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A b s t r a c t  

 

 

 In this paper new expressions for the f ie ld produced by the 

d i f f r a c t i o n  o f  a  c y l i n d r i c a l  w a v e  s o u r c e  b y  a  w e d g e ,  w h o s e  a n g l e      

c a n  b e  e x p r e s s e d  a s  a  r a t i o n a l  mu l t i p l e  o f   a r e  g iven .  The  s o l u t i o n s  ,π

are  expressed  in  te rms  of  source  te rms  and  rea l  in tegra ls which represent  

t h e  d i f f r a c t e d  f i e l d .  T h e  g e n e r a l  r e s u l t  o b t a i n e d  i n c l u d e s  a s  s p e c i a l  

c a se s ,  Macdona ld ' s  so lu t i on  fo r  d i f f r ac t i on  by  a  ha l f  p l ane ,  a  so lu t i on  

fo r  Ca r s l aw ' s  p rob l em o f  d i f f r ac t i on  by  a  wedge  o f  open  ang l e  and  ,3/2π

a  n e w  r e p r e s e n t a t i o n  f o r  t h e  s o l u t i o n  o f  t h e  p r o b l e m  o f  d i f f r a c t i o n  b y    

a  m i x e d  s o f t / h a r d  h a l f  p l a n e .
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1.   Introduction

This  paper  i s  a  sequel  to  the  paper  Rawl ins  (1986) ,  in  which  the  

so lu t ion  to  the  problem of  the  d i f f rac t ion  of  a  p lane  wave  by  a  ra t iona l  

wedge is  given in  terms of  geometr ical  acoust ic  terms,  and real  integrals  

represent ing the diffracted f ie ld .  Here we shal l  give an analogous solut ion 

to  the  problem of  d i f f rac t ion  of  a  cy l indr ica l  acous t ic  wave  by  a  wedge  

w h o s e  a n g l e  c a n  b e  e x p r e s s e d  a s  a  r a t i o n a l  m u l t i p l e  o f   .π

 

The exac t  so lu t ion  o f  the prob lem of  d i f f rac t ion  by  a  so f t  o r hard  

w e d g e  o f  a n y  a n g l e ,  i n  t h e  t w o  d i m e n s i o n a l  c a s e  o f  c y l i n d r i c a l  a c o u s t i c  

wave incidence, is due to Macdonald (1902).  The solution was given in the 

form of a  complex contour integral,  which was obtained by summing the 

F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  o f  t h e  G r e e n ’ s  f u n c t i o n .  F o r  t h e  s p e c i a l  

case of  a  wedge which reduces to  a  half  plane,  Macdonald showed how the 

contour integral could be reduced to an elegant form involving real integrals. 

Though  the  form  of  Macdonald 's  solut ion  i s  extremely  s imple  the  method  

used in obtaining it required a considerable amount of analysis. The problem 

of  the  d i f f rac t ion  o f  a  l ine  source  by  a  ha l f  p lane  had  been  so lved  ear l ie r  

by  Cars law (1899)  us ing  a  method  based  on  tha t  used  by  Sommerfe ld  (1896)  

i n  cons ide r i ng  d i f f r ac t i on  by  a  p l ane  wave .  Ca r s l aw ' s  so lu t i on ,  t hough  

equivalent  to  Macdonald 's  solut ion,  was of  a  different  form.  Sommerfeld 's  

method was heurist ic,  using the physical  method of images in various 

mathematical Riemann sheets associated with a multivalued function. Although 

the hybridism of the mathematical  and physical  concepts was considered 

abs t ruse  i t  d id  p roduce  exac t  so lu t ions  to  h i the r to  insuperab le  p rob lems  

in  d i f f rac t ion  theory .  Cars law  who  was  an  ear ly  conver t  to  Sommerfe ld ' s  

method  l a te r  gave  up  us ing  the  idea  o f  R iemann  su r faces  and  i ns tead  used  

the more modern approach of using periodic Green's functions. Before giving
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up the Sommerfeld approach to solve diffraction problems, he espoused the 

cause  of  Sommerfeld  by  wri t ing  some fair ly  long exposi tory  papers  on his  

method with applications.  In particular he gives in Carslaw (1899),  a rather 

lucid  descr ipt ion  of  Sommerfelds  technique  by  consider ing  the  problem of  

diffraction by a wedge of open angle  when the normal method of images 3/2π

breaks down. This  par t icular example is  of ten used elsewhere to  descr ibe 

Sommerfeld’s method, see Carslaw (1906), p356, Carslaw and Jaeger (1959) 

p279. Baker and Copson (1949) p124, however nowhere is the explicit solution 

g iven  in  t e rms  o f  sources  and  images  and  rea l  in tegra l s  r epresen t ing  the  

d i f f r a c t e d  f i e l d .  We  s h a l l  g i v e  s u c h  a  s o l u t i o n  h e r e  a s  a  s p e c i a l  c a s e   

of a more general  result .  Our approach avoids Sommerfeld's  use of Riemann 

sur faces  and  s imply  uses  the  pe r iod ic  Green ' s  func t ion  fo r  an  a rb i t ra ry  

angle  wedge .  We then  cons ider  the  spec ia l  case  of  a  wedge  whose  angle  

can  be  expressed  as  a  ra t iona l  mul t ip le  o f  .  I t  i s  then  shown,  by  means  π

o f  a n  a p p r o p r i a t e  i n t e g r a l  r e p r e s e n t a t i o n  f o r  a  B e s s e l  func t i on ,  t h a t  t h e  

Green ' s  func t ion  fo r  a  cy l indr ica l  l ine  source  can  be  de r ived  f rom the  

p l a n e  w a v e  G r e e n ' s  f u n c t i o n  f o r  a  r a t i o n a l  w e d g e .  T h i s  e n a b l e s  u s  t o  

ob ta in  a  represen ta t ion  fo r  the  Green ' s  func t ion  fo r  a  cy l indr ica l  source ,  

in the form of source and image terms and real integrals which are convenient 

f o r  c a l c u l a t i o n s  o f  t h e  d i f f r a c t e d  f i e l d .  We  r e ma r k  t h a t  r e c e n t l y  t h e r e  

has been much work done on asymptotics for the wedge, see Deschamps (1985). 

