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Distributed Filtering for Fuzzy Time-Delay Systems
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Abstract—This paper is concerned with the distributed H -,
filtering problem for a class of discrete-time Takagi-Sugeno (T-
S) fuzzy systems with time-varying delays. The data communica-
tions among sensor nodes are equipped with redundant channels
subject to random packet dropouts that are modeled by mu-
tually independent Bernoulli stochastic processes. The practical
phenomenon of uncertain packet dropout rate is considered, and
the norm-bounded uncertainty of the packet dropout rate is
asymmetric to the nominal rate. Sufficient conditions on the
existence of the desired distributed filters are established by
employing the scaled small gain theorem to ensure that the closed-
loop system is stochastically stable and achieves a prescribed
average H ., performance index. Finally, an illustrative example
is provided to verify the theoretical findings.

Index Terms—Distributed H ., filtering, sensor networks, T—
S fuzzy systems, time-varying delays, unreliable communication
links

I. INTRODUCTION

Sensor networks (SNs) are typically composed of a number
of spatially distributed autonomous nodes that are capable
of environment monitoring, data communication and signal
processing. During the past decades, SNs have received sig-
nificant research attention due to their broad applications in
diverse areas such as health care, traffic control, intelligent
buildings, surveillance, industrial automation, and so on [1]—
[4]. The basic issue of distributed filtering over SNs is mainly
concerned with the state estimation of the target plant from not
only its own measurements but also its neighbors’ according
to the topology of the underlying SN [5]-[8]. With explicit
physical meanings in the attenuation against energy-bounded
noises, the H, filtering techniques have been applied to
the distributed filtering issues and some useful results have
appeared for a variety of dynamic systems, see, e.g., [9]-[11].

Time delays, which cannot be ignored in many dynamic
systems, constitute a great challenge in distributed filtering
problem. The advances in the field of time-delay systems are
mainly related to the basic stability and/or performance issues,
see e.g., [12]-[17]. It has been shown in [16] that the input-
output (I0) method, which benefits from the application of
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the scaled small gain (SSG) theorem, is fairly effective in
tackling the time-varying delays. Very recently, the two-term
approximation idea proposed in [16] has been demonstrated
to outperform most existing methodologies in terms of a less
approximation error. In addition, since most physical plants or
processes are essentially nonlinear, the studies on distributed
filtering of nonlinear systems with or without time delays have
been carried out in the past few years, see. e.g., [18], [19]. In
[20], a class of Takagi-Sugeno (T-S) fuzzy models, which
is well recognized to be capable of approximating smooth
nonlinear systems to any degree of accuracy, is adopted and
has been shown to be quite helpful in facilitating the design
of distributed filters. On the basics of T-S fuzzy modeling for
nonlinear systems, and their recent advances, we refer readers
to [21]-[24] for more details.

It is worthy noting that, in most of engineering situations,
the data transmissions from the target plant to sensor nodes
are inevitably subject to random packet dropouts, which often
exert a tremendous influence on the filtering performance. So
far, most of efforts have been devoted to the ways how to over-
come the effect of packet dropouts on the SNs where data are
transmitted over one channel [9], [25]-[27]. Yet, in practice,
two or more channels can be simultaneously available for a
concrete application of SN. Intuitively, inclusion of redundant
channels would help resolve the issue of packet dropouts and
even alleviate the effect of disconnection of partial channels.
As such, it is of great necessity and significance to allow for
the use of redundant channels in designing distributed filters
via SNs. However, to the best of the authors’ knowledge, no
insightful investigations have been reported up to date in the
area of distributed filtering with redundant channels.

With regard to the packet dropout rate of each communi-
cation channel, it should be pointed out that almost all the
previous works have assumed that the packet dropout rate
is exactly known, which is rarely the case in practice. The
packet dropout rate is not invariant due to the complex network
environment and fluctuation of power supply, and the upper
and lower bounds of the packet dropout rate can be also
asymmetric to the “nominal” rate. The performance of a filter
designed with a fixed packet dropout rate may become worse if
the actual rate is far from the fixed value. Meanwhile, for some
scenarios, adequate samples for computing the mathematical
expectation of the Bernoulli process are too costly or time-
consuming to acquire. In other words, it is fairly difficult to
determine an exact expectation. Owing to these two reasons,
it makes practical sense to study the issue of uncertain packet
dropout rate and account for its effects on the underscored
distributed filtering performance.
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Based on the aforementioned discussions, in this paper, we
aim at addressing the distributed H., filtering problem for a
class of discrete-time T-S fuzzy systems with time-varying
delays. The main contributions of this paper can be summa-
rized as follows. 1) For the first time, the data communications
among sensor nodes are allowed to be conducted along redun-
dant channels, where the random packet dropouts in different
channels are modeled by mutually independent Bernoulli s-
tochastic processes. 2) In each communication channel, the
practical phenomenon of uncertain packet dropout rate is
considered where the norm-bounded uncertainty is used to
describe the packet dropout rate. 3) A two-term approximation
idea [16] is employed for the fuzzy systems with time-varying
delays to reduce the resulting approximation error in model
transformation. The rest of this paper is outlined as follows.
In Section II, some preliminaries and problem formulation
are introduced. Section III is devoted to the problems of
model transformation, stability analysis and distributed H
filter design. The necessity of taking uncertain packet dropout
rates into account in the design phase of distributed filters, as
well as the performance improvements by including redundant
channels, are shown via an illustrative example in Section IV.
Finally, the conclusion is drawn in Section V.

Notations: The notation used throughout this paper is fairly
standard. R™ denotes the n-dimensional Euclidean space. The
notation P > 0 (P > 0) means that P is symmetric and
positive (semi-positive) definite. I,,, 0,, and 0,,«,, represent,
respectively, the n x n identity matrix, the n X n zero matrix
and the m x n zero matrix. 1, = [1 1 7 e R
The notation vec,{z,}, denotes [z1 2 x,). diag{...}
stands for a block-diagonal matrix, and diag, { A, }, stands for
the block-diagonal matrix diag{ Ay, As, - - - A, }. In symmetric
block matrices or complex matrix expressions, we use the
symbol “x” as an ellipsis for the terms that are introduced
by symmetry. The symbol ® denotes the Kronecker product.
G o Gy represents the series connection of mapping G; and
Go. The notation ||-|| stands for the Euclidean vector norm,
[|-||, the usual /5[0, 00) norm and ||-||, the ls-induced norm
of a transfer function matrix. A\pax(-) denotes the maximum
eigenvalue of a symmetric matrix. In addition, E{x} and
E{x|y} denote, respectively, the expectation of = and the
expectation of x conditional on y.

