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1. INTRODUCTION

Many statistical models have been proposed in which underlying exponential 

distributions are assumed.  Applications of such models occur in a large 

number  of  areas ,  for  example in  re l iabi l i ty  and l i fe- test ing invest igat ions  

and in  the  s tudy of  the  pa t te rn  of  in terva ls  be tween poin t  events  in  a  

ser ies  of  events  when a  Poisson process  i s  of ten  pos tu la ted .   The  methods  

o f  s t a t i s t i c a l  i n f e r e n c e  f o r  s u c h  m o d e l s  a r e  u s u a l l y  s i m p l e  t o  a p p l y  

but  unfor tunate ly  a re  sens i t ive  to  depar tures  f rom the  exponent ia l  form.  

I n  a  s i g n i f i c a n c e  t e s t i n g  s i t u a t i o n  t h i s  l e a d s  t o  a  d i f f i c u l t y  i n  

i n t e r p r e t a t i o n  s i n c e  t h e  t r u e  o b s e r v e d  s i g n i f i c a n c e  l e v e l  m a y  d i f f e r  

a p p r e c i a b l y  f r o m  t h a t  c a l c u l a t e d  o n  t h e  a s s u m p t i o n  o f  a n  u n d e r l y i n g  

e x p o n e n t i a l  d i s t r i b u t i o n ,  i f  t h e  a s s u m p t i o n  i s  i n c o r r e c t .  

T o  o v e r c o me  t h i s  d r a w b a c k ,  d i s t r i b u t i on - f r ee  t e s t s  have  been  p roposed  
i n  w h i c h  t h e  o b s e r v a t i o n s  a r e  f i r s t  r a n k e d  a n d  t h e  r a n k s  t h e n  r e p l a c e d  
b y  e x p o n e n t i a l  s c o r e s  w h i c h  a r e  t h e  e x p e c t e d  v a l u e s  o f  t h e  o r d e r  
s t a t i s t i c s  i n  a  s a m p l e  f r o m  t h e  s t a n d a r d  e x p o n e n t i a l  d i s t r i b u t i o n .  
T h i s  g u a r a n t e e s  t h e  v a l i d i t y  o f  t h e  t e s t ,  w h a t e v e r  t h e  f o r m  o f  t h e  
u n d e r l y i n g  d i s t r i b u t i o n .  I n  a d d i t i o n  t h e r e  i s  n o  l o s s  o f  e f f i c i e n c y  
in  very large samples  when the underlying dis t r ibut ions are  exponent ia l ,  
a n d  o f t e n  mo r e  g e n e r a l l y ,  w h e n  t h e  d i s t r i b u t i o n s  b e l o n g  t o  a  L e h ma n n  
f a mi l y  w h i c h  i n c l u d e s  t h e  W e i b u l l  d i s t r i b u t i o n s  w i t h  c o m m o n  p o w e r  
p a r a m e t e r  a n d  h e n c e  t h e  e x p o n e n t i a l  d i s t r i b u t i o n  a s  a  s p e c i a l  c a s e .  

I n  t h i s  r e p o r t ,  w e  d e s c r i b e  a  n u m b e r  o f  s t a t i s t i c a l  t e s t s  b a s e d  o n  
exponential  scores,  some new, some well-known, many of which have b e e n  
p r o p o s e d  a n d  e v a l u a t e d  w i t h i n  t h e  l a s t  t e n  y e a r s .  T h e  p u r p o s e  o f  t h i s  
i s  t o  d e m o n s t r a t e  t h e  w i d e  a r e a  o f  a p p l i c a t i o n  o f  e x p o n e n t i a l  s c o r e s  
p r o c e d u r e s .  T h e  p r o c e d u r e s  w h i c h  a re  d e s c r i b e d  d e a l  wi t h  g o o d n e s s  o f  
f i t  t e s t s  f o r  t h e  e x p o n e n t i a l  d i s t r i b u t i o n ,  t h e  c o m p a r i s o n  o f  t w o  
samples  wi th  and  wi thout  censor ing ,  and  the  compar i son of  k>2 s a m p l e s ,  
a n d  f i n a l l y  t e s t s  f o r  t r e n d  a n d  s e r i a l  d e p e n d e n c e  a l t e r n a t i v e s  a g a i n s t  
a  r e n e w a l  p r o c e s s  f o r  t h e  i n t e r v a l s  i n  a  s e r i e s  o f  e v e n t s .  S o m e  
o f  t h e  r e s e a r c h  f i n d i n g s  r e l a t e d  t o  p o w e r s  o f  s o m e  o f  t h e  t e s t s  a r e  
d i s c u s s e d ,  t h e s e  f i n d i n g s  b e i n g  b a s e d  o n  a  s e r i e s  o f  i n v e s t i g a t i o n s                           
m a d e  b y  t h e  a u t h o r  o v e r  t h e  p e r i o d  1 9 7 5 - 1 9 7 8 .  



2.   THE EXPONENTIAL SCORES AND SOME PROPERTIES

I n  t h i s  s e c t i o n  w e  p r e s e n t  s o m e  p r o p e r t i e s  o f  t h e  e x p o n e n t i a l  s c o r e s  
w h i c h  w i l l  b e  n e e d e d  i n  t h e  l a t e r  d e v e l o p m e n t .  L e t   n21 X,...,X,X
r e p r e s e n t  a  r a n d o m  s a m p l e  o f  o b s e r v a t i o n s  f r o m  t h e  u n i t  e x p o n e n t i a l   
d i s t r i b u t i o n  w i t h  p . d . f .  

f ( x )  =       ,             x  >  0      ( 2 . 1 )  xe−

a n d  c . d . f .  

