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ABSTRACT

Extensive shock and highly localised blast waves generated by detonation of near field explosives
(such as Improvised Explosive Devices (IED’s)) are catastrophic to structures and detrimental to
humans and may result in injury or death, penetration and progressive damage, or perforation
through the structure and collapse. Mitigating the effects of such waves is paramount in various
aspects of design in Structural, Aeronautical, and Defense engineering, as well as being useful in
Forensic Sciences. A theoretical model is presented here to predict the large inelastic deformation
of ductile thin square membranes induced by a generic short duration localised pressure pulse
load. The pulse loading was idealised as a multiplicative decomposition of spatial and temporal
functions. The spatial part is a piecewise continuous function of axisymmetric distribution of
constant pressure over a central zone of the target, then exponentially decaying beyond this zone.
The temporal part may assume various shapes. Using the constitutive framework of limit analysis
and incorporating the influence of finite displacements, two patterns of kinematically admissible,
time dependent velocity profiles were investigated. These patterns included stationery and
moving plastic hinges. The results were investigated in two cases: once with the interaction
between bending moment and membrane forces retained in the analyses, and then when the

response was solely governed by membrane forces.

For blast loads of high magnitude, the pressure was replaced by an impulsive velocity and the
results were cast as functions of dimensionless form of initial kinetic energy. The theoretical
results corroborated well with the available experimental results on high strength ARMOX steel,

a class of steel impervious to the phenomenon of rate sensitivity.

Keywords: Localised blast, membrane forces, limit analysis, travelling plastic hinge, impulsive

loading
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1 Introduction

Mitigating the catastrophic effects of high intensity localised blasts, such as those emanating
from high explosives, e.g. IED’s or buried land mines, has been of prime significance in the design
of protective structures over the past decades. As the blast wave momentum varies exponentially
with the stand-off distance [1], near field charges give rise to localised response with much more
focused energy release than those generated by distal ones, incurring large localised inelastic
response and potential perforation of the structural element. As structural elements are most
commonly designed as beams or plates, an assessment of the response for these elements
subjected to blast waves is essential in the fields of civil, mechanical, military, and aeronautical

engineering.

In fact, an extensive program of experimental and numerical studies has examined large
deformation, damage evolution and failure of plates subject to uniform or localised impulsive
loads. An extensive series of these studies are conducted by Nurick and co-authors [2]-[7] and by
Bgrvik et al [8]-[11], while the main thrust of theoretical work commenced after the seminal
work of Hopkinson and Prager [12]. Following their research, the dynamic plastic collapse of the
rigid, perfectly plastic plates of various characteristic dimensions have been investigated [13]-
[22]. The studies on the dynamic response of circular plates subject to rectangular pulse pressure
load established that the ratio of the blast duration to the total plate response is pivotal in

idealisation of the blast with zero period, i.e. uniform momentum [23], [24].

The dynamic response in terms of generalised deformations in a rigid, perfectly plastic
structure is represented by evolution of plastic bending or shearing hinges. These hinges-either
moving or stationery- are essentially discontinuity interfaces due to rotation (the bending hinge)
or transverse shear strains (shearing hinge) leading to deformation localisations. At this weak
discontinuity interfaces, the kinematic continuity of motion and the conservation of momentum
must be satisfied. In thin membranes, the thickness is of a small order of magnitude compared to
the characteristic in-plane lengths, the transverse shear forces may be assumed inconsequential
as opposed to significant membrane forces. Thus, the deformation localisation is characterised

by bending hinges only.

Langdon and Schleyer [25], [26] presented a series of numerical, analytical and experimental
studies on the connection characterization and pressure pulse response of the corrugated
stainless-steel blast walls. They found that the yield pressure, i.e. the pressure to cause inelastic
strains at the mid-point of corrugation was reduced by increasing the flexibility of the angle
connections. Nwankwo et al. [27] extended the theoretical analyses of the former authors to the

CFRP (carbon fibre reinforced polymer) retrofitted blast walls using the elastic-perfectly plastic
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beam spring system with stationery bending hinges, but did ignore membrane distortions at the
retrofitted section of the wall. A smaller body of literature has examined the dynamic plastic
response of two-dimensional beams, shells and thin membranes [18], [28]-[30]. However, these
were examined on stationery bending hinges with loading assumed to have a uniform
distribution over the target; the transient phase associated with the travelling hinge has been
neglected for simplicity in mathematical treatment. The purpose of this work is to examine the

dynamic response of the plates with both moving and stationery bending hinges occurring due to

localised blasts of various proximity of charge to the target.

Notations
The following symbols are used in this paper:

Latin upper and lower case Te Loading constant (central) zone radius [L]
A; — D; Integration constants; [various] w Generalised transverse displacement; [L]
A Elemental area; [L?] W Mid-point transverse displacement; [L]

B Rectangular plate side width; [L] z characteristic coordinate; [1]
L Rectangular plate side length; [L] Greek lower case
D Internal energy dissipation rate; [ML2T ~3] a  Impulsive velocity parameter; [L?]
E External work rate; [ML?*T 3] B Static collapse pressure co-efficient; [1]
H Plate thickness; [L] €;  Impulse parameter; [L]
M Plastic bending moment per unit length; [MLT ~2] @ Characteristic angle; [1]
My Maximum plastic bending moment; [MLT ~2] n Dynamic load amplification factor; [1]
N Plastic membrane force per unit length; [MT 2] Nerie  Critical dynamic load factor; [1]
N, I\E[;!);I;Ilzljm plastic membrane force per unit length; £ Stationery plastic hinge length; [1]
Q Transverse shear force per unit length; [MT 2] &(t) Active travelling plastic hinge; [1]
T; Duration of the i*" phase; [T] k  Curvature rate; [T™1]
Ty Final time of motion; [T] A Dimensionless kinetic energy; [1]
Vo Impulsive velocity of localised blast load; [LT 1] U Areal density (= pH); [ML™?%]
_ Mid-point transverse displacement at the i" . . _3
w; phase; [L] p Material density; [ML™?]

W Mid-point Transverse velocity at the i** phase; 6 Rotational (angular) velocity at the outer
¢ [LTY] i boundaries of zone i (i = 1,2); [T™}]
W Mid-point Transverse acceleration at the i g Rotational velocity across the inclined

i phase; [LT 2] 3 plastic hinge; [T™1]
a Loading coefficient; [1] o,  Plasticyield/flow stress; [ML™1T 2]
b Loading exponent; [L™1] oyr  Static yield stress; [ML™1T 2]
i Ordinary Differential Equation constant; [MLT ~?%] T Duration of the pulse; [T]
Do Maximum overpressure; [ML™1T 2] wy 1./L;[1]
Pec Static collapse pressure; [ML™1T 2] w;  Pulse factor of pattern (A); [T™1]
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p1(x,y) Spatial part of pressure pulse load; [ML™1T 2] w  Pulse factor of pattern (B); [T1]

p,(t)  Temporal part of pressure pulse load; [1]

Zheng et al [31] investigated the elastic-plastic performance of stiffened square plates made
of Q235 low carbon steel under confined blast. The confined blast was approximated with
uniform distribution, leading to global deformation of the plate, while the deformation profile was
unaffected by the stiffeners and no local buckling at the interface of stiffener and the plate was
observed. In all these studies shear locking was absent due to analytical formulations employed.
In numerical analyses of membranes this issue will emerge and a number of techniques may be
employed to eliminate or reduce its influence (e.g. Toolabi et al presented a mixed finite element

formulation to enrich the shear strain and deformations of Mindlin Reissner plate [32]).

Most of the earlier studies were limited to classical theory of plates with infinitesimal
deformations. The intensive shock wave may lead to large displacements in a thin plate brought
about by geometry changes in contradistinction to the small deflection theory. When the
deformation of the thin plate, due to a severe blast, is of a higher order of magnitude of its
thickness, the structure would undergo finite displacements (geometry changes) which give rise
to evolution of membrane (catenary) forces. The membrane forces so emerged will resist out-of-
plane deformation and decrease its maximum at the cost of high in-plane tensile stresses. In some
cases, experimental studies have revealed that in plated structures, exhibiting large deformation,
the membrane forces dominate the overall performance [33]-[35]. A smaller number of
theoretical research works in the literature has also catered for this phenomenon [18], [36]-[38],
however, these works have considered only uniform blast. Thus, there is a paucity of information
due to rarity of systematic theoretical analysis on the permanent response of plates emanating

from localised blasts.