II. PRELIMINARIES

Consider the SN in Fig. 1, which has n intermediate sensor
nodes distributed in space according to a fixed interconnection
network topology described by a directed graph G = (V, €, L),
where V = {1,2,...,n} is the nonempty set of sensor nodes,
& CV x Vis the set of edges, and £ = (l,,),,..,, is a weighted
adjacency matrix with nonnegative adjacency element /,,. An
edge of G is denoted by ordered pair (p,q). The adjacency
elements associated with the edges of the graph are positive,
ie., lpg > 0,(p,q) € £, which means that sensor node ¢ is
one of the neighbors of sensor node p, and sensor node p can
obtain information from sensor node q. Moreover, we assume
that [,,, = 1 for all p € V, which can be regarded as the case
that the sensors are self-connected, and therefore (p,p) can
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Fig. 1. An illustration of the use of two channels in distributed filtering over
sensor network.

represent an additional edge. The set of neighbors of node
p € V plus the node itself is denoted by A}, = {q € V |
(p.q) € £}.

In this paper, the target plant is described by the following
discrete-time T-S fuzzy model with time-varying delays:

Plant Rule i: IF 91 (k‘) is Mil» eg(k') is Mig, ey and Qq(kz)
is M;,, THEN
x(k+1) = Ax(k) + Agix (k — d(k)) + E;w(k)
z(k) = Cix(k) (1)

l‘(k) = QD(]C), k= {7d27 —da +1, aO}

where i € S 2 {1,2,....s}, and s is the number of IF-THEN
rules; 01 (k), 02(k), ...,04(k) are the premise variables, and g
is the number of these premise variables; M;; is the fuzzy
set; 2(k) € R™ is the state vector which cannot be observed
directly; z(k) € R™= is the signal to be estimated; w(k) € R"»
denotes the disturbance input belonging to [5[0, 00); ¢ (k) is a
real-valued initial condition sequence on {—dy, —dy+1, ..., 0};
A;, Agi, E;, and C; are known matrices with appropriate
dimensions, which are real and constant. In (1), d(k) is a
positive integer satisfying

dy < d(k) < d )

where d; and ds represent the minimum and maximum time
delays, respectively.

The overall model of the discrete-time fuzzy systems with
time delays can be expressed as follows:

2k +1)= Y2 hi(0())[ A (k) + Agia(k — d(k))+ Esw(k)

1=
S

z(k) = ; hi (0 (k)) Cix(k)
- 3)

where 0(k) £ [01(k) 02(k) 04(k)], and

1 Mi;(0;(k))

> i Ty Mi (0;(k))

In (3), h;(0(k)) is the fuzzy basis function, and M;;(0;(k))
is the grade of membership of 0;(k) in M;;. Therefore, we
have h; (8(k)) > 0,i €S, and >_;_, h; (8(k)) =1 for all k.

For each p (p =1,2,...,n), the model of sensor node p is
given as follows:

yp(k) = ap(k‘)Bpix(k)Jr(1—Oép(k))ﬁp(k)Dmx(k)+Fpiw((/2

he (B(K)) 2
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where y,(k) € R™ is the measured output received by
intermediate sensor node p; By, € R™*" D, € R"w*"=,
and F; € R™*™ are known real-valued constant matrices.
In this paper, as shown in Fig. 1, two parallel communication
channels, as a special case of redundant channels, are consid-
ered in the SN with a fixed topology. The stochastic variables
ap(k) and B,(k), which are mutually independent Bernoulli
processes and also independent with the premise variables,
are introduced to model the packet dropout phenomena in
the first and the second communication channel, respectively.
Moreover, it is assumed that the packet dropout rate in each
channel is uncertain. More specifically, we have

Pr {ap(k) = 1} =F {ap(k)} =FE {ai(k)} =ap + Aap(k>
Pr{a,(k) =0} =1—a, — Aay,(k)

Pr{p,(k) =1} = E{B,(k)} = E{B(k)} = B, + AB,(k)
Pr{B,(k) =0} =1- 8, — AB,(k) (5)

where E {ap(k)} or E {8,(k)} stands for the packet arriving
rate in the corresponding channel, respectively. In (5), &,
and Bp are the nominal expectations of packet arrivals, and
Aay(k) and AB, (k) are the norm-bounded uncertainties of
a, and S, respectively. The uncertainties are bounded as
—Mp2 < Aap(k) < myy and =62 < ABL(K) < 0p1 with
Mp1s Mp2s Op1,0p2 > 0. Therefore, it is clear that

ap + Aay(k) < & + 01y 1 =0y — Aay(k) <1—ay + M2
Bp+A5p(k) S Bp+6p1) 1-

Moreover, since the packet arriving rate at sensor node p
can be formulated as

Pr{Ry(k)} =1— (1 - E{oy()(L = E{B,(K)}) (6)

where {R,(k)} denotes the event that the measurement of
sensor p is transmitted successfully at time k. Then it holds
that

Pr{R,(k)} = E{ay(k)} + E{B,(k)} — E{ap(k)}E{B,(k)}
> max {E {op(K)}, E {Bp(k)}}

which clearly shows the advantage of adopting two channels.

Remark 1: The proposed measurement model in (4) pro-
vides a novel unified framework to account for the phe-
nomenon of two-channel packet dropouts at each time instant
by resorting to the random variables o, (k) and §,(k). In
particular, if a,(k) = 1,5,(k) = 1 or 0, sensor node p in
model (4) takes the first channel; and if o, (k) = 0, 8, (k) = 1,
packet dropout occurs at the first channel, and sensor node
p chooses the second channel. In the two aforementioned
cases, the packet at time k& is not dropped, while if a, (k) =
0,8,(k) = 0, the packet dropout occurs at sensor node
p. Note that the measurement model in (4) can be further
extended to the multi-channel case. Also, by generalizing (6)
to multi-channel case, it is straightforward that the occurrence
probability of packet dropouts at each sensor node can be
further reduced.

Remark 2: In practice, the packet arriving rates E {a,(k)}
and F { 5p(k)} are generally related to the external environ-
ment and transport protocols. In this paper, without loss of

Bp - Aﬁp(k) S 1 7Bp +6P2'

generality, we suppose that 7, is greater than 7,,,, and dp2 is
greater than 6,1, which means that the packet arriving rates
easily tend to become smaller.

A more compact presentation of the SN in sensor node p
can be given by

2k + 1) = A(k)z(k) + Aq(k)x(k — d(k)) + E(k)w(k)
yp (k) = ap(K) By (k) (k) + (1 — ()3, () Dy (k) (k)
+ By (k)w(k)
(k) = C(k)z(k)
(7
where
MméngM&mM@égmwmh,
@mégmwm&maMégmwma
D, (k) & ; hi(O(k)) Dyi, E(k) 2 ; hi(O(k)) E:
QWéimWW%. ®)

The key point in designing distributed filters for SNs is to
fuse the information available for the filter on sensor node p
both from the node itself and its neighbors. Now, we assume
that the filter’s premise variable on each node is the same as the
plant’s premise variable. The following fuzzy filter structure
is adopted on sensor node p:

Filter Rule j . IF 91(/6) is Mjl’ 92(1(7) is Mjg,...
04(k) is M;4, THEN

{ Ep(k+1) = > lpgKpgjZe(k) + X lpgHpgjye(k)