F ( x )  =  1  -   ,          x  >  0  ( 2 . 2 )  xe−

I f   d e n o t e  t h e  o r d e r e d  o b s e r v a t i o n s  i n  t h e  )n()2()1( X...XX <<<

s a m p l e ,  t h e  p . d . f .  o f   i s  )r(X

( ) )x(f)}x(F1{)}x(F{n)x(g rn1r1n
1rr

−−−
− −=    

( ) 0x,e)e1(n )1rn(x1rx1n
1r >−= +−−−−−
−                                 ( 2 . 3 )  

I f  w e  s e t  w e  h a v e  ),X(Ee )r(n,r =

                     ( 2 . 4 )  ( )∫∞ +−−−−−
− −=

0
)1rn(x1rx1n

1rn,r dxe)e1(xne

T h e   f o r m  t h e  s e t  o f  e x p o n e n t i a l  s c o r e s .  }e{ n,r

I n  o r d e r  t o  f i n d  a  u s e f u l  c o m p u t a t i o n a l  f o r m  f o r  ,  i t  i s  b e s t  t o  n,re

f i r s t  f i n d  t h e  m o m e n t  g e n e r a t i n g  f u n c t i o n  o f  , w h i c h  w e  d e n o t e  b y  )r(X

)t(M
)r(X .  W e  h a v e  

       )e(E)t(M )r(
)r(

tx
X =

   ( ) dxe)e1(en )1rn(x
0

1rxtx1n
1r

+−−∞ −−−
− ∫ −=

       =   ( )∫ −−−−
− −

1

0
trn1r1n

1r dzz)z1(n

( )
)1tn(

)1trn()x(n 1n
1r +−Γ

+−−ΓΓ
= −

−                )5.2(
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W h e r e     i s  t h e  g a m m a  f u n c t i o n .  U s i n g  t h e  dxex)r( x
0

1r −∞ −∫=Γ

r e c u r r e n c e  r e l a t i o n  )5.2(,)1r()1r()r( −Γ−=Γ  b e c o m e s  

  1
X )}1trn)...(1tn)(tn{(

)!rn(
!n)t(M

)r(
−+−−−−−

−
=               ( 2 . 6 )  

S i n c e  

              ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−−

++
−−

+
−

=
)1trn(

1...
1tn

1
tn

1)t(M
dt

dM
)r(

)r(
X

)t(
X

 

a n d                  w e  o b t a i n  ,}dt/)t(dM{e 0tXn,r )r( ==

           ,
1rn

1...
1n

1
n
1e n,r +−

++
−

+=            r = 1 , … , n    ( 2 . 7 )   

The  ca lcu la t ion  o f  the  exponen t ia l  scores  us ing  (2 .7 )  i s  s t r a i g h t f o r w a r d  
a n d  t a b l e  1  g i v e s  v a l u e s  o f   f o r  n  =  2 ( 1 )  1 0  a n d  r  =  1 ( l ) n  .    F o r  n,re
l a r g e r  v a l u e s  o f  n  t h e  a p p r o x i m a t i o n  

⎟
⎠
⎞

⎜
⎝
⎛

−+
+

=⎟
⎠
⎞

⎜
⎝
⎛

+
≈ −

r1n
1nlog

1n
rFe 1

n,r  ( 2 . 8 )  

i s  u s u a l l y  a d e q u a t e .  

T A B L E  1

V a l u e s  o f  t h e  e x p o n e n t i a l  s c o r e s   }.e{ n,r

nr  2  3  4  5  6  7  8  9  1 0  
1  0 . 5 0 0  0 . 3 3 3  0 . 2 5 0 0 . 2 0 0 0 . 1 6 7 0 . 1 4 3 0 . 1 2 5  0 . 1 1 1  0 . 1 0 0
2  1 . 5 0 0  0 . 8 3 3  0 . 5 8 3 0 . 4 5 0 0 . 3 6 7 0 . 3 1 0 0 . 2 6 8  0 . 2 3 6  0 . 2 1 1
3   1 . 8 3 3  1 . 0 8 3 0 . 7 8 3 0 . 6 1 7 0 . 5 1 0 0 . 4 3 5  0 . 3 7 9  0 . 3 3 6
4    2 . 0 8 3 1 . 2 8 3 0 . 9 5 0 0 . 7 6 0 0 . 6 3 5  0 . 5 4 6  0 . 4 7 9
5     2 . 2 8 3 1 . 4 5 0 1 . 0 9 3 0 . 8 8 5  0 . 7 4 6  0 . 6 4 6
6      2 . 4 5 0 1 . 5 9 3 1 . 2  0 . 9 9 6  0 . 8 4 6
7       2 . 5 9 3 1 . 7 1 8  1 . 3 2 9  1 . 0 9 6
8        2 . 7 1 8  1 . 8 2 9  1 . 4 2 9
9         2 . 8 2 9  1 . 9 2 6

1 0          2 . 9 2 9
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T r e a t i n g  t h e  s e t  o f  v a l u e s   a s  a  f i n i t e  p o p u l a t i o n  o f  s c o r e s ,   }e{ n,r

t h e  l o w  o r d e r  m o m e n t s  o f  t h i s  p o p u l a t i o n  a r e  r e a d i l y  f o u n d  a s  f o l l o w s  
( C o x  ( 1 9 6 4 ) ) .  F r o m  ( 2 . 7 )  w e  m a y  w r i t e  

,
n
1ee 1n,1rn,r += −−  r = 1 , … , n    ( 2 . 9 )  

w h e r e   f o r  a n y  n .  T h u s  i f  w e  l e t   ,es
n

1r
n,rn,1 ∑

=
=0e n,0 =

w e  h a v e  

∑
=

−−− +=⎟
⎠
⎞

⎜
⎝
⎛ +=

n

1r
1n,11n,1rn,1 1s

n
1es                    ( 2 . 1 0 )  

W i t h   T h u s  .0s 0,1 =

                      ( 2 . 1 1 )  ( nsss
n

1j
1j,1j,1n,1 =−=∑

=
− )

 