Using this rationale, this paper derives and investigates the primary features of a theoretical
solution for blast loaded thin square plates. Membrane forces are introduced as a part of the

solution and emerge as deformations become finite.

This paper is, as such, an extension of previous works of literature [19], [36], [37] which dealt
with applying the bound theorems of plasticity to derive explicit closed form theoretical solutions
which catered for the problem of dynamic response in locally blasted square plates. Following
this introduction, the general assumptions made throughout the study are presented. This is
followed by a discussion of the governing equations and derivation of the static plastic collapse

load in Section 3. In Section 4, a rigorous analysis is conducted on the dynamic performance of

plates encompassing a wide range of loading and boundary conditions. For high magnitude
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pressure loads, the results are cast in terms of impulsive velocity in Section 5, where the influence

of boundary conditions and strain rate sensitivity is briefly studied while the theoretical results

are validated against available experimental and numerical results in Section 6. Finally, Section 7

presents and discusses the conclusions of the study.

2 Statement of the problem

2.1 Assumptions

The plates examined in this work are assumed to be ‘membranes’, implying that they are thin
enough to render the contribution of transverse shear strains and rotatory inertia negligible.
These effects are thus disregarded, while in-plane action plays a significant role in the overall
response and has been included. In fact, it has been shown that the effect of transverse shear is
not significant for locally blasted panels with slenderness ratio v = 5 [39]. The effect of rotatory

inertia is even less significant [39].

In order to produce reliable results for dynamic plastic response of the membranes the
influence of finite displacements must be retained in the study [20], [40]-[42].The overall
response of the structure is thus characterised by the deformed shape, rather than the base
configuration. This condition necessitates the membrane force N to be included in the dynamic
energy equilibrium equations. Hence, the overall response consists of the combined effects

bending and membrane phenomena.

The influence of visco-plasticity has been discussed in the context of the problem; however,
most Rolled Homogeneous Armour (RHA) graded steel types of interest in this work are
impervious to such phenomenological effect. Strain rate sensitivity would reduce the overall
deformation and increase the material strength, but in some cases reduce the rupture strain [43].
A detailed theoretical procedure to determine the dynamic response of visco-plastic plates

subject to blasts and impacts is found in [20].
2.1.1 Geometry and load characteristics

An initially flat, monolithic ductile square plate with characteristic in-plane dimensions of 2L
and thickness of H is considered. The plate is secured along its periphery with simply supported
boundary conditions and is made of rigid-perfectly plastic material. The maximum plastic
moment and the maximum membrane force per unit length are denoted by M, and N,,
respectively. It is assumed that the planar cross sections of the plate remain plane and
perpendicular to its neutral plane throughout deformation (Kirchhoff-Love plate’s kinematic

assumption).
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The prescribed loading condition is of a generic blastload imparted transversely on the plated
structure (Fig. 1). In most works of the literature, the loading is assumed multiplicative of spatial
(load shape) and temporal (pulse shape) variations, i.e. P(x,y,t) = p;(x, y)p,(t) (See e.g. [44]-
[47]). The load shape, as shown by [3] maintains a uniform pressure within the central zone of

radius 7, before decaying exponentially along the radial coordinate r, as described in (1):

Do 0<r<r,
p1(r) 2[ 1
poae?" 1, <r<R @)
(1 for0<t<rt
P2(t) = {0 fort=1 2)

where r = W and a = e®" is a loading parameter. The loading radius and exponent,
1, and b, respectively, may be obtained numerically through curve fitting the pressure data from
commercial Finite Element software, considering the explosive type, geometry and stand off from
the target. The blast load entails axisymmetric properties and thus reduces the domain of study

to only one quarter of the plate.

Depending on the blast type, e.g. gas explosion or high explosive detonation, the pulse shape
assumes various functions, viz. sinusoidal, triangular, exponential, linear or rectangular. While
the pulse shape can have significant effect on the overall response of the dynamically loaded
systems, its effect can be eliminated by utilising the Youngdahl's correlation parameters [46],
[48]-[50], the efficacy of which is confirmed for monotonically decaying pulses by Ref. [42]. For
impulsive blasts, the pulse shape has no intrinsic effect on the system. In this work, a rectangular

pulse shape is assumed as presented in Fig. 2.

For the uniform or pointloads, only the load magnitude contributes to the length of the plastic

hinge lines, while in generic blasts the length depends on both the magnitude and distribution.

) W20
S -
—>
3 Pua‘-"br |
2 %
%V‘V"V"VVV:VVVVVVVN
A : AT
L 1 L -
4—»;4—» T !
Fig. 1- Spatially constant-exioonential distribution of load Fig. 2- Temporally rectangular pulse

shape
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2.2 Yield condition and flow rule

By referring to the analysis of simply supported beams discussed in [36], and using the Tresca
yield condition, it may be assumed that for the simply supported plates, the plastic yield is

governed by the constitutive equations as follows:

N 2% ol = (1 (N>2 < 3)
N, MMl = N )V HS?2
N oM w1 A
N, My, UV HT?2 “)
For prismatic sections:
oo H?
No = 6,H, M, = "4 (5)

Eq. (3) represents two parabolas plotted in Fig. 3. The state of stress and the normal to the
yield surface are co-directional along the yield path of each parabola. From Eq.’s (3)-(5), it is
evident that M = My and N = 0 when w = 0. Thus, the plastic flow for a perfectly rectangular
plate initiates at corner A of the yield curve, following the path AB of the upper right quadrant as
the transverse displacement increases. The exact mathematical solution is bound between the
two square yield surfaces (broken lines in Fig. 3) which circumscribe and inscribe the exact yield

condition given in ansatz Eq. (3). Therefore, the normality requirement dictates that:
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Fig. 3- Exact yield curve of the plate, vs. the circumscribing and
inscribing yield curves (broken lines)

The assumed isotropic hardening in the constitutive formulation is accounted for by replacing
the yield stress with the average of the initial yield and ultimate tensile stresses of the material.
It may be possible to have a kinematic hardening formulation or a combination of isotropic and
kinematic hardening to incorporate the Bauschinger effects. However, in the context of rigid-
perfectly plastic constitutive formulation there is no difference between the two and the simple

idealisation adopted here serves the purpose.

3 Governing Equations

3.1 Principle of virtual velocities

Consider an arbitrarily shaped surface element bound by an oriented closed path in Cartesian
Coordinate system. Using Green’s theorem, the equation of motion in its force vector field is
converted into functional of energy conservation, wherein the total internal energy rate D

dissipated at the continuous velocity fields, at the plastic hinges and within the plastic zones, is at

equilibrium with the external work rate E.Foran arbitrarily shaped plate (and beams as special

case) when the shear stain and rotatory inertia effects are ignored [19], [21], [36], we have:
f(p(x, ¥, 6) — pw) wdd = f(M + Nw)k dA + Z f(M + Nw)6,,dC,, + Z Q(W),dC, )
A A m=1 A u=1

Note that the over dot notation denotes differentiation with respect to time. In Eq. (7), 4 is
the elemental area, u is the mass per unit surface area and p(x, y, t) is the pressure field function.
The expressions on the left-hand side represent the external work rate with the first term being
work due to pressure field and the second term due to Lagrange-D’Alembert principle’s inertia
force, while the first term on the right-hand side is the strain energy dissipated in a continuous
deformation field, the second term is the energy dissipated at m discrete plastic hinges of length
Cn, each having an angular velocity of ém = (0w/ dx;)m, where x; is the characteristic general
coordinate in direction of the hinge line. The last term on the right-hand side is the energy
dissipated in v transverse shear hinges, each of length C,, and having a velocity discontinuity of
wy,. In this work, the final term may be ignored in the analyses since the transverse shears would

not intrinsically affect the response of membranes [39], [51].
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3.2 Static collapse pressure

The static plastic collapse mechanism of locally blasted circular plates have been addressed
in [36], [41]. In the same spirit, it may be shown, by assuming an admissible velocity profile as in
Eqg. (11), the exact plastic collapse of the plate would take the form:

M,

Pec = ﬁ (8)

where M, is the maximum moment per unit length of the plate and S is defined as:

P12 +2br, +2) (b2 +3b%r2 +6br, +6) e PCTR(bL +2)

2(Lb)? 313h3 (bL)3 ©

Eg. (9) may have been obtained by eliminating the inertia term in Eq. (7) and performing the
integration. Fig. 4 illustrates the influence of the loading constant central zone radius on the

magnitude of static collapse pressure co-efficient.