The  resu l t s  p resen ted  here  o f fe r  a  new approach ,  in  tha t  a  wedge  o f  any  

angle  can be approximated to  any order  of  accuracy by a  ra t ional  wedge of  

a n g l e  p / q  ( p  a n d  q  i n t e g e r s ) ,  a n d  t h e  r e a l  i n t e g r a l s  o b t a i n e d  i n  t h i s  π

p a p e r  c a n  b e  a s y mp t o t i c a l l y  e v a l u a t e d  w i t h o u t  d i f f i c u l t y .
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I n  s e c t i o n  2  w e  s h a l l  g i v e  t h e  p e r i o d i c  G r e e n ' s  f u n c t i o n  f o r  a  

c y l i n d r i c a l  w a v e  s o u r c e  a n d  a  w e d g e  o f  a r b i t r a r y  a n g l e .  T h e  G r e e n ' s  

f u n c t i o n  i s  i n  t h e  f o r m  o f  a  c o m p l e x  c o n t o u r  i n t e g r a l .  S o m e  o f  t h e  

impor t an t  p rope r t i e s  o f  t he  Gre e n ' s  f unc t i on  a r e  s t a t e d ,  a nd  a pp rop r i a t e  

e x p r e s s i o n ,  i n  t e r m s  o f  t h i s  G r e e n ' s  f u n c t i o n ,  a r e  g i v e n  f o r  v a r i o u s  

d i f f rac t ion  p rob lems .  In  sec t ion  3  we  sha l l  cons ide r  in  de ta i l  the  spec ia l  

case of evaluating the complex contour integral representation of the Green's 

function for a wedge whose angle can be expressed as a rational multiple of . π

In  sec t ion  4  we sha l l  g ive  express ions  for  the  Green’s  func t ion  for  spec ia l  

cases  of  wedge angles .  Final ly  in  sect ion 5 we shal l  give solut ions to  some 

specif ic  problems in  diffract ion theory which are  special  cases  of  the more 

genera l  r e su l t  ob ta ined  in  sec t ion  4 .  The  f i r s t  p rob lem i s  the  c lass ica l  

problem of  d i f f rac t ion  by  sof t  o r  hard  ha l f  p lane  by  a  cy l indr ica l  source ,  

whose solut ion was given the different  forms by Carslaw (1899) ,  and 

Macdonald (1902),  (1915).  The second is Carslaw's  (1899) didatic problem, 

used to describe Sommerfeld's  technique of diffraction by an open wedge of 

a n g l e   n o  e x p l i c i t  s o l u t i o n  h a s  a p p e a r e d  i n  t h e  l i t e r a t u r e  f o r  t h i s  ,3/2π

prob l em.  The  l a s t  i s  a  new  r e su l t  f o r  t he  p rob l em o f  d i f f r ac t i on  by  a  

sof t /hard  p lane  by  a  cy l indr ica l  source .  

 

 I n  o r d e r  n o t  t o  d i s r u p t  t h e  f l o w  o f  t h e  a r g u m e n t s  i n  t h e  m a i n  t e x t  

of  the paper ,  var ious proofs  of  resul ts  needed have been placed in  appendices  

at  the end of the paper.  We remark in particular that  in appendix A we    

der ive a  useful  integral  representat ion for  the Hankel  funct ion ,  (z)H(2)
ν

| a r g z | < π / 2 ,  R e ν> - l .  T h i s  i n t e g r a l  i s  c l o s e l y  r e l a t e d  t o  a  r e s u l t  g i v e n  

by Macdonald (1897),  which does not seem to be well  known. Macdonalds 

der iva t ion  does  not  g ive  prec ise  ranges  of  va l id i ty ,  and  Watson 's  t rea t i se  on  

Bessel functions seems to have overlooked this integral representation.
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P e r i o d i c  G r e e n ' s  f u n c t i o n f o r  a  w e d g e2. 

The  per iod ic  Green ' s  func t ion   fo r  a  two  d imens iona l  k);θ,rθ,(r,G 00α

wedge  s i tua ted  in  the  space  π,2θα2π,r0 ≤≤−∞<<  s ee  f ig  1 ,  where  

( r , θ )  a re  cy l indr ica l  po lar  coord ina tes  has  been  shown by  Cars law (1920)  

to  be  g iven  by  

∫ −−
=

c 0

(2)
000 ζ,d

)/αθcosπosζ/αcosπ
αζ/sinπ)][kR(ζH

iα2
1k);θ,rθ,(r,G   (1) 

cos ζo2rrrr)R( 0
2

0
2 −+=ζwhere   and the square root is defined by 

.π/2)R(argπ/2 ≤  T h e  c o n t o u r  o f  i n t e g r a t i o n  c  i s  s u c h  t h a t  t h e  ≤− ζ

s t a r t i n g  p o i n t  i s  g i v e n  b y  a n d  t h e  t e r m i n a t i o n  p o i n t  i s  g i v e n  b y  1ci +∞

2ci +∞ π.2cπ0,cπ 21 <<<<−,  w h e r e  T h e  c o n t o u r  o f  i n t e g r a t i o n  c      

l i e s  b e l o w  t h e  b r a n c h  p o i n t   a n d  d o e s  n o t  ,))/2rrr((rcoshαζ 0
2
0

