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Abstract

This paper is concerned with the envelope-constrained Ho filtering problem for a class of discrete nonlinear stochastic systems
subject to quantization effects over a finite horizon. The system under investigation involves both deterministic and stochastic
nonlinearities. The stochastic nonlinearity described by statistical means is quite general that includes several well-studied
nonlinearities as its special cases. The output measurements are quantized by a logarithmic quantizer. Two performance
indices, namely, the finite-horizon H specification and the envelope constraint criterion, are proposed to quantify the transient
dynamics of the filtering errors over the specified time interval. The aim of the proposed problem is to construct a filter such
that both the prespecified Ho requirement and the envelope constraint are guaranteed simultaneously over a finite horizon.
By resorting to the recursive matrix inequality approach, sufficient conditions are established for the existence of the desired
filters. A numerical example is finally proposed to demonstrate the effectiveness of the developed filtering scheme.
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1 Introduction

Due to the significance in control and signal process-
ing, the nonlinear filtering problem has been attracting
constant research interest in the past several decades. A
number of approaches have been developed to deal with
the filtering problem for nonlinear stochastic systems,
among which some of the most widely used include but
are not limited to Bayes filtering, particle filtering, ex-
tended Kalman filtering (EKF) and unscented Kalman
filtering (UKF). The Bayes filter aims to, in a recursive
fashion, estimate the hidden state by using the avail-
able measurements and the process model [9]. Based on
the Bayesian theory in combination with the concep-
t of sequential importance sampling, particle filtering
is particularly useful in coping with nonlinear and/or
non-Gaussian problems [4]. However, the high computa-
tional complexity largely hinders the utilization of par-
ticle filters. Another recursive filter that should be men-
tioned is the celebrated Kalman filter [12], which is in
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fact a linear version of Bayes filter for systems subject
to Gaussian noises. As for nonlinear stochastic Gaussian
systems, several invariants based on Kalman filters have
been developed among which the most widely applied
are EKF and UKF. EKF provides an approximation of
an optimal estimate by linearizing the nonlinear system
at the state estimates, which has been found wide ap-
plications in both theoretical research and engineering
practice [7]. However, it is no longer applicable when
the process/measurement models are highly nonlinear,
which gives rise to the so-called unscented Kalman filter-
ing. The UKF uses a deterministic sampling technique
known as the unscented transform to pick a minimal set
of sample points around the mean value and could give
more accurately estimates than EKF especially for those
highly nonlinear systems [20].

The past several decades have seen a surge of research
interest on the Ho, filtering problems for nonlinear sys-
tems and several effective approaches have been exploit-
ed to deal with filtering problems with the requested
disturbance attenuation level, see e.g. [5,7,17-19, 21].
On another research frontier, networked control system-
s (NCSs) have attracted much attention owing to their
clear application insights in a wide range of areas [27,28].
It has been recognized that, in the context of NCSs,
the quantization effects stemming from analog-to-digital
conversion processes are ubiquitous, which would proba-
bly lead to the deterioration of the system performance.
In the NCS research, there are mainly two types of quan-
tization models, namely, the uniform quantization [23]
and the logarithmic quantization [8]. In particular, a
sector-bound technique has been presented in [8] that
is capable of coping with the logarithmic quantization
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issues conveniently, and such an elegant paradigm has
then been quickly followed in the area, see e.g. [13,18].

The envelope-constrained filtering (ECF) algorithm has
been stirring some research interest in the past few
decades. The main idea of ECF algorithm is to confine
the output of the filtering error (stimulated by a speci-
fied input) into a prescribed envelope. Such an envelope
is determined by the desired output and tolerance band.
The ECF technique has found successful applications
in a variety of engineering branches ranging from signal
processing to digital communications [2,3]. Up to now,
several methodologies have been utilized in the liter-
ature to deal with the envelope-constrained filtering
problems, see, e.g. [22,26]. It should be pointed out that
almost all the results relevant to ECF have been con-
cerned with the linear time-invariant systems. When it
comes to general nonlinear time-varying systems, the
corresponding envelope-constrained filtering problem
has not been thoroughly investigated yet and this mo-
tivates us to shorten such a gap in the current study.
It is, therefore, the main purpose of this paper to deal
with the identified challenges by launching a major s-
tudy on the so-called envelope-constrained H, filtering
problem.

