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Abstract

Two direct systems of Boundary-Domain Integral Equations, BDIEs, associated with a mixed
boundary value problem for the stationary compressible Stokes system with variable viscosity co-
efficient in an exterior domain of R? are derived. This is done by employing the Stokes surface and
volume potentials based on an appropriate parametrix (Levi function) in the third Green identities
for the velocity and pressure. Mapping properties of the potentials in weighted Sobolev spaces
are analysed. Finally, the equivalence between the BDIE systems and the BVP is shown and the
isomorphism of operators defined by the BDIE systems is proved.
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1 Introduction

In this paper we consider Boundary-Domain Integral Equations, BDIEs, for the stationary variable-
viscosity Stokes system of partial differential equations (PDEs). The Stokes equations describe viscous
fluid flows and approximate the Navier-Stokes system under the small Reynolds number. The Stokes
equations model also incompressible linearly elastic materials with variable shear modulus but we will
mainly use the terminology related to fluids. Here we will also allow for variable compressibility (for
example, due to variation of the fluid temperature).

Boundary integral equations and the hydrodynamic potentials for the Stokes system with constant
viscosity, have been extensively studied by numerous authors, see e.g., [18, 19, 14, 31, 32, 15, 35, 30].
This approach normally requires the fundamental solution to be available in an explicit form, especially
if the boundary integral equations are then to be solved numerically. In the case of constant viscosity,
fundamental solutions for both, velocity and pressure, are available.

However, explicit fundamental solutions are not available in the variable-coefficient case for which
a parametriz (Levi function), see, e.g., [22, 5, 24, 25], can be used instead, in order to derive systems of
Boundary Domain Integral Equations (BDIEs). Parametrix for a scalar PDE is not unique and neither
is it in the case of a PDE system, particularly the Stokes system. Choosing the right parametrix
is crucial in order to establish relatively simple relationships of the surface and volume potentials
with their counterparts in the constant coefficient case, which is essential in proving the equivalence
and invertibility theorems. The boundary-domain integral equations to the mixed BVP in bounded
domains for the compressible Stokes system with variable viscosity have been investigated in [9] (see
also [24] and [26] for the incompressible case).

In this paper, we derive two direct BDIE systems associated with the considered mixed boundary
value problem for the stationary compressible Stokes system with variable viscosity, defined in an
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exterior domain of R3. This is done by employing the Stokes surface and volume potentials based on
the parametrix (Levi function) used in [24, 26, 9] in the third Green identities for the velocity and
pressure. Then we analyse mapping properties of the potentials in weighted Sobolev spaces. Finally,
we show equivalence between the BDIE systems and the BVP and prove the invertibility theorems for
the operators defined by the BDIE systems.

2 Preliminaries

Let Q := QF be a unbounded (exterior) simply connected domain in R? and let Q= := R3\ QF
be the complementary (bounded) subset of 2. The boundary 0f2 is simply connected, closed and
infinitely smooth for simplicity. Furthermore, 9Q := 0Qy U 9Qp where both 9Qy and 9p are non-
empty, simply-connected, open, disjoint manifolds of 2. In addition, the border of these two smooth
submanifolds is also infinitely smooth.

In what follows, H*(2), H*(02) are the Bessel potential spaces, where s € R is an arbitrary real

number (see, e.g., [19, 20]). We recall that H*® coincide with the Sobolev-Slobodetsky spaces W3 for
any non-negative s. For an open set ', we, as usual, denote D(QY') = Cg5,,,,(€'), while D(') is the

restriction to €’ of the space D(R?). In what follows we use the bold notation: H*(Q) = [H*(Q2)]? for
3-dimensional vector spaces. We denote by H S(Q) the subspace of H*(R?) defined as H S(Q) ={g:

g € H*(R3), suppg C Q}; similarly, H (S1) = {g € H*(952), suppg C S1} is the Sobolev space of
functions having support in S7 C 9. We will use the following notation for derivative operators:

0j = (9%. = D with 7 =1,2,3; V := (01,02, 03).
Ly
Furthermore, to ensure unique solvability of the BVPs in exterior domains, we will need the
weighted Sobolev spaces, see, e.g., [13, 29, 10, 11, 19, 28, 1, 6, 16]. Let us first introduce the weighted

Lebesgue space

Lo(p™9Q) ={g:p'g € La()},

where
plz) = (1+ =)'/

Let H!'(92) denote the following weighted Sobolev (Beppo-Levi) space
H'(Q) = {g € La(p™ "5 Q) : Vg € Ly(Q)}
endowed with the corresponding norm
19120y = 0 9l12, 00 + 99120
The analogous vector counterpart of H!(Q) reads
H'(Q) :={g € La(p ;) : grad g € Ly(2)>?}.

It is well known that D(Q) is dense in H(Q), see [13] (cf. also [, Section 2] and more references
therein). If Q is unbounded, then the seminorm

9l30.0) == V9l Lo,

is equivalent to the norm ||gl|a1 () in HY(Q) [19, Chapter XI, Part B, §1]. If Q= is bounded, then
HY Q) = HY(Q). If Q' is a bounded subdomain of an unbounded domain Q and g € H!(2), then
gc H(Q).

Let ’}TLI(Q) be the completion of D(Q) in H(R?); it can be also characterised as ’;Ll(Q) ={g:
g € H'(R?), suppg C Q}. Let ’}TL_I(Q) = [HY(Q)]* and H1(Q) := [7-L1(Q)]* be the corresponding
dual spaces. Evidently, the space Lo(p; Q) C H1(Q).

For any distribution g in 2 (), we have the following representation property (see [29, Section
2.5)), g; = Z?Zl 0i9i; + g?, gij € La(R3), g? € Ly(p;R?) and gij,g? = 0 outside the domain £,
i,7 € {1,2,3}. Consequently, D(Q2) is dense in ’?TL_I(Q) and D(R?) is dense in H~1(R3).



Let © be the viscosity coefficient, p the pressure field and v the velocity field. In this paper, for an
arbitrary couple (p,v), the stress tensor operator, o;;, and the Stokes operator, A;, are defined for a
compressible fluid as

or0)(@) = =8in(e) + (o) (S5 P5E - Slaiveta ) (2.)
Ai(p,0)(@) i= 5 03(p. ) (z) =
88% (,u(:r:) (&gg) + agﬁ’) - géfdivv(a:))> - 855), jie{1,2,3},  (22)

where (5g is the Kronecker symbol. Henceforth we assume the Einstein summation in repeated indices
from 1 to 3 if not stated otherwise.

Note that (2.1) is a particular case of a more general relation between stress and strain rate tensors
for isotropic compressible Newtonian fluids (cf., e.g., Appendix III, Part I, Section 1, p.339 in [33]),

o35, )(@) = ~8ip(@) + (o) (T 4 PHE) L r@pslaivoe), (2.3
al‘j 8:@
where p(x) > 0 and A(z) € R. In this paper we take A(x) = —Zpu(z), which corresponds to the

assumption that the strain rate tensor does not contribute to the volumetric part (matrix trace) oy
of the stress tensor oj;.

Throughout this paper, we will assume the following condition to ensure boundedness properties
of the integral operators introduced further on.

Condition 2.1
1€ CH RN Loo(R?) : pVu € Loo(R?).

In addition, there exist constants Cq1 and Co such that

0<Ci < /L(il?) < Cs. (2.4)

1

Remark 2.2 If u satisfies condition 2.1, then the functions p and — are multipliers in the space
7

H(R), i.e., there exists positive constants C3(p) and Cy(p) independent of h such that

h
[l @) < Cs()||Rll (@), H;HHl(Q) < Ca(w)lhllzrqy YheH (D). (2.5)

The operator A acting on (p,v) € La(2) x H(Q) is well defined in the weak sense as long as the
variable coefficient p(x) is essentially bounded, i.e. p € Lo(2). Indeed, in the sense of distributions
the operator A is defined as

(Alp,v), u)o = —E((p,v),u), Vuc D), (2.6)

where

£ (p.v),u) == /Q E ((p.v),u) (2) dr, (2.7)

and the function E ((p,v),u) is defined as

om0 (1 )
_ gu(w)divv(w) divu(x) — p(x)divu(z). (2.8)

The bilinear form € : [Lo(Q2) x H'(?)] x ’;Ll(Q) — R is evidently bounded. Thus, by the density
of D(Q) in ?TLl(Q), the operator

A Ly(Q) x HYHQ) = H Q)



defined by (2.6) for any u € ’;'-vtl(Q) is also bounded and gives the weak form of operator (2.2).
We will also make use of the following space, (cf., e.g., [7], [0]),

HYO(A) = {(p,v) € Lo(Q) x H'(Q) : A(p,v) € La(p; )},

endowed with the norm, [| - [l31.0(0, 4), Where

1/
1B, 0)llsgr o0y 1= (12134 + 101310 + 10A@©)I3y0)) -
Similar to [21, Theorem 3.12], one can prove the following assertion.
Theorem 2.3 Let p satisfy condition 2.1. Then the space D(Q) x D(Q) is dense in H'°(Q;.A).

For sufficiently smooth functions (p,v) € H*~1(QF) x H*(QF) with s > 3/2, we can define the
classical traction (conormal derivative) operators, T = {TiCjE }3_,, on the boundary 99 as

T (p,v) (@) = [y 03i(p, v) (@) ()

= —ni(@)y p(@) + s (@)pl@)7* <8a($ 24

- gdgdivv(w)> , x €09, (2.9)

where n;(x) denote the components of the unit normal vector m(x) to the boundary 0 directed
outwards the exterior domain Q. Moreover, v denote the trace operators from inside and outside §
which according to the trace theorem satisfy the mapping property v+ : H'(Q) — H 1/2 (09).