100

80

60

1/8

401

20f ™

0 0.2 04 0.6 0.8 1
r/L

(S

Fig. 4- Variation of the static collapse pressure co-efficient
parameter with loading constant zone radius

3.3 Deformation patterns

The theoretical treatment presented here is in each case delineated by (i) an interactive yield
surface due to combined bending and membrane action, and (ii) a yield curve where membrane

forces are sufficiently large to solely govern the overall behaviour of the plate. The phenomenon
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that the hinge travels under a steady dynamic loading reflects the effect of large deflection theory

[37].

Considering first a rectangular plate of length 2L and width 2B, the current approach entails
two possible velocity profiles (A) and (B) as illustrated in Fig. 5. Pattern (A) conforms to the
stationery bending hinges while the length of bending hinge in pattern (B) is time dependent. It
has been shown, using the classical theory of circular plates [36], [46], that a critical value of the
load exists beyond which the static admissibility associated with stationery hinges (pattern (A))

is violated. For locally blasted square plate, this critical value is expressed as:

128

l<p<|—2
ST= |25 -1

| = Ncrit (10)
Clearly, in the plates undergoing finite displacements, a progressively severe blast may often

induce a transient phase in deformation history [18], [37]. While it may be assumed that the

structures undergoing large deflections abide by the same static admissibility conditions

presented above. In the limiting case of loading central zone radius 7, — L, where the loading
approaches the uniformly distributed pressure § — %, as depicted by Eq. (10) a fact that conforms

to the uniformly blast loaded square plates available in the literature [36], [37].
Thus, it may be assumed that each pattern corresponds to a special velocity profile as follows:

i.  Profile (1): Small deflection theory, giving rise to Pattern (A), where the deformations
are large enough to induce membrane forces. However, the response due to the build-
up of membrane forces remains within the bounds of the critical overloading factor.

Similar expression of .,;+ is defined by [52] for circular plates.

ii.  Profile (2): Large deflection theory, where the deformation is described by an
incipient pattern (B) whose velocity profile for square plate is governed by Fig.9-Fig.

10, which progresses into and assumes the final form of pattern (A).

10
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Fig. 5- Velocity profile patterns of the plate due to (A) infinitesimal transverse deflections, (B) large
transverse deflections

[t turns out that three distinct phases are associated with pattern (B), namely phase (i) onset
of loading, phase (ii) occurrence of a transient phase with travelling plastic hinge lines which
move inward towards the plate centre with incipient deformation and phase (iii) the final phase

of deformation. The transverse velocity profile may be written in the form:

. W(L-x)

11
L—&l x> &L (11)
In zone 1 and
. W(@B-y)
W=""5B (12)

In zone 2. The velocity profiles in each zone are and kinematically admissible. The velocity
profile of pattern (A) is recovered from Eq.s’ (11)-(12) by choosing §B = B and eliminating &,,.
The rotational velocities in each zone simplify to Eq.s’ (13a-c), when the shearing angle at the
point along the centre line of the plate is ignored, viz.:

él - _w 0, = —%and 93 = 91 cos(¢) + 92 sin(¢)

o 72 (13a-c)

where 93 is the rotational velocity along the plastic hinge at the intersection of zone 1 and
zone 2, as shown in Fig. 7. If the plate is square, ¢ = /4 as in Fig. 5, then both of its diagonals
construct the plastic hinge lines. The dimensionless number defining the size of the rigid zone is
given by &,, while 6B = L(1 — ;) and B = L in such plates. Thus, the velocity profile of pattern

(B) would take a conical shape and recast into

11
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= 7 14
Ve =

which satisfies the Dirichlet boundary conditions. The auxiliary coordinate z in Eq. (14) is
defined for a plate of side length 2L whose diagonals lie on the Cartesian Coordinate axes as in
Fig. 6. It should be noted that, while it is mathematically evident that in both cases of b - o, 1, =
0 (i.e. the case of concentrated load) and b — 0,7, — L (i.e. the case of uniform load), the velocity
profile is described by conical velocity as in Eq. (11); it is also physically reasonable to assume
such a shape for the velocity profile of the rigid plate due to the localised blasts, i.e. the range of
0 < b < 0. Thus, there is no reason as to why an alternative velocity profile should exist in this

range.

Given the deformation field in a rigid plated system along the equipotential surfaces has the
same magnitude (for example, the path EFGH in Fig. 6 (a)), it may be assumed that the theoretical
treatment with load defined by polar coordinate (r) in Eq. (1) is identical to the plate in Fig. 6 (b),

whose diagonals construct the plastic hinge lines. Thus, the load in the outer region is given by
p(z > 1,/L) = ppae~P?; the range of z being 0 < z = \/x2 + y2 < 1.In fact, it is straightforward
to demonstrate that the difference between energy functionals of Eq. (7) along an arbitrary polar

coordinate r in Fig. 6 (a) and z in Fig. 6 (b) is negligible.

2L
7/
7/
7/
/
s/
l AN

(a) (b)

Fig. 6- (a) The top view of a simply-supported square plate (coordinates x, y, r and dimensionless
parameter z are shown), (b) the plate with side lengths 2L whose diagonals lie in the Cartesian
Coordinates

12
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Substituting Eq.s’ (6), and (11)-(14) into Eq. (7), the internal energy rate of pattern (B) is

derived as:

. (2H+4W(Q1 - &))WM,

15
H(1=$o) 9

4 Dynamic analyses

4.1 Dynamic plastic behaviour of Case 1 membranes: Pattern (A)
4.1.1 Phase 1 of motion (t < 1)

Regarding pattern (A), the dynamic velocity assumes a roof shape profile illustrated in Fig. 8
and identical to that due to the static loads. However, the velocity profile is now time dependent,
which casts the motion into two distinct phases, i.e. phase (i) onset of loading, and phase (ii) final

phase associated with the residual deformations to dissipate the reserved kinetic energy.

With reference to Fig. 3, it is assumed that the plastic flow initiates at corner E of the
circumscribing yield surface. The internal energy dissipation rate is distinguished from Eq. (15)

given ¢, = 0, while the external energy rate reads as:
Te 1
E =17 [f (po —uw(@a - z)) W —2)zdz + fr (poae‘b’“z - uW)W(l — 2z)zdz (16)
0 ‘e
L

By evaluating Eq. (16) and performing the integrations on the dynamic energy equilibrium

equation, Eq. (3) may be recast in terms of an Ordinary Differential Equation (ODE) as:

AW +B,W+d, =0 17
4 =L (18)
157 u
_4M0
= 19
B, o (19)
dy =2M,(n — 1) (20)

where nn = py/p. is the load amplification factor and where the static plastic collapse is given

by p. = M,/BL2. The solution of the ODE given by Eq. (17) may be written as:

Wy () = 5 H(r — DL~ cosw;)) @

14
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5
where the subscript denotes the phase of response and w; = {uL_ZH} hereinafter referred to

as the pulse factor. Clearly, w? = B;/A;. The form of Eq. (21) may be obtained by ensuring the

initial boundary conditions, viz. W; (0) = 0 and W1 (0) = 0 are satisfied at the onset of loading to

obtain the ODE constants.
4.1.2 Final phase of motion (t = 1)

A transition from phase 1 to phase 2 occurs as the pressure load lifts off the target surface.
The motion is characterised by the inertia effects as p, = 0; however, the expressions (17) -(20)
still govern the response during the second phase of motion. Thus, by evaluating the ODE

parameters in Eq. (17), the transverse displacement field and its time derivatives are derived as:

i} ,
Wz w1, ; 23
- = 5 tsin(wi)(n — 1) —nsin(w, (t - 1)} )

22 - Deos(@nt) —neos(an(t-) +1) @)

The ODE solution constants are obtained through imposition of continuity conditions i.e. by
imposing the same kinematic admissibility of the transverse deformation field and its time
derivatives at t = 1. Phase 2 terminates when the plate loses all its momentum at time T,, which
is evaluated at W2 = 0. As the analyses are conducted within the framework of rigid-plasticity
rather than elasto-plasticity, no residual vibration occurs and maximum and permanent

deflection fields are identical.