21 +== −

i n t e r s e c t  t h e  b r a n c h  c u t  :  ,ζImα0ζRe ∞<<=  s e e  f i g  2 .  
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I t  h a s  b e e n  s h o w n  b y  C a r s l a w  t h a t   h a s  t h e  f o l l o w i n g  k);θ,rθ,(r,,G 00α

p r o p e r t i e s  

,2θ

2

2r

1
rr

1
2r

22where0,αG)2k2(v
∂

∂
+

∂
∂

+
∂

∂
≡∇=+(i)   

f o r  a l l  p o i n t s   ,)0θ,0(rθ)(r, ≠

(ii)  = k);0θ,0rθ,(r,αG ,k);0θ,0r ,2θ(r,αG α+  

( i i i)   i s  f i n i t e  a n d  c o n t i n u o u s  f o r  a l l   k);0θ,0rθ,(r,αG ,)θ,(rθ)(r, 00≠

( i v )       (2) k);0θ,0rθ,(r,αG  ~ )0θ,0(rθ)(r,as)],0θ[kR(θ(2)
0H →− ,

      0~       , .ras ∞→  
The  Gre e n ' s  f unc t i on  g iven  above  enab l e s  one  t o  de r i ve  so l u t i ons  

to  va r ious  d i f f rac t ion  p rob lems  in  wedge  shaped  reg ions .  To  be  spec i f i c  

we  sha l l  d i scuss  acous t ic  waves .  The  so lu t ion  or   o f  the  problem of  sUhU

a  c y l i n d r i c a l  w a v e *  

         (3) ,)]0θ[kR(0(2)
0H0U −−

d i f f r a c t e d  b y  a  r i g i d  w e d g e   o r  a  s o f t  α)θand0θfor0θU( h ===∂∂

w e d g e   i s  g i v e n  b y  α)θand0θfor0s(U ===

k),;0θ,rθ,(r,αGk);0θ,0rθ,(r,αGhU −+=    (4) 

or 
        k),;θ,rθ,(r,Gk);θ,rθ,(r,GU 00α00αs −−=     (5) 

respectively. 

      The  so lu t ion  U  of  the  p rob lem of  a  cy l indr ica l  wave  (3 )  d i f f rac ted  s / h

by a wedge whose face  is  r igid 0θ = 0)θ|h/sU( =∂∂  and whose face  is  αθ =

soft  is given by 0)h/s(U =

k);0θ,0rθ,(r,2αGk);0θ,0rθ,(r,2αGh/sU −+=  

   k).;0θ,-2α0rθ,(r,2αGk);0θ,2α0rθ,(r,2αG +−−−   (6) 

iwte  ,  but (*Footnote:   The wave is assumed to have t ime harmonic variation

w i l l  n o t  b e  s h o w n  e x p l i c i t l y  i n  t h e  r e s t  o f  t h e  p a p e r ) .
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3  L i n e  s o u r c e  G r e e n ' s  f u n c t i o n  f o r  a  r a t i o n a l  w e d g e  

I f  t h e  w e d g e  a n g l e  a  i s  a  r a t i o n a l  m u l t i p l e  o f   i . e . ,     π

 w h e r e  p  a n d  q  a r e  i n t e g e r s  t h e  l i n e  s o u r c e  G r e e n ' s  f u n c t i o n  qpπα =

(1)  becomes 

.
p)/q)0θθ((cosp)/ζq(cos

dζp)/ζ(qsinq
)](ζR[k(2)

0H
ip2π

1k);0θ,0rθ,(r,

q
pπG

c −−
= ∫   (7) 

By using the integral  representat ion for  the Hankel  funct ion,  (A.4)  of   

append ix  A  wi th  v  =  0 ,  we  have  

∫ +∞

ζ+
++−

=
0

ic

cos
t
rrki

)
t

)rr(kt
(

2
i

t
dte

πi
1)]ζR([k(2)

0H
0

22
0

22

  (8) 

where c>0 and the contour  of  integrat ion is  as  shown in f ig  5 .  

 
 S u b s t i t u t i n g  t h e  r e p r e s e n t a t i o n  ( 8 )  i n t o  t h e  e x p r e s s i o n  ( 7 ) ,  a n d  

in te rchang ing  the  o rder  o f  in tegra t ion  (which  i s  pe rmiss ib le  s ince  

i n t e g r a l s  a r e  u n i f o r m l y  c o n v e r g e n t )  g i v e s  

∫ +∞

++−

= 0
ic ,

t
dt)

t
0r

2k
;0θθ,(r,

q
πpG

)
t

)2
0r

2(r2kt
(

2
i

e
iπ

1k);0θ0rθ,(r,
q

pπG  (9) 

where 

,
q/p))0θ((θcos)p/q(ζcos

dζp)/ζq(sinqikrcosζe
pi2π

1k);0θ,0rθ,(r,
q
pπG

c
−−= ∫   (10) 

i s  t h e  p l a n e  w a v e  G r e e n ' s  f u n c t i o n  f o r  a  r a t i o n a l  w e d g e .   I t  h a s  b e e n  

shown Rawlins (1986) that  the integral  (10) can be writ ten in the alternative 

form:  
 

)q/mpπ20θθcos(ikr
e]|pNπ

1q

0m
2q/mpπ

N
20θθ|π[H)k;0θθ,,r(

q
πpG

+−
∑
−

=
+∑ +−−=
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(11),(x)dx(2)

p
n)1(pH

p/q)mπ20θ(θcosxi
e

p)/π1)sin((np/q)/p)m2π0θsin(n(θπ/(2p))1i(ne

(x)dx(2)

p
n)(pH

p/q)m2π0θcos(θxi
eπ/p)sin(np/q)/p)m2π0θ1)(θsin((nπ/(2p)nie

p/q)/p)m2π0θsin((θ

p/q)m2π0θ(θcosrkie2p

1n

1q

0m2ip
1

dx(x)(2)

p
1H

p/q)m2π0θ(θcosxi
e

1q

0m p/q)/p)m2π0θ((θsin
/p)(πsinp/q)m2π0θ-(θsinπ/(2p)ip/q)mπ20θ(θcosikre

2p
1

kr

kr

kr

⎪⎭

⎪
⎬
⎫

−−
+−−

++−+−

−
+−−

+−++

⎪⎩

⎪
⎨
⎧

+−

+−
∑
−

=
∑
−

=
+

+−−

∑
−

= +−

+−+−
+

∫

∫

∫

∞

∞

∞

w h e r e  t h e  s u mma t i o n  o v e r  N  i s  fo r  a l l  i n t e g e r  v a l u e s  o f  N  w h i c h  c a n  