, and

qEN, qEN,
Zp(k) = Ly;dp(k)
€))
where j € S2£{1,2,...,5}; l,, is the weighted adjacency
scalar between node p and node ¢; Z,(k) € R™ and z,(k) €
R™= are the estimation of z (k) and z(k) on sensor node p,
respectively. The matrices Kpq; € R™ %"=, H,,; € R*=*"y,
and L,; € R™=>"= in (9) are the fuzzy filter parameters to be
determined for node p. Moreover, the initial values of fuzzy
filters are assumed to be ,(0) = 0,,,x1 forallp =1,2,...n.
Then, the overall fuzzy filter on sensor node p can be inferred
by
Iy (k+1) = Z;:1 h; (6 (k) [qu/\/p lpg K pqjq (k)
+ 2 qen, tpaHpaiyq ()]
ZA’IJU“) = 22:1 h; (6 (k)) Lp;iy (k).
Thus, the fuzzy filter for sensor node p can be represented by
the following more compact form:

{ Ep(k+1)= 3 lpgKpg(k)2q(k) + X lpgHpg(k)yq(k)
qEN, qeEN,

Zp(k) = Lp(k)2p (k)

where

(10)
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Defining e, (k) £ z(k) — 4,(k) and Z,(k) = 2(k) — 2,(k),
the fuzzy filtering error dynamics for sensor p can be obtained
by (7) and (10):

ep(l+1) = {A(K) = ¥, toaHpa (k) [0vg (k) By ()
+ (B, (k) = ag (k) B, (k) Dy (k)]
= Sen, bakpa (k) } 2(k) + Aa(k)
< ak = d(k) + X e, loaEpa (K)eq (k)
+@®—L%%ma>u}u

Zp(k) = [C(k) — Ly(k)] (k) + Ly (k)ep(k)

=1,2,...,n,q € N,. (12)

For notational simplification, we denote

AL 1, @A, Ay 21, ® Agi, Ci £ 1, @ C;
Ei 21,0 E;, 2(k) =1, @ 2(k), e(k) = vecn{ep(k)},
Fy 2 vec, {Fyity, 2(k) £ vee, {5,(k)}p
B; £ diag, {Byi}p, D; 2 diag,{Dyi},
L; £ diag, {Ly;}p, I, = diag{04_1,1,0,_4} ® I,
Rj 2 [f(qu]ﬁxx%a Hj = [ﬁqu]ﬁigz a3
where
. {l oEKpgis P=12,...n; €N,
paj 0, p=12...n59¢ N,
Hpq]{ é, ol gzigjzzg;% (9

Obviously, since I, = 0 when ¢ ¢ N,. K; € Rmexnns
and H; € R"™=X"" are two sparse matrices. Moreover,
combining (8), (11) and (13), we have

A(k) £ 3 he(B(R) Ar. Aa(k) 2 3 hi(B() A
C(k) £ X2 h(B(k)Cy. D(k) £ X hi(6(0)) D,
E(6) £ Y2 hi(O(k) Ex. (k)£ 3 hi(8(k)F,
B(K) 2 55 m(0(8)) By L(K) £ 55y (00K)) L
K02 35 (00K, (02 3 hy(0(0)H;. (19)

Then, the error dynamics governed by (12) can be obtained in
the following compact form:

ek +1) = {A(k) = Sy aq (B) H (1) Z,B (k)
= S0y (By(R) = aq(R)B, (k) H(K)Z, D(k)
~R (R} 2 (k) + Aa(k)z (k — d(k))
+ K (k)e(k) + [E(k) — H(k)F (k)] w(k)
z(k) = [C(k) — L(k)] z(k) + L(k)e(k)

A

By setting £(k) £ [z7(k) eT(k:)]T, augmenting the
original model to include the fuzzy filter error dynamics, the

following augmented system can be obtained:

E+1) = [A(K) = S, aq (k) Hag (K)
ZZ((%%UBWWmWFW
Ag(R)E(k — d(k)) + €(k)w(k)
) = el
E(k)=¢(k), k={-do,—da+1,...,0}
(16)
where

N A(k) Onn,
AW‘AW—MMKU}

o [Aa(k) Opn, N (k)
AM)AQMOW}QM_EMJMWW
e(k) £ [C(k) — L(k)  L(k)]

A OnnT Onnm
H“”?mmwwo%]

A [ OnnT Oﬂnz

k) = B 7, D) omm] an

Before presenting the main objective of this paper, we
introduce the following definitions:

Definition 1: [28] The distributed fuzzy filtering error
system (DFFES) in (16) is said to be stochastically stable, if
in the case of w (k) = 0,,,,x1, for any initial condition £(0),
the following is satisfied:

E{¥20E()

Definition 2: [29] A mapping G : u(k) — y(k) is input-
output stable if there exists o > 0 such that

ly(F)lly = 1G (w(k)ll, < ellulk)]l; -

Given integers do > d; > 1 and a prescribed scalar v > 0,
our aim in this paper is to find the distributed filter matrices
(Kpgjs Hpqj, Lpj) in (9) such that for any time-varying delay
d(k) satisfying (2):

1) (Stochastic stability) The DFFES in (16) is stochastically
stable in the sense of (18).

2) (Average H ., performance index) Under zero initial con-
dition, the filter error z(k) satisfies 1 ||Z(k)||2E2 <2 ||w(k)||§

where [|2(k) |, 2 B { /S 27 (R)Z(R) }-

III. MAIN RESULTS

)P | €(0)} < oo (18)

In this section, we are aiming at establishing a sufficient cri-
terion for the error Z(k) in (16) to satisfy the H., performance
constraint by applying the scaled small gain (SSG) theorem.
Then, distributed H, fuzzy filters in the form of (9) will be
designed such that the DFFES in (16) is stochastically stable
with a prescribed average H,., performance.

A. Model Transformation Approach

Consider an interconnected system consisting of two sub-
systems:

(51) : ¥(k) = Gu(k), (S2):v(k) =

where the forward subsystem (S7) is a known linear time-
invariant system with operator G mapping v(k) to 9(k),

AY(k)  (19)
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and the feedback subsystem (.S3) is an unknown linear time-
varying mapping with operator A which has a block-diagonal
structure. A sufficient condition of the input-output stability
of the interconnected system formed by (S7) and (S2) can be
given as a direct result of the SSG theorem.

Before proceeding further, we first present the SSG theorem
that will be used in the later derivations.

Lemma 1: (SSG Theorem [16]) Consider the closed-loop
system in (19). Assume that the forward subsystem (S7) is
internally stable, the closed-loop system formed by (S7) and
(S2) is input-output stable for all G and A if the following
inequality holds:

Y(Gr) x T(Ar) < 1 (20)

where T is a nonsingular linear matrix, and

T(Gr) = HT oGo T_1Hoo , Y(Ar) = HT oAo T_1HOO

To cope with the time-varying delay of the filtering error
system (16) by the SSG theorem, we need to adopt time-
invariant delays as an approximation of the time-varying
term and pull the “delay uncertainty” out into the feedback
subsystem A. In this paper, we would employ the two-
term approximation method adopted in [16]. By defining
di2 = dy — dy, the term E(k — d(k)) can be expressed as

E(k —d(k) = € (k — dy) + & (k — do)] + Y2o(k) D)
where 1[€(k—di)+ & (k—dy)] is the approximation of
E(k —d(k)), and d%v(k:) is the approximation error.