1 ( nsinw;t ) (25)

T, = —arct
27w, arcan\y + n(cos(w,7) — 1)

Incorporating Eq. (25) in Eq. (24) yields the permanent (maximum) transverse deformation as:

W

—1J4 2 iz 1 1 26
7—§< (* =) sin® ——+ —) (26)
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Fig. 11- Variation of the normalised permanent (maximum) deflections with w (for interpretation of the
reference to colour in the text, the reader is referred to the web version of this article)

Provided the plate (and beam as a special case) has a prismatic section, it turns out that w; =
’% depends only on the material properties g, and p and side length , thus its practical limits

may be established. For example, given a monolithic ductile plate of p = 7850 Kg/m?3, o, varying
between 300MPa for mild steel to 1210MPa for RHA steel, and the characteristic in-plane
dimensions of prototype structures typically in the range of minimum L = 0.2m to the maximum
of L = 2m, the magnitude of w; is typically restrained as 2185 rad.s™! < w; < 5000 rad.s~! for
the structural elements of minimum characteristic lengths, while w; assumes the range of
2187rad.s™! < w; <480 rad.s™! associated with the large armour plate lengths. The pulse
duration typically varies between 20us for localised blasts to 200us for distal blast loads. Hence,
the range of wt is restrained to values between 0.005 and 5. The influence of this parameter

against the permanent deformation is plotted in Fig. 11.

4.2 Dynamic plastic behaviour of Case 1 membranes: Pattern (B)
4.2.1 First phase of motion (t < 1)

In some cases, the severity of the blast load would induce the structural system to undergo a
transition state in the deformation history to ensure the rate of strain energy dissipated in the
plate at every instant of time equals the rate of external work done. The velocity profile in such
circumstances needs to be modified, as presented in pattern (B). During the first phase; a central
incipient plastic hinge of length (§{;) emerges as the result of large deflections. As the blast
pressure spreads throughout the structure, this plastic hinge travels toward the centre. It is
further assumed that &, > 1, /L. With reference to the velocity profile in Eq.s’ (14) and (11) and

Fig. 6, the total external energy rate is compiled as:
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E =2I? U O(po — uW)Wzdz + f O(poae_“z — uW)Wzdz
0 @o

) o o @7)
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where wg =1, /L. Evaluating the integral and performing the analysis on the energy
equilibrium, the expressions of the deformation fields boil down to the ODE as:

AW +B,W +d, =0 (28)

where the parameters of this expression are obtained as:

1 s

A, = ?HL (B&s +25+ 1) (29)
4M 1
b= 0
i - 2Mon( (LbE, + 2)ebE%0=Te) — (Lb + 2) e™2L=Te) 4 Lh[(b%12 + 2 b, + 2) (&, — 1)/2])
, =
ZMO B(fo - 1)L3b3 (31)
$o—1

Eq. (28) is a non-homogeneous, second order ODE with constant coefficients, which has a

solution of the form:

W, = %{cos(wt) -1} (32)
0= |2 (33)

obtained through satisfying the initial conditions W (0) = W (0) = 0.
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Fig. 12- The manifold of Velocity field during the first phase (a), Kinetic energy states at the end of phase
1 due to various load magnitude, where L = 150mm, H = 4mm, p = 7850,6, = 1100MPa, &, = 0.89

(b)

The dependence of the initial velocity (and thus initial kinetic energy) on the load magnitude
and radius is presented in Fig. 12. The kinetic energy is absorbed through the portion of the target
that is affected by the blast load. The kinetic energy density in Fig. 12 (b) is the kinetic energy per
unit area of the central blast zone. For the load radii beyond half the target length, the variation
of this energy is smooth, while the blast emanating from the charge diameter to total target length
of 0.25 is more plausible to cause tensile tearing, capping, and perforation through the plate.
Furthermore, assuming a linear relationship between the central blast radius 7, and the geometry
of the explosive as is done by researchers [1], [53], and with a priori knowledge of the blast
pressure associated with certain mass of explosive disc, the more catastrophic threat scenarios
are associated with explosives of lower radii and higher charge depths than those of higher charge

diameters and less depths.

Clearly, as illustrated in the Fig. 13 and Fig. 14, pulse factor is influenced by loading
distribution. For proximal blasts, the pressure is concentrated at the localised region of the target
centre (wg K 1) and decays instantly as it stretches over the target. The decay exponent of typical
localised blasts varying between 50 < b < 120 [1], [53]. The increase in the decay exponent
results in reduced pulse factor but increased central deformation. In contrast, uniform pressure
loads assume larger values of the pulse factor as 7, increases while b decreases. Critical influence
of the pulse factor on the load occurs when the length of the incipient plastic hinge emerges at
0.9t of the characteristic plate length. Thus, it is necessary to accurately determine the position

of the incipient plastic hinge in the plated systems undergoing the transition state.
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incipient plastic hinge due to load radius with incipient plastic hinge due to load decay
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The incipient plastic hinge emerges at the early phase response before the membrane state is
reached [36]. By eliminating the membrane terms in Eq. (7) and performing some
straightforward calculations, the form of Eq. (28) boils down to a function of the overload factor

and incipient plastic hinge as:

f,y) =ny—12L3p3B =0 (34)

where n = p; /p. , and the parameter y is defined as:

¥ = 12a[b?L2(1 — &)&y + (1 — 2&0)bL — 2]e 2% + 12a(Lb + 2)e~Lb — 3(1 — £)%(&, + 1/3)L3b3 (35)

Eq. (34) is a highly nonlinear expression and may only be solved by a numerical method. In
the case of the static collapse, i.e. 7 = 1, no real root of this equation is found, confirming that the
deformation to assume is as pattern (A). This is evident as in the case of static loads pattern (A)
yields a lower upper bound for static plastic collapse, thus the central plastic zone will not form

in the system.

A plotof function f for arange of loading parameters is presented in Fig. 15. Clearly, the length
of the central zone increases with the radius of the load. In the uniform loading scenario, §; = 1,

the incipient plastic bending hinge occurs directly at the edges.
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Fig. 15- Evaluating the length of central plastic bending hinge length

4.2.2 Second phase of motiont <t <T,

The mathematical treatment is carried out in the same spirit to that of pattern (A). Since no

. . . . oM; .
shearing forces at hinge lines of the central zone occurs (i.e. Q; = a_il = 0 because M = M, with
i being the characteristic coordinate) and the membrane forces remain in plane parallel to the

initial mid-plane of the plate [37], it follows that:
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Fig.16- Determination of duration of the second phase of motion for various values of r, , b=100 and n =
10,0y = 1210MPa, H =4mmand L = 0.2

Thus, at the instant of sudden load removal, the potential energy in the system vanishes, but
the system still maintains kinetic energy, with an associated transverse velocity field which is
constant and leads the motion to continue. The incipient plastic hinge is now replaced by an active
plastic hinge which is time dependent and travels inward. The occurrence of this bending hinge
is attributed to the reduction in the dissipated energy. Provided ¢ > 7,,/L, the external energy rate
is composed of the components of the convective derivative of transverse velocity field, given by

the expression

. @ .o 3 .o
E = 2I? U O(po — uW,)W,zdz +j (poae™ — uW, )W, zdz
0

wo

. - (37)
L wW,(1 - W,E(1 — -
s L <p0ae_bLz_u 1(_€z)_u £ z)>WZZ<1_z> dzl

1-¢)

where wy =71,/L and the terms of transverse inertia may be eliminated to yield E=
—%sz (f+§) éLzu. The size of the central zone decreases monotonically while moving

transversely and ultimately vanishes at time T;. A time integration of the Eq. (36) yields the
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380

maximum plastic transverse deformations (Eq.’s (38),(39)). The constants of integration are
381  obtained by ensuring the kinematic conditions of displacement and velocity fields at the instant
382  ofload completion, while the constants 4,, B, and d, are expressed previously in Eq. (29)-(31).
. —d, sin(wt)
MWZ = (U—AZ (38)
w, =2 [wsi t 1] 39
uw, = w24, w sin(wt) (7 — t) + cos(wrt) (39)
383 Eq.’s (36)- (39) should satisfy the constitutive equation of motion and the energy equilibrium
384  outlined in Section 3.1. With reference to Eq. s’ (37) and (15) and by using Eq.’s (38), and (39),
385  Eq.(36)is recastan ODE as:
. 1 (ul?d :
NEHE g( Azwz) (3 + 1D — DE +2M
4Myd, (¢ + 1) (w sin(wt) (t — 7) — cos(wt) + 1) (40)
— = 0
A,w?H
386
[ @£,~0 @£,=0.11 @¢,~022 @,~0.33 @£, 044 —— @¢,=0.55 @E,0.66 @€,~0.77 —— @¢,~0.88
1.5¢