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

<

==

0x0
0x

2
1

0x1
]x[H

>

make the argument of the Heaviside step function  non negative. Thus 

on substituting the expression (11) into (9) and interchanging the order of 

integrations results in having to evaluate integrals of the form: 

∫∫ ∞
+∞

−
+

+−
t

0rr2k

t
dt

(x)dx
(2)
νH

cosψxi
e

cosψ
t

rr2ik
e

)
t

)2
0r

2(r2k
(t

2
1

e
iπ

1 ,00

ic

      

which is shown in appendix B to 'be equal to 

.dt)]it(kR[)2(
0H

costcosh
tcosh2

i

e2
0

−π
ψ+

ν
νπ

π
− ∫

∞
  

Thus 

∑
−

= +−+

−

+−

+−
−

+−++−−∑∑
−

=
=

∫
∞1q

0m
dt

p)mπ20θcos(θtcosh

it)][kR(π(2)
0H(t/p)cosh

p/q)/p)mπ20θsin((θ

p)p/q)sin(π/mπ20θsin(θ

πp
I

p/q)]m2π0θ[kR(θ(2)
0H]|Np2πp/qm2π0θθ|H[π

N

1q

0m
k);0θ0,rθ,(r,

q
πpG

0
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,dt
p/q)mπ20θcos(θtcosh

it)][kR(π(2)
0Hn)t/p)1cosh((p

p/q)/p)mπ20θsin((θ

π/p)1)(nsin/p)p/q)mπ20θsin(n(θ

dt
p/q)mπ20θcos(θcosht

it)][kR(π(2)
0n)t/p)H((pcosh

p/q)/p)mπ20θsin((θ

/p)sin(nπp/p)/p)mπ20θ(θ1)sin((n2p

1n

1-q

0mpπ
1

1q

0m
dt

p/q)mπ20θcos(θtcosh

it)][kR(π(2)
0H(t/p)cosh

p/q)/p)mπ20θsin((θ

p)p/q)sin(π/mπ20θsin(θ

πp
I

0

0

0

⎪
⎭

⎪
⎬

⎫

+−+

−−−

+−

++−
−

⎪
⎩

⎪
⎨

⎧

+−+

−−

+−

+−+
∑
−

=
∑
=

−

∑
−

= +−+

−

+−

+−
−

∫

∫

∫

∞

∞

∞

                                    (12) 
where the summation is performed for all  values of N which satisfy the ∑

N
inequality .πNpπ2p/qmπ20θθπ <++−<−  

Thus the solution U(r, ) of the problem of diffraction of the cylindrical θ

source U0 = H0 
(2)  [kR( )] by a soft or hard wedge of open angle  is 0θθ − /qpπα=

given by 

     (13) ,k);0θ0rθ,(r,
q
pπGk);0θ,0rθ,(r,

q
πpGθ)(r,US −−=

and 

     (14) ,k);0θ0rθ,(r,
q
pπGk);0θ,0rθ,(r,

q
πpGθ)(r,hU −+=

respectively where  is given by the expression (12).  Similarly the solution 
q
pG π

( 2 )of the problem of diffraction of the line source U  = H  [kR(θ-θ )]  by a 0 0 0

wedge whose  face θ  = 0  is soft,  and whose other face θ  =  p π /q is hard is 

given by 

       k),;0θ
q

2pπ,0rθ,(r,

q
πp2

Gk);0θ0rθ,(r,
q

2pπGθ)(r,s/hU −+=

,k);0θ
q

2pπθ,(r,
q
π2pGk);0θ

q
2pπ,0rθ,(r,

q
2pπG −−

+
−      (15) 

where k);0θ,0rθ,(r,
q
πp2G  is given by the expression (12) with  p  replaced by 2p. 

 An asymptotic expression for  can be obtained, from the k);0θ,0rθ,(r,
q
πpG

expression (20) of Rawlins (1986), by applying the techniques outlined in the 

appendix C.  Thus for  we have ∞→kr
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∫

∫

∞

∞

+−−
+−++

⎪⎩

⎪
⎨
⎧

+−+−
∑
−

=
∑
−

=
+

+−−

+−+−

+−
∑
−

=
+

∑ +−++−−∑
−

=
=

)0ξ(θ

)0ξ(θ

dξp/q)coshξmπ20θ(θikR
e)p/πnsin()p/q)/pmπ20θ(θ)(1nsin((

|p/q)/2m2π0θ((θcos|p/q)/p)m2π0θsin(θ
12p

1n

1q

0mπp
i

dξp/q)coshξmπ20θ(θikR
e

|p/q)/2m2π0θ((θcos|p/q)/p)m2π0θsin(θ

/p)sin(πp/q)m2π0θsin(θ1q

0mπp
i

N
]p/q)m2π0θkR(θ[(2)

0]H|pN2πp/qmπ20θθ|πH[
1q

0m
k);0θ0,rθ,(r,

q
pπG

⎪⎭

⎪
⎬
⎫+−−

++−− ∫
∞

)0ξ(θ
dξp/q)coshξmπ20θ(θikR

e)p/π)1nsin(()p/q)/pmπ20θ(θnsin(  

          (16) )kR((0 2/3−+ ),
where  

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+−

+−
−=

p/q)mπ20θR(θ

|p/q)/2mπ20θcos(θ|0rr21sinh)0ξ(θ     (17) 

The integrals  appear ing in  the above expression (16)  can be fur ther  

expressed  in  te rms  of  Fresne l  in tegra l s ,  whose  proper t ies  a re  wel l  known,  

f o r  d e t a i l s  s e e  J o n e s ,  ( 1 9 8 6 )  ,  p 5 5 8 .