The rest of this paper is organized as follows. Section 2
formulates the envelope-constrained H, filtering prob-
lem for discrete-time nonlinear system subject to quan-
tization effects. The main results are presented in Sec-
tion 3 where sufficient conditions for solvability of the
addressed filtering problem are given in terms of recur-
sive linear matrix inequalities (RLMIs). Section 4 gives
a numerical example and Section 5 outlines our conclu-
sion.

2 Problem Formulation

Consider the following nonlinear system defined on the
horizon [0, N]:
Tr1 =f(2) + g(xk) + Brws
yr =h(xr) + Dyoy (1)
Zk :kak
where z; € R" 1y, € R™ and z; € R"* represent,

respectively, the system state, the measurement output
and the signal to be estimated. wy € I2([0, N]; R™) and
vg € 12([0, N];R™) are the disturbance inputs. By, Dy,
and L are known time-varying matrices with appropri-
ate dimensions.

The deterministic nonlinearities f(zx) and h(zy) are
known and analytic everywhere over the finite horizon
[0, N]. On the other hand, the stochastic nonlinearity

g(xy) is assumed to have the following first moment for

all x:
E{g(zx)|zr} =0 (2)
with the covariance given by

E{g(zx)g" (z;)|ze} =0, k+#j

q
E{g(zr)g" (xx)lex}t = ornoly (zf Tonwr)
1=1
where g, and Y, >0 (1 =1,2,...,q) are, respective-
ly, known column vectors and matrices with compatible
dimensions.

In this paper, the quantization effects are taken into
consideration. Denote the quantizer as

o(-) & {01(-) oa(-) - O-ny(.)}

which is symmetric, ie., oj(-y) = —o;y) (j =
1,2,...,n,). The quantizer is assumed to be logarithmic
type and t%e process of the quantization is described by

o) = [ 0) 20) - o, )] @)

where y,(gj) (7 = 1,2,...,ny) denotes the j-th entry of
the vector yi. For each o(-), the set of quantization level
is described by

Uy ={ £, ) =xipd), i=0,41,+2,... Y u{o},

J

0<x; <1, i >o0. (5)

where x; (7 = 1,2,...,n,) is the quantization density.
Each of the quantization fevel corresponds to a segmen-
t such that the quantizer maps the whole segment to
this quantization level. According to [8], the associated
quantizer is defined as follows:

o) L+ X5 a9 < 49 < L+ X5 )
() K3 2 K3 2X] K3

—o(—y7), Y <o

Consequently, it can be easily seen from the above defi-
nition (6) that the following inequality holds:

(o(us) = Gre) (o) = Gom) <0 (7)
where G £ diag, {2x;/(1+x;)}andGs = diag, {2/(1+
X;)}- Since 0 < x; < 1, it is obvious that 0 < Gy < I <
G2. Then, o(yx) can be decomposed as follows:

o(yk) = Gryr + (yx) (8)

where ¢(yy) is a nonlinear vector-valued function which,
from (7), satisfies

" () (ply) — Gyr) <0 (9)
with G being defined as G £ G5 — G1.
Definition 1 /6] A bounded ellipsoid &(c, P,n) of R™

with a nonempty interior in the mean square sense can

be defined by

Elc,Pn) 2 {z e R" :E{(z — )" P}z —¢)} < 1}
where ¢ € R™ is the center of &(c, P,n) and P > 0 is a
positive definite matrizx.
In this paper, the filter to be designed is of the following

form: N N N
orm Tr+1 = Fp2r + Hko(yk), Zo = 0. (10)

Denote e, £ x; — & and 3, £ 2z, — 2. Subtracting
(10) from (1) and taking (8) into account, we obtain the
following filtering error system:

er+1 =f(zr) + g(xr) + Brwy — Fpdy
— HyGih(zk) — Hrp(yr) — HrG1Dyoy
519 =L;€ek

(11)
By defining



s O0f(2) s Oh(z)
= ; \I/k = )

0x lz=g, 0x lz=a,
and utilizing the Taylor series expansion formula, we
linearize the nonlinear functions f(zy) and h(xy) around
the state estimate Z; as follows:

flzr) = f(@k) + Pz — &) + L1A (2 — 3)  (12)
h(zg) = h(2k) + Vi (xp — &) + LaAo(xg — &) (13)

Dy

where L; € R *™1 and Lo € R™*™2 are known scal-
ing matrices, and A; € R™1 %"= and Ay € R™2%"= are
unknown matrices such that [|A{|| <1 and ||Aq|l < 1.