Traction operators (2.9) can be continuously extended to the canonical traction operators T+ -
HYO(OF A) - HV/2(9Q) defined in the weak form (cf. [7, 6, 24, 9]), as

(T*(p,v), w)on = /Qi [Alp, v)vIw + E ((p,v), 75 w)] do
VY (p,v) € HYO(OF, A), Vw € H/?(09),
where the operator v, : H'Y/2(0Q) — H'(Q2) denotes a continuous right inverse of the trace operator
vt HY Q) = HY2(09).

Furthermore, if (p,v) € H?(Q,.A) and u € H*(Q), the following first Green identity holds, cf.
[12, Section 2.3],

T p.0)y o = [ [Apv)ut E((po).w) (@)]ds. (2.10)
Applying identity (2.10) to the pairs (p,v), (¢, u) € H1°(Q, A) with exchanged roles and subtract-

ing the one from the other, we arrive at the second Green identity, cf. [20, 21],

(T*(p,v), v uoo — (T (g, u), v v)oa = /Q [Aj(p, v)u; — Aj(q,u)vj + qdive — pdivu| dz.
(2.11)

In this paper, we derive the systems of boundary-domain integral equations, which are equivalent
to the following mixed compressible exterior Stokes problem.

Mixed problem For f € La(p,Q), ¢y € Hl/Q(ﬁQD), g € Ly(Q) and ¥, € H_1/2((9QN), find
(p,v) € HO(Q,.A) such that:

A(p,v) =f in Q, (2.12a)

divo(x) = g in Q, (2.12b)
v =@y, on IQp (2.12¢)

T (p,v) =1y on ONy. (2.12d)

Theorem 2.4 Let u satisfy condition 2.1. The mized BVP (2.12) has at most one solution in the
space HO(Q; A).



Proof: Let us suppose that there are two possible solutions: (p1,v1) and (p2,v2) belonging to the
space H10(Q;.A), that satisfy the BVP (2.12). Then, the pair (p,v) := (p2, v2)— (p1,v1) € H(Q; A)
satisfies the homogeneous version mixed BVP (2.12). Substituting (¢, u) = (p,v) in the first Green
identity (2.10), which holds since (p,v) € H1Y(Q;.A), we obtain,

/Q;u(a:) (agg) + 3%?’))2@: — 0.

As p(x) > 0, this can be satisfied only if v is a rigid motion, i.e., v(x) = a+ b x & with some constant

vectors a and b, [20, Lemma 10.5]. However, taking into account the Dirichlet condition yTv = 0,
we deduce that v = 0. By the Neumann condition T (p,v) = 0, it is easy to conclude that p = 0.
Hence, v{ = vo and p; = po. O

BVP (2.12) can be represented by the following operator,
Anr HYO(Q,A) = Lo(p; Q) x Lo(Q) x HY2(00Qp) x H™Y2(8Qy). (2.13)

which is continuous, and by Theorem 2.4 also injective.

3 Parametrix and Remainder

When p(x) = 1, the operator A becomes the constant-coefficient Stokes operator A, for which we
know an explicit fundamental solution defined by the pair of functions (¢*, a ), where summation in
k is not assumed, ﬁ;? represent components of the incompressible velocity fundamental solution and

¢* represent the components of the pressure fundamental solution (see e.g. [18, 15, 14]).
) = et = 2 (). (3.1)
if(z,y) = —% { aﬁ?yl e _yij)_(zl]::; ) } . jke{1,2,3). (3.2)
Therefore, the couple ((jk,&k) satisfies
i) = Eij oz (1) = 0=~ v 33)

2Pk (zy)  0dk(m,y)

Aj(@)(d"(z,y), @"(@,y) = 52 v 3Fs(z — y), (34)
i=1 i J
divya”(x,y) = 0. (3.5)

Here and henceforth, §(+) is Dirac’s distribution.

o

Let us denote 6;;(p,v) := 0i;(p, v)|u=1, T¥(p,v) := T (p,v)|u=1. Then by (2.1) the stress tensor
of the fundamental solution reads as
3 (zi — yi) (w5 — yj) (¥ — Yk)

&z](m)(ék(may)a '&k($7y)) = E ‘m _ y|5 )

and the classical boundary traction of the fundamental solution becomes

i (2)(§" (m,y), @*(2,y)) : = 655(2)(§" (2, y), ©*(z,y)) n;(x)

4 |z —yl®
Let us define a pair of functions (¢®, u*)3_,,
k () . w(x) Tk — Yk .

qg\r,Yy)=—7q9 \L,Y)=— ) jvke 17213 ) 3.6
@9 =T Y=y drlw —yl? .23} 30

-1 1 0 (=) (wk — )

Kk o k J J i)\ Tk — Yk
ui (e, y) = ——u;(x,y) = — + . 3.7
Y=y Y = Ty {|a: T TP 37



Then by (2.1),

%@meﬁmwbﬁ$M@W@wW@w, (3.8)
Ti(a) (¢ (2. 9), ub(2.9)) = 035 (2)(¢" (2. 9), u* (2. 9)) s ()

—Mc~az i (x o (x

— M0 @) (9), i ), (3.9)

No summation in & is assumed in (3.8)-(3.9).
Substituting (3.6)-(3.7) in the Stokes system with variable coefficient, (2.2) gives

Aj(@)(¢"(z,y), u*(x,y)) = 6j0(z — y) + Ri;(,y), (3.10)
where
Ris(a,y) = O oy @) 0 ), i (o)
_ 3 oul@) (@i —yi) (@) — i) @k = Yk) _ et a2
" inuly) o = of —Olle v -

is a weakly singular remainder and no summation in k is assumed in (3.10)-(3.11). This implies that
(¢*,u*) is a parametrix of the operator A. Let us keep in mind that we have not assumed summation
on the index k in (3.8)-(3.11).

Note that a parametrix is generally not unique (cf. [25] for BDIEs based on an alternative
parametrix for a scalar PDE). The possibility to factor out % in (3.8)-(3.9) and V#/Eig) in (3.11)
is due to the careful choice of the parametrix in form (3.6)-(3.7) and this essentially simplifies the

analysis of parametrix-based potentials and BDIE systems further on.

4 Hydrodynamic potentials

Let first h and h be sufficiently smooth scalar and vector functions on Q, e.g., h € D(Q), h € D(Q).
Let us define the parametrix-based Newton-type and remainder vector potentials for the velocity,

wmwzwwwzéﬁmmw@m

mm@:mm@=4mmmwmm

and the scalar Newton-type and remainder potentials for the pressure,

[Qh];(y) = Q;h(y) :—/qu(yw)h(w)dw = —/qu(w,y)h(w)dw, (4.1)
Qh(y) := Q-h(y) =Q;h;(y) = /qu(y,w)hj(w)dﬂf = —/qu(w,y)hj(w)dw, (4.2)
Rh(y) = R3h;(y) == —2p.v. /Q 86](;2”) aggf)hj(:c)dx - ghjgyi (4.3)

= —2(0:¢ (-, ) , hiOjp) — 2hi(y)Oap(y), (4.4)

for y € R3. The integral in (4.3) is understood as a 3D strongly singular integral (in the sense of the
Cauchy principal value). The bilinear form in (4.4) should be understood in the sense of distributions,
and the equality between (4.3) and (4.4) holds since

(0id (-, y), iy, = — (& (- 9), 0i(hids)) o + (nid’ (-, y), Rijin) e,
= lim (0’ (- ), hiDjpn)g, — lim (nid (-, ), hidjt) g, \ o6

B ¢ (z,y) Ou(z) 1. Ou
_v.p./Q oz, oz, hj(x)dx 3hj(9yj ,




where Q0 = Q\ Bc(y) and Bc(y) is the ball of radius € centred in y, which implies that

—2(0: (-, y) , hidjp), — 2hi(y)di(y)

-~ O¢ (z,y) Op(x) 4, Ouy) .
= 2v.p./Q oz, oz, hj(x)dx 3hj(y) ay; =R°h(y).

In addition, we will introduce the operators U, Q, R and R*® whose definitions coincide, respectively,
with the definition of the operators U, @, R and R® with the sole difference that £ = R3.

Let us now define the parametrix-based velocity single layer potential and double layer potential
as follows:

VRlu(y) = Vigh(y) = — /a (@)l (@)dS(a). y ¢ 00,

(Whi.(y) = Wiih;(y) == — /BQ T5 (@ ¢, u") (@, y)hy(x) dS(x), y ¢ 0.

For the pressure we will need the following single-layer and double layer potentials:
IT°h(y) = Hjhj(y) = /89 @j(w,y)hj(x)dS(m), y ¢ 0N
0F (z,y)
%h(y) = %h; ::2/ ——
(y) 7 ](y) 99 an($)
It is easy to observe that the parametrix-based integral operators, with the variable coefficient p,

can be expressed in terms of the corresponding integral operators for the constant-coefficient case,
i =1, marked by,

p(@)hj(z)dS(z), y ¢ 0Q.

Uh — ;Zflh, (4.5)
[Rh]; = _Ml Ol (hjOupt) + Oy (h; i) — Qi (hydip)| (4.6)
Oh = ;Q’(uh), (4.7)
R*h = —20;Q;(h;Oip) — 2h;0;1, (4.8)
Vh= if/h, Wh = ivi/(uh,), (4.9)
II°h = II°h, 1% = 11%(uh). (4.10)

We will further use (4.5)-(4.10) as definitions of the potentials in the left-hand sides of these relations,
when the densities h and h are more general functions or distributions on €2 or 9).