-12- 

Special cases of wedge angles.

 

∑ +−++−−∑
−

=
=

N
]p/q)m2π0θkR(θ[(2)

0]H|pN2πp/qmπ20θθ|πH[
1q

0m
k);0θ0,rθ,(r,

q
pπG  (18) 

     '' 
 

 

)19(.dt0. )0θθcos(tcosh
)]itπ(kR[)2(

0Hp/t)n1pcosh((
)p/)0θθsin((

)p/π)1nsin(()p/)0θθ(nsin(

2p

1n
0 dt

)0θθcos(tcosh
])itπ(kR[)2(

0H)p/t()npcosh(
)p/)0θθsin(

)p/πnsin()p/)0θθ()1nsin(
p

1

0 dt
)0θθcos(tcosh

])itπ(kR[)2(
0H)p/tcosh(

)p/)0θθsin(
)p/πsin()0θθsin(

pπ
1

])0θθ(kR[)2(
0H]|pN20θθ

N
|[H)k;0θ,0r,θ,r(pG

⎪⎭

⎪
⎬
⎫

−+
−−−

−
+−

−

−

= ⎪⎩

⎪
⎨
⎧

−+
−−

−
−+

π
−

−+
−

−
−

−

−π+−−π=π

∫

∑ ∫

∫

∑

∞

∞

∞

     ''   

 

)20(
0

.dt
)p/mπ40θθ(costcosh
)]itπ(kR[)2(

0H)2/tcosh(
]

2
)q/mπ40θθ(

[
1q

0m
cos

π
1

1q

0m
)]q/m40(kR[

N

)2(
0H|]N40|[H)k;0,0r,,r(

q
2G

∫∑

∑ ∑

∞

+−+
−+−−

=
−

−

=
π+θ−θπ+θ−θ−π=θθ

π

 

The  l a s t  express ion  (20)  can  be  pu t  in  an  a l t e rna t ive  fo rm by  us ing  

t h e  r e s u l t s  o f  a p p e n d i x  D .  T h u s  

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+−
+−−=ξ

θζ π+−−
π+−∑

−

=π
+

+−++−−
−

=
=π

∫

∑∑

∞

)q/mπ40θθ(R
2/)q/mπ40θθcos(|0rr21sinh)0θ( where

)( ,ζdζcosh)q/m40θθ(ikR
e]}2/)q/m40θθ({

1q

0m
[cossgni

])q/mπ40θθ(kR[)2(
0H]|Nπ4q/mπ40θθ

N
|π[H

1q

0m
)k;0θ,0r,θ,r(

q
2G

0  

P = 1 

q = 1 q = 1 

p = 2 
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4. S o m e  S p e c i f i c  p r o b l e m s  i n  d i f f r a c t i o n  t h e o r y

M a c d o n a l d ' s  S o l u t i o n  f o r  a  h a l f  p l a n e .  

In  terms of  the Green 's  funct ion,  the  solut ion for  the problem of  

d i f f r a c t i o n  o f  a  c y l i n d r i c a l  w a v e  b y  a  s o f t ,  )]0θ(θkR[)2(
0H)θ,r(0U −=

o r  h a r d  h a l f  p l a n e  i s  g i v e n  b y  

,k);0θ,.0rθ,r,2πGk);0θ,.0rθ,(r,2πG),0θ,0rθ,(r,s   U          
,k);0θ,.0rθ,r,2πGk);0θ,.0rθ,(r,2πG),0θ,0rθ,(r,h   U          

−=
−=

  (22)          

 
respectively. 

     Pu t t ing  q  -  1  in  the  express ion  (21)  g ives  

         ])0θθ(kR[)2(
0H]|N40θθ

N
|[H)k;0θ,0r,θ,r(2G −π+−−π=π ∑

∫
ξ

ξ
ξ−

−
π

+
∞

|| )0θ(
,dcosh)0θθ(ikRe)]2./)0θθsgn[cos((i       (23) 

 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

θ−θ
θ−θ−=θξ
)0(R

2/)0cos(0rr21sinh)0(where           (24) 

 

Now for  and ,2πθ0 0 << ,2πθ0 <<  then ,2π|θθ| 0 <−  so that the argument of 

t h e  H e a v i s i d e  s t e p  fu n c t i o n  i n  ( 2 3 )  c a n  o n l y  b e  p o s i t i v e  i f  N  =  0 .  H e n c e  

  ])0θ[kR(θ(2)
0]H|0θθ|[πHk);0θ,0rθ,(r,2πG −−−=

∫∞
−

⎥
⎦

⎤
⎢
⎣

⎡ −
+

|ξ(θ)| )coshξ0θikR(θ
,dξe

2
)θθ(

cossgn
π
i 0          

∫∞
−

⎥
⎦

⎤
⎢
⎣

⎡ −
π

+−⎥
⎦

⎤
⎢
⎣

⎡ −
=

|ξ(θ)| )coshξ0θikR(θ
0

)2(
0 ,dξe

2
)θθ(

cossgni])θθ(kR[H
2

)θθ(
cosH 00  

If  cos  than 02/)0θ-θ(( >

 
ξ
∫∞ ξ

ξ−−
+−=π

)0θ( .dcosh)0θθ(ikre
π
i)]0θθ(kR[)2(

0H)k;θ,r,θ,r(2G 00
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Now us ing  the  fac t  tha t  