0.3 06 09

& =10

& 115

£ =20

38,
388
389

Fig. 17- Determination of duration of the second phase T, of motion for various values of load dynamic
amplification factor, ¢y = 1210, H=4mm b=100 wy, = 0.12
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This equation is solved numerically by 5t order Runge-Kutta method embedded in MATLAB®,
whereby the length of the active plastic hinge at any time is determined. The solutions to the ODE
for various values of &, are plotted in Fig.16-Fig. 17. The blast duration of T = 30us for various
load amplification factors is assumed. Indeed, the duration of this phase is evaluated when the
ODE solution satisfies é(t) = 0. In the circumstances where no real solution is attained,

commonly occurring when wy < 1and §; < 1, the response is governed by pattern (A) of motion.

While it may not be straightforward to investigate the static admissibility of pattern (B), it is
evident that Eq.s’ (32), (36)-(39) are kinematically admissible. The theoretical solution is exact
when the generalised stress field is statically admissible and the associated velocity field is

kinematically admissible.

4.3 Third Phase of Motion T, < t < T3

Phase 2 terminates as the in-plane motion of the plastic hinge line ceases at time T,. Now, due
to the reserved kinetic energy remaining from the previous deformation, the inertia is induced
which marks a transition to phase 3, until all the residual kinetic energy is dissipated before the
plate rests. Thus, the plate profile develops from pattern (B) to that of the pattern (A) with inertia
term determined in Eq.(22). The expressions of the transverse velocity and the succeeding
transverse deformation are recovered from successive time integrations of Eq.(22). The
integration constants in these expressions are found by ensuring the kinematic continuity
conditions at t = T,. The final form of the deformation fields may be written as in Eq.’s (41) and

(42).

w.
73 = %{n[sin(wl(Tz - ‘r)) - sin(wl(t - 1'))] + (M — D (sin(w,t) — sin(a)sz))}
d, sin(wTt) (41)
B A,wH
w, 1 _ .
H = E“ﬁ(Tz - t){(n — Dsin(T,w,) — 7)51”((4)1(T2 - T))}
+ g {cos(w1 t -1 )) — cos(a)1 (T, — ‘L'))}
d, sin(wt) (42)

+ (™ — Dlcos(T,w,) — cos(w,t)] + A-wH (T, —0t)
3 di{w sin(wt) (T, — 1) + 1 — cos(wt)} '

Ajw?

When W3 = 0 the plate rests. Defining I' in Eq. (43), an expression of the final time of the
deformation is delineated as per Eq. (44).
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1 _ 1 . d, sin(wt)
I'=-Hw,;sin(T,w,;)(n —1) —sHyw, sm(ool(T2 - T)) +— (43)
2 2 Ayw
1. 1.
; , 2ile2®T eELwTJ(_Hzmzn(n_1)(82iw1+1)+((2n2_2n+1)H2w2_F2)eiwt) "
T, = —+ :
£ w n a)H((n—l)e”‘”—n) ( )

Under the impulsive loading conditions, the expression of the full form permanent
deformation in Eq. (42) may be further reduced by assuming the deformation time of phase 1 and
2 are infinitesimal such that sin wt = w1, 1 — cos wt = w?t?/2,sinwT, = wT, and 1 — cos wT, =
w?T# /2. These assumptions are pertinent to the most cases of localised blasts generated by high
explosives, where the loading duration is infinitesimal (7 < 50us) compared to the natural period
of the structure, due to the short stand-off, the reflected pressure induced by the wave front is
dissipated in a shorter timeframe than in distal blasts. The Full form of the Eq. (42) may be used
for higher accuracy or the longer loading duration is required, in which case the response of the
plate may be idealised as quasi-static/dynamic load. In Fig. 18 the dependence of the permanent

deformation on the pulse factor w is plotted.

12t
—_—n=2
I — s
10 —n=10
— =15
L n=20
8 — =25
— =30
E*_ 6 — =40
=
4 L
2 L
O 1 1 1 1
0 ] 2 3 4

wT

Fig. 18- L = 150mm, H = 4mm, p = 7850,0, =
1100MPa, variation of the normalised permanent
deflections with w

[t is appreciated that obtaining an explicit form of the permanent deformation is fraught with
difficulty, due to the interdependence of the load parameters, duration of each phase and the
plastic hinge lengths. While the increased number of variables makes attaining the exact
theoretical solution cumbersome, particularly when the visco-plasticity and hardening effects are

involved. However, a reduced closed-form solution of the permanent deformation may be
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obtained by neglecting the bending moment contribution in the overall response of the plate as

follows.
4.4 Simplification into a membrane

High intensity shock loads may give rise to large plastic deformations, to the extent that the
influence of finite displacements due to such loads governs the overall response of the structure.
In such cases, the contribution of the membrane forces alone associated with the finite
displacements transcends those of the bending moments and transverse shear effects especially
for thick plates. This leads to further simplification of the energy equilibrium expressions as the
plastic energy due to bending moment may be essentially neglected; and the membrane forces

solely govern the response throughout the motion. Thus, the ansatz Eq. (7) boils down to

f(p(x,y, t) — uw) wdA = ijfc dA + i j(Nw)édem (45)

the mathematical approach introduced herein is identical to that outlined in Section 4.1, while
the terms of M, from the internal energy rate vanish. With this simplification in mind, the

mathematical treatment is carried out for both patterns of the velocity profile hereunder.
4.4.1 Pattern (A) of motion

In the first phase of motion, Eq. (7) reduces to

where d; = 2Myn; A1, w, defined in Section 4.1.1. The ODE of Eq. (46) has a general solution

: d : :
as Wy = C; sin(w,t) + C, cos(w t) — ?21, the constants thereof are determined by ensuring the

kinematic conditions at =0, giving:

Wi 7
i E(l — cos(w, t)) (47)

Thus, the expression of the simplified membrane model is similar, but of reduced form of that
of the combined bending and membrane, in terms of the ODE constant d. This phase continues

for a duration of t = 7 when the loading is complete.

In the same spirit to the previous analyses, the dynamic equilibrium equation of the phase 2

leads to:

W+ wW =0 (48)
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451 which has a closed-form solution as W = (5 sin(w;t) + C4 cos(w;t). Comparing the solution

452  in this phase with the previous phase, while ensuring the kinematic admissibility at t = 7 yields:

. Hw?
W, = U > L [cos(wlt) — cos(wl(t — T))] (49)
" nHw; /. ,
w, = (sm(a)lt) — sm(a)1 (t - ’L’))) (50)
H
W, = 777 (Cos(w1 (t— T)) — cos(a)lt)) (51)
453 This phase terminates at Ty = n;:)ﬂ, while the permanent deformation boils down to:
1
Wf _ . W4T
oD (52)
454
70
60 H
50+
S
840}
5
£ 30}
a
20}
10t
®T"l0 200 300 400 500 600 700 500 900 1000
N=MN(365)
Fig. 19 The difference between the results of membrane-
only and combined bending and membrane analyses
455 For high impulse magnitudes, the difference between the two approaches (combined bending

456  and membrane and membrane only) decreases exponentially, the expression (52) yields about

457  only 8% higher overestimation than its counterpart (Fig. 19).
458  4.4.2 Pattern (B) of deformation
459 By compiling the energy equilibrium equation for pattern (B), in the first phase of motion, the

460 foregoingresultsin section4.1.1,i.e., the expressions (28)-(31) remain valid, while the succeeding

461  term 2M,/(1 — &,) in Eq. (31) vanishes, viz.:

d, = 2Mon( (LbEg+2)e PLS0Te) _(Lh+2) e PL=Te) 1 Lp[(b2r2+2 bre+2)(§9-1)/2])
T B(Eo-1)L3b3

(53)

462 The deformation at the first phase of motion is:
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w, = ?{cos(wt) -1} (54)

where B, is defined in Eq. (30). Thus, it is straightforward to show that the foregoing analyses

in sections 4.2.1-4.2.2 remain valid throughout the first and second phases of motion,

The expressions for the displacement field and its time derivative may be merely obtained by

replacing d, with d,.