S i m i l a r l y  i f  w e  l e t   w e  h a v e  ,es
n

1r

2
n,rn,2 ∑

=
=

∑
=

−− ⎟
⎠
⎞

⎜
⎝
⎛ +=

n

1r

2

1n,1rn,2 n
1es  

n
1s

n
2s 1n,11n,2 ++= −−     

n
12s 1n,2 −+−    =         ( 2 . 1 2 )  

w i t h   T h u s  .0s 0,2 =

( ) ∑∑
==

− ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=−=

n

1j

n

1j
1j,2j,2n,2 j

12sss                  ( 2 . 1 3 )  

                  n,nen2 −=

E x p r e s s i o n s  ( 2 . 1 1 )  a n d  ( 2 . 1 3 )  g i v e  t h e  s u m  a n d  s u m  o f  s q u a r e s  o f  t h e  

s e t  o f  e x p o n e n t i a l  s c o r e s  { }  f o r  f i x e d  n .  I f  w e  l e t   )e(nμn,re

a n d   d e n o t e  t h e  m e a n  a n d  v a r i a n c e  o f  t h e  s c o r e s   w e  h a v e  )e(2
nσ },e{ n,r

1
n

s
)e( n,1

n ==μ                       ( 2 . 1 4 )  

a n d  
 

1n
en

n
s

s
1n

1)e( n,n
2

n,1
n,2

2
n −

−
=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
−

=σ             ( 2 . 1 5 )
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3.   ASSESSMENT  OF   FIT

A s  a  f i r s t  a p p l i c a t i o n  o f  t h e  u s e  o f  e x p o n e n t i a l  s c o r e s ,  w e  c o n s i d e r  

t h e  p r o b le m o f  a s s e s s i n g  t he  f i t  o f  a  t wo - p a r ame t e r  e x p o n e n t i a l  

d i s t r i b u t i o n  w i t h  p . d . f .  

                     ( 3 . 1 )  μ>σμ−−σ= − x},/)x(exp{)x(f 1

σ+μm e a n   a n d  v a r i a n c e  ,  g i v e n  a  r a n d o m  s a m p l e  o f  o b s e r v a t i o n s  2σ

n21 X,...,X,X  d r a w n  f r o m  a  s i n g l e  p o p u l a t i o n .  

I f  the  t rue  under ly ing  d is t r ibut ion  i s  exponent ia l ,  the  random v a r i a b l e s  

σμ−= /)X(z ii  i  =  l , 2 , . . . , n  a r e  i n d e p e n d e n t l y  a n d  i d e n t i c a l l y  

d i s t r i b u t e d  h a v i n g  t h e  s t a n d a r d  e x p o n e n t i a l  d i s t r i b u t i o n  w i t h  p . d . f .  

.z0),zexp()z(f ∞<<−=   T h u s  i f   d e n o t e  t h e  )n()2()1( X...XX <<<

o r d e r e d  o b s e r v a t i o n s  i n  t h e  s a m p l e ,  w e  h a v e  ,  )Z(EX(E )i()i( σ+μ=

t h a t  i s  

n,...,2,1i,e)X(E n,i)i( =σ+μ=     ( 3 . 2 )  

I g n o r i n g  t h e  r a n d o m  v a r i a t i o n s ,  w e  h a v e  t h e  a p p r o x i m a t i o n  

                     ( 3 . 3 )  .n,...,2,1i,eX n,i)i( =σ+μ≈

I t  f o l l o w s  t h a t  i f  t h e  a s s u m p t i o n  o f  a n  e x p o n e n t i a l  d i s t r i b u t i o n  i s  

c o r r e c t ,  a  p l o t  o f   a g a i n s t   s h o u l d  g i v e  a n  a p p r o x i m a t e  )i(X n,ie

s t r a i g h t  l i n e  r e l a t i o n .   F u r t h e r ,  i f  a  s t r a i g h t  l i n e  i s  f i t t e d  t o  t h e  

p o i n t s ,  t h e  i n t e r c e p t  a n d  s l o p e  o f  t h e  l i n e  p r ov i d e  ' p r e l i m i n a r y '  

e s t i m a t e s  o f  t h e  l o c a t i o n  p a r a m e t e r  μ  a n d  t h e  s c a l e  p a r a m e t e r  ,  σ

r e s p e c t i v e l y .  

The  above  plot t ing procedure  only  provides  an  informal  g r a p h i c a l  

a s s e s s me n t ,  o f  f i t  o f  t h e  t w o - p a r ame t e r  e x p o n e n t i a l  d i s t r i b u t i o n .   A  

f o r m a l  t e s t  o f  f i t  m a y  b e  m a d e  u s i n g  t h e  s t a t i s t i c  

∑
=

−−

−
= n

1i

2
i

2
)1(

1

)XX()1n(

)XX(n
W         ( 3 . 4 )                               

wh ich  was  p roposed  by  Shap i ro  and  Wi lk  (1972) .  Th i s  s t a t i s t i c  a r i s e s
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a s  t h e  r a t i o  o f  t w o  e s t i m a t e s  o f  t h e  v a r i a n c e  ,  t h e  f i r s t  b e i n g  2σ

t h e  s q u a r e  o f  t h e  s l o p e  o f  t h e  l i n e  f i t t e d  t o  t h e  p o i n t s   )e,X( n,i)i(

b y  g e n e r a l i s e d  l e a s t  s q u a r e s ,  t h e  s e c o n d  b e i n g  t h e  u s u a l  s a m p l e  

∑
=

− −−
n

1i

2
i

1 )XX()1n(v a r i a n c e  e s t i m a t e   w h i c h  p r o v i d e s  a n  u n b i a s e d  

e s t i m a t e  o f   w h a t e v e r  t h e  u n d e r l y i n g  d i s t r i b u t i o n .  I t  s h o u l d  b e  2σ

n o t e d  t h a t  a l t h o u g h  t h e  e x p o n e n t i a l  s c o r e s  d o  n o t  e n t e r  e x p l i c i t l y  
i n t o  t h e  e x p r e s s i o n  f o r ,  t h e  d e r i v a t i o n  o f  t h e  s t a t i s t i c  d o e s  1W
u t i l i s e  t h e  s c o r e s  a n d  t h e i r  p r o p e r t i e s .  