Taking (12) and (13) into consideration, we reformulate
the filtering error system (11) as

ep+1 =f(Tx) — Fidy — HGih(2y)
+(@r + LiAy — HpG1Vy — HpGrLaAs)ey,
+ Bk — Hep(yx) + g(w)
Ek :Lkek
(14)
where gk £ [wg ’UE]T and Ek £ [Bk — HkGle]
Before giving the main objective of this paper, for the
brevity of later presentation, we denote

Ai2[0---010---0]
i-1 n.—i
This paper aims to design filter (10) such that the fol-
lowing requirements are achieved simultaneously:
R1) (Hs specification) Given v > 0 and = > 0, the
output Zj of the filtering error system (14) satisfies

N N
ZE{H&@HQ} <~? Z €112 + v2ed Eeo
k=1 k=1

for any nonzero & # 0.
R2) (Envelope constraint) Given the following input

o [1, k=0
& = 0, 1<k<N

under the zero-initial condition, the corresponding out-
put Z; of filtering error system (14) satisfies

Ai(hr — Br) S E{AZ} < Ai(vr + Br) (18)
where the sequences of vectors {v}to<k<ny and

{Br}o<k<n represent, respectively, the desired output
and the tolerance band.

3 Main Results
3.1 Hy requirement

(15)

(16)

(17)

For the brevity of later presentation, we denote
= [1 ed IE}T, or = o), G = [0 I I}T,
Hi 2 [0 —H] O}T, refoor], 2oL o],
fr & f(@r) — Frdx — HiG1h(@r),
D), £ O + L1A — H,G1 Uy — HyGrLoAs,
1 0 0 0 0

Ay 2| fi Dy, 0|, & = | B, —H.Dy
f(@r) ®p+L1A1 O By, 0

Accordingly, from (1) and (14), we have:

{ M1 =Arnk + Exi + Gg(Tn) + Hior,

T 19
Zp =Ly (19)

Theorem 1 Given v > 0, E > 0 and {Fk, Hi }o<k<nN-
For system (14), the Hy, performance index is guaran-
teed if there exist a sequence of positive definite matrices

{Pk}QSkSNJ,_l with PQ — ’723 S 0 (E = diag{O,E,O}),
and o sequence of positive scalars {ex}o<k<n such that

11 nt
Qp—ep | 2 <0 (20
My 21, — GLLIG
where
Qk + Egﬁk AEPk+15k Agpk+17‘[k
Qi £ * EXPes1r — Vo EFPopiHi |
* * Hyy Pry1Hy
(21)

I, = diag{0,0,—1,,,0},
I 2 [—Gh(ﬁck) —GW, 0 —G[?k} .
Proof: See Appendix A.

Next, for presentation simplicity, we denote
L2 [0 LT LHT, Ly 2 [0 ~LIGTH} O}T,
7201, o},ié[zooo},ilé[oooi?r,
L2[000LF] . L2 [anls enls 77 77

A 1.
J = dlag{el,klﬂzl ) EQ,kI"LZ ) El,klnz ) 62-,76]":},

1 0 0
A 2| f(ix) — Fody — HyGrh(ix) ®f — HiG1 Uy, 0
f(&x) Dy, 0

ST Ty — Pe+LEL, 0 0
Qk = * _’YZIHE 0 )

* *
7 7 - —ep Iy + QU AT

%ké[Akngk}aHké MR TR ol

=L —P

Theorem 2 Given v > 0, 2 > 0 and {Fy, Hi }o<k<n
be given. For filtering error system (14), the Hs
performance index is guaranteed if there exist a se-
quence of positive definite matrices {Px}o<k<n+1
with Py — 4?2 < 0, sequences of positive scalars
{&k, €1,k €2, fo<k<N, and sequences of positive scalars
{arto<k<n (1=1,2,...,q) such that

—au gF G i L
l R P ] <0. (22
* _Pk+1 x —J

Proof: See Appendix B.