However, the ODE function describing the length of central plastic hinge line is now reduced

to:
£(t,€,€): % pwHI (38 + 1)(€ — 1)& — 4M, (£ + 1)(w sin(wt) (t — 1) + 1 — cos(wr)) = 0 (55)

A time integration of Eq. (55), subsequent to the separation of variables finds the exact

solution for the plastic hinge as:

F(t,&):48M, (wsin(a)r) <<%> t? — t) +t— cos(wr)t) (56)
= 12uwl?H{8In(¢ + 1) — 10¢ + 382} + Cs = 0

Cs = 41w (t — 2)sin(wt) — 48tcos(wt) + 481)M,

+ (—8uwHIL?In(&y + 1) — uwHL?*&, (3¢, — 10)) 1)

where the ODE constant Cs is obtained by imposing the continuity of the closed form function
F(t = 1,& = &) at the transition time point t = 7. Since Eq. (55) is a closed-form expression, it is
tractable analytically to obtain the end phase of motion. This phase terminates at t = T, as the

length of the central plastic zone vanishes, i.e. £ = 0. Thus:

T,=(1-27)F g\/24(3‘[ —1)2 — (wtMy)~* HI2u(382 + 8In(éy + 1) — 10&,) (58)

If §g «< 1, the terms of &, in the surd may be ignored, then T, — 7 is suggestive of the solution
approaches that of pattern (A) as the phase 1 and 2 merge together. While an exact solution to
the Eq. (56) at &(t) = 0 exists, for brevity in analysis, the evaluation of T, in Eq. (58) is
approximated by truncating trigonometric terms into their equivalent Taylor series, i.e. sin wt =
wt, 1 — coswt = w?1?%/2.

s %n (sin(TZwl) - sin(w1 (T, — ‘L'))) — %n (sin(wlt) — sin(w1 (t— ‘L'))) — Gasin(er) (59)

Hwq HwiwA;
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% = 1wln(T2 — t){sin(Tzwl) — sin(w1(T2 - T))}

H 2
+g{cos(w1 (t —7 )) — cos(au1 (T, — T))} + %r)[cos(Tzwl) — cos(w4t)] (60)
d, sin(wt) T dy{w sin(wt) (T, — 1) + 1 — cos(wt)}
A,wH (T, =6) = A, w?

It may be shown that the motion of the plate ceases at time Ty expressed as:

Wy T d, sin(wrt)
{wlr + 2 arccos (cos (T2w1 > ) Haunw.o sin (%)>} (61)

T, =
r 2w

5 Impulsive loading

A blast load of rectangular pulse shape with very short duration (r — 0) and very high
amplitude (n = o or p; > p.) is known as impulsive loading. In the case of impulsive loading,
the total change in linear momentum equals the total impulse imparted upon the system, hence

the conservation of linear momentum implies that:

z 1 1
f L?Tpyzdz + jre L*tpyaePt?zdz = J L*uVyzdz (62)
0 e 0

L

The solution to Eq. (62) yields:

€1TPo
u

12b% + 2b1, — 2abLe™"P — 2aet? + 2
‘= b2L2

VO =
(63a-b)

The dimensionless kinetic energy is given as:

 4uvEL?

= =
ooH>€;

(64)

where M, = oyH? /4 is assumed. When 7, - L, and €; — 1, the expression for the impulsive

velocity approaches to the uniform load available in the literature [36].
5.1 Pattern (A)

In the case of impulsive loading, the impact velocity is evaluated in terms of duration as 7 =

77% 242 as sin% = % Eq. (30) then becomes:
1
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If the bending moment influence was discounted, using the approximation sin% = % , the

permanent deformation can be recast in terms of the dimensionless kinetic energy as:
L = pV6a (66)
when7, - L,and § - % the Eq. (66) converges to the solution found in the literature [36].

5.2 Pattern (B)

The impulsive load case of the plated elements undergoing the moving bending hinge may be
treated in the analogous manner as to the case of stationery plastic bending hinges. The

dimensionless kinetic energy may now be expressed as:

273 2
1= <wrn)2{ 365+ EE+ &+ 1} 67)

B 1+&,

The exact dynamic plastic curve, whereby the associated yield surface is characterised by the
parabola of Fig. 3, is bound between the inscribed and circumscribed curves as illustrated in Fig.
20. The solution to the inscribed yield criterion is recovered by replacing 4 with 1/0.618 in the
expressions of each pattern. Clearly, the difference between the two curves is inconsequential
where the response is influenced by active bending hinge (Fig. 20b). However, for design
applications, given the charge mass and stand-off, both circumscribing and inscribing curves may

be implemented to estimate the response of the metal plates with a high degree of accuracy.
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Fig. 20- Maximum permanent transverse displacements for various impulse values, with combined
bending and membrane effects (C), without bending effects (M) comparison of (a) pattern (A) and (b)
pattern (B)

510

511 5.3 Plates of various boundary conditions

512 The dynamic plastic behaviour of panels which are secured with various boundary conditions
513  is obtained in a similar fashion to that of the simply supported case studied above. In such
514  circumstances, it is essential to consider the energy dissipated in the plastic hinge at the
515  boundaries corresponding to the fully clamped sides when formulating Eq. (15). This is given by
516 aM, ézL, where a = 1,2 is the half the number of clamped faces. For example, for @ = 2 the panels
517  are fully clamped, while for @ = 1 only the two faces (typically the opposite sides) are clamped.
518  Thus, an additional term of @M, would be added to Eq. (31). The deformation of first and second
519  phase of panels for pattern (A) would become:

1
w, = EH(n —-1- %)(1 — cos(w;t)) (68)
1 a a
w, = _EH {(n 5= 1) cos(wt) —ncos(w, (t — 1)) + o) + 1} (69)
520 Thus, the permanent deformation of the fully clamped, viz. impulsively loaded plate

521  exhibiting stationery plastic hinge is furnished to

wy (21 \"
Y (2 _ 70
o <3+1) 1 (70)
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where 1 = 9621.Eq. (70) is similar to the expressions of fully clamped, uniformly loaded plate

found in the literature [36], except with the influence of the load shape appearing with coefficient

B.
Similarly, for pattern (B) of motion, the expression (32) holds, but with d, replaced with d as:

2Mon( (LbE, + 2)e bE50=Te) — (Lb + 2) e™2U=Te) + Lb[(b*12 + 2 b, + 2) (& — 1)/2])

d= ﬂ(fo - 1)L3b3 (71)

2+ a)M,
Go—1)

Eq. (71) indicates the ODE function f(t, ¢, f) in (55) is increased by aM,. The permanent
deformation due to the increased strain energy dissipated in the supports is given by:

1

W, = EHn{cos(a)1 (t—1)) — cos(wy (T, — 1))}

1 B . _ _ _ - sin(wT)
+ Zle(t —T,) [sin(w,T,) (@ +2—-2n) + 27 51“(“’1(T2 - T)) —4d A,How,
(72)

+ %H(a + 2 = 2n){cos(w;t) — cos(w;T,)}

_ d(w(T, — 1) sin(wt) — cos(wt) + 1)
B,

where T, is the duration of the second phase of motion to be determined by numerical

methods, in the same spirit as in Section 4.2.2.
5.4 Comments on strain rate sensitivity (visco-plasticity)

The scope of analysis in Sections 4 and 5 may be extended to encompass the strain-rate
sensitivity of materials. Plastic hinges cannot develop in a strain rate sensitive material because
an infinitely large strain would occur at a plastic hinge which would give rise to infinitely large
stresses [20]. Thus, the result discussed here is a modal solution, similar to that of Jones [20] on
the response of uniformly loaded circular and rectangular ductile metallic plates, but with the

localised effects retained in the study.