Note that although the constant-coefficient velocity potentials Ijlh, Vh and Wh are divergence-
free in OF, the corresponding potentials Uh, Vh and Wh are not divergence-free for the variable
coefficient p(y). Note also that by (3.1) and (4.1),

th = —0;Nah, (4.11)
where
Nah(y) = —— / L h@)d (4.12)
A =—— [ ——— T .
dm Jo |z -yl
is the harmonic Newton potential. Hence
divQh = 8;Q;h = —ANAh = —h. (4.13)
Moreover, for the constant-coefficient potentials we have the following well-known relations,
A(I*h, Vh) =0, AI’h,Wh)=0 in QF, (4.14)
A(Qh,UR) = h. (4.15)



In addition, by (4.11) and (4.13),

fij(gfh —éh) =—0; <3¢onh + 8]‘Qoih — géfdivgnh) — %ajh

—(AQjh + 9;divOh — gajdivéh) - %ajh =0 (4.16)

4.1 Mapping properties

The following assertions are well known for the constant coefficient case, see e.g. Lemmas A.3 and
A4 in [16] and references therein. Then by relations (4.5)-(4.10), we obtain their counterparts for the
variable-coefficient case. Let us highlight that the operators U, Q, @, R, R® are defined in the same
way as U, @, Q, R and R* if we take ) = R3.

Remark 4.1 For sufficiently smooth h, the Newtonian volume potential over R3, cf. (4.12), is defined
as

Nah(y) = . Ex(z,y) h(x) dz, (4.17)

where 1
E - -

is the fundamental solution of the Laplace equation and moreover NaAAh = ANah = h, i.e. the
operator Na is inverse to to the Laplace operator A. On the other hand, it is well known (see,
e.g., [70, Theorem 1.2], [15, Theorem III.2]) that the Laplace operator A : H'(R?) — H~Y(R3) has
a continuous inverse, A7+ H7L(R3) — HY(R3) and thus Nah = A~'h for any h € D(R3). As
remarked in [0], due to the density of D(R3) in H~1(R3) this provides a continuous evtension of the
operator Na defined by (4.17) to the extended continuous Newtonian potential operator

Na : H7HR3) — HI(R). (4.18)
Theorem 4.2 The following operators are continuous under condition 2.1,
U:H YR - HI(RY,
CH Q) = HU(Q),
Ly(R3?) — H(R?), 21
2(Q) = H' (), 22

(4.19)
(4.
(
L (
CHTU(R3) = Ly(R3), (4.23
H (
(
(
(
(

20)
4.
4.

@) = La(9),

“LR3) = HURY), 4.25
4.26
4.27

4.28

ILQ

TAXZO QOO
b(

)

)

)

4.24)

(p )
a(p™ 1) = HI (), )
 Ly(p HR3) — La(R?), )
R : Ly(p~ Q) — Ly(Q). )

Proof: Let us consider relations (4.5) and (4.7). The continuity of operators U, U, @ and Q in
(4.19), (4.20), (4.23), and (4.24) then follows from the continuity of the corresponding operators U,
U, Q and @ provided in [16, Lemma A.3].

Let us prove now the continuity of operator (4.25), which follows if we prove the continuity of

1
operators in the right hand side of (4.6). Let us note that by condition 2.1, y and — are bounded
I

and act as multipliers in the space H'(Q). In addition, condition 2.1 states that pd;ju € Loo(R?).
Consequently, for any function h; € La(p~1;R3), we have that h;0;u € La(R3), see the proof of [6,



Theorem 4.1]. Tt is easy to prove that the operator V : Lo(R?) — H!(R?) is continuous, which implies
that V(h;0;u) € H'(R?). Let us prove continuity of the first operator in the right hand side of (4.6).
First, we assume that h;0;u in D(R3). Then

OUyi (i) = —Upi0; (hjOips). (4.29)

By the density of D(R?) in Ly(RR3) and the continuity of operator U : H ™ (R3) — H(R?), cf. (4.19),
we can extend relation (4. 29) from h;Oiu € D(R3) to hjdiu € Lo(R3). Then, the continuity of operator
h — OiUy;(hjOip) : La(p~ ' R3) — 7-11(R3) follows. The continuity of other two operators in the right
hand side of (4.6) can be proved in a similar way. Consequently, operator (4.25) is continuous. The
continuity of operator (4.25) implies the continuity of operator (4.26).

Taking into account (4.8), the continuity of operator (4.27) Will follow from the continuity of
the first operator in the right hand side of (4.8). Let h; € La(p~1;R?). Applying a similar den-
sity argument, as in the previous paragraph we can deduce 0; Q(h oip) = —Q@ (hjO;p). Since,
0j(h;jOiu) € H™Y(R?), the we have the inclusion 9; Q(h Oip) € Lo(R3) for any h; € Lo(p~ 1 R3),
With the corresponding norm estimate. This 1mphes the continuity of operator (4. 27) Continuity of
operator (4.28) is implied by the continuity of operator (4.27).

The mapping properties of operators (4.21) and (4.22) differ from the

ones for operators (4.23) and (4.24) and need to be proved separately.

Let us consider ¢ € D(R?). Then by (4.11) and (4.12) we have

° OF )
Qjo = —0iNad =~ | Z2(@y)p(@)de= | —2(@.y)p(x)dw
R3 Y R3 €T 5
0
=~ [ Bate.) 5 dx = —Na@0). @30
R3 T
For any h € Ly(R3),
10l = sup (@b &rel = sup (Ol
€€D(R3),[ll31 (g )=1 €E€D(R3),[1€ll31 g y=1
< s Bl 10€ ] an) < Iy (431)

EED(R3),[I€ll 3,1 mny=1

Due to the density of D(R?) in H!(R3), this implies that d;h € H~1(R™) and moreover the operator
0+ L2(R3) — H~Y(R3) is continuous.

As aresult, the density of D(R3) in Ly(R?) and the continuity of operator (4.18) in (4.30) imply that
Qi = —Na(9;¢) € H'(R?) for any ¢ € Ly(R?) and moreover, the operator Q; : Ly(R3) — H(R3) is

continuous. Then operator (4.21) and thus operator (4.22) are continuous as well. O

Theorem 4.3 The following operators are continuous under condition 2.1

VvV H'2(00) — HY (D), (4.32)
I1° : HY2(00Q) — Ly(9), (4.33)
W HY2(0Q) — HY(Q), (4.34)
7 : HY2(8Q) — Ly(). (4.35)

Proof: Let us consider relations (4.9) and (4.10). The continuity of the operators V', II*, W and g
then follows from the continuity of the operators V W IT° and I1¢ which has already being proved
in [16, Lemma 3.3].
O
In the proofs further further, second order derivatives of the coefficient p(x) will appear and apart
from Condition 2.1, we will sometimes need to assume the following additional condition.

Condition 4.4
1€ CHR3) : p20;0ip € Loo(R3). (4.36)



Theorem 4.5 The following operators are continuous under Conditions 2.1 and 4.4,

(I, V) : H'2(6Q) — HMO(Q; A), (4.37)
(Hd, W) HVY2(09) — HO(Q; A), (4.38)
(é,u) - Lo(p: Q) — HIYO(R?; A), (4.39)
(R*,R): HY(Q) — HO(Q;.A), (4.40)
(gul, —Q> t Ly(Q) = HYO(Q;A). (4.41)

Proof: Let us consider first the single layer potentials (IT°h,Vh) € HY(Q) x Ly(Q) for h €
H~'/2(89). Let us apply the operator A taking into consideration (4.9) and (4.10)

Aj (TR, Vh) = A; (Hh ;f/h>
e /e . . . 2 .
= A, (Hsh, th) + O (M [aj(l/,u)vkh + Ok (1/p)Vih — 36f8i(1/u)‘/}h]> .

Now, the term fij (f[sh, th) vanishes and due Conditions 2.1 and 4.4, the last term belongs to

Ly(p; Q) since Vh € H(Q), which implies the continuity of operator (4.37).

The same argument works for the double layer potential (W, Hd) h with h € HY/ 2(62)and implies
the continuity of operator (4.38). In addition it works for the Newtonian potentials (U, Q) with the
sole difference that ./Zij (Qoh,bolkh) = hj and h € La(p;2). This implies the continuity of operator
(4.39).

For operator (4.40), h € HY(Q) C La(p~'; Q) and hence the operator (R®, R) : H1(Q) — Lo(Q) x
H!(Q) is continuous due to Theorem 4.2. Let us prove that A(R®,R) : H'(Q) — La(p;Q) is
continuous. Indeed, by (2.2),

o

Aj(R*h, Rh) = Aj(R*h, yRh) — 29;M;;(Rh), (4.42)
where 1 )

Hence due to Theorem 4.2 and Conditions 2.1 and 4.4, the operator O;M;; R : H*(Q) — La(p; Q) is
continuous. Moreover, by (4.6), (4.8) and (4.15), A;(R*h, yRh) = —29;M;;(h), hence by Conditions
2.1 and 4.4 the operator A;(R®, uR) : H'(Q) — Lao(p;Q) is continuous. Then (4.42) implies the
continuity of operator A(R®, uR) : H'(Q) — La(p; Q) and hence of operator (4.40).

For operator (4.41) we proceed in a similar manner to obtain that
4 4 1. . (4 o
A (G -01) = A (Gt~ @) ) = Ay (G~ ) +2005(@H) = 201035(@)

due to (4.16). By the continuity of operator (4.22) in Theorem 4.2 and due to Conditions 2.1 and 4.4,
the operator O;M;; Q : L2(2) = La(p; §2) is continuous, implying the continuity of operator (4.41).
O
Let us now define direct values on the boundary of the parametrix-based velocity single layer
and double layer potentials and introduce the notations for the conormal derivative of the latter, for
sufficiently smooth scalar and vector functions h and h on 0%, e.g., h € D(02), h € D(01?),

Vhlu(y) = Vigh(y) == — /a (@)l (@)dS(a), y € o, (4.43)
WhIK(y) = Wigh;(y) = — /8 Tt ).yl () dS(@). v < 00 (4.44)
WRlK(y) = Wi hy(y) == — /8 Tt u) .yl (@) 45 (@), y € 00, (4.45)

LEh(y) := TH(I1h, Wh)(y), y e . (4.46)
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Here T+ are the canonical derivative (traction) operators for the compressible fluid that are well
defined due to Theorem 4.5.