∫
∞

∞−

−−
=− ,ξd)coshξ0θikR(θe
π
i)]0θθ(kR[)2(

0H   

 
we can wri te  
 

,ξd
)coshξ0θikR(θ

e)0(
π
i)k;θ,r,θ,r(2G

−−

⎭
⎬
⎫

⎩
⎨
⎧ θξ

+=π ∫∫ ∞

∞

∞−
  

 

∫
∞−

ξ
ξ−−

=

)0ξ(θ

d
cosh)θθ(ikR

e
π
i     (25)    

 
If  then0)2/)0θθcos( <−

 

,ξd)coshξ0θikR(θe)0θ(
π
i)k;0θ,0r,θ,r(2G −−ξ

=π ∫∞           

 

∫
∞−

ξ
ξ−−

=
)0ξ(θ

d
cosh)θθ(ikR

e
π
i     (26) 

 
Hence for any sign of cos /2 we have )0θ(θ −
 

,ξd)cosh0θikR(θe)0(
π
i)k;0θ,0r,θ,r(2G ξ−−θξ

=π ∫ ∞−
     (27)   

 
T h e  e x p r e s s i o n  f o r k)'0θ,0rθ,(r,2πG −  c a n  b e  f o u n d  i n  e x a c t l y  t h e  s a m e  

m a n n e r  f o r    i .e .  π<+< 4θ00 0

  )]0θ[kR(θ(2)
0H]|0θθ|H[π[k);0θ,0rθ,(r,2πG ++=−

 

∫
−ξ

ξ
+−

+++−+−+
∞

|)0θ(| d
)coshξ0θikR(θ

e)/2)]0θsgn[cos((θ
π
i)]0θ[kR(θ(2)

0]H|4π0θθπ[H

 
            (28) 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
+−=−

)0θR(θ
)/20θcos((θ0rr21sinh)0θξ(where       (29)
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Hence 

  )]0θ[kR(θ(2)
0)/2)]H0θH[cos((θk);0θ,0rθ,(r,2πG ++=−

∫
− +−

++
∞

)0θξ( dξ
)cosh0θikR(θ

e)/2)]0θ[cos((θsgn
π
i ξ

   

 

∫
− +−

=
∞−

)0θξ( .dξ)coshξ0θikR(θe
π
i     (30) 

 
T h u s  t h e  s o l u t i o n  o f  t h e  p r o b l e m  o f  d i f f r a c t i o n  o f  a  c y l i n d r i c a l  w a v e  

b y  a  h a r d  o r  s o f t  h a l f  p l a n e  i s  g i v e n  b y  s u b s t i t u t i n g  t h e  e x p r e s s i o n s  

( 2 7 )  a n d  ( 3 0 )  i n t o  ( 2 2 )  g i v i n g  

∫∫ ∞−∞−

−−
+=

)0ξ(θ coshξ0θikR(θ-)0ξ(θ coshξ0θikR(θ-
hU dξe

π
idξe

π
i)θ,rθ,(r, 00 , 

            (31) 

∫∫ ∞−∞−

−−
−=

)0ξ(θ )coshξ0θikR(θ-)0ξ(θ )coshξ0θikR(θ-
sU dξe

π
idξe

π
ik);θ,rθ,(r, 00 , 

 
where are  given by (24)  and (29)  respect ively.  This  resul t  agrees  )(

0
θ±ξ

with that  of  Macdonald (1915) .  
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S o l u t i o n  o f  C a r  s l a w ' s  p r o b l e m  f o r  a  w e d g e  a n g l e  a  =  2 π / 3 .  

The  so lu t ion  for  the  problem of  d i f f rac t ion  of  a  cy l indr ica l  wave  

)]θ[kR(θH)θ,rθ,(r,U 0
(2)

0000 −=  b y  a  s o f t  o r  h a r d  w e d g e  o f  o p e n  a n g l e  

3/2π=α  i s  g iven  by  

        ,k);0θr,θ,(r,Gk);0θ,0rθ,(r,G)0θ,0rθ,(r,sU

3

2π

3

2π −−=  

            (32) 

         ,k);0θr,θ,(r,Gk);0θ,0rθ,(r,G)0θ,0rθ,(r,hU

3

2π

3

2π −−

where,  from the expression  (21) with q = 3,  

∑ −+−−=

1N
)]0θ[kR(θ(2)

0]H|14ππ0θθ|H[πk);0θ,0rθ,(r,

3
2πG          

         ]3)/4π0θ[kR(θ(2)
0]H|2N4ππ/3

2N
40θθ|H[π +−++−−+ ∑

         ]3)/π80θ[kR(θ(2)
0]H|3N4ππ/3

2N
80θθ|H[π +−++−−+ ∑

∫
−− −−

−+
∞

]|/2)0θ(θcos(|0rr[21sinh dξcoshξ)0θikR(θe ])/2)0θ(θ[cos(sgn
π
i  

∫
π+−−

π+−+
∞

]|/3)/240θcos((θ|0rr[21sinh]/3)/2)40θ(θ[cos(sgn
π
i  

− − + π

ξ

+−+

+−−

π+−−
∫∞

de.

/3)/2)]8πθ(θ(cos[sgn
π
i

dξe.

/3)cosh ξ8π0θikR( θ

]|/2)3/80θ(θ(cos|0rr[21sinh

/3)cosh ξ40θikR( θ

0  (33) 

I t  i s  no t  d i f f icu l t  to  show tha t  for  3/2π0θθ3/2π <−<−  then  N  =  0 ,  N  =  0 ,  1 2

N  = -1 .  Hence  3

])0θ(θkR[(2)
0Hk);0θ,0rθ,(r,

3
2πG −=                  

     ])3/4π0θ[kR(θ(2)
0H]|3/4π0θ-θ|[πH +−++ -

     )]3/4π0θ(θkR[(2)
0H] |3/4πθ-θ|π[H 0 +−−+ -
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∫
−− −−

−+
∞

|])2/)0θθcos((|0rr2[1sinh ξdξcosh)0θθ(ikRe)]2/)0θ(θ[cos(sgn
π
i  

 

∫
π+−−

π+−+
∞

]|2|)3/4/0θθcos((|0rr2[1sinh .)]2/)3/40θ(θ[cos(sgn
π
i  

)34(.d8ππ/3)cosh0θikR(θe.

