 1ﬁ( +x)]cos |: 1\/?( z)] <x<z<
bkl 1 . : _
mcosh [Glm(lfx)]cosh [01m(l+z)], l<z<x<l,
(7.9)
where !
0 = ——. (7.10)
v/ Dy
We can decompose G p, 75 (x, z) as follows:
1
Gp,a(x,2) = ———|x —z| = Hp, ra(x, 2), (7.11)

2Dy

where Hp, ., is the regular part of Gp, 5.
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Closely related, let G py,71(x, 2) be the Green’s function given by

[Qléal,ﬂ.x(x,z) — 16D (r,2) — 3 +8:(0) =0 in (=1, 1), 7.12)
GD],T}»,X(_ls ) = GD],‘E)»,X(I’ z) =0.
We calculate explicitly
Gp, (. 2)
01 1
cosh [en/a(ux)] cosh [Q,M(l—z)] C— l<x<z<l,
27A

VT sinh€(261 VTA)

1 1
L cosh [9 Vor(l—x ]cosh [9 Vr(l+z ] e l<z<x<l,
VTAsinh(201+/TA) : ( ) ! (42 2T

(7.13)
We can decompose GDI,T;L(x, z) as follows:
- 1
Gp, u(x,2) = ﬁlx zl = o Hp, v.(x, 2), (7.14)

where Hp, 1) is the regular part of G Dy,7- Then an elementary computation shows that

1
Hp,(x,z) = Hp, a(x,2) — 5—| = C|TA| (7.15)

2Th

uniformly for all (x, z) € 2 x . For the first two derivatives we have

‘V[HDl(x,z) - HDI,,A(x,z)]‘ < Clza| (7.16)
uniformly for all (x, z) € Q2 x Q and

[V2[Hp, (v, 2) = Hp,o1(x, 2)]| = Clril (7.17)

uniformly for all (x, z) € Q x €2, where V in (7.16) and (7.17) can mean derivative w.r.t. to
X or z.
Further, let G p, (x, z) be the following Green’s function:

[ DQGDz,xx(xv Z) - GDz(x7 Z) + az(x) =0 in (_13 1)5 (718)

Gp,x(—=1,2) = Gp, x(1,2) = 0.
We calculate
ﬁ cosh [62(1 +x)]cosh [62(1 —2)], —1<x =<z <],

Gp,(x,2) = (7.19)
§1nh(292) cosh [92(1 — x)] cosh [02(1 + Z)], -l<z<x <1,

where 1
0 = ——. (7.20)
D>
We set P
Kp,(lx —zl) = e (721)

to be the singular part of G p, (x, z). Then we decompose

Gp,(x,2) = Kp,(x,2) — Hp,(x,2), (x,2) € 2x Q.
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Note that G p, is C* for (x,z) € Q x @\ {x =z} and Hp, is C* for all (x, z) € 2 x Q.
Explicitly, we calculate

03
Hp, xx(0,0) = —?2 coth 6,,

03
Hp, x;(0,0) = 5 tanh 60,.

Note that in particular

93
Hp, xx(0,0) + Hp, -(0,0) = 72( — coth 6, + tanh 6;) < 0. (7.22)

Closely related, let G p, 7,2 (x, z) be the Green’s function defined by

[ D2GD2,‘L’1)L,XX (xa Z) - (1 + rl)")GDz,fl)»(x» Z) + az(x) =0 in (_17 1)7 (7 23)

Gpyryx(—=1,2) = Gp, a,x(1,2) =0.
We calculate explicitly

GDZ T )»(X Z)

cosh 1+7A(14x)|cosh |6/ 1+T1A(1—=2)|, —1<x=<z<I,
[o2/ Jeosn 62 ]

cosh [02\/ 1+11)L(17x)} cosh [624 1+I1A(1+z):|, —l<z<x<l.
(7.24)

l J14TA smh(202~/1+r1 )

1+r1A smh(2(92~/ 1+111)

We can decompose G p, 7, (x, z) as follows
GDz,T])\.(xv Z) = KDQ (|x - ZI) - HDz,‘L'l)»(-xa Z): (725)
where Hp, -, is the regular part of G p, ,». Then an elementary computation shows that
|Hp, (x,2) — Hp, 12(x, 2)| < CltiAl (7.26)
uniformly for all (x, z) € Q x Q,
[V[Hp, (x. 2) = Hpy (6, 2)]| < Cleiad (7.27)
uniformly for all (x, z) € Q x €, and
|V2[Hp, (v, 2) = Hp, (. 9] | = Clraal (7.28)

uniformly for all (x, z) € Q x , where V in (7.27) and (7.28) can mean derivative w.r.t. to
X Or 7.
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