Similar to the potentials in the domain, we can also express the boundary operators in terms of
their counterparts with the constant coefficient y = 1,

1 © 1 o
Vh=_Vh  Wh=_Wuh), (4.47)

L+ 2 ) 252 D ) (1.49

[W'h], = W'h]; — (a;“

We will further use relations (4.47) and (4.48) as definitions of the potentials Vh, Wh, and W'h
when their densities h and h are more general functions or distributions on 9f2.

Theorem 4.6 Let s € R. Let S1 and S2 be two non empty manifolds on 0 with smooth boundaries
0851 and 0S5, respectively. Then the following operators are continuous under Conditions 2.1 and ./,

V: H*(0Q) — HT(09), W H%(0Q) — H*T1(0Q), (4.49)
re,V: H (S1) — H*T(S,), re,W: H (Sy) = H*'(S,), (4.50)
LE:H*(0Q) — H*1(0Q), W' H*(09Q) — H1(09). (4.51)

Moreover, the following operators are compact,

re,V: H (S1) — H*(S), (4.52)

re, W : H (8y) = H*(S), (4.53)

re, W'+ H (S1) — H*(S). (4.54)

Proof: As in Theorem 4.4 of [9], the continuity of operators in (4.49)-(4.51) follows from relations

(4.47)-(4.48) and continuity of the counterpart operators for the constant coefficient case, see e.g.
[15, 14]. Then compactness of operators (4.52)-(4.54) is implied by the Rellich compactness embedding
theorem. O

Theorem 4.7 If 7 € H1/2(8Q), h € H_I/Q(GQ), then the following relations hold on 0Q under
Conditions 2.1 and /.4,

1
Y Vh=Vh, ~TWr= FoTHWT (4.55)
1
T*(II°h, Vh) = +oh W'h. (4.56)
Proof: The proof of the theorem directly follows from relations (4.9), (4.47)-(4.48) and the analogous
jump properties for the counterparts of the operators for the constant coeflicient case of u = 1, see,
e.g., [11, Lemma 5.6.5].

O
Let us introduce the notations

Lr(y) = Lo r(y) =T (I, Wr)(y), Lr(y):=Lpr)(y), y e, (4.57)

where the first equality is implied by the Lyapunov-Tauber theorem for the constant-coefficient Stokes
potentials.
The following theorem is proved similar to [9, Theorem 4.6] but with different spaces involved.

Theorem 4.8 Let Conditions 2.1 and 4./ hold and T € HY*(9Q). Then

< [ (i) Wi (i) + 0 (i) Wiur) - gaffaj (i) vi/j(m)D . (458)
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Proof: By Theorem 4.5, the operator (TI%, W) : Hl/i(@Q) %;HLO(Q;A) is continuous. By The-
orem 2.3, there exists a sequence (7™, w™)>*_, C D(Q) x D(Q) converging to (I1%(ut), W (u1))

m=1

1 _ _

in H°(Q;.A). Then, due to (4.9)-(4.10), the sequence (7™, —w™)%_, C D(Q) x D(Q) converges to
W

. 1.
(T4 (ut), —W (u7)) = (1%, W) in H'9(Q;.A) and by continuity of the canonical traction operators
p
T+ : H'Y0(OF; A) - H~Y2(09), and definition (4.46) we can establish the following equality
1
LEr =T, W) =TF ([, Wr) = lim TE(n™, pwm). (4.59)

On the other hand,

where

since
Vg, w0 = T, w™) = TE ", w) = T (1 er), W (pr)) = £ (ur).
This implies (4.58).

Similar to [9, Corollary 4.7], the next assertion follows from Theorems 4.8 and 4.5.

Corollary 4.9 Let S1 be a non-empty submanifold of 02 with smooth boundary and Conditions 2.1
and /.4 hold. Then, the operators

C:-H(5) = HV200), (£*—£L):H"(S) = H'2(00), (4.60)
are continuous and the operators
(et~ L) 2 (S) » H200), (4.61)

are compact.

For bounded domains, we had compactness of the remainder operators R and R® implied by the
Rellich compact embedding theorem, which does not hold for exterior (unbounded) domains considered
in this paper. To overcome this issue, we prove that the for exterior domains the operators R and
R* are limits of some sequences of compact operators and thus are also compact. We will require the
following condition.

Condition 4.10  lim,_ p(x)Vpu(z) = 0.
The proof of the following assertion is similar to [, Lemma 7.4] for the corresponding scalar case.
Lemma 4.11 Let Conditions 2.1 and 4.10 hold. Then for any sufficiently large n > 0,

(i) the operator R can be represented as R = Ry + Rey, where |Rsyllap)mpi@) — 0 as
n — oo, while Reyy : HH(Q) — H(Q) is compact;

(it) the operator R® can be represented as R® = R, + R, where RS, |41 0)—r,) — 0 as
n — oo, while RE, : HY(Q) = La(Q) is compact.
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Proof: (i) Let B(0,7) be a ball with centre in 0 € R? and radius n > 0 large enough such that
00 C B(0,n). Consider a cut-ff function x € D(B(0,2n)) such that 0 < x < 1in R3 and y = 1 in
B(0,7). Let us now define two operators,

Reng = R(X9), Rsng:=R((1-X)g) forgeH(Q). (4.62)
Taking into account (4.6), the divergence theorem (cf. (4.29)) and that 1 — x = 0 on 052, we obtain,
IR sngll301 @) = IR = X)) 301

:H (@Uzh”-i-au hi; — O.hyj H
(@)

= H <U1 (Ojhij) +U (Oihij) — Qo-hjj)

”Hl(Q)
< Ca(12) (101131 gy g0 1950+ 1) 1 ) + 19 ey e I9il s agen)

where hi; = (1 — x)g;0iu, C4(,u) is from Remark 2.2 We also have the following estimates,

10:(hi. + i)l -1 () < [I(h+ ) | ayxs < 20[(1 = X)g ® Vil (yexs
< 2|9l L1 1PVl L 3\ B0m) < 21912000 1PV Rl Lo (R3\ B(0,0))
17l Loy = (1 = x)g - Vil Ly o)
< lgllL.o-1) loVull Lo ®3\B0m) < 19ll201@) PV Rl Lo ®3\B(0.1))-

Then we obtain the following estimate for the norm of R ,g

IR 09301 < i) (2Ull1 0y 0 0) + 19 a0 @) ) 19302 @ |0V Bl £ e\ 30,0 (4:63)

Taking the limit as  — oo in (4.63), we have ||pVul/_ (®3\B(0,;)) — 0 by virtue of Condition 4.10.
Therefore HRs,n|’ﬂl(Q)—>H1(Q) — 0 as 7 — oo, which completes the proof for operator R.,,.

Let us prove now that R.,g is compact. By definition, x = 0 if y in R®\ B(0,2n) and hence

~1
the multiplication by x is a continuous mapping from H!(Q) to H (). Consequently, the operator
Ren : HU(Q) — H(Q), satisfies the following relations

Reng = R(xg) = ’RE‘Q% Ty, (xg) = ’RE‘Q% Erg, (xg)- (4.64)

——1 o 1 o 1
Here ro, s the continuous restriction operator from H (Q) to H (Q,), where H (Q2,) C H*(Qs,)

is the completion of space D(Q,) in the norm of H'(Q,), En% is the operator of extension by zero

outside (22, for functions defined in {1y, and it is a continuous operator from H 1(92,7) to H1(Q) and
from Lo(Qa,) to La(R), € : H'(Qg,;) — La(Qs,) is the embedding operator that is compact on the
bounded domain 29, due to the Rellich compact embedding theorem. The operator R : La(£2) —
’Hl(Q) is continuous by virtue of Theorem 4.2. Then the continuity of all operators in the right-hand
side of (4.64) and the compactness of one of them imply (see e.g. [, Proposition 6.3]) that the operator
Ren: HU(Q) — HY(Q) is compact.

(ii) Reasoning in a similar way, we can obtain the corresponding result for the remainder pressure
operator. To this end, let us define the operators

Re,9:=R(xg), Ri,g:=R((1-x)g) forgeH (Q). (4.65)

Taking into account the relations (4.8), we can obtain the following inequality

RS 49l Lai) = IR (1 = X)@) |20 = 20105 Q5hij + hjjll oy
< QHQ]hJH‘HI(Q) + 2HhJ]HL2 <2(/1Qll1, @)—r1 () T DR pysxs,
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where

17l Ly(@y3xs = (1 = x)g @ Vil pyysxs
< glloo- 1) 1PV Rl Lo 3\ B0,m) < 1911301 () 10V 1l Lo R\ B(0,1m))-

Hence

RS0l 10 < 201Q o)1) + DIgll3e: o) 1PV il Lo 3\ B(0,1m))- (4.66)

Since ||pV |, (r3\B(0,n)) — 0asn — oo by Condition 4.10, inequality (4.66) implies that [| RS, [l3s1 ()21 (0) =
0 as n — oo, which completes the proof for operator RS .