T a b l e s  o f  p e r c e n t a g e  p o i n t s  o f  t h e  d i s t r i b u t i o n  o f   w h e n  t h e  1W

p o p u l a t i o n  h a s  a n  e x p o n e n t i a l  d i s t r i b u t i o n  a r e  g i v e n  b y  S h a p i r o  a n d  

Wilk (1972)  and their  upper  and lower 10%, 5%, 1% points  are  shown 

i n  t a b l e  2  f o r  n  =  5 ( 1 )  1 0 ( 2 )  2 0 .  

I n  t h e  c a s e  w h e n  a  s i n g l e  p a r a m e t e r  e x p o n e n t i a l  d i s t r i b u t i o n  w i t h  
 i s  f i t t e d ,  a  t e s t  o f  f i t  s t a t i s t i c  u t i l i s i n g  e x p o n e n t i a l  s c o r e s  0=μ

i s  

∑∑
==

=
n

1i
i)i(

n

1i
n,i2 X/XeW      ( 3 . 5 )  

This stat is t ic was proposed by Jackson (1967) who showed that  when the 

exponential distribution holds, the mean and variance are g i v e n  b y  

)1n(n
)n1(een

)Wvar(,en2)W(E
12

n,nn,n
2n,n

1
2 +

+−+
=−=

−
−            ( 3 . 6 )   

F o r  ,  a  r e a s o n a b l e  a p p r o x i m a t i o n  i s  o b t a i n e d  b y  t a k i n g  10n ≥

2
1

222 )}W/{var()}W(EW{ −  t o  b e  d i s t r i b u t e d  a s  N ( 0 , l ) .  
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TABLE 2
U p p e r  a r i d  l o w e r  1 0 0α%  p o i n t s  o f  t h e  d i s t r i b u t i o n  o f  t h e  eW  

s t a t i s t i c  w h e n  t h e  p o p u l a t i o n  h a s  a  t w o - p a r a m e t e r  e x p o n e n t i a l  

d i s t r i b u t i o n . 

 
٪ ٪Lower  Points Upper  Points 

α= 0.01 α=0.05 α =0.10 α =0.010 α =0.05 α =0.01 n 

5 0.091 0.119 0.144 0.555 0.668 0.860 

6 0.067 0.096 0.117 0.429 0.509 0.678 

7 0.059 0.081 0.099 0.347 0.416 0.571 

8 0.051 0.071 0.085 0.293 0.350 0.485 

9 0.044 0.063 0.075 0.255 0.301 0.402 

10 0.040 0.057 0.068 0.218 0.253 0.339 

12 0.036 0.049 0.057 0.172 0.202 0.272 

14 0.032 0.043 0.050 0.142 0.165 0.213 

16 0.028 0.037 0.044 0.119 0.136 0.177 

18 0.025 0.033 0.039 0.102 0.116 0.148 

20  0 .023 0 .030 0 .035 0 .088 0 .100 0 .129 

Example 1.   The following data show the ordered times required in  

hours for a sample of 20 jobs on drill presses in a certain machine  

shop. An assessment of the fi t  of  an exponential  distr ibution is   

required.  

 
 Job time (hours): X 0.3 0.5 0.6 0.7 0.8 1.1 1.3 1.5 1.8 2.2 (i)

0.05 0.10 0.16 0.22 0.28 0.35 0.42 0.49 0.58 0.67Exponential score : ei.n

 

 
Job time (Hours): X 2.4 2.9 3.3 3.8 4.2 4.7 5.5 6.3 7.7 9.9 (i)

0.77 0.88 1.00 1.15 1.31 1.51 1.76 2.10 2.60 3.60Exponential score : ei.n

 

A plot of x(i) against ei,n   is shown in figure 1 and indicates that the fit 

of an exponential distribution is satisfactory and that the location parameter  

may be taken to be zero. 
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F igure  1 .   Exponent ia l  score  p lo t  for  assessment  of  f i t  

Apply ing  the  Shapiro-Wilk  tes t  of  f i t ,  we  have 

( )∑
=

=−===
20

1i

2
)1( 42.133xx,3.0x,075.3x,20n         and  

( )
( ) 061.0

42.13319
3.0075.320W

2

1 =
−

=   

Reference to table 2 shows that the upper and lower 10% critical values   

of the W  statist ic when n = 20 are 0.088 and 0.035 respectively,  so   1

there  i s  c lear ly  no  rea l  ev idence  agains t  the  exponent ia l  f i t .  

For  the  Jackson  s t a t i s t i c ,  we  have  W  =  1 .76 ,  E(W )  =  1 .82  and   2 2

var(W ) = 0.0238.  Using a single tailed test the observed s igni f icance  2

level  i s  approximate ly  

( ) ( ){ } ( ) 34.042.00278.1/82.176.1 2
1

=−Φ=−Φ   

which  conf i rms the  adequacy  of  f i t  of  the  exponent ia l  d is t r ibu t ion .  