)



3.2 Envelope constraint

Lemma 1 Given {Fy, Hi}o<k<n. If there exist a se-
quence of positive definite matrices {Qk}o<k<nN+1, Se-

quences of positive scalars {1k, Ta,ky T3,ks Ta k> T5,k JO<k< N
satisfying the following recursive linear matriz inequali-

ty: T
-M >
l - Tk ] <0 (23)
where Qe
U1 2 | =G (h(ix) + Di}) ~GUxOL 0 —GLy | .
. 0 vl
Ty, 2 di i 0,
cE il | g o |0
i AU 202
Ay = diag [Nkﬂ ~ a2y |,0,0,0, I,
{ AY §€ ) }
q
AV & T > onkolk Yikd,
=1

q
AP & - ZQlez k8 L1,6O%k,

1 (21 ~
APV 2 —GEZ oLk 0LE Vi ki,
=1

q

1 (22

A;(c )& -ef g Qz,kQEsz,ka,
=1

My 2 74 3V, + 75 1A + diag{1 — 711, 71,k Iy
- (TQ,k +T3,k)@r]£®k;7'2,klnll 5070}5
Se 2 [S00 5(? Ly ~HGiLs ~Hy I, |,
S L p(3y) — Fudy — HeGih(dx) + Exéy,
12 2 () — H,G V)0,

) TB,kInLZ

>

with Oy being a factorization of Q (i.e., Qr = OO} ),
then xy, € & (Tk, Qk, ng) holds for all k € [0, N]. In other
words, the state estimation error ey is confined in the
ellipsoid (0, Qk, ns) at each time step k over the finite

horizon [0, NJ.

Proof: See Appendix C.

Theorem 3 Given {Fy, Hi}o<k<n, {¥k}o<k<n and
{Brto<k<n. The envelope constraint defined in (18) is

achieved if there exist a sequence of positive definite ma-
trices {Qr}o<k<n+1 and sequences of positive scalars

{ ks Tk, T2,k s T8,y Ta ks Ts,k fo<k<N Salisfying

_ T
M >k ) <, (24)
Y —Qri1
— (NifB)? + 0 — ANy,
0 “MeIy OFLTAT| <0 (25)
— Ay AL©p -1

where Oy, is a factorization of Q. (i.e., Qr = 0,01 ).
Proof: See Appendix D.

3.8 Filter design

Theorem 4 Given v > 0, 2 > 0, {¢r}o<k<n and
{Br}o<k<n. The oulput estimation error Zj satisfies
simultaneously the prespecified Ho, specification and
envelope constraint if, under the initial condition {Py <
v2Z,Q¢ > 0}, there exist sequences of positive definite
matrices {Pr, Qkfo<k<n+1, Sequences of real-valued
matrices {Fy, Hi }o<k<n, Sequences of positive scalars
{€ks €1,k €2,k My TLks T2,k T3,k Ta ks T5,k JO<K<N » se-
quences of positive scalars {ay i to<k<y ([ =1,2,...,q)
satisfying the following set of recursive linear matriz
inequalities

B T AT M. I

Lk 0,9 <0, k <0, (26)
—M, T
TR <o, (27)
Yp —Qry1
—(ABR)*+ A 0 — Aty

0 —Xiely OFLFAT | <0 (28)

— Ay AL©Op -1

where the parameter Pyt is updated recursively accord-
ing to Pyy1 = ’Pk__&l, and the parameter Oy, is computed
iteratively by decomposing Q. such that Qi = 0,071
Proof: The proof follows directly from Theorems 1-3 and
is therefore omitted here.

Remark 1 So far, we have discussed the envelope-
constrained Ho, filtering problem for general monlin-
ear system subject to quantization effects. Within the
established theoretical framework, our results can be
extended to certain filtering problems with other perfor-
mance requirements/constraints such as security per-
formance [15], ellipsoidal constraints [16], consensus
performance [14], communication cost [29] and dissipa-
tivity [25].

4 Numerical Example

Consider the following univariate non-stationary growth
model (UNGM) investigated in [11]:

Thy1 =05z + 25—

1+ x%
+8cos(1.2x (k+1)) + g(xx) + wi
22
Yk 22—0 + Uk
Zk —O.2Ik

It is worth mentioning that in [11], wi and vy are as-
sumed to obey Gaussian distribution with zero mean
and known variances. However, in practical engineer-
ing, apart from the stochastic noises, sometimes systems
might be corrupted by other different kinds of distur-
bances such as the energy bounded disturbances inves-
tigated in this paper. Therefore, in this paper, we as-

sume wy, = 0.5¢~%2* sin(k) and vy, = 5cos(2k)/(k + 1),
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X and its estimate
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Fig. 1. The state x; and its estimate.

which, obviously, are two energy bounded disturbance
sequences.