By defining 9(k) £ £ (k+ 1) — £(k), we can obtain

k)22 (e k) — 2 [E(k—dy)+E(k—dg)]}
_%{ ek — ( ) = [E (k= dv) + € (k— da)]}
[ ot - S o)
{ D “a ) 0(u) @2

where

() & 1, when u <k —d(k)—
—1, when u >k —d(k) —

From (16) and (21), the fuzzy filtering error system (16)
can be transformed into the following form:

Elk+1) = [A(k) = Xy, o (k) Hay (k) = S5, B, (k)

x (1= g (k) Hizg (k)] £ (k) + 42 Ag(k)v (k)
+ S Aa(R)[E(k — dv) + E(k — do)] + E(k)w(k)
z(k) = C(k)E(k). (23)

Now, by (23), the interconnection frame of the closed-loop
system is presented as

E(k+1) Ty (k) €(k)
S1) = [To(k) &k s(k)
00| o | =i ot 1] oo
(S2) 1 v(k) = AY(k)

where

Ti(k) £ [A(/f) = > ar [ag(R)Hig(k) + B, (k)(1 — ay(k))
xHig (k)] 5 Aa(k) 3Aa(k) G2 Aa(k)]
[A(R) = S0y org () Hag (ki
x Mg (k)] = Tonm, L Aa(k
T3(k) £ [C(k)  Opn.x6nn, ]
(k) 2 [ET(k) ET(k—dy) ET(k—dy) o7 (k)] .

1>

Lo (k)

Furthermore, the following lemma shows that the scaled
gain of the mapping A in (24) has an upper bound.

Lemma 2: [16] Consider the closed-loop system (24).
For any given nonsingular matrix 7' € R?*"m«X2nne  the
feedback mapping A d(k) — w(k) of (22) satisfies
[ToAoT | <1

Remark 3: In view of Lemma 2, we can observe that the [5-
induced norm of (.S2) in (24) is bounded by one. Then, accord-
ing to Lemma 1, if we can guarantee |[T o GoT7 1| <1,
the whole interconnection system (24) is input-output stable.

B. H., Performance and Stochastic Stability Analysis

Based on Lemmas 1 and 2, the following theorem presents a
criterion to ensure that the DFFES (24) is stochastically stable
with a prescribed average H., performance.

Theorem 1: Consider the discrete-time DFFES in (24)
and suppose that the filter parameters Kpq;, Hpqj, Lp;
(p=1,2,...,n, g € N, j €8) are given. For integers dl,dg
with do > d;y > 1 and constants v > 0, (_Jéquq > 0,
Ng1>Ng250q1,942 > 0 (¢ € Np), the DFFES (24) is stochasti-
cally stable with an average H, performance ~ for any time-
varying delay satisfying d; < d(k) < da, if Vg € N, there
exist positive definite matrices P;, Q1;, Q2;, R1, Ro, R3,1 € S,
satisfying

goltii < 07 (Oa l7 t,Z € S)

Goitij + Goirgi < 0,(0,1,t,i,j €S,i < j) (25)
where
a2 1 2]
A 2 {Au .[R1 Ry O2nn,  O2nm, xna ]
x  diag { Ay, A, —Rs, —ny? 1y, }
Qoij = [‘I’ITIHJ- diWiijR1 daWirijRe WinijRs Wi Po)
Z, £ diag {—Iun., —R1, —Ra, —R3, —P,}
Ay £ —P— Ry — Ry + Qi + Q2i, Aty = —Ry — Qu
At £ —Ry — Qae, Ri 2 Lng1 @ Ry, Ro £ Iony1 ® Ry
R3 £ Inny1 ® R3, Po £ L1 ® P,
Whij £ [/h,l‘I’ITll,ij N1,2‘I’IT12,ij : ﬂl,n‘I’ITln,ij
M2,1‘I’IT21,¢3' H2,2‘I’¥;2,ig‘ : :uZ,n\Il%;n,ij Ng‘l’ﬂij]
Wirij = [M1,1‘I’1T111,ij N1,2‘I’1T112,ij M1,n‘P;‘Flln,ij

T T T T
/~‘2,1‘1’1121,ij N2,2‘1’1122,ij /’62,71\1]11271,2']' Ms\l’ngij]
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with 7?,2 £ Iopi1 ® (RQ - sym(€2£4X))
Urgij = [Aij —nHigi; 3Aa 3Aa FPAa € Ra £ Ing1 ® (B3 — symi(es X))
Ungij = [Aij — Mgy 3Aa 5Au A €y Fo = Ipns @ (Po — sym(X))
Ui 2 [Ay 3Aa 344 B Aa € Wiij = [0 %1 2P #10 Py
\IJIIlq,ij £ [./417 —’I’L/qu}ij _Ianw %Adz %Adz %Adi Gij] #2,1\Ij£17zj #2,2\14;271‘]‘ ﬂ2,n\1’£n,ij u3\11£,ij]
- . - - -
UiLq,ij £ [Aij —nHitgij — Lonn, 3 Aa 3 A %Adi ¢;;] Wi = [N1,1‘I’1T1117ij H1,2‘I’1T112,ij H1,n‘1’;[11n,ij
Uinij = [Aiy — b, 3 A 3 Aw %Adi &) N2,1\Il%igl,ij N2,2‘I’IT122,ij ﬂz,n‘I’ITIQn,ij M3\P%}3ij]
Urini; £ [Cij Onnex (6nnatna)) with
and . . Brgi; 2 [XAgs + 133, — nITiBy 52 Ay,
A A B A7, _ 011711 A 4(11 Onnz 14t ‘ J ]d(ﬂ 2 t
GTA K Ky |0 T Ay O, N XAy BGRX Ay Xy + 1T, F]
e ol B | 4 sf Om.  Ouw, Uioqij = [XAoi + 1731 — 0T Dy G X Aus
9| Ei— HjF; | MY T | HjL By Oy, 2X Ay SH2XAL X +ITF)
— T ~
s [CT—LT ol Onn,  Opp, Urij £ [X Ay + 17,01 FX A ZXAg
Co=| "pr 7| Mmi = gD, o |
LY i*ai Onng 22 XY Ay X + 1T, F]
i N [Cg + Mgt i a \/(,Bq + 5,11)(1 —Qq + 77q2) quIlq,ij £ [X.A(h + 17331 — nI7}-qu - X %X.Adl
ta n P n ZX Agi 83312 XAz X&, + 173]:1]
s [ gmill —ag+nge = (By = 0g2) (1 = Gg —mg)]  Witaqis = [XAoi + 17,31 = nIT;Dyi = X FX Ay
Hs = n ' SXAy 22 XAy XE, +ITF)
Proof.' See Appendix. | ] li/IIgij = [XAOZ =+ :[7;31 - X %X.Adl %XA,M
- : : B2 X Ay X€oi + 1T, Fi]
C. Distributed H ., Filter Design @ 20 $9 0
In this subsection, sufficient conditions on the existence g £ [2C0i + 872 Oun.x(onn, )]
of the desired distributed H, fuzzy filters in the form of ,pg
(9) will be provided ensuring that the closed-loop system in .
(24) is stochastically stable with a guaranteed average Ho, 4, 2 /_11 O, B. 2 Omkz Onn, = Onn,
YA Oy, T T |ZB; 0 ’ I
performance. [ Ynng q P Vnny Xnng ning
Theorem 2: Consider the discrete-time DFFES in (24) with A [ CF T A [0nn Opn. ~ [E;
uncertain packet dropout rates. Given integers dy, d with dy > Coi = O scrm. | Dyi = ZyDi O snm, | Coi = E;
di > 1 and constants v, &g, 8, > 0, 1,1,7,2,941,042 > 0 30 i, ! I
(q € N,), the DFFES is stochastically stable with an average  F; ”"“'Ff"‘“] , 0 2 [O g 0 nng ]
. — 4 NNy X NNy NNy X NNy
H., performance -, if Vp = 1,2,...,n,~q € ./}/', there At R v v A
exist positive definite matrices P, Q1i, Q2i, 21, R2, R3, 1 € S, J2 = [_Innw Innw:l ; X =diag{X, X}, X = diag,{X,},
matrices T1pqj, Topqjs Spjs Xp, Zp, j € S, and some positive  S; £ diag, {Sp;}p, £ = diag,,{Z,},
scalars €1, €9, €3, €4, satisfying = = = = pXq 4 — pxq
T & [Ty o) Tij = [Tipail s T2i = [Topas] o -