 

4 .    COMPARISON OF TWO SAMPLES

As a second application of the use of exponential scores, we consider  the   

problem of comparing two independent samples of observations, which  we 
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m21 X...,,X,X ,X,....,X,X nm2m1m +++d e n o t e  b y   a n d   r e s p e c t i v e l y .  W e  

assume that the samples are drawn from underlying populations w i t h  

c o n t i n u o u s  c . d . f . ' s  F ( x )  a n d  F  ( x )  r e s p e c t i v e l y .    W e  w i s h  t o  t e s t   1 2

t h e  h y p o t h e s i s  

  H 0  : F ( x )  =  F ( x )  f o r  a l l  x .      ( 4 . 1 )  1 2

F o r  t h e  p a r a m e t r i c  c a s e  w h e n  t h e  u n d e r l y i n g  d i s t r i b u t i o n s  a r e  a s s u m e d   

t o  b e  e x p o n e n t i a l ,  w e  h a v e  

  F ( x )  =  1  –  e x p ( -  θ x ) ,   F ( x )  =  1  –  e x p ( -  θ x )        1 1 2 2

a n d  t h e  n u l l  h y p o t h e s i s  g i v e n  b y  ( 4 . 1 )  i s  t h e n  e q u i v a l e n t  t o  t h e   

h y p o t h e s i s  t h a t  t h e  p o p u l a t i o n  m e a n s  a r e  e q u a l ,  o r  e q u i v a l e n t l y  t h a t   

2XXR 1=θ  =  θ .  I n  t h i s  c a s e  w e  u s e  t h e  t e s t  s t a t i s t i c  ,  t h e   1 2

r a t i o  o f  s a m p l e  m e a n s .   I f  H  i s  t r u e ,  R  h a s  t h e  F - d i s t r i b u t i o n  w i t h   0

( 2 m ,  2 n )  d e g r e e s  o f  f r e e d o m .  A  s t r o n g  j u s t i f i c a t i o n  f o r  t h e  t e s t   

a r i s e s  i f  t h e  e x p o n e n t i a l  a s s u m p t i o n  i s  c o r r e c t ,  s i n c e  t h e  t e s t  t h e n   

p r o v i d e s  t h e  u n i f o r m l y  m o s t  p o w e r f u l  s i m i l a r  t e s t  o f  H  a g a i n s t  o n e -  0

s i d e d  a l t e r n a t i v e s .  

F o r  t h e  e x p o n e n t i a l  s c o r e s  t e s t ,  w e  u s e  t h e  s t a t i s t i c  f i r s t  p r o p o s e d   

b y  S a v a g e  ( 1 9 5 6 )  ,  

         ( 4 . 2 )  ∑
=

=
m

1i
N,iRe eS

w h e r e  R  d e n o t e s  t h e  r a n k  o f  X  i n  t h e  o r d e r e d  c o m b i n e d  s a m p l e s  a n d   i i

N  =  m  +  n .   T h u s  S  i s  s i m p l y  t h e  s u m  o f  e x p o n e n t i a l  s c o r e s  a s s i g n e d   e

t o  t h e  o b s e r v a t i o n s  i n  t h e  f i r s t  s a m p l e .  

T h e  e x a c t  n u l l  d i s t r i b u t i o n  o f  S  i s  i n  p r i n c i p l e  e a s i l y  f o u n d  s i n c e  e

e a c h  o f  t h e   p o s s i b l e  r a n k  o r d e r s  f o r  t h e  o b s e r v a t i o n s  i n  t h e  f i r s t  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
m
N

s a m p l e  a r e  e q u a l l y  l i k e l y  u n d e r  H .  H e n c e  o

       ( 4 . 3 )  ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
λ==

m
N

/sH|sSP n.moe

where λ (s)  in  the number  of  ways  of  select ing m ranks (R ,  R , . . ,R )  m , n 1 2 m

from t h e  i n t e g e r  s e t  ( 1 ,  2 , . . .  , m + n )  s u c h  t h a t  S  =  s .  T h e  p r o b a b i l i t y  e

d i s t r i b u t i o n  o f  S e  c a n  t h e r e f o r e  b e  c o n s t r u c t e d  b y  a  s i m p l e  s e a r c h  

 o v e r  t h e   p o s s i b l e  r a n k  o r d e r  v e c t o r s  f o r  t h e  o b s e r v a t i o n s  i n  t h e  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
m
N

f i r s t  s a m p l e ,  a s  i l l u s t r a t e d  i n  t a b l e  3  f o r  t he  c a s e  m  =  3 ,   n  =  2 .  
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TABLE 3

  Calculation of the exact null distributions of  

  Se for the case m = 3, n = 2. 

 

Ranks for sample 1 Scores for sample 1 S P(Se=S|Ho)

1, 2, 3 0.200,   0.450,   0.783 1.433 0.1 

1, 2, 4 0.200,   0.450,   1.283 1.933 0.1 

1, 2, 5 0.200,   0.450,   2.283 2.933 0.1 

1, 3, 4 0.200,   0.783,   1.283 2.266 0.1 

1, 3, 5 0.200,   0.783,   2.283 3.266 0.1 

1, 4, 5 0.200,   1.283,   2.283 3.766 0.1 

2, 3, 4 0.450,   0.783,   1.283 2.516 0.1 

2, 3, 5 0.450,   0.783,   2.283 3.516 0.1 

2, 4, 5 0.450,   1.283,   2.283 4.016 0.1 

3, 4, 5 0.783,   1.283,   2.283 4.349 0.1 

    

In table 4, values of the upper and lower percentage points of the null  

d i s t r ibu t ion  o f  S e  a re  g iven  fo r  nomina l  s ign i f i cance  l eve l s   

α  = 0.10, 0.05, 0.025 and sample sizes m = n = 4(1)10(2)20. Because   

of  the discreteness  of  the dis t r ibut ion of  Se ,  the actual  s ign i f i cance   

levels are slightly less than the nominal levels for the smaller sample   

s izes .  More extensive tables  which cover  the case of  unequal  sample   

s i zes  a re  g iven  by  Hajék  (1969) .  
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TABLE 4

  Upper  and lower 100α% points  of  the null  dis t r ibution  

  of  S  for  the case of  equal  sample s izes .  e

 
 Lower ٪ points  Upper ٪ points 

α 0.025 0.05 0.10  0.10 0.05 0.025 
m=n=4 1.46 1.91 2.25  5.75 6.09 6.54 

5 2.39 2.66 3.10  6.90 7.34 7.61 
6 3.08 3.45 3.91  8.09 8.55 8.92 
7 3.78 4.20 4.72  9.28 9.80 10.22 
8 4.52 4.98 5.56  10.44 11.02 11.48 
9 5.16 5.77 6.40  11.60 12.23 12.74 