Let us prove now that Rg g is compact. First, the operator R?  : ’Hl(Q) — Lo(Q), satisfies the
following relations

Reng = R*(xg) = R'EQQW Ty, (xg) = R'EQ%QETQQW (x9)- (4.67)

—~1 o 1 .
Here 7o, is the continuous restriction operator from H () to H (Qy,), E

g, 18 the operator of

extension by zero outside {2y, for functions defined in {23, and it is a continuous operator from H ! (Q2y)
to H() and from La(Qa,) to La(p~5Q), € : H'(Qa,) — L2(a,) is the embedding operator that is
compact on the bounded domain 23, due to the Rellich compact embedding theorem. The operator
R®: La(p~1;Q) — La(9) is continuous by virtue of Theorem 4.2. Then the continuity of all operators
in the right-hand side of (4.67) and the compactness of one of them imply that the operator Rg,, :
HY(Q) — L2(Q) is compact. O

Theorem 4.12 Let Conditions 2.1 and /.10 hold. Then the following operators are compact,
R:H(Q) = HY(Q), R°:H(Q) — La(Q). (4.68)
Proof: By Lemma 4.11,
IR = Renllar@)—2i@) = Renlla @ omi) — 0,
IR* = Reyllat@)—mt ) = IREnllar @) smi) = 0 asn— oo

Hence the sequence of compact operators R., converges to the operator R and the sequence of
compact operators Rg, converges to the operator R®. Then (see e.g. [1, Theorem 6.1]) both operators
in (4.68) are compact as well.

O

5 The Third Green Identities

The following assertion presents the third Green identities based on the parametrix (¢*,«*), in the
exterior domain. Its proof is word-for-word with the proof of corresponding result in [9, Theorem 5.1]
for the bounded domain, if we replace there H>?(Q;.4) by H?(Q2;.A) and employ the second Green
identity (2.11) and the density Theorem 2.3 in the exterior domain.

Theorem 5.1 For any (p,v) € HYO(Q;.A), the following third Green identities hold under Condition
2.1,

o 4
p+ R — T (p,v) + lyTv = QA(p, v) + ?’udivv in Q, (5.1)
v+Rv— VT (p,v)+WryTv=UA({p,v)-Qdive in Q. (5.2)
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If the couple (p,v) € H(Q;.A) is a solution of the Stokes PDE system (2.12a)-(2.12b) with
variable coefficient, then (5.1) and (5.2) give

. 4
p+ R — T (p,v) + Myt = OF + ?“g in Q, (5.3)
v+Rv—VT(p,v) + WryTv=UFf-Qqg in Q. (5.4)

Consequently under Condition 2.1 we can obtain the trace and under Conditions 2.1 and 4.4 the
traction of the third Green identities for (p,v) € H%(Q;.A4) on 9.

1
37 v+ Re = VT (p,0) + WyTv =y Uf-7"Qy, (5.5)

ST (,0) + T (R* Rjp = W (p,0) + £y 0 = THOf + Lo Uf-Q). (5

Note that the traction operator TF is well defined on all the potentials in (5.6) due to the mapping
properties provided by Theorem 4.5.

The following two assertions are instrumental for the proof of equivalence of the BDIE systems
and the BVPs.

Lemma 5.2 Let conditions 2.1 and 4./ hold. Let v € H*(Q), p € Lo(Q), g € La(Q), F € La(p; Q),
U e H'2(00) and ® € HY?(9Q) satisfy the equations

p+ R —II°W + II"® = Q°f+%“g in (5.7)
v+ Rov—VIE+WDP=UFf-Qqg in . (5.8)
Then (p,v) € HYO(Q,.A) and the couple solves the equations
Alp,v)=f, dive=yg.
Moreover, the following relations hold true,
(0 —TH(p,v)) — 4P —~Tv) =0 in Q, (5.9)
V(¥ -T"(p,v) —W(@ -—~Tv)=0 in Q. (5.10)

Proof: By virtue of Theorem 4.5, it is easy to deduce that (p,v) € H°(Q,.A4). The remaining part
of the proof follows word-for-word from [9, Lemma 5.3]. O

Lemma 5.3 Let 9Q = S1US5, where S1 and So are open non-empty non-intersecting simply connected
~—1/2 ~1/2
submanifolds of 02 with infinitely smooth boundaries. Let W* € H / (S1), ®* € H / (S2). If

I1° (™) — [14(®*) = 0, VU*(x) - Wo*(x) =0, in, (5.11)
then ¥* =0 and ®* = 0 on 0N).
Proof: Let us employ relations (4.10) in the first equation in (5.11) to obtain
e — 14 (u®*) =0 in Q. (5.12)

Multiplying the second equation in (5.11) by p and applying relations (4.9), we obtain

o

VI — W(u®*) =0 in Q. (5.13)

Then we apply the trace operator to both sides of the equation taking into account Theorem 4.7,
. 1 .
v+ i,u,@* —W(u®*) =0 on . (5.14)
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Now we apply the traction operator to (5.12) as the pressure equation and to (5.13) as the velocity
equation, keeping in mind relations (4.56) and (4.57), to obtain
1 o c
5‘1'* + WP — L(u®*) =0 on . (5.15)
To simplify the notation, let us denote P = (u®*) and ¥ := ¥*. We consider now the system of

equations given by restrictions of (5.14) to S; and (5.15) to Sy taking into account that ®* = 0 on S;
and ¥* = 0 on 5o,

VU +WP=0 onS, (5.16)

W+ LB=0 on So. (5.17)
A similar system has been considered in [15, Theorem 3.10], where, however, the operators W and
VDV/ were obtained using the normal vector directed outward of the bounded domain, which leads to
the change of signs in front of these operators. Nevertheless, introducing the new variable ¥_ = —W,
we again return to the system of the form (5.16)-(5.17) which by [15, Theorem 3.10] implies that it
has only the trivial solution and hence ¥* = 0, ®* = 0. O

6 BDIE systems

We aim to obtain two different segregated BDIE systems for the mixed BVP (2.12) employing a
procedure similar to [5], [24] and [22] and references therein. To this end, let the functions ®y €
H'Y2(0Q) and ¥y € H'/2(00) be respective extensions of the boundary functions @, € H'/?(8Qp)
and ¥, € H™ /(00 in (2.12¢) and (2.12d). Then we can represent

yro =&+, T (p,v)=Pq+1 on 09, (6.1)

/2 1/2

—~1 —~_
where p € H ' (0Qy) and vy € H * (02p) are unknown boundary functions that will be considered
as formally independent of (segregated from) from functions (p,v) in the domain.

6.1 BDIE system M11,

Let us now take equations (5.3) and (5.4) in the domain 2 and restrictions of the trace equation
(5.5) and the conormal derivative equation (5.6) to the boundary parts 0Q2p and 9y, respectively.
Substituting there representations (6.1) and considering further the unknown boundary functions ¢
and 1 as formally independent of the unknown domain functions p and v, we obtain the following
system, M11,, of four boundary-domain integral equations for four unknowns, (p,v) € HY(Q, A),

—~1/2 —~—-—1/2

o cH " (00y) and v e H *(00p),
p+Rw—II% + % = Fy inQ, (6.2a)
v+Rv—-VyYyp+Wep=F in(), (6.2b)
ragD7+Rv — 1o, VY + o0, We = raQD7+F — @y on dp, (6.2¢)
roanTT(R®, R)v — raay Wb + 1oy LT = roayT T (Fo, F) — by on 98y, (6.2d)

where
-4

Fy= Qf—i—gug +II°0, —0®), F=Uf-Qg+VT,— Wk,. (6.3)

Applying Lemma 5.2 to (6.3), keeping in mind the equations (6.2a) and (6.2b), and taking into account
the mapping properties delivered by Theorems 4.2, 4.3 and 4.5, we obtain that (Fy, F) € H'0(Q, A).
We denote the right hand side of BDIE system (6.2) as

]:»}1 = [FOw’rH] = [F07F7r39D'7+F - ‘PO?TaﬁNTJr(FO?F) — o), (6.4)
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which implies F}' € HM0(Q, A) x HY2(8Qp) x H™/2(00y).

Note that the domain equations, (6.2a) and (6.2b), look like equations of the second kind, while
both boundary equations, (6.2c) and (6.2d), as equations of the first kind, which is hinted by the
indices 11 in the notations of the system and the corresponding operators.

Note also that BDIE system (6.2) can be split into the BDIE system, M11, of 3 vector equations
(6.2b), (6.2¢), (6.2d) for 3 vector unknowns, v, ¥ and ¢, and the separate equation (6.2a) that can be
used, after solving the system, to obtain the pressure, p. However since the couple (p,v) shares the
space H10(Q, A), equations (6.2b), (6.2¢), (6.2d) are not completely separate from equation (6.2a).

System M11, given by equations (6.2a)-(6.2d) can be written using matrix notations as

Mx =Fl (6.5)

—-1/2 /2

—~ —~1
where X = (p,v,1, @) € La(Q)x H (Q) x H (0Qp)x H = (090n) represents the 4-tuple containing
the unknowns of the system. The matrix operator M!! is defined by

I R* —I18 I
0 I+R -V %%

M = 6.6
0 roap YT R —roapV  Toap W (6.6)
0 7“39NTJr (R*,R) —To0N w’ roay L

We note that the mapping properties of the operators involved in the matrix imply the continuity
of the operator

-1/2 /2

MU Ly(Q) x HAUQ) x H 2(000) x H (09)
— Ly() x HY(Q) x H™Y2(00p) x HY?(0Qy).

The following result can be proved by applying an argument similar to [9, Remark 6.1].

Remark 6.1 The term F' = 0 if and only if (f, g, ®o, ¥o) = 0.