g~oltii < 07 (07 l7 t7l € S)

goltij + g~oltji < 07 (Oa l,t,i,j S 871 < -7) (26)
where

. Awi Qi

Gotij = " ;J}
* 2,
A 2 A [e7'Ri e5'Ro Oznn,  Oopm, s |
W« diag {[\m, Avire, —Rs, —TWZInw}
Qi 2 _q’Iij diWin;  esdoWinij Winij Wh‘j}

dlag {Innz - Sym(z)» 7%'17 7%27 713; 750}
—P; —e1?Ry — 3 Ro + Qu; + Qi
—Ry — €2Qu;, A & — Ry — £2Qu
Ippy1 @ (Ry — sym(e1 X))

=1
JEE
> fI> (>

Furthermore, if the inequalities in (26) are feasible, the matri-
ces K'j, I:Ij, and f/j are given as
K;=X""I;, Hi=X "Iy, L; =27'S;.  (27)
Then, combining with (13) and (14), the desired filter param-
eters K, Hyqj, and Ly; can be obtained.
Proof: See Appendix. [ ]
Remark 4: Based on Theorem 2, the average H., perfor-
mance can be optimized for the underlying distributed filtering
problem via two channels. A noteworthy fact is that when we
set the matrix Dp; = 0y, xn, in (4), the conditions in Theorem
2 reduce to those corresponding to the single channel case. As
expected, the obtained optimized + in the presence of one more
redundant channel, denoted as +,,;,, should be less than the
one in single channel, which will be verified in next section.
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IV. ILLUSTRATIVE EXAMPLE

Let us consider the following nonlinear system with time-
varying delays [20] :

w1k +1) = = [Ra1 (k) + (1 = R)a(k — d(k))]’
+ 0.3z2(k) + w(k)
wa(k +1) = Ry (k) + (1 = R)ay (k — d(k))

where the constant R € [0, 1] is the retarded coefficient.

In the example, it is assumed that the SN is rep-
resented by a directed graph G (V,E,L) with the
set of nodes V =1{1,2,3}, the set of edges &
{(1,1),(1,3),(2,2),(2,3),(3,1),(3,3)}, and the adjacency
matrix £ is given as

10
L=1]01
1 0

— =

For each p (p = 1,2,3), the pth sensor node is described
in the form of (7).

Let (k) = Ra1(k) + (1 — R)x1(k — d(k)). It is assumed
that (k) € (=M, M) where M > 0. We set the fuzzy basis
functions as

m(Ok) =3 (1= %2, ho (0(0) = 1 (1+ %) @8)
where hi((0(k)),he(0(k)) € [0,1], and hi(0(k)) +
ho(6(k)) = 1.

From (28), it can be seen that h; (8(k)) =0, hs (6(k)) =1
when 6(k) is about M, and hy (6(k)) = 1,hy(0(k)) = 0
when 6(k) is about —M. Then, the underlying fuzzy model
is as follows.

Plant rule 1: IF (k) is about —M, THEN

x(k+1) = Ajz(k) + Anz(k — d(k)) + Byw(k)

5o (k) = (k) By1a(k) + (1 — (), () Dy (k)
+ Fpw(k)

z(k) = Crz(k)

Plant rule 2: IF 6(k) is about M, THEN

r(k+1) = Asx(k) + Agoz(k — d(k)) + Eaw(k)
Yp(k) = ap(k) Bpaa (k) + (1 — ap(k)) B, (k) Dp2x (k)
+ Fpow(k)
z(k) = Cox(k)
where

063}7 Adl:{( - RM 03] b H

M 03] —( /\/l 03
R 01’ d2 —

= [0.2 0.18] , Di; = [0.08 0.12} , F1, =02
ng, = [0.16 0.2] , Doy = [0.12 0.14} , Foy =0.17
Bs; =1[0.14 0.16], Ds; = [0.1 0.1], F3 =0.15
Ci=1[1 0], Vi=1,2
We suppose that the time-varying state delay satisfies 1 <
d(k) < 3. The values of the parameters R and M are given by

R = 0.8 and M = 0.1, respectively. The nominal expectations
of packet arrivals of the communication channels are taken as

TABLE I
MINIMUM VALUES OF AVERAGE H o, PERFORMANCE 7, ;,, FOR
DIFFERENT CASES.

Cases Ymin
I) Two channels (1,5 = 0.02, 2 = 0.03) 3.6594
IT) Two channels (1,0 = dp2 = 0) 2.8002
I Single channel (n,,, = 0.02, D, = [0 0]) || 3.7799
1V) Single channel (1,5, =0, Dp = [0 0]) 2.8576

a; = 0.9, az = 0.8, az = 0.85, 3, = 0.65, B, = 0.6, and
B = 0.7, respectively. Without loss of generality, we suppose
Np2 = 21, and 62 = 26,1 (p = 1,2,3). A comparison
between minimum average H, performance 7,,;, obtained
based on different cases is given in Table I with the choice of
€1 =17,e9 =25, e3 = 8 and ¢4 = 0.08. The parameters of
the desired distributed filters for case I can be calculated with
the optimized performance index as follows:

o [03523 028761 .~ [-0.1032 —0.1007]
04173 —0.1474) 0 TP [—0.1155  —0.0329]
s — [027010 03155 ] . - [0.0315 —0.0337
2217 0.5257  —0.2232) 7 7T |0.0394  0.0326
s [00272 00456 ] . [0.2159  0.2497 |
ST 1-0.0851  —0.1745) " 7% T 0.6110  —0.0282]
Ko — [—0.1029  0.2531] Fow — [—0.0331  —0.0369]
M2 13240 0.2909) T2 T [—0.0181  0.0724 |
Koo — [—0.0624 0.2830] Ko — [—0.1172  —0.0784]
227109946 01175 72| 0.2074  0.1567 |
Koar — [—0.1356  —0.0566 Founs — [0-0563 0.2608]
S1271 01417 01431 |7 TP T | 12944 0.2560)
[0.8502 0.9040 0.9173
Hin = _1.1495} i3 = [—0.0345] » Hoz = {0.8051}
[0.5748 0.3877 0.8079
Hon = _0.2013}  Hsu = [0 6801] » Han = {—0.1022}
[1.4821 0.6354 0.9696
Huz = _—2.4257} Hi = [ 0. 7688} Hoz = [—1.6934
[ 0.5413 0.5862 1.2317
Hasz = _—0.8294} Harz = [ 0. 3957} Hazz = [—2.1529
Lip = [0.7724  —0.0448], Loy = [0.6927 0.0173]