Perrone and Bhadra [54] developed a method to approximate the influence of strain rate
sensitivity using a mass connected by strings on either side. The system was loaded with uniform
impulsive velocity V; = V, /e to incur large inelastic deformation such that the influence of finite
displacement was retained in the study. The authors observed that the maximum strain rate is
reached when half of the kinetic energy is dissipated, i.e. at V; /+/2, at which point the transverse
deformation reached two third of the permanent deformation. The strain rate was halved to

estimate for the average strain rate.
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Using this approximation and considering the strain as &, = (dw/dx)?/2 or gy =
(dw/dy)?/2 (ignoring the in-plane displacements), the strain rate, e.g. in zone I of pattern (A), is
&y = WW/LZ, ore, = (1/2)(2W;/3) (V1/N2)/L? and the average equivalent strain rate, assuming

€e = (& + £,)/V/3, is estimated by:

g, = \2W;V,/(3L2). (73)

Thus, assuming the plastic flow is governed by the Cowper-Symonds constitutive equation, the

dynamic yield stress is defined as follows:

ée 1/q
gy = 0y (1 + <5> > (74)

where g’ is the dynamic yield stress, D and q are the material constants obtained empirically
using the Servo-Hydraulic machines or Hopkinson Bar strain rate gauges. The values ofe.g.q = 5
and D = 40.4s~! for mild steel or ¢ = 5 and D = 300s~! for RHA steel are most prevalent in the
literature, although higher values of D have also been reported on various low carbon steel and
aluminium grades to accurately capture the deformations of the experimental/numerical
models[6], [55], [56]. Since the parameter g is quite large, even relatively rough estimates of
strain rates would lead to reasonable predictions of the dynamic yield stress. Thus, the expression
of equivalent strain rate may be implemented in Eq. (74). To avoid iterations, the expression of
Wy in Eq. (73) is replaced by its equivalent expression of dimensionless kinetic energy, i.e. either
Eq. (66) for pattern (A) or using Eq. s’ (67), and (60) for pattern (B). Thus, using the estimate
We/H = J(2/3)2, the parameter ¢, in the expressions of dimensionless kinetic energy may be
replaced by g, although g, is retained in Eq. (73) to avoid iterations. For example, for a simply

supported plate, governed by roof shape velocity profile of pattern (A), we have &, =

4BVE[(p/oo)/V3L thus:

-|1/2

I[
wr | 21
i | 79)
|

|

|

; (1 N <4BV12 (0/305) )”q)I
DL J

6 Validations of the theoretical models

The accuracy of the proposed theoretical models is examined against the numerical and
experimental studies using two approaches. In the first approach, a numerical model is set up to
investigate the various cases of pattern (A) results (viz. membrane or combine bending and

membrane). In the second category, the results of each pattern of motion were compared against
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the available experimental data on the effect of stand-off on blast phenomenon by Jacob et al [57],
using mild steel plates, as well as those of Langdon et al. [58], [59] on blast protection armour
steel plates. In addition, the numerical results of [60] are investigated for a comparative study.
The experimental studies were conducted at Blast, Impact, and Survivability Research Unit of
University of Cape Town. The difference between the experiments, despite the material type,
geometry and load conditions presented in Table 2, was the method whereby the blast load was
imparted on the panels. Jacob etal. [57] used a circular rigid-mild steel tube to provide the varying
stand-off distance, hence confining the pressure to a radial central portion of the target plates,
while Langdon et al. [58] utilised polystyrene bridge arrangement to provide the stand-off. Both
studies employed PE4 disc explosive to generate the blast wave pressure. Details of these studies
have been discussed elsewhere [58], [59], thus only the results of interest are presented here for

validations.
6.1 Materials and models

In the current theoretical models, the influence of transverse shear and rotatory inertia have
been ignored. This corresponds to a range of plate thicknesses as H/L < 0.025, a range pertinent

to most practical design applications.

The candidate structures in the first approach were 400x400mm panels of ARMOX370T,
ARMOX440T and Mild Steel (MS4), which material properties are presented in Table 1. ARMOX
steel types are high strength RHA materials, fabricated by SAAB® and primarily designated for
blast protection applications. These steel types exhibit high strength and hardness compared to
mild steel but lower ductility, leading to less Specific Energy to Tensile Fracture (SETF). While
mild steel material is moderately sensitive to strain rate, the armour steel materials are
impervious to such phenomenological effects. As such, the aforementioned theoretical analyses

are expected to yield good estimate for the response.

The candidate armour steel of [58], [60] were ARMOS370T, ARMOX 440T and ARMOX 500T.
The panels had characteristic dimensions of 400mmx400mm (exposed area of 300mm x300mm),
and areal density of 29.8kg/m? for AR 370T, while the AR440T had an areal density of 37 kg /m?.
The areal densities of MS4 and MS were 31.4 and 14.7 kg/m?, respectively.

Fig. 21 draws the stress-strain curve of the armour steel specimen under uniaxial strain test.
To account for the hardening of the materials, the mean flow stress for the analytical was
averaged as gy = (0, + oyr)/2. A loading decay parameter of b = 50m™1, typical of most blast

waves was taken for all blast scenarios studied here.
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Table 1- material properties of the steel panels (engineering stress values)
Designation/ o oyr H Hardness

Material
Mat. type (MPa) (MPa) (mm) (HBW)
AR 370T 1100 1270 3.81 380
Armour
Ref. . AR 440T 1210 1450 4.60 420
stee
[58]-[60] AR 500T 1250 1470 4.15 480
Mild Steel MS4 330 400 4.00 120
Jacob etal. Mild steel MS 240 356 1.90 120

Table 2- Experimental tests load configurations by [58], [60]

Designation Stand off D, Wy
(mm) (mm)
AR370T-
AR440T 25-50 40-50 0.33
MS4 75
MS 25-300 34 0.32

1400 }

1200 F
= 1000 }
o
Z 00 |
w
s
E 6o | —— AR 370T
A !
E 400 } = « = AR440T

s I8 0000 e Ri giq, perfectly

plastic
0 M M s M i i M i i L ' - = =
0 2 4 6 ’

True strain (%)

Fig. 21- Stress strain curve of armour steel models.

The experimental specimens of Jacob et al. had characteristic dimensions of 244mm x244mm

and H/L = 0.015, while the loading was confined to the exposed area of 106mm diameter.

6.2 Finite Element (FE) model and validations
A full 3D Finite Element model is set up in commercial software ABAQUS® Explicit 14.4 on
ARMOX steel and mild steel candidate materials. The blast load is axisymmetric and the plate has

4 axes of symmetry. This reduced the size of numerical model to only a quarter of the plate with

associated symmetry boundary conditions as illustrated in Fig. 22.
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The Young modulus of the steel panels was assumed 200GPa and Poisson ratio as 0.3. The
modified Ramberg-0sgood constitutive model-with perfect plasticity- was assumed for the steel
materials. The strain rate sensitivity was investigated for mild steel only, as armour steels are in
general not very sensitive to strain rate. The panels were discretized with a mesh of four noded
S4R elements (doubly curved, generic shell elements with finite in-plane strain formulation)
having 5 Simpson points of integration through the plate thickness. S4R elements entail finite
membrane strains to capture bending and membrane strains, are of reduced integration and
hourglass control formulation. A total of 12550 elements were used (elemental length of 4mm)
to satisfy mesh convergence. An additional 20mm along the plate periphery was considered for
the two upper and lower clamps. The clamps were tied to the plate by penalty contact of

coefficient 0.3 and modelled as rigid body.

The loading was implemented by a FORTRAN coded user defined subroutine VDLOAD in each
case. To maintain low ratio of loading duration to the natural period of the plate, a rectangular
pulse shape profile with low duration (t = 50us) was assumed for the pulse shape. With respect
to the spatial distribution of the load, the radius of the centrally blast loaded plate was calculated
as 100mm and 50mm for AR440T and AR370T, respectively. The magnitude of the load varied in
the range of 10-70MPa, as shown in Fig. 23, which corresponds of a range of blast loads with
various stand-off distances for the same charge mass. Using the procedure to determine the
impulsive asymptote (simplified model), the results of membrane/combined bending and
membrane cases are compared in Table 3. In the case of wy = 1 the results concur with the

uniform loading case by [36].