10 6.03 6.57 7.25  12.75 13.43 13.97 
12 7.59 8.21 8.98  15.02 15.79 16.41 
14 9.19 9.88 10.72  17.28 18.12 18.81 
16 10.81 11.57 12.48  19.52 20.43 21.19 
18 12.47 13.28 14.26  21.74 22.72 23.53 
20 14.15 15.01 16.06  23.94 24.99 25.85 

The calculation of the exact  null  distr ibution of S  is  only practical   e

for relatively small  sample sizes,  so approximations to the percentage  

po in t s  a re  needed .  We f i r s t  de te rmine  the  mean  and  var i ance  o f  S .   e

We have  

( ) ( )
N

N,S,eH|rRPH|N,R
e

E 1
rN

N

1r

oioi === ∑
=

     (4.4) 

( )
N

N,SN,eH|rRP H|N,R
e

E 12
r

N

1r

oio
2

i ===⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∑
=

    (4.5)  

    ( ) ( )∑∑
≠
= =

===
N

sr
1r

N

1s
ojioji N,,seNr,eH|sRr,RPH|N,ReN,ReE

    = ( )1NN
N,SN,S 21

−
−2

     (4.6) 
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Subs t i tu t ing  S  =N and  S  =  2N-e1 , N 2 , N N , N ,  we  ob ta in  

1)N(N
)eN(

)H|e,cov(e
N
eN

)H|(e       var,   1)H|(eE

N,N
oN,RN,R

NN,
oN,RoN,R

ii

ii

−

−
−=

−
==

    (4 .7 )  

fo r  i  j=1 ,2 ,…,N.       Th i s  l eads  to  \=

1)N(N
)emn(N

)Hvar(S NN,
0e −

−
=m,)H(SE 0e =      (4 .8 )  

Tak ing  S  to  be  approx imate ly  normal ly  d i s t r ibu ted  wi th  mean  and   e

va r iance  g iven  by  (4 .8 ) ,  the  normal  approx imat ion  to  the  l00α  th   

pe rcen t i l e  o f  the  nu l l  d i s t r ibu t ion  o f  S   i s  e

⎥
⎦

⎤
⎢
⎣

⎡
−−+

−

αα
2
1

)}1N(N{)eN(mnum~~S N,N     (4 .9 )  

where  u i s  the  l00α  th  pe rcen t i l e  o f  the  N(0 , l )  d i s t r ibu t ion .  α  

−
yx e/eAn  a l t e rna t i ve  app rox ima t ion  due  t o  Cox  (1964)  t akes   t o  have  

approximately the F-distr ibution with (2m, 2n) degrees of freedom,   

xe  a n d  yew h e r e   d e n o t e  t h e  m e a n  s c o r e s  g i v e n  t o  t h e  s a m p l e s  o f  X ' s  

Xe Xe =  m   and  m ,   th i s  i s    Ney = and  Y ' s  r espec t ive ly .  S ince  S  +  n  e

equ iva len t  to  t ak ing  

( ) 2m,2n
approx

e

e F
SNm

nS ~−
  

Th i s  l eads  to  an  F-approx imat ion  fo r  s  g iven  by  α

( )
( )αmFn
αmNF

s
2m,2n

2m,2n
α +
≈         (4 .10)  

Numer ica l  s tud ies  ind ica te  tha t  (4 .9 )  and  (4 .10)  bo th  g ive  good   

approx imat ions  when  the  sample  s izes  a re  g rea te r  than  10 .  

Example  2    The  fo l l owi ng  da t a  show the  number  o f  cyc l e s  t o  f a i l u r e   

in  t e s t s  wi th  two  types  o f  ca rb ide  inse r t s .  The  ranks  o f  the   

observa t ions  in  the  combined  samples  toge ther  wi th  the  assoc ia ted  
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exponent ia l  scores  a re  a l so  g iven .  

 
      Type A carbide          Type B carbide 

iRe iRe,32 Xi Ri  Xi R ,32 i

 
32 2 0.06427 1 0.031  
39 3 0.09743 4 0.131  
64 6 0.20458 5 0.167  
81 8 0.28374 7 0.243  
97 10 0.36891 9 0.324  

128 12 0.461109 11 0.413  
149 14 0.563132 13 0.511  
209 18 0.807185 17 0.740  
276 22 1.129221 19 0.878  
341 24 1.340246 20 0.955  
392 26 1.608272 21 1.038  
456 28 1.975329 23 1.229  
536 29 2.225361 25 1.465  
579 31  3.058447 27 1.775  

       550           30  2.558           639    32    4.058   

Summing the scores for the type A carbide gives S  = 13.077.  Using e

a single tailed test, the result is not quite significant at the 10%  

level so there is only slight evidence that the true mean lives  

differ.  For the parametric test which assumes underlying exponential 

distributions, the observed value of the test statistic R is  

=
21 XX   (206.00)/(261.81) = 0.787. Referring this value to the F- 

distribution with (32,32) degrees of freedom, the result is again not  

quite significant at the 10% level. 

It is of course important to know of the loss of power that occurs  

when using the exponential scores test instead of the parametric R  

test when the true underlying distributions are exponential.  When  

determining the power of the exponential scores test, we may consider  

the general alternative 

  1-F2(x) = {1-F1(x)}θ 
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where F (x)  is  an arbi t rary cont inuous c .d . f  The parameter  θ  has   1

a  s imple interpretat ion s ince 

  

)1(

dx)x(f})x(F1{

dx}x)(Fx){1(f)XP(X

11

12ji

+θθ=

−=

−=>

θ∞

∞−

∞

∞−

∫

∫

    (4 .12)  

for  i  = l ,2 , . . . ,m,  j  = m+1,  m+2, . . . ,m+n.  Any two dis t r ibutions  
having c.d.f.'s satisfying (4.11) are said to follow a Lehmann al ternat ive.   
A special  case of interest  is  when the distr ibutions are Weibull  with  
common power parameter ,  that  is ,  

     (4 .13)  δδ θ−−=θ−−= )X(exp1)x(F,)X(exp1)x(F 2211

for  x  > 0,  where θ  θ   δ  >  0.  These c .d .f . ' s  sat isfy (4.11)  with  1 , 2 ,

θ  =  (θ /θ  ) ,  and when δ=1 reduce to  exponent ial  forms with θ  repre-  2 1

sent ing the rat io  of  the populat ions means.  