.]|/2)π/340θ(θ(cos|0rr[21sinhπ/3)/2)]40θ(θ(cos[sgn
π
i

dξ4ππ/3)cosh0θikR(θe.

ξ
+−−

+−−

∞
−−+

− − +

∫  

We also have  from the  expression (21), 

∑ +π++−π=−π
1N

])0θθ(kR[)2(
0H]|1N40θθ|[H)k;0θ,0rθ,,r(

3
2G  

)]3/40(kR[

2N

)2(
0H]|2N43/40|[H π+θ+θπ+π+θ+θ−π+ ∑  

)]3/80(kR[

3N

)2(
0H]|2N43/80|[H π+θ+θπ+π+θ+θ−π+ ∑  

∫
+− +−

++
∞

|])2/)0θθcos((|0rr2[1sinh ξdξcosh)0θθ(ikRe)]2/)0θ(θ[cos(sgn
π
i  

∫
π++−

π+++
∞

]|2|)3/4/0θθcos((|0rr2[1sinh)]2/)3/4)0θ(θ[cos(sgn
π
i . 

)35(.d8ππ/3)cosh0θikR(e.

.]|/2)π/380θ(θ(cos|0rr[21sinhπ/3)/2)]80θ(θ(cos[sgn
π
i

dξ3)cosh/4π0θikR(θe.

ξ
++−

++−

∞
+++

ξ++−

∫  

F o r  t h e  r a n g e  o f  v a l u e s  3/4π0θθ0 <+<  i t  i s  n o t  d i f f i c u l t  t o  s h o w  t h a t  

N  =  0 ,  N  t a k e s  n o  v a l u e s ,  N  =  - l ,  s o  t h a t  1 2 3

])0θθ(kR[)2(
0H]|0θθ|[H)k;0θ,0rθ,,r(

3
2G ++−π=−π  

])/34π0θ[kR(θ(2)
0)]H/34π0θθ|H[π −+−+−+  

.d
)cosh0θikR(θ

e

]|/2)0θ(θ(cos|0rr[21sinh
)/2)]θ(θ(cos[sgn

π
i

ξ
0

ξ
+−

+−
+++ ∫∞  
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.d
ξ/3)cosh40θikR(

e

]|/2))3/40θ(θ(cos|0rr[21sinh)/2)]3/40θ(θ(cos[sgn
π
i

ξ
π++−

π++−

∞
π+++ ∫  

)36(.d
ξ/3)cosh40θθikR(

e

]|/2))3/40θ(θ(cos|0rr[21sinh .)/2)]3/40θ(θ(cos[sgn
π
i

ξ
π−+−

π−+−

∞
π−++ ∫  

 

S u b s t i t u t i n g  t h e  e x p r e s s i o n s  ( 3 4 )  a n d  ( 3 6 )  i n t o  ( 3 2 )  g i v e s  t h e  s o l u t i o n  

t o  t h e  p r o b l e m o f  d i f f r a c t i o n  o f  t h e  c y l i n d r i c a l  w a v e   b y  a  )0θ,0rθ,(r,0U.

s o f t  o r  h a r d  w e d g e  o f  o p e n  a n g l e  2π / 3 .  
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D i f f r a c t i o n  b y  a  h a r d / s o f t  h a l f  p l a n e

 I n  t e r m s  o f  t h e  G r e e n ' s  f u n c t i o n  t h e  s o l u t i o n  f o r  t h e  p r o b l e m  

o f  t h e  d i f f r a c t i o n  o f  t h e  l i n e  s o u r c e   ])θkR(θ[(2)H)θ,rθ,(r,U 00000 −=

b y  a  h a r d / s o f t  h a l f  p l a n e  i s  g i v e n  b y  

  k);,-θrθ,(r,4πGk);θ,rθ,(r,4πG)θ,rθ,(r,h/sU 000000 +=  

   k);θ,-4πrθ,(r,4πG-k);θ-,4πrθ,(r,4πG- 0000 + .    (37) 

B y  p u t t i n g  p  =  4  i n  t h e  e x p r e s s i o n  ( 1 9 )  w e  o b t a i n  

∑ −+−−=
N

])0θkR(θ[(2)
0]H|N8π0θθ|π[Hk);0θ-,4π0rθ,(r,4πG   

∫
∞

−+

−

−

−
−

0

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/4t(cosh

4)/)0θθ((sin

)0θ(θsin.
2π4

1  

⎪⎭

⎪
⎬
⎫

−+

−
−

⎪⎩

⎪
⎨
⎧

−+

−

−

−
−

∫

∫

∞

∞

0

0

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/2t(cosh

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/43t(cosh

4)/)0θθ((sin2

)2/)0θ(θ(sin

π4
1

  

⎪⎩

⎪
⎨
⎧

−+

−

−

−
− ∫

∞

0

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/2t(cosh

4)/)0θθ((sin

)4/)0θ(3(θsin

π4
1  

.dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/4t(cosh

4)/)0θθ((sin2

)2/)0θ((θsin

0 ⎪⎭

⎪
⎬
⎫

−+

−

−

−
− ∫

∞

   (38) 

For   the only value of N which satisfies 2π0θθ2π <−<− πN 8π0θθπ <+−<−  is 

N = 0.  Hence 

  ])0θkR(θ[(2)
0]H|0θθ|π[Hk);0θ,0rθ,(r,4πG −−−=

 