On the other hand, note that in [11], the item g(z)
does not exist. However, in many cases, the system may
contaminate with the stochastic nonlinearities owing to
a variety of reasons such as random failures and re-
pairs of the components, changes in the interconnec-
tions of subsystems, and sudden environment changes.
Thus, in order to better reflect the engineering reality
and present a comprehensive model, we take into ac-
count the stochastic nonlinearity g(zx) with the form of
g(xr) = 0.06sign[zg]zrs; where g is a Gaussian white
sequences with unitary covariance. Then it can be easily
checked that g(z) satisfies

E{g(zx)|zr} =0,
E{g(zr)g™ (x)|xr} =0.00362} zy.

In this example, the parameters of the logarithmic quan-
tizer o(-) are taken as fip = 3 and x = 0.6. Then, it can
be obtained that G; = 0.75 and G5 = 1.25.

To study the H, performance, in the simulation, choose
v = 1.5 and = = 0.5. Set the initial values by Py =
diag{0,0.5,0}, Qo = I and & = 0. According to The-
orem 4, the presented time-varying LMIs can be solved
recursively by utilizing Matlab software.

The simulation results are presented in Figs. 1-2. Fig. 1
depicts the trajectories of the state x; and its estimate.
It can be observed that all the estimate can track the true
value with a satisfactory accuracy, which confirms that
the proposed filtering algorithm performs quite well.

In order to investigate the envelope constraint criteri-
on, with the given input £, the desired output (3 and
the tolerance band [ are selected as ¥, = —0.25 and
B = 1.95. The simulation result is shown in Fig. 2,
where it can be clearly seen that the filtering error out-
put is constrained by the pre-specified bounds. There-
fore, it can be summarized that the envelope constraint
can be achieved by using the exploited recursive filtering
algorithm.

5 Conclusion

In this paper, the envelope-constrained H, filtering
problem has been discussed for a class of discrete time-
varying nonlinear system over a finite horizon. Both

T T
a4t —— filtering error ||
— — — upper bound

— — — lower bound
3l i

Filtering error with the envelop constraints

0 5 10 15 20 25 30 35
No. of samples. k

Fig. 2. The filtering error Z; and its upper and lower bounds.

deterministic and stochastic nonlinearities are included
in the system under consideration. The stochastic non-
linearity described by statistical means is quite general
which could encompass certain frequently seen non-
linearities in the literature. An envelope-constrained
performance index has been proposed to reflect the
transient behavior of the filtering errors over the speci-
fied horizon. By means of recursive matrix inequalities
approach, sufficient conditions of the existence of the
desired filter have been established guaranteeing si-
multaneously the pre-specified H., criterion and the
envelope constraint. An illustrative example has been
proposed to show the effectiveness and applicability of
the presented filtering scheme.
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A  Proof of Theorem 1

Proof: The proof can be conducted easily and is therefore
omitted here due to the limitation of pages.

B Proof of Theorem 2

Proof: Based on Theorem 1, we only need to prove that
the matrix inequalities (22) imply the matrix inequality
(20). According to Schur Complement Lemma [1], the
first inequality in (22) is true if and only if

00 kG " PerrGork < . (B.1)

By utilizing the property of matrix trace, we obtain
tr [ng,kQEkgTPkJrl] < apk. (B.2)

Similarly, it follows from the Schur Complement Lem-
ma [1] that the second linear matrix inequality (22) holds

if and only if
—epllp + QAT .
ST S L fiT <0, (B3)
A, _Pk+1

which is equivalent to
—eplly + Qk %kT

A, _Pjrll

<0 (B.4)

where

A LAk & Hy .
It follows immediately from Schur Complement Lem-
ma [1] and (B.4) that

—eplly + Qk + .!kaTPk_,_l.ka <0. (B.5)

Subsequently, taking (B.2) into consideration, we obtain
—ep Il + Q. < 0. (B.6)

Therefore, according to Theorem 1, we can conclude that
the desired Ho, requirement is achieved. The proof is
now complete.

C Proofof Lemma 1

Proof: Applying the input & defined in (17) to the fil-
tering error system (14), we obtain the one-step-ahead
state estimation error as follows:

epr1 =f(2x) — Frip — HyG1h(Zr) + Exé — Hron
+ ((I)k - HkGﬂI’k)(xk - f}c) + LA (ack — ik)
— HkGlLQAQ(Ik — :f?k) + g(ftk) (Cl)

In the following, we are going to prove the lemma by
induction. Firstly, for £ = 0, it can be known from zy = 0
and Zo = 0 that:



E{(z0—20)"Qp (w0 —&0)} <1 (C2)

where (Qp > 0 is any given matrix. Thus, when k£ = 0,
xo € &(Zo, Qo, ns) is satisfied.