The power of the exponential scores test under the Lehmann model was  

evaluated by Burr and Young (1975a) for one-sided alternatives θ  > 1 ,   
and a wide range of sample sizes. In the same investigation, the power  
of  the nonparametr ic  Mann-Whitney tes t  based on the s ta t is t ic  

      (4 .14)  ∑∑
= = ⎩

⎨
⎧

<
>

==
m

1i

n

1j ji
ji

ijijmn XX   if 0
XX  if  1

 UwhereUU

was also evaluated.  Randomised tes ts  were used to  keep control  over   
the significance level α .  The power of the parametric R-test was also 
determined for  the case when the underlying dis t r ibut ions are   
exponential  using the result  that  R is  then dis t r ibuted as  θ  F2 m , 2 n .  

The broad f indings from the power s tudy were 

( i )  when θ  i s  re lat ively close to  1,  there  is  only a  small  loss   
 of  power through using the exponent ial  scores  tes t  ra ther  than  
 the parametric R tests, but the loss of power becomes quite large  
 for  large values  of  θ ,  

 ( i i )    the  exponentia l  scores  tes t  consis tent ly  gave a  greater  power  
  than the Mann-Whitney test. 
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 These findings are i l lustrated in table 5 for the case m = n = 8.  

TABLE 5

Powers of ( i)  the parametric R-test ,  ( i i)  the exponential  scores test ,   

(iii) the Mann-Whitney test, for size α ,  when samples of size m = n =8  

are drawn from exponential distributions with a ratio of means equal to  

θ .  

 α = 0.05  α = 0.10 

θ  (i) (ii) (iii)  (i) (i) (iii) 

1.2 0.097 0.092 0.089  0.176 0.170 0.164 

1.4 0.158 0.145 0.136  0.265 0.249 0.235 

1.6 0.229 0.202 0.190  0.357 0.331 0.308 

1.8 0.305 0.267 0.246  0.446 0.410 0.379 

2.0 0.381 0.330 0.302  0.539 0.483 0.445 

2.5 0.554 0.477 0.434  0.695 0.638 0.586 

3.0 0.689 0.599 0.545  0.507 0.748 0.692 

4.0 0.854 0.765 0.705  0.922 0.876 0.825 

The  resu l t s  in  t ab le  5  show tha t  in  smal l  samples ,  t he  use  o f  the   

exponen t ia l  scores  t es t  l eads  to  some loss  o f  e f f i c iency  when  the   

t rue  d i s t r ibu t ions  a re  exponen t ia l .  Of  more  in te res t  i s  an  assess -  

ment  o f  the  ga in  in  e f f i c iency  tha t  may  resu l t  f rom us ing  the   

exponen t ia l  scores  t e s t  ins tead  o f  the  R  tes t  fo r  o ther  d i s t r ibu t ion   

fo rms .  When  the  d i s t r ibu t ions  a re  Weibu l l  wi th  c .d . f . ' s  g iven  by   

(3 .13) ,  Bur r  and  Young  (1975a)  show tha t  the  asympto t ic  re la t ive   

e f f i c i ency  of  the  R- tes t  re la t ive  to  the  S   t es t  i s  e

211

212

e
)}1({)21(

)}1({)S;R(ARE
−−

−−

δ+Γ−δ+Γ

δ+Γδ
=       (4.15) 

The values of  the A.R.E are 0.100,  0 .800,  0 .997,  1 .000,  0 .965 and 0.915  

fo r  δ  =  0 .2 ,  0 .5 ,  0 .9 ,  1 .0 ,  1 .5 ,  2 .0  respec t ive ly ,  showing  tha t  the   

exponential scores test can be appreciably more efficient that the R-test.  
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Finally, we consider a modified form of the two-sample exponential 
scores  tes t  s ta t is t ic  when a  par t icular  type of  censoring occurs .  
Denot ing the ordered observat ions in  the combined samples  by 

( ),X....XX N(2)(1) ≤≤≤  w e  a s s u m e  t h a t  b e c a u s e  o f  c e n s o r i n g  o n l y  
 a r e  o b s e r v e d .  T h i s  i s  q u i t e  a  c o m m o n  ( ) ,....XXX c(2)(1) ≤

s i t u a t i o n  
in  l i fe- tes t ing invest igat ions where an experiment  to  compare two 
life distributions may be terminated early because of cost considerat ions.  
We let  

     (4 ,16)  
⎩
⎨
⎧=  2 sample fromn observatioan   is X if 0

1 sample fromn observatioan   is X if 1
z

i)(
i)(

i

 = ∑  denote the number of uncensored observations which  
=

c

1i
iZand let mc

are  from the f i rs t  sample.  A dis t r ibut ion free tes t  of  the hypothesis   

that  F (x)  = F (x)  for  a l l  x  may be made using the s ta t is t ic  1 2

∑∑
+== −

−
+=

N

1ci
Ni,

c
Ni,

c

1i
i

(c)
e e

cN
mm

eZs      (4 .17)  

This  s ta t is t ic  differs  only by a  constant  f rom the s tat is t ic  or iginal ly   
proposed by Basu (1968) and is the sum of exponential scores for the 

observations in sample 1 when each censored observation is a l located the  

average of the largest N-c exponential scores. Burr & Young (l975b) give  
( )c
esa  theoret ical  just i f icat ion for  a  tes t  based on  by showing that  i ts   

use leads to the locally most powerful rank test of the hypothesis θ  =1 

in the Lehmann alternative F2(x) = 1-{1-F  (x)}θ. They also give tables  1

( )c
esof  percentage points  of  the nul l  dis t r ibut ion of   for  sample s izes  

 and r=3(1)  m+n-1,and show that  s imple normal   16nm.nm3 ≤+≤≤

approximations to  these points  using the moment  expressions 

   (4 .18)  )}1N(N/{)ec(mn)H|s(varm)H|s(E N,co
)c(

eo
)c(

e −−==

are adequate  even for  sample s izes  as  small  as  8 .  