6.2 BDIE system M22,

Let us now obtain the BDIE system of the second kind, which will be hinted by the indices 22
(although with the spaces for unknowns and right-hand sides coinciding only up to ’tilde’). To this
end, let us take equations (5.4) and (5.3) in the domain €, as in M11,, but, unlike M11,, restriction
of the conormal derivative equation (5.6) to the Dirichlet part of the boundary, 9Qp, and restriction
of the trace equation (5.5) to the Neumann boundary part of the boundary, 9Q2y. Substituting there
representations (6.1) and considering the unknown boundary functions ¢ and @ again as formally
independent of the unknown domain functions v and p, we obtain the following system, M22,, of four
boundary-domain integral equations for four unknowns, (p,v) € H°(Q,.A), ¢ € H 2(8QN) and

veH P00,

p+R — Iy + % = Fy in Q (6.7a)
v+Rv—-—Vyp+Wep=F inQ, (6.7b)

1 [ ]

i‘b + 7100, TT(R*, R)v — roa , W' +roa, LYo = roa, TT (Fo, F) — o0, ®o on 00p, (6.7c)
1
§g0 + T@QN’7+RU — TaQNV’l/) + ’r‘aQNWQO = TaQN’7+F — T@QN(I)U on Q. (67d)

where the terms in the right hand sides Fy and F' are given by (6.3).

Note that BDIE system (6.7a)-(6.7d) can be split into the BDIE system, M22, of 3 vector equations,
(6.7b)-(6.7d), for 3 vector unknowns, v, 1) and ¢, and the separate equation (6.7a) that can be used,
after solving the system, to obtain the pressure, p. However, since the couple (p,v) shares the space
HMO(Q, A), equations (6.7b), (6.7¢c) and (6.7d) are not completely separate from equation (6.7a).
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System M22, can be written using matrix notations as
MPX = FZ, (6.8)

where the matrix operator M?2? is defined by

[ 1 R* —II¢ I |
0 I+R -V w
1
MP =10 7190, TH(R*\R) 700, <2I — w'> roan L7 : (6.9)
1
0 rooyY R —Toay VY o0 N <21+ W>
10 ——1/2 —~—1/2
the 4-tuple X = (p,v,¢,p) € H (% A) x H ~ (0Qp) x H  (0€Qy) represents the unknowns of

the system, and the 4-tuple
F2 =[Fo, F,roo, T (Fo, F) — 190, %o, vy F — rag, P

is the right hand side and F22 € H'0(Q; A) x H~2(00p) x H'/?(8Qy).
Due to the mapping properties of the operators involved in (6.9), we have the continuous mapping

/2 /2

M2 Ly(Q) x HUQ) x H 2(000) x H (60)
— Ly() x HY(Q) x H™Y2(00p) x HY?(0Qy).

The following result can be proved by applying an argument similar to [9, Remark 6.2].

Remark 6.2 The term F22 := [Fy, F,ro0, Tt (Fo, F)—roa, Yo, o0y F — o0, ®o] = 0 if and only
if (f,9,®o, ¥o) =0.

7 Equivalence theorem

The following result is analogous to the equivalence theorems proven for bounded domains in [9,
Theorem 6.3] (cf. also the equivalence result for boundary integral equations associated with the
mixed problem for strongly elliptic systems in bounded domains in [20, Theorem 7.9]).

Theorem 7.1 (Equivalence Theorem) Let f € Lo(p;Q), g € Ly(Q) and let &, € H™/2(0Q) and
W, € H'2(00) be some fized extensions of @, € HY?(0Qp) and ¢y € H™Y?(0Qy) respectively.
Let conditions 2.1 and 4.4 hold.

(i) If some (p,v) € La(Q) x H(Q) solves the mized BVP (2.12), then the set (p,v, 1, @), with
p=7"v—®), vY=T"(p,v)— ¥, ond, (7.1)

71/2(89,3) X H1/2(8QN) and solves BDIE systems (6.2) and (6.7).

-1/2

belongs to H0(Q;.A) x H

(i3) If (p,v,%, ) € La(Q2) x H'(Q) x H (0Qp) x H1/2(89N) solves one of the BDIE systems,
(6.2) or (6.7), then it also solves the other BDIE systems. Furthermore, the pair (p,v) belongs
to H10(Q;.A) and solves the mized BVP (2.12), while ¢ and ¢ satisfy (7.1).

(i4i) BDIE systems (6.2) and (6.7) have at most one solution (p,v,, ) in the space La(Q) x H(Q)x
7 200p) x 7 (00n).
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Proof: (i) Let (p,v) € La(R2) x HY(Q) be a solution of BVP (2.12). Since f € La(p;Q), then
(p,v) € HYO(Q;.A). Let us define the functions ¢ and 4 by (7.1). By the BVP boundary conditions,
Yrv = @y = roa,®o on 9Qp and T (p,v) = o = ron, Po on dQy. Then (7.1) implies that
(Y, p) € Hil/Q((?QD) X H1/2(8QN). Taking into account the third Green identities (5.3)-(5.6), we
obtain that (p,v, ¢, ) solves BDIE systems (6.2) and (6.7).

(ii-11) Let (p,v, 4, 9) € La(Q) x H'(Q) x H *(00p) x H"*(80x) solve BDIE system (6.2).
Then equations (6.2a), (6.2b) and Theorem 4.5 imply that (p,v) € HYY(Q;.A) and the canonical
conormal derivative T (p,v) is well defined. If we take the trace of (6.2b) restricted to 9Qp, use
the jump relations (4.55) for the trace of V- and W in Theorem 4.7, and subtract it from (6.2c), we
arrive at 7y, | vyt — %raQDcp = oy on 0f2p. Since ¢ vanishes on 92p, this implies that the Dirichlet
condition (2.12c¢) is satisfied.

Repeating the same procedure but now taking the traction of (6.2a) and (6.2b), restricted to 0y,
using jump relations (4.56) and (4.46) for the tractions of (II*,v) and (II?, W), and subtracting it
from (6.2d), we arrive at 7"(,mNT(p7 v)— %TBQNI/J = 1y on 0Ny. Since 1 vanishes on 0y ,, this implies
that the Neumann condition (2.12d) is satisfied.

Because ®g = ¢, on 02p and ¥ = 1, on 02y, we also obtain the inclusions

/2

Vit U - T (pv)e H (00), ¥ =@+ —yveH (00y).  (12)

By relations (6.2a) and (6.2b) the hypotheses of Lemma 5.2 are satisfied with ¥ = 1 + ¥ and
® = p+ Py . As aresult, we obtain that the couple (p, v) satisfies (2.12a) and (2.12b) and, moreover,

I°(P*) —I4®*) =0, V() —W(P)=0 inQ (7.3)

Due to inclusions (7.2) and relations (7.3), Lemma 5.3 for S; = 02p, and Sy = 0Qx implies ¥* = 0
and ®* = 0 on 02 and thus relations (7.1) hold.
Hence, by item (i) the set (p, v, 4, o) solves also BDIE system (6.7).

(ii-22) Let now (p,v,b,¢) € Lo(Q) x H'(Q) x H *(00p) x H"*(09x) solve BDIE system
(6.7). Then equations (6.7a), (6.7b) and Theorem 4.5 imply that (p,v) € H'%(Q2;.A) and the canonical
conormal derivative T (p, v) is well defined. Applying Lemma 5.2 with ¥ = 1) + ¥ and ® = ¢ + P,
to BDIEs (6.7a)-(6.7b), we deduce that the couple (p,v) solves PDE system (2.12a)-(2.12b) and

5(T*) —I4(®*) =0, V(") - W(®)=0, inQ, (7.4)
where
U =p+ Wy — T (p,v), =+ Py — v, on 0N. (7.5)
Taking the traction of (6.7a) and (6.7b) restricted to 9Qp and subtracting it from (6.7¢) we get
Tooy, T (p,v) — Too, To =1, on 9Qp. (7.6)
Taking the trace of (6.7b) restricted to 0y and subtracting it from (6.7d) we get

Toay ¥ V= Too Bo =@, on 0. (7.7)

——1/2 —1/2

Due to (7.6) and (7.7), we have ¥* € H ~ (0Qp) and ®* € H * (02x). Now, we can apply
Lemma 5.3 with S; = 9Qp and Sy = 00y, to obtain ¥* = 0 and ®* = 0 on 9, which by (7.5) imply
relations (7.1). Since rapq, ®o = ¢, and roq, Yo = 1, relations (7.1) imply boundary conditions
(2.12¢) and (2.12d). Thus the couple (p,v) is a solution of BVP (2.12) and hence, by item (i) the set
(p,v, 1, ) solves also BDIE system (6.2).

Finally, item (iii) follows from items (i) and (ii) and the fact that the BVP (2.12) has at most one
solution, see Theorem 2.4. O
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8 Isomorphism results

~——1/2 ~—1/2
In addition to the “narrow” spaces, H?(Q;.4) x H / (0Qp)x H / (0Q2n), mostly considered up to
now, we now prove the boundary-domain integral operator isomorphism properties also in the “wider”

spaces, with Ly(Q) x H'(Q) instead of H>?(Q;.A4). To this end, we introduce the notations

X = H(Q) x H 2(00p) x H(00x), X.:= Ly(Q) x X,

Y= HY Q) x HY2(0Qp) x H Y2(0Qy), Y := Ly(Q) x Y,
Y22 .= H(Q) x HV2(00p) x HY?(8Qy), Y2 = Ly(Q) x Y.

8.1 Isomorphism properties of BDIE operator M!!
Recall that operator ML! is given by (6.6).

Theorem 8.1 Let conditions 2.1, 4.4 and /.10 hold. Then, the operator
MILX, - Y (8.1)

where ML is presented by (6.6), is an isomorphism.

Proof: Let Mvil : X, — Y1 be the matrix operator

R® —TI8 Hd
I -V w

I
— 0

11 .
ME=10 00 —rppV roa,W
0

3 ~

0 —ro W' roaL

Note that the operator M}} is an upper block-triangular matrix operator. The first two diagonal
blocks are given by the identity operators I and I, whereas the third diagonal block can be represented
as

o o

—roapV oW | (T ul)o 8.2
N T g(I, pI) (8.2)

ey W)yl
—raoy W' roan L o
Taking into account [15, Theorem 3.10] (cf. also the argument at the end of Lemma 5.3 proof), block
(8.2) is an isomorphism and thus the operator Mvil : X, — Y!! is an isomorphism and hence is a
Fredholm operator with zero index.
The operator M1 — M1 : X, — YI! has the form

0 0 0 0
0 R 0 0
0 TaQD‘y+R 0 0
0 ooy TT(R*,R) roay (W' —W') roqy (LT — L)

MP =M =

and is compact due to the compactness of operators R and R*® given by Theorem 4.12 and of operators
W, W’ and £+ — L given by Theorem 4.6 and Corollary 4.9.