Ls; = [0.7100 —0.0208] , Lo = [0.7526 —0.1087]
Loy = [0.8860 —0.0496] , L3 = [0.6971 —0.1549]

From Table I, we can observe that v,,;, increases as the
uncertainties of the packet dropout rates occur, and the average
H, performance of the system becomes better if two channels
are adopted at each node.

In order to test the performance of the designed filters,
we assume zero-initial conditions and #,(0) = [0 O}T
(p = 1,2,3) with external disturbance w(k) = e~°-2% cos(k).
The output z(k) and its estimates from the filter p (p =
1,2,3) for case I are shown in Fig. 2, which shows the
effectiveness of the designed distributed filters for the system
against the time-varying delays and the uncertain packet
dropout rates. The resulting disturbance attenuation ratios

f\/zl 0 2(0)TZ(i /\/ZZ ow(i)Tw(i) can be computed

|
|
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0.4

Output of system z(k)
== Output of filter 1 z; (k)
= = = Output of filter 2 z, (k)
Output of filter 3 z3(k) []

Output z(k) and its estimates

. .
5 10 15 20 25 30 35 40
Time in samples

Fig. 2. Output z(k) and its estimates for sensor networks with redundant
channels subject to uncertain packet dropout rates.

0.04 :
——Case|
- - -Casell
0o5r 5 o Caselll
Case IV
g o003
5
2 0.025}
3
S 002}
8
5
g 0.015F
s ool

10 15 20 25 30 35 40
Timein samples

Fig. 3.
cases.

Mean squares of filtering errors of three sensor nodes of different

as v = 0.6456 for case I, 4" = 0.5907 for case II, ¥ = 0.6679
for case III and ’Ny’ = 0.6013 for case IV, which are all less
than the corresponding ~,,;,- It can be seen that v > +/, which
further shows the necessity of considering the uncertainties
of packet dropout rates in the design phase. It can also be
seen that ¥ > ~ and 7' > 7/, which also illustrates the
performance benefiting from redundant channels The mean
squares of filtering errors of three sensor nodes + Zp L 22 (k)
for different cases are shown in Fig. 3.

V. CONCLUSION

In this paper, the distributed H, filtering problem has been
investigated for a class of discrete-time DFFESs with time-
varying delays and redundant channels subject to uncertain
norm-bounded packet dropout rates. Sufficient conditions for
the existence of the desired distributed filters, in a basic
two-channel case, are established by employing the scaled
small gain theorem to ensure that the closed-loop system is

stochastically stable and achieves a prescribed average H.
performance index. The necessity of allowing for the uncertain
packet dropout rates was shown, and it was also demonstrated
that the achieved average H., performance of the distributed
filtering can be improved by including redundant channels.
One future work will be to consider real Henon mapping
systems with more complicated dynamics rather than the
simplified one in the section of Illustrative Example.

APPENDIX

Proof of Theorem 1: We choose the following fuzzy-
basis-dependent Lyapunov—Krasovskii functional

VERLR) £ 3 V(e ) )
where
V(EW.R) 2 TEPIER)
Va(E(k), k) = Ez 1 Yk, ( )Qi(u)E (u)
Va(E(k), ) £ it Xty Zompa i (0) RV ()
(30)
with
P(E) £ 3 hi(8(R) P Qi(k) £ X hi(0()Qu,
Qa(k) 2 3 hi(B())Qa
Moreover, we define
JEE {z,;“; o[0T (k) Ryd (k) — VT(k)Rgz/(k)]} 31)
and
Ja £ E{> 2 ZN (k)z(k) — ny*w” (k)w(k)]}  (32)
where Ry = T7T.
Then, taking the forward difference of V(£(k), k), we have

AVL 2 E{V; (E(k+ 1), k+1)|E(k), k} — Vi (E(K), k)
=ET(k+1D)P(k+1DEMK+1) = ET(k)P(k)E(K)
= E{¢"(k)VT (k) P(k+ 1)W1 (k)E(k)} —ET(R)P(k)E (k)
< E{L 50 {(ag()8, (k) — a2(k)B, (k) n*E” (k)

X M1, (k) P(k+ 1) Mg (k) + iy, (k) P <k+1mnq<k>]
XE(k) + €7 (k) [T, (R)P(k + 1)W1, (k) + WF, (k)
Pk D) W ()P0 + 1) ()] €0} )
— ET(k)P(k)E(K)
< Sy (18 €T (RO, () Pk + 1), 4 (R)E(R)
123 o€ (R) O, () Pk + 1)W1, (R)E(R) | + 367 ()
X WE, (R)P(k + 1)W1, (R)E (k) — <> P(k)E (k)
(33)

AVo 2 E{Vo (E(k+1),k+1)|E(k), k} — Vo (E(k), k)
= Vi [ET(R)QuR)E(K)

—ET(k — d)Qu(k — di)E(k — dy)] (34)
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AVs = E{Vs (E(k + 1),k + 1) [E(k), k} — V3 (E(k), k)

=K {Z?fl [ ot g, 0T (k)R (k)
—d Zu,,d e (k +u)Ryd(k + u)} } (35)
where
Uy (k) 2 [A(k) — 0y aq(k)Hig(k) — X0, By(k

x (1= aq(k)) Hitg ()

Uyg(k) 2 [A(k) — ag(k)nHig(k)  $Aa(k)
TAq(k) B2Ay(k) €(k)]
Wy (k) 2 [Ak) — (B,(k) — og(k)B,(k)) nHiry (k)
TAak) G2 Ayk) (k)]

Ur,q(k) = [A(k) — nHizg (k) 5Aa(k)  5Aak)

§(k)
According to the Jensen inequality, VI = 1,2, one has

—d; Y, T (W) R(w)
< —[Ek) — E(k —dp)]" Ry [E(k)

From (35) and (36), we have
AVs = 7, { B{a" (k) R (k) }
~[E(k) [E(k) — €k — )]}
< S {@e" () {130, o (R) RV, o (k) + 13
X Wi o (B) RV, (k) + p3 iy, (k) Ry, (k) } £(k)

[A(k)  3Aa(k)  FAa(k) %2 Aq(k)
[E7(k) ET(k—dy) ET(k—ds) vT (k) w?(k)]".