Secondly, supposing that zx € &(Z, Q,n,) is true at
k > 0, we shall demonstrate that the following holds:

E{(zk41 — &r41) " Qppy (Thr1 — Try1)} < 1. (C.3)
Since x € & (&g, Qk,ny) is true, we have
E{(zx — )" Q) (zr — &%)} < L. (C.4)

Consequently, it follows from [10] that there exists a
vector 9, € R™ (E{J9} )} < 1) such that

T = Tk + Opk (C.5)
where Oy, is a factorization of Qy, i.e., Qr = 91@@;5-
Substituting (C.5) into (C.1) yields
Thy1 — Tht1
=f(&x) — Frar — HyG1h(Zr) + EREp
+ (‘I);g — HkGl\I/k)Gkﬁk + L1 A10,9;
— Hy.G1 L2 AoOrIy — Hyor + g(wr). (C.6)

Next, letting 51,k £ A1O Y, 52,]@ £ A0 and de-
noting a vector as
T
el R P S R CION

we can rewrite the dynamics of state estimation error
(C.6) as follows:

Th+1 — i/ﬁ_l = Ekwk. (07)

On the other hand, the inequality E{¢} )} < 1 can be
equivalently expressed in terms of vector wy, as

E{withw,} <0 (C.8)
where U; £ diag{—1, Iy,0,0,0,0}.

Noting 01, = A10O0, and 62 ), = A0V, we can infer
from [|A1|| <1 and ||Az|| < 1 that

0T 61k = OFOFATA 040, < IFOTORD:,  (C.9)

83 102, = U} Of AT N0y, < V) O O, (C.10)
which can be rewritten by

wilpwy, <0, (C.11)

wiUswy, <0, (C.12)

where Us = diag{O,—@E@k,Inll,0,0,0} and Us =
diag{0, —07'04,0, I,,,,0,0}.

Likewise, we know from the inequality (9) that:

go;fgok — cp;gGyk <0< wgki/kwk <0. (C.13)

Taking the statistical property of the stochastic nonlin-
earity g(xy) into consideration, we obtain

E{g" (zx)g(zr)}

q q
=35> okl W Yikde + 0 O8 > 0uk0lx T kOrVk
=1 =1

q q
+ a8 Y ok0l YirOkk + 0LOL > 01 k0 Y1 i,
=1 =1

which is equivalent to E{w} Ay} = 0.
We are now in a position to demonstrate that the in-
equality (C.3) is true for the time instant & > 0.

By means of Schur Complement Lemma [1], the inequal-
ity (23) is true if and only if

—Mj + 35 Qi1 5k <0, (C.14)

which implies
E{w} L Qpty Sk — wi diag{1,0,0,0,0,0}wy }

T T T
—Tlﬁk’wkulwk — szkwk L{Q’wk — Tgykwk Ugwk

—7'41kwg\ilkwk — 7’57kwg/~\kwk S 0 (015)
Accordingly, we know that
E{wf Sl Qi 1 Skwr} < 1 (C.16)

which indicates that
E{(zr11 — Zh41) Qpty (@1 — E41)} < 1. (C.17)

Thus, the induction is now accomplished and we con-
clude that z € &(&k, Qk,n.) holds for all k& € [0, N].
The proof is now complete.

D Proof of Theorem 3

Proof: First, according to Lemma 1, we can know directly
from (24) that the one-step-ahead estimation error ey

belongs to the ellipsoid &(0, Qk, n.), and therefore there
exists a random vector ¥y (E{9T9;} < 1) such that

er = Oply, Qr = 0401, (D.1)

Next, it is easy to see that the inequality (18) holds if
and only if

(E{AsZp} — Aor)® < (MiB)”. (D.2)

T
By defining a new vector @, £ [ 1 E{9}} } , and taking

into account the fact that E{T }E{9;} < E{9Fv9;} < 1,
we acquire

(E{AZ} — An)® — (AifB)?
<(E{AEDY — M) — (MiBe)® + Ak — ME{OTYE{9:}

:fﬂg( —(AB)?+ X O
0 A1y
—Aith N
| grrraT [ A AiLiO4 | )@ (D3)

Consequently, by means of Schur Complement Lem-
ma [1], it can be readily known from the inequality (25)



that (E{A:Z2} — Asbe)® — (AiBe)® < 0 holds for all
i € {1,2,...,n.}. Therefore, the envelope constraint
defined in (18) is guaranteed at each time step k over
the horizon [0, N]. The proof is now complete.
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