Therefore, the operator M}! : X, — YI! is Fredholm with zero index. Moreover, this operator is
also injective by virtue of Theorem 7.1, which implies that it is an isomorphism. O

Theorem 8.2 Let conditions 2.1, 4.4 and /.10 hold. Then the operator

—-1/2
(

M 100 A) x B2 (000) x H 2 (00N) — HO(Q: A) x HY2(00p) x HV2(00y) (8.3)

s an isomorphism.
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Proof: Let us consider the solution X = (MI)~1FH € X, of the system (6.5). Here F! €
H'O(Q; A) x HY?(00p) x H™'/?(00y) is an arbitrary right hand side and (M)~ is the inverse
of operator (8.1), which exists by virtue of Theorem 8.1.

Applying Lemma 5.2 to the first two equations of the system M11,, we get that X € H10(Q;.A) x

7 P oap) x B (00y) it FI e HWOQ;A) x HY2(00p) x HY2(9Qy). Consequently, the
operator (ML1)~1 is also the continuous inverse of the operator (8.3). O

8.2 Solvability of the mixed BVP and equivalence of constant-coefficient BIEs

The proved results for the BDIE system M11, immediately lead to the following assertion for the
mixed BVP (note that in a more general setting the mixed BVP solvability for the variable-coefficient
Stokes system in exterior domains was considered in [17]).

Theorem 8.3 Let f € H'O(Q.A), g € La(p;Q), po € HY/?(00p) and vy € H™/?(00). In addi-
tion, let conditions 2.1, 4./ and 4.10 hold. Then, the BVP (2.12) is uniquely solvable in H°(Q; A).
Furthermore, the mixed BVP operator (2.13) is an isomorphism.

Proof: Let &, € H'?(8Q) and ¥, € H'/2(9Q) be some extensions of ¢, € HY?(8Qp) and
o € H'/2(00y), respectively.

The BDIE system M11, is uniquely solvable by Theorem 8.2 and is equivalent to the BVP (2.12) by
Theorem 7.1. In addition, as operator (8.3) is an isomorphism. The BVP solution uniqueness (that is,
independence of the chosen extensions ®y and ¥y) is implied by Theorem 2.4, while the continuity of
the extension operators, well known for smooth domain boundary 92 and smooth interfaces between
0Qp and 00y, completes the continuity of the inverse to BVP operator (2.13).

O

When p = 1, the operator A becomes .,zl, R = R°* = 0 and the boundary-domain integral
equations system (6.2) becomes a BIE system with 2 vector equations and 2 vector unknowns on the
boundary 02,

1 o o
o0 (21,0 — W'y + Ecp) = TaQDTJr(F(), F) — TaQD‘IJQ, on 0Qp, (8.4)
1 o o
ToQy <2‘P -V + W‘P) = T@QN’Y+F —roa, Po, on 0QnN. (8.5)

and the representation formulas for (p,v) in Q,
p=Fy+ 1% — 1% in Q, (8.6)
v=F+Vi—WeinQ.

where the terms Fjy and F' are given by (6.3).

By considering x = 1 in Theorem 8.1 and Corollary 8.3, we obtain the following assertion for the
constant coeflicient case.

Corollary 8.4 Let u = 1 in Q, f € Ly(Q) and g € Lo(p; Q). Moreover, let &y € HY?(9Q) and
W, € H2(8Q) be some extensions of ¢, € HY?(Qp) and ¥, € H™Y?(00y), respectively.
Furthermore, let conditions 2.1, /.4 and 4.10 hold.

(i) If some (p,v) € La(p; Q) x H(Q) solves the mized BVP (2.12), then the solution is unique, the
couple (Y, ) € Hil/Q(ﬁﬁp) X ﬁ1/2(aQN) given by

p=7tv—®y, P=T"(p,v)— ¥y ondQ, (8.8)
solves the BIE system (8.4)-(8.5) and (p,v) satisfies (8.6)-(8.7).

(i) If a couple (1, ) € ﬁil/z(aﬁp) X ﬁl/Q(GQN) solves BIE system (8.4)-(8.5), then the couple
(p,v) € HYO(Q; A) given by (8.6)-(8.7) solves the mized BVP (2.12) and relations (8.8) hold.

Moreover, the BDIE solution is unique in ﬁ_l/z(aﬁp) X ﬁ1/2(8QN).
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8.3 Isomorphism properties of BDIE operator M??

Let us first provide two assertions to obtain some special operator representations for the right-hand
sides of the considered BDIE system.

Lemma 8.5 Let S = S; U Sy, where Sy and Sy are two open non-intersecting simply connected
non-empty submanifolds of 0Q with infinitely smooth boundaries. For any 4-tuple

F = (Fo,F, ¥ &) c H'O(Q;A) x H/2(S)) x H'/?(S))

there exists a unique 4-tuple

(G, Frr Wa, 8,) = Cs,.5,F € La(p; Q) x La(p; Q) x H™Y2(89) x HY?(9%) (8.9)

such that

. 4
of. + 3h9++ I°w, — 16, = Fy, in Q, (8.10a)
Uf, - Qg+ Ve, —Wo, =F in Q, (8.10b)
re, ¥, =¥ on Sy, (8.10c¢)
rs, . =P on Sy, (8.10d)
and

Csy.50  HYO (4 A) x H™Y2(S)) x HY2(Sy) — Ly(Q) x La() x HV2(8Q) x HY2(0Q)  (8.11)
1S a continuous operator.

Proof: The proof is similar to the one for bounded domains in [J, Lemma 7.5]. Let ®° = E;ll/ ‘W e

H'2(8Q) and ®° = Eééz@ e HY?(90Q) be extensions of ¥ and ® to the entire boundary € from
S1 and S, respectively. Here E§ : H*(S;) — H*(09), i = {1,2}, |s| < 1, are some linear continuous
extension operators from S; to 9 (cf. [34, Subsection 4.2]). Then any other extensions, ¥, and ®,,
of the ¥ and ® can be represented as

/2

O, =01y, peH S, (8.12)

~ o ~1/2
&, —d'+p pecH(S) (8.13)
The distributions W, and ®, satisfy the conditions (8.10c) and (8.10d) for any 17; and ¢. Consequently,
it is only necessary to choose gy, f,, 1 and @ such that equations (8.10a)-(8.10b) are satisfied.

Applying relations (4.5)-(4.10), equations (8.10a)-(8.10b) are reduced to

. 4 . N e N
Qf. + gug. +11° (wo+) —T1 (u0+ ) = F, (8.14)
Uf.—Q(ug.) +V (‘I'o + ibv) ~ W (u®o+ p@) = uF. (8.15)

=

Applying the Stokes operator with constant viscosity u = 1, A, to equations (8.14) and (8.15), and
the divergence operator to equation (8.15), we obtain

o

[ = Ao, uF), (8.16)
g = idiv(,uF), (8.17)

which shows that the function f, is uniquely determined by Fy and F' and belongs to Lo(p; ) since
(Fo, pF) € HO(Q; A) by virtue of the mapping properties given by Theorem 4.5. In addition, (8.17)
shows that g, is also uniquely determined by F and belongs to La(p; Q) since uF € H'(Q).
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Substituting (8.16) and (8.17) into equations (8.14)-(8.15) we obtain
' — 14(u@) = JoF, Vip— W(up)=JF inQ, (8.18)

where the operators Jy and J are defined as

JoF = (Fo - %div(uF) o) (A(FO,,,LF)) 1 (Eg 2 w) + Hd(,uEl/2<I>)> , (8.19)
JF = (uF —u (A(FD, MF)) + Qdiv(pF) - V(Eg*®) + W( 1/2<I>)) , (8.20)
Let IZ and ¢ satisfy (8.18). Then they also satisfy the system
rayt (Vo - W(usz)) = rs, (YFIF). (8.21)
Pt (s d uy
rs [T (10W) = T0(u@), Vi — W ()| = rs, (T (WF,IF)). (8.22)

Using matrix notations it can be written as follows

[ rs,V 7«527+y°\z} [ " ]_[ rs, (Y JF)
T

3 > 8.93
re W s L o s, <T+(J0]-", J.F)) (8.23)

The matrix operator given by the left-hand side of equation (8.23) is an isomorphism between the
spaces ﬁ_1/2(52) NI/Q(Sl) and H'Y?(Sy) x H™'/2(S) (see [15, Theorem 3.10] and the argument
at the end of Lemma 5.3 proof).

Therefore the solution of system (8.23) can be written as (@, %) = CF, where C' is a continuous
operator, which together with (8.16)-(8.17), (8.12)-(8.13) and continuity of the extension operators
Eil/ 2 produces a linear continuous operator 531752 in (8.11). Hence we proved that if a 4-tuple
(g*, fo, U, @) satisfying (8.10) does exist, it can be written as (8.9).