A
4

—&(k—di))]  (36)

— &k —d)]" R

—[E(k) = £(k — dn)]" Ry [€(k) — £(k — )] |
(37
where
\IIIIlq(k) = [A(k) - nHIq(k) - I2'n,nz %Ad(k)
$A(k) L2AYk) €(k)]
Uin,q(k) 2 [A(k) — nHirg(k) = Lonn,  3Aa(k)
sAa(k) B2 Aq(k)  €(k)]
Ui, (k) £ [A(k) — Lonn,  3Aa(k) 3 Aa(k)
G2 Aa(k)  E(k)].
Similarly, we can obtain
E {ﬂT(k)Rgﬂ(kﬂS(k), k}
< & (k) {uiViy, o (k) Rs Wt o (k) + 1307y, (k) R3Wir,q (k)
+u3¥q, (k) RsWr, (k) } € (k) (38)
and
E {27 (k)z(k)[E(k), k} = € (k) U (k) ru(R)E(k) - (39)

where \IIIII(k) < [C (k) Onnzx(finnz—&-nw)]

Then, by performing a congruence transformation
diag{Lann, , Ionn, , Ionn, , I2nn,  In, , —=5 '} to the inequali-
ties in (25), we obtain the following inequalities:

Goltii < Oa (Oa l7 t,Z S S)

Gottij + Goiri < 0, (0,1, t,4,5 € S,i < j) (40)
where
. A
goltz] £ |: jf E;j1:|
Qi & [‘I’ITHZ-J- diWiri;  doWin; Wiy Wi -
Moreover, we define
G(k) = Z Z Z ho(0(k +1))hi(8(k — d1))h(8(k — d2))

o=1l=1t=
x ST B (O0) Gonis + 021 351 hi(B(K)
xh;(0(k)) (goltz‘j + goltji)} . 41)

Then, combining (15), (17), (25), (40) and (41), and the
definitions of P(k),Q;(k), Q2(k), Ry, Ra, R3, we have

G(k) <0 42)
where
a0 =[2G
a [Ar(k Ri Rs O2nn, O2pnngxn
A(k) £ [ Ii : diag[{AH(k),Am(kg)C, — R, im“é]lnw}
A1(k) £ —P(k) — R1 — Ro + Q1(k) + Q2(k)
Arr(k) & =Ry — Qu(k — dy), Amx(k) £ —Ry — Qa(k — db)
Qk) £ [ (k) diWu(k) doWi(k) Wi(k) Wi(k)]
Wi(k) = 11911 (k) 1297, 5(F) 111,91, (k)
M271‘1’1T21(k’) M2,2‘I’1T22(k) M2 n Ign(k)
/~L3‘I’13 )]

W (k) = [N1,1‘I’1T111(k) #1,2‘I’IT112(I€)
MQ,l‘I’ﬂgl(k) M2,2‘I’f122(k)

H1n IIln(k)

Han 112 (k)
113(k)]

=71 (k) & diag {~Lnn., —R7", —R5 ", — Ry, —P(k +1))

with P(k+ 1) 2 Ly © [S5_, ho(0(k+1)P; 1], 0 €S.
Combining (33), (34) and (37), and cons1der1ng the zero
inputs, i.e., [vT (k) w” (k)] = 01x(2nn,+n,). We have

AV 2 AVi + AV + AV = ¢ (k)S(k)¢ (k)
where
S(k) £ N (k) + Sy (13408, (0) POk + 1) (R)
13 B (B Pk + 1)1, ()] + 1307, (k)
X Pl + 1)er, (k) + iy {dF iy [,
X0ty ) Bioas, () + 123 11, (6) Ri bz, ()]
+d 08y, () Ridr, (k) |
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ORI diag{f[\il(k)]’%i]nl(k)}
O1,q(k) 2 [A(R) —nMag (k) LAa(k)  SAq(R)]
O1q(k) 2 [A(R) — nHarg(k)  JAa(k)  SAu(k)]

or, (k) £ [A(k)  5Aa(k)  3Aa(k)]

b1r,g(k) 2 [A(R) — nHrg(k) = Iown, 3 Aa(k)  3Aa(k)]
S1rag (k) 2 [A(R) = nHutg(k) — Tonn, 3 Aa(k) 3 Au(R)]
brr, (k) 2 [A(R) = Lonn,  3Aa(k)  SAa(k)]

C(k) 2 [E7(k) ET(k—di) ET(k—dy)]"

By performing a congruence transformation to (42) and by
Schur complement, we have X(k) < 0, which implies AV
< 0. Thus, the forward subsystem (S7) in (24) is internally
stable.

Considering the index J defined in (31), together with (29),
(33), (34), (37) and (38) in the case of w(k) = 0,1, and
under zero initial condition, i.e., V(€(0),0) = 0, we have

J < J+V(E(0),00) — V(£(0),0)
= B{523, [0 (k) Rsd(k) — o7 (k) Rav (k) + AV |
= 2ios” (k)@ (k)s (k) (43)
where

(k) 2 N (k) + gy [, 00, (0) Pk + 1)y, (B)
13 VT (0) Pk + 1)ibyg ()| + it (k)
X Pk + 1), (k) + 7, {df o
<11, (k) Ritdrr, o (k) + 13 011, (k) Rty o (K)]
0, (k) Rutber, (F) | + 10, (F) Ravo, (k)

+ Eq:1[M1,q¢IT11q(k’)R3¢IIlq(k>
+ 113 Vit (k) Rator, o (F)]

iy & | A Ry Ry Oy
A (k) & Ii) diaghn(k),zz\m?k)f]RB}]
Prq(k) = [A(k) = nHig(k) 3Aa(k) $Aq(k) 42 Aq (k)]
Vr,g(k) & [A(k) — nHig (k) $Aq(k) 3Aq (k) 42Aq (k)]
Ur, (k) £ [A(k) S Aa(k)  SAa(k) 22 Aq(k)]
Yrr,q(k) = [A(k) — nHig(k) — Ionn,  3Aa(k)
sAa(k) G2 A (k)]
Uttyg (k) 2 [A(k) — nHrrg(k) — Lo, 3Aa(k)
$A(k) L2 A4(k)]
Ui, (k) £ [A(K) = opn, 3 Aa(k)  3Aa(R) 92 Ag(k)]
(k)2 [ET(k) ET(k—d) ET(k—dy) o (k)]

By performing a congruence transformation to (42) and by
Schur complement, we obtain ®(k) < 0, which implies

E{AV + 97 (k)Rs9(k) — v (k)Rsv(k)} < 0.

From (43), it is easy to see that J < 0, which implies
||T oGo T*1HOO < 1, such that the whole interconnection
system in (24) is input-output stable under w(k) = 0,,, x1.