∫
∞

−+

−

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

−
−+

0

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/2t(cosh

4)/)0θθ((sin

)4/)0θ(3(θsin
1

π4
1 
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∫
∞

−+

−
−−

0

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/4t3(cosh

4)/)0θθ((cos
π4
2  

,dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/4t(cosh

)2)/)0θθ((cos2(14)/)0θθ((cos
π4
2

0
∫
∞

−+

−
−−−+  (39) 

])0θkR(θ[(2)
0]H|N0θθ|π[H −−−=  

∫
∞

−+

−
−−

0

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/4t(cosh

2)/)0θθ((cos
π2

1  

∫
∞

−+

−
−−

0

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/4t3(cosh

4)/)0θθ((cos
π4
2  

.dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/4t(cosh

)2)/)0θθ((cos2(14)/)0θθ((cos
π4
2

0
∫
∞

−+

−
−−−+  (40) 

I n  a  s i mi l a r  ma n n e r  i t  i s  n o t  d i f f i c u l t  t o  s h o w  t h a t   

])0θkR(θ[(2)
0]H|0θθ|π[Hk);0,-θ0rθ,(r,4πG ++−=  

∫
∞

++

−
+−

0

dt
)0θ(θcosthcos

]it)(πkR[(2)
0)H/2t(cosh

2)/)0θθ((cos
π2

1   

∫
∞

++

−
+−

0

dt
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B y  s u b s t i t u t i n g  t h e  e x p r e s s i o n s  ( 4 0 )  t o  ( 4 3 )  i n t o  ( 3 7 )  g i v e s  t h e  

s o l u t i o n  f o r  d i f f r a c t i o n  b y  a  h a r d / s o f t  h a l f  p l a n e  a s  :  
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Appendix A.

 

 Here we derive a contour integral representation for  for )z()2(Hν

π/2,argzπ/21,ν namely ≤−−> ≤

1νt

dt/4t)2zi(te
/2)πi(argzoe

iciπ
12

πiν

eνz(z)(2)
νH

+
+−

−

+= ∫∞    (A.1) 

F r o m Wa t s o n  ( 1 9 4 4 )  p  1 7 9  w e  h a v e  t h e  i n t e g r a l  r e p r e s e n t a t i o n  

,π/2argzπ/2,1νu

du)1u(u
e

πi-e
i00eiπ

1(z)(2)
νH 2

z

≤≤−
+

−−∞
−= ∫   (A.2) 

 

w h e r e  t h e  c o n t o u r  o f  i n t e g r a t i o n  i s  s h o w n  i n  f i g  3 .  L e t   2/ite2zu π−=

then 

1νt

dt/4t)2zi(te
/2)π(argze
/2)π(argzie0iπ

12
πiν

e
ν

2
z(z)(2)

νH
+

+−
−∞
+⎟

⎠
⎞

⎜
⎝
⎛−= ∫   (A.3) 

S ince  π/2,argzπ/2- <<  then  0π/2argzπ- <−<<  and  π,π/2argz0 <+<          

which  means  tha t  the  upper  l imi t  o f  in tegra t ion  l ies  in  the  lower  ha l f            

t  -  p lane ,  and  the  lower  l imi t  o f  in tegra t ion  l ies  in  the  upper  ha l f  t -p lane .  

  

Provided Re > -1 we can apply Jordan’s lemma ν

to distort the path of integration to run along 

a path parallel  to the real  axis at  a distance 

c > 0 as  , see Jeffreys and Jeffreys (1956) ∞→t

p 392. Thus 

,
1νt

dt/4t)2zi(te
/2)πi(argze0

iciπ
12

πiν

e
ν

2
z(z)(2)

νH
+

+−
−

+∞⎟
⎠
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⎝
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,1νt

dt/t)2z(t
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i

e
/2)π(argze0

iciπ
12

πiν
eνz

+

+−+

+∞
= ∫    (A.4) 

       .1-Re0,cπ/2,argzπ/2- >ν><<  

 
   fig 5. 

Appendix B    

 H e r e  w e  d e r i v e  a n  a l t e r n a t i v e  r e p r e s e n t a t i o n  f o r  t h e  d o u b l e  

i n t e g r a l  

⎪
⎪

⎩

⎪
⎪

⎨

⎧
++−

∫ +∞
=

ψcos
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e1ILet ν
ψ−

∞

ψ

= ∫     (B.2) 

t h e n  b y  u s i n g  t h e  i n t e g r a l  r e p r e s e n t a t i o n ,  L e b e d e v  ( 1 9 6 5 )  p l 1 7 - 1 1 8  

,1|νRe|,0zIm,uduνhcosixcoshue
0iπ

2
πiν

e2(z)(2)
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a s  

,vuducoshdx)ucosh(cosixet
0rr2ik

e
0iπ

2
πiν

2e
1I

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

+ψ−∞
−= ∫  



-24- 

  

.ducoshvu0 cosψo(coshu

coshu
t

i

e2
iπve

iπ
2

0rr2k

∫
∞

+
−−=                                      (B.4) 

S u b s t i t u t i n g  t h e  l a s t  e x p r e s s i o n  ( B . 4 )  i n t o  ( B . 1 )  a n d  i n t e r c h a n g i n g  

the order  of  integrat ion gives  
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Here we evaluate  the integral  

∫∫ ∞+∞
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u)|2cosψ|/t2rrk(v 0=We can rewrite this as  
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Appendix D. 

 

We  s h a l l  h e r e  g i v e  a n  a l t e r n a t i v e  r e p r e s e n t a t i o n  fo r  t h e  i n t e g r a l  
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W e  n o w  u s e  t h e  r e p r e s e n t a t i o n ,  s e e  a p p e n d i x  A ,  
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(See appendix A).  Thus 
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In the last integral we make the change of variable w = R( )   sinh   so that ψ ξ
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