The mild steel panels, on the other hand, had various loading constant zone radii, while the
magnitude of the load was adjusted to yield constant total impulse of 50N.s. Thus, using the
expression I = [ [ p(x,y,t)dxdydt, a crude estimate for the calculated pressure was found as
po = 1/(nr27t). Subsequently, each considered load parameter w, = [0.25,0.5,0.75,1]
corresponds to pressure of p, = [127,34.8,14.1,7.96] MPa, respectively.
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Fig. 22- FE mesh of the quarter plate model Fig. 23- Spatial distribution of the blast loads
(central intersection view)

[t turns out that the theoretical results on Armour panels concur with the numerical results,
with a maximum average difference occurring at p; = 20MPa as 22% and 19.5% for AR370T and
AR440T, respectively. The membrane formulation only overpredicts the results when the
magnitude of pressure is low, as in such circumstances the contribution from bending moments
the overall response is significant and shall be retained in the study. Referring to the strain rate
sensitivity analyses on mild steel, Perrone and Bhadra’s estimate with D = 40.4 yields maximum

of 23% larger displacement on w, = 0.5 (Fig. 24).

e

Oe»

[ 3]

o
D>

Normalised Mid-point dispalcement

0 0.2 0.4 0.6 0.8 1 12
re/L

Fig. 24-comparison of numerical and theoretical results
(Eq. (75)) on MS4 panels, 0 Numerical results, ®
theoretical results with D = 40.4s 1andqg =5, A
theoretical results with D = 1300s tand q = 5
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Table 3- The predicted normalised Mid-point deformation combined (C) and membrane only (M) of
circumscribing yield curve for Full Eq. (using the expression of permanent displacement field) vs.
simplified (using impulsive asymptote)

AR440T AR370T
Wy/H (C) Wy/H (M) Wy/H (C) We/H (M)
Do A l;:l:;l Simpl. l:;:l“ Simpl. ABAQUS y! l;l:;l Simpl. P]‘;lll Simpl. ABAQUS
10 9.32 0.389 0.492 0.797  0.805 0.996 21.25 0.19 0.39 0.54 0.54 0.192
15 2098 0.740 0.787 1.196  1.208 0.718 47.81 0.40 0.50 0.81 0.82 0.793
20 37.30 1.113 1.135 1.595 1.610 1.222 85.00 0.63 0.69 1.08 1.09 0.964
25 5827 1.496 1.503 1994 2.013 1.763 132.81 0.88 0.92 1.35 1.36 1.167
30 83091 1.885 1.882 2.392 2.416 2.504 191.25 1.13 1.16 1.62 1.63 1.280
50 233.09 3459 3439 3987 4.026 4.396 531.25 2.18 2.17 2.69 2.72 2.585
70 456.87 6.045 5.020 5.582 5.637 5.43 1041.25 3.24 3.23 3.77 3.80 4.176

6.3 Discussion of the results and of experimental validations

In Fig. 25 we compare the analytical models of pattern (A) and (B) with the results of Jacob et
al. [57]. The radius of the blast 7, is estimated as the charge radius. Under the circumstances
where the charge radius to plate length ratio is more than a third, pattern (B) gives a more
conservative estimate in accordance with the experimental values. Clearly, the prediction of the
permanent displacement necessitates the accurate prediction of the load radius and exponent
from the experimentally/numerically captured pressure time histories, or using empirical
estimates [1]. The pressure loads of shorter stand-off result in higher values of permanent
deformation, evidently as most of the blast is concentrated on the localised region of the target.
Due to the proximity of the blast the ratio of . /L decreases, while the decay exponent increases.
However, the length of the target plate is restrained to the portion to which most of the blast load

is absorbed. This can be estimated as the exposed area of the plate.

Under the circumstances where the blast pressure is induced by a proximal charge and the
ratio of the charge diameter to the expensed length of the target is small, such as those in [60]
(Fig. 26), the majority of the load is dissipated before reaching the target boundaries, thus, it is
reasonable to consider the effective length of the panels in use of pattern (A). The analytical

studies are compared against the exposed area of 300x300mm target where in the range of

Te/L « 1, pattern (A) gives an upper bound prediction while the results of pattern (B) are too
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673  conservative estimates to the prediction of the permanent deflection of the panels. This suggests

674  thatif ' / 1 < 1the incipient plastic hinge remains stationary.

675

Pattcrn A, w[):0.32 (M)
_|= = Pattern B, w0=0.32 (M)
20 L e Pattern B, w‘U:l (©)

e ---- Jones'

Jacob et al.Results

Empirical results

SOD=25mm
SOD=30mm
SOD=50mm
SOD=150mm
SOD=300mm

0 500 1000 1500 2000 2500 3000
A

Fig. 25- predicted curves of the permanent deformation due to membrane effect (circumscribing
yield criterion), compared against the experimental data by Jacob et al.

676 An odd result of [57] in Fig. 25 was that while the blast load may be assumed as uniform with
677  increased stand-off, such results deviated from the predicted theoretical values in the literature.
678  This is because the large strain localisations due to the proximity of blast would lead to adiabatic
679  shear deformation due to the high temperature. The adiabatic heat generated due to the high
680  strain rates leads to the elevated temperature in the localised region while the surrounding
681 region of the plate strain hardens. In such cases the thermal softening may overcome the strain
682  hardening effects. Thus, the mathematical treatment incorporating the adiabatic shear effects is
683  fraught with difficulty, and to date the authors are unaware of an exact solution where this effect
684  was retained in the analyses of this kind. However, the concurrence of the, herein, theoretical

685  approach and the available experimental/ numerical results in the literature is promising.
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Fig. 26- Prediction of the permanent deformation, theoretical models vs. the
experimental data of Langdon et al. [58]
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Fig. 27- Theoretical predictions of deformation of the square plate (membrane only) with g = 1/12
and b =50m! (typical values of blast wave) compared against the experimental data by
researchers post 1989.
687 In Fig. 27, the solution of membrane case is compared against the experiments post 1989. The

688  curveis casts into Non-Dimensional Impulse Parameter (NDIP) ¢, = VA /2 and a critical estimate

689  of f = 1/12 was considered.

690
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7 Conclusions

This paper deals with a rigorous analytical study to predict the nonlinear dynamic
performance of thin square plates with various boundary conditions. The armour plates were
made of strain rate insensitive, rigid-perfectly plastic ductile metals with isotropic hardening

behaviour, upon which a localised blast pressure pulse is imparted laterally.

Such a blast emanates from detonation of explosives having arbitrary mass and proximity to
the target. The blast wave of this kind is represented by a spatial and a temporal distribution. The
spatial distribution was characterised by means of an axisymmetric, piecewise continuous
function in polar coordinates, having constant pressure over the central zone, followed by an
exponentially decaying function on the remainder of this zone. Each of the blast parameters of
the spatial distribution have been found as bijective functions of the stand-off distance and the
explosive mass [1], [53]. The loading type is, therefore, universal which enables the theoretical

solution capable of modelling close-in to uniform blast load responses.

The pulse shape effects have not been studied here. This is because the method of eliminating
the pulse shape proposed by Youngdahl has well been examined in the literature [24], [46], [48],
[50], [61]. The difference between the effect of pulse shapes of rectangular and linear functions
for circular plate was found to be 5% [41]. Thus, the permanent transverse deflection may be
furnished using the impulsive simplification for the assumed rectangular pulse, irrespective of
the pulse shape. For blast of high magnitude and low pulse duration, the transverse deformation
was reduced into an expression of dimensionless initial kinetic energy and found to be consistent

with the available experimental results in the literature.

The plates were assumed as ‘thin’ membranes, indicating the influence of transverse shear
and rotatory inertia (corresponding to the Mindlin-Reissner plate theory) could be disregarded.
With large deflection theory in mind, the influence of the geometry changes, or finite
displacements were retained in the analyses. This reflects on the roof shaped deformation profile
having stationery or travelling plastic hinges, which latter results yield more conservative

estimates than the former.

A final remark seems in order. While the results are most suitable for rate insensitive
materials, such as high strain ARMOX steel, the results prove to be conservative when
implemented on the materials which exhibit visco-plasticity (strain rate sensitivity) effects.
However, using the modal method proposed by researchers [20], Perrone and Bhadra’s
approximation and Cowper-Symonds equation, the commentary on the response of rate sensitive

materials has been discussed in the context of the problem. The current results in each case may
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724  further be analysed to retain the visco-plasticity phenomenon using Cowper-Symonds, or

725  Johnson-Cook [62], constitutive models.
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