(44)

Based on (44), we choose the following Lyapunov—
Krasovskii functional which can demonstrate the stochastic
stability of the system (24) with w(k) = 0, x1:

1 —dy—1 —

Va(E(k), k) £ V(E(k), k) + i _X_:d Zk;r 97 (v) R3d(v).
S (45)

By virtue of Jensen inequality, taking the forward difference
of V;(E(k), k) along the trajectory of the closed-loop system
consisting of (S7) and (S2), we have

AVy

= B{AV + 9T (k) R0 (k) — 7= Yk o7 (u) Ryd (u)}

< B{av 40" OR0(F) - dif (TEL 00)
<Ry (120 v(w) |
= e {av s o W) - (4 T o)

xRy (diy AT w(w)d(w) )}
= E{AV + 97 (k)R39(k) — vT (k) Rsv (k)} < 0.

Then, it follows that ®(k) < 0, thus we can always find
o < 0 such that

AV 2 E{Vy (E(k+1),k+1)[E(K), k} — Va(E(k), k)
< Amax (®(K))s” (k)s(k)
< o1 (k)E(K). (46)
where 0 = A\pax(®(k)), then o < 0. From (46), one has
E{V (E(k+1),k+1)} = Va(Ek),k) < alE(k)|>. 47)

Take mathematical expectation on both sides of (47). For any
h > 1, summing up the inequality in (47) on both sides from
k=0,...,h, we have

E{Va(E(h+1), h+1)} - Vaa(£(0),0) < o B {21, €)1}

which implies

B{¥i, ek}
<o {E{Va (E(h+ 1), h+ 1)} — B {Va(£(0),0)}}
<~ B {Va(£(0),0)}

When h = oo, we arrive at

E{Y [E®)P 1 £(0)

which implies that the closed-loop system (24) is stochastically
stable.

Consider the index J. defined in (32) for any nonzero
w(k) € I3]0,00). Together with (29), (33), (34), (37)—(39)
and (45), and according to the fact that V(£(c0),00) > 0,
under zero initial condition, i.e., V¢;(€(0),0) = 0, we have

),0} < =0~ {Vu(£(0),0)} < o0

Jcl S Jcl + ‘/cl(g(oo>7 OO) - %1(5(0)7 0)
= E{35, [ZT (k)2(k) — ny*w” (k)w(k) + AVa] }
= S0 £ (R)F (R)E(k)



IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS, VOL. XX, NO. XX, XXX 201X 11

where

F (k) 2 A(k) + 320y (13 V1, q (k) P(k + 1)¥r,q (k)
413 g W, (B) Pk + 1) Wn,q(k)] + u3 97, (k)

X Pl + 1)W, () + 0 {df iy 13, W, o (0)

X RWrr,q(k) + 113 Vi, (k) R Wi, (k)]
+di 3 Wiy, (k) R, (k) } + Wipp (k) Wi (k)
+ Zq 1 [:ul q\pIIlq(k)R3\PIIlq(k) + #2 q\pllgq(k)

X R3Wrn,q (k)] + 13 Wiy, (k) Rs Wiz, (k). (48)

By Schur complement, it follows from (48) that (42) is a
sufficient condition ensuring F (k) < 0, which implies J,; < 0.
Then, we have HE(Z{:)H%E2 < ny? ||w(l€)H§, which implies that
the DFFES (24) is stochastically stable with an average H.,

performance .

Proof of Theorem 2: Firstly, we define the matrix ;
[K H; } From (27) and the definition of XC; and 7;, w
have

I7; = XIK;, S; = ZL;. (49)

For each 0 € S, Ry, Rs, R3, P, > 0, we have the following

inequalities:

—XPIXT < P, — sym(X), — ZZ7 < I, — sym(2)

—2XRTAT < Ry — sym(e1 X)
525421/'\,’}%2 T < Ry — sym(eae4X)

—2XR;'AXT < Ry — sym(ezX). (50)

Furthermore, we denote

Ry 2e7%Ry, Ry 2¢;%Ry, R3 2 e3°R3. (51)

Then, combining (26), (49), (50) and (51), we can obtain
g,oltii < 0; (Oa l7 taZ S S)

goltij + Goltij < 0; (07 lvtaivj € Svl < .7) (52)

where
; a | A Qi
goltzj - i
x 2,
Ao Ay [e1R1 2Ry O2nn,  O2pn, sy |
Iti . A A 2 2
*  diag {AIIZ, Any, —e3Rs3, —ny Inw}
f A , ) ) ,
Qij = [ Vi, diWinij eadoWini; Wiy Whij |

>

2, 2 diag{—ZZ7,-Ry,~Ra, —Rs, —P,}

—&2Ry — €3Qu, Ay 2 —€3Ro — £2Qu
Iopi1 @ XRTXT, Ry 2 Inpyy @ 2X Ry XT
Ry 2 Iopy1 @ XRFIXT, Py 2 Iy @ XPLXT

>

e

=
(1>

&
>

oA {7 T o tT
Wrij = [Ml,l‘I’Ill,ij M1,2‘I’112,ij /ll,nq’lln,ij
T T T T
M2,1‘I’121,ij N2,2‘I’122,ij M2,n‘1’12n,ij MS\I}I3ij]
Ao A T T T
Wini; = [M171‘I’1111,¢j M1,2‘I’1112,¢j NLn‘I’IIln,ij

;T T ;T T
M2,1‘I’1121,ij N2,2‘1’1122,ij Mz,n‘l’nzn,ij M?)\Illlgij]

with
\I}Ilq,ij £ [X(AOZ + I’ijl — nIICqui) %X.Adz
ZXAy BR2XAy XEo + IT;F]
[X(AOz + IICj31 - TLIK:qui) %XAdi
SXAu 2GR X Ay X + 1T, F]
[‘X(‘AOz + I’ijl) %XAdz %XAC{Z
Sadi ¥ Ay X € + IT;F]
Uity g5 2 [X (Aoi + IK;31 — nIK;Byi — Ionn,) $XAai
ZXAy BP2XAy Xy + IT;F]
\i/quyij £ [X (.Aoz + I’ijl — nI/Cqui — Ignn$> %X.Adi
%XACM 763312 XAy XCE + 173]:1}
[X (Aoi +IK;01 — Ionn,) S5 X Aai
FX Ay 2GEX Ay X + 1T, 7]
Py 2 [Z (Coi + L;T2)  Opn. x(6nnu+nu)) -

According to the definitions of A;;, €;;,Ci;, Hig.ij, Hitg,ij
Aoi, €0i, Coi, 1,Kj, Lj, 31,32, Fi, Bi and D;, we rewrite the
matrices A;;, €;5,Cij, Hig,ij» Hirgs; in Theorem 1 in the
following form:

Aij = Aoi + 131, Cij = Coi + LjJ2, Higs = 1K;B;

eij = @01‘ + I’Cj]:i7 /anﬂ‘j = IK:j'Di. (53)

Pre- and post-multiply the inequalities in (52) with
dlag{l2nnt ) 51_1]2nnm ) 52_1[2nn$ ) 63?1[271711 ) Inw ’ 2_17 I2n+l®
X U lhp1 @ ;' X 11 ® X~} and its transpose,
respectively. Then, bearing (53) in mind, we can obtain (40).
The rest of the proof follows directly from Theorem 1. [ ]

(1>

U1,q,i

>

Uy,4j

Urr,45
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