Let us prove that ¥, and ®,, obtained by substituting in (8.12) and (8.13) a solution (2, @) of
(8.23), and f,, g«, given by (8.16)-(8.17), satisfy (8. 10) Equations (8 10c) and (8.10d) are immediately
implied by (8.12) and (8.13). The couple (HSQ,ZJ Hd(/,up) Vi — (,u(p)) satisfies the incompressible
homogeneous Stokes system with 4 = 1. It is easy to check that the same system is also satisfied by the
couple (JoF,JF). By (8.21)-(8.22), the couples satisfy the same mixed boundary conditions and thus
they coincide also in the domain € by the uniqueness Theorem 2.4 with p = 1, i.e., equations (8.18)
hold and substitution of (8.19) and (8 20) into their right hand sides leads to (8 10@) and (8. 10b)

Since the extension operators E 12 are not unique, we still need to prove that the operator Csl S, 18
unique. To this end, let us con81der system (8.10) with zero right-hand side F. Then representations
(8.16)-(8.17) imply f,. = 0, g« = 0, while (8.10c)-(8.10d) and (8.12)-(8.13) give W, = P, P
@ on 0F, and finally (8.23) implies ©» = 0, ¢ = 0. This means the solution (g, f,, ¥., ®,) of
inhomogeneous system (8.10) is unique, along with the uniqueness of operator 551732. ]

Corollary 8.6 For any
F = (Fo, F1, Fao, Fs) € H'O(Q: A) x H2(51) x HY2(8y),
there exists a unique 4-tuple

(ges Frr Ws, @) = Cs,.5,F € La(p; Q) x La(p; Q) x HY2(9Q) x H'?(69),

such that
4
of. + 3H9++ e, — e, = F in Q, (8.24)
UF, + Qg + VI, — WS, = F; in, (8.25)
rsy (T (Fo, F1) — W.) = Fa on S, (8.26)
rs, (YT F1 — ®.) = F3 on S, (8.27)
and

Csy.5, : HYO(Q; A) x H™Y2(S)) x HY?(Sy) — La(p; Q) x La(p; Q) x H™Y2(9Q) x HY2(09)

18 a continuous operator.
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Proof: Let us take W := rg, TF(Fy, F1) — Fo, which implies ¥ € H~'/2(S;). Firstly, Fy €
H~'2(8;). In a similar fashion, let ® := rg,y"F, — F3, which implies & € H'/?(S;). Then the
Corollary follows from Lemma 8.5.
O
Recall that operator M?2 is given by (6.9).
Theorem 8.7 Let conditions 2.1, 4.4 and /.10 hold. Then the operator

1/2

M2 1O ) x H 2 000) x H(09x) — HO(Q: A) x H2(00p) x HY/2(008)  (8.28)

s an isomorphism.

Proof: Let us consider system (6.8) with an arbitrary right hand side
F2 e HO(Q; A) x HY2(00p) x HY?(00).

By Corollary 8.6, the right hand side F2? can be written in form (8.24)-(8.27) with S; = dQp and
So = 00 y. In addition,
(9*7 f*? ‘Il*v ¢*) = CaQD,(?QNFEZ

where the operator
Coap.aay @ HO (4 A) x HY2(80p) x HY2(00N) — La(p; Q) x La(p; Q) x HY2(80Q) x HY?(69)

is continuous. Then by Corollary 8.3 and Theorem and 7.1(i,iii), there exists a unique solution of the
equation M22X = F22. This solution can be represented as X = (p, v, %, @) = (M??)"1F22 with the
operator

—~1/2

(M2 100 A) x HV2(0Qp) x HY2(00y) — HYO(Q: A) x H 2 (000) x H' (00)

represented by

(p, U) = A]T}(f*jg*,raQD‘ﬁ*,raQN‘I’*),
¢ = T+(p,U) - ‘Il*,
p=7"v-d,

where the operator
AL La(p; Q) x Lo(Q) x HY2(0Qp) x HV2(9QN) — HY0(Q, A)

is continuous, see Corollary 8.3. Consequently, the operator (M22)~! is a right inverse of the operator
(8.28). In addition, (M?22?)~! is also the double sided inverse due to the injectivity of (8.28) given by
Theorem 7.1(iii).

]
System (8.4)-(8.5) can be expressed using matrix notations as
M2X = F2, (8.29)
. ~——1/2 —~—1/2
where X = (¢, ) € H ' (0Qp) x H = (09Qy), the operator
M2 H P 000) x H 2 (00y) = HV2(000) x HY2(00y), (8.30)
is defined by
1 . .
) T <21 — W’) roap, L
M = ] 1 ) , (8.31)
—T'BQNV o0 N (21+ W)
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and the right hand side 22 € H~'/2(00Qp) x HY?(9Qy) is given by

o2 _ | rony (T7(Fo, F) — %) ] | (332
roay (Y7 F — ®q)
Operator (8.30) is evidently continuous and moreover, by Corollary 8.4(ii) it is also injective.
Theorem 8.8 Let conditions 2.1, 4.4 and /.10 hold. Then, the operator
92 7y L/? Z7l/? ~1/2 1/2
M“:H " (0Qp)x H (0Qy) = H /2(0Qp) x H/*(00N) (8.33)
s an isomorphism.
Proof: A solution of the system (8.29) with an arbitrary right hand side
F2 = [Fy Fy) € HV2(00p) x HY2(00y)
is given by the pair (1, ¢) which satisfies the following extended system, cf. (8.4)-(8.7),
M2y = F2 (8.34)
~o9 <22 22
where X = (p,v,¥, ), F* =(0,0,F, ,F; ) and
[T 0 —11° 1 T
0 I -V W
1 . .
M2=|0 0 1, <21—W’) roop L (8.35)
o 1 o
0 0 —Troqy VY To0N <QI+ W>

By Theorem 8.7 with p = 1, the operator

/2

M2 100 ) x H 2 000) x H(008) — HYO(Q: A) x HV2(000) x HY?(008)  (8.36)

is an isomorphism. Hence system (8.34) always has a solution x = (M\QQ)_lﬁQQ and particularly
(P, p) = (((M\22)_1.7?22)3, (M\22)_1.7?22)4). This implies that operator (8.33) is surjective. By Corol-

lary 8.4 operator (8.33) is also injective and hence is an isomorphism.

Let us prove that operator M?2? is an isomorphism also in wider spaces. -
Theorem 8.9 Let conditions 2.1, 4.4 and 4.10 hold. Then, the operator
M2 X, - Y2 (8.37)
s an isomorphism
Proof: Let us consider the following operator
[ 0 —II° I ]
0 I -V w
MZ=1 0 0 nroq, @I—Vv') roa, L (8.38)
0 0 —roay VY To0N <;I+W>
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We can express the operator MEQ in the form
— 1 1~
M% = diag(I, —I,1,—T)M*diag(I, uI,I,pI). (8.39)
H H

The operator ./T/l\i2 defined by (8.35) can be understood as a block triangular operator matrix with
the following three diagonal block operators

I: Ly(QF) — Ly(Q),
I: HY(QT) = #H(QY),
M2 ' P oap) « B 008) — HV2(000) x HY?(00x).
By Theorem 8.8, the operator M?2 is an isomorphism. Consequently, M\zz is an isomorphism as well.

As 1 is strictly positive, the diagonal matrices are invertible and the operator Mﬁz is an isomorphism.
The operator M22 — M22 : X, — Y?? has the form

0 R® 0 0

M22 M/QQ 0 R 0 0
LR N | T‘aQDT+(R.,R) ToO (W' — W') TaQp (l:+ — E)

0 T39N7+R 0 0

and is compact due to the compactness of operators R and R*® given by Theorem 4.12 and of operators
W', W and LT — L given by Theorem 4.6 and Corollary 4.9.

Therefore, the operator M?? : X, — Y22 is Fredholm with zero index. Moreover, this operator is
also injective in virtue of Theorem 7.1 and the Remark 6.2, which implies that its an isomorphism. [J

8.4 Isomorphism properties of split BDIE operators

Since the unknown p appears only in the first equation and there is no interaction between p and
v through the wider space X, (in contrast to the narrow space containing H%(Q;.A)), we can split
the BDIE system to the smaller system containing three vector equations for the unknown 3-tuple
X3 = (v,7, ) € X and the remaining first equation considered as the representation formula for p.
Hence the operators that define the smaller split systems M11 and M22 are given by

I+R -V %%
M = roapYTR —rop,VY  ToapW |,
rooyTT (R, R) —roas W' 7ToayL
I+R -V \%%
1
M2 — TaQDT"‘(’RO"R,) o0 <2I — W’) T’BQD£+
1
rooy Y TR —To0N VY To0y <2I+ W)

The corresponding right hand sides are given by
F' = [F,roa, v F — g, roay T (F, F) — 4] € Y,
F2 .= [F,rp0, T (Fo, F) — o0, o, Toaxy F — roay ®o] € Y22,
Consequently, we can write the systems M11 and M22 as
MUy = FlL M22y3 — F22.

Since the pressure unknown only appears on the first equation of the BDIE systems M11, and M22,,
the invertibility of the operators M and M?? is implied by the invertibility of the operators M!!
and M?2 which leads us to the following assertion.

Corollary 8.10 The operators
M X S5 YY oand M??2 X - Y2

are isomorphisms.
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9 Conclusion

In this paper, we considered the mixed problem for compressible Stokes system with a variable smooth
viscosity coefficient in a three-dimensional exterior domain with a smooth boundary. The Stokes
equations right-hand sides are from the weighted Lo(2) spaces, the Dirichlet data from the space
H %(89 p) and the Neumann data from the space H _%(GQ ~)- Introducing the third Green identity
for exterior domains, the BVP was reduced to two systems of Boundary-Domain Integral Equations
and their equivalence to the original BVP was shown. After showing compactness of the remainder
operators in the exterior domain, where the Rellich compactness theorem is not directly applicable, we
proved that the associated operators are isomorphisms in the corresponding weighted Sobolev spaces.
Employing methods similar to [23], this approach can be extended to Lipschitz domains, non-
smooth coefficients, and more general PDE right-hand sides. Challenges of the mixed boundary
conditions on Lipschitz boundaries can be addressed implementing results of [20] and [27].
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