5 .    COMPARISON OF k > 2 SAMPLES

The problem of deciding whether differences among the observat ions in   

k > 2 samples can be regarded as showing evidence of real dif ferences  

among the k parent  populat ions or  may be at t r ibuted to  chance is  a   

very common problem in statistics. The formulation of the problem is  
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as  fol lows.  

Let  Xi , j  , i=  l , . . . ,k ,  j  =  1…,ni   be  a  set  of  independent  random 

variables  and le t  F i (x)  be the c .d . f .  of  Xi j .  I t  i s  assumed that  

each Fi(x) belongs to the class Ω of absolutely continuous c.d.f.'s.  

The hypothesis to be tested is 

  Ho :   F i (x)  = F(x)   for  a l l  x      (5 .1)  

I f  the  common c.d . f .  F(x)  assumed under  Ho is  specif ied,  wel l -  

known parametr ic  procedures  are  avai lable .  For  example,  i f  F(x)   

is  taken to  be normal ,  the analysis  of  var iance s ta t is t ic  

       
( ) ( )

kN

XX

1k

XXn
R

k

1i

2n

1i
i,ij

2k

1i
..i.i

i

−

−

−

−
=

∑∑∑
= ==     (5 .2)  

is used, R having the F-distribution with (k-1, N-k) degrees of f reedom 

when Ho  is  t rue  .)nN(
k

1i
i∑

=
=

When F(x)  is  unspecif ied,  several  nonparametr ic  tes ts  have been  

proposed which include the Kruskal-Wallis rank test (1952), the Mood  

and Brown median tes t  (1950)  and Kiefer ' s  k-sample analogue of  the  

Kolmogorov-Smirnov tes t  (1959) .  A nonparametr ic  tes t  based on  

exponential scores was proposed by Downton (1976). If we introduce  

rank order  indicator  var iables  {Zi j}  where Z i j =1  i f  the  j th   

ordered observation in the combined samples is from the ith populat ion 

 and Zi j  =  0  otherwise,  Downton 's  tes t  s ta t is t ic  is  

  ∑
=

− −
−

−
−

=
k

1i

2
ii

N,N
e )1e(n

eN
1NT ,      (5.3) 

where 

                               ∑
=

−
=

N

1J
N,jij

i
i eZ

n
1e        (5.4) 

Since .  is simply the mean of the exponential scores assigned to the 
observations in the ith sample, the statistic T

−
ie

e  is the between samples 
sum of squares of exponential scores scaled by the constant (N-l)/(N-eN, N). 
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T o  f i n d  t h e  e x a c t  n u l l  d i s t r i b u t i o n  o f  t h e  s t a t i s t i c  ,  w e  u s e  t h e  eT

r e s u l t  t h a t  e a c h  o f  t h e   p o s s i b l e  e x p o n e n t i a l  s c o r e  a s s i g n -!in
1i

/!N
=
Π
k

m e n t s  t o  t h e  o b s e r v a t i o n s  i n  t h e  k  s a m p l e s  a r e  e q u a l l y  l i k e l y  w h e n  
oH eT i s  t r u e .  T h u s  t h e  c . d .  f .  o f   i s  

  { } )t(
i!N

!kn!....2n!1n
)H/teT( λ=≤ o np     (5.5) 

w h e r e  λ  i s  t h e  n u m b e r  o f  e x p o n e n t i a l  s c o r e  a s s i g n m e n t s  t o  t h e    )t(
in
⎭
⎬
⎫

⎩
⎨
⎧

k  s a m p l e s  f o r  w h i c h    T ≤  t  .  V a l u e s  o f  t h e  u p p e r  1 0 0α%  p o i n t s  o f  t h e  e
n u l l  d i s t r i b u t i o n  o f   h a v e  b e e n  c o m p u t e d  b y  B u r r  a n d  Y o u n g  (1977a) eT
f o r  k  =  3  a n d  2  ≤  in ≤  5  a n d  a r e  r e p r o d u c e d  i n  t a b l e  6 .   

     TABLE 6 

  Exact upper 100α  % points for T  when k = 3 e

Sample sizes Sample sizes %2 2
1  10%   5%   %2  10%   5%   2

1

2   2   2 4.19      -         - 3   3    3 3.92   4.86   5.81 

2   2   3 4.56   4.66   5.07 3   3    4 4.06   4.92    5.79 

2   2    4 4.27   5.32   5.48 3   3   5 4.13   5.08   6.02 

2   2    5 4.16   5.92   6.09 3   4   4 4.11   4.97   5.99 

2   3   3 3.99   5.14   5.34 3   4   5 4.19   5.09   5.91 

2   3   4 4.08   5.19   5.93 3   5   5 4.23   5.16   5.98 

2   3   5 4.16   5.27   6.54 4   4   4 4.21   5.05   5.84 

2   4   4 4.18   5.09   6.26 4    4   5 4.24   5.11   5.93 

2   4   5 4.12   5.14   6.25 4   5   5 4.25   5.19   6.03 

2   5   5 4.22   5.39   6.18 5   5   5 4.28   5.21   6.08 

T h e  c a l c u l a t i o n  o f  t h e  e x a c t  n u l l  d i s t r i b u t i o n  o f  T i s  c l e a r l y  e  

i m p r a c t i c a l  e x c e p t  f o r  s m a l l  v a l u e s  o f  k  a n d  t h e  { n } ,  s o  a n  i

a p p r o x i m a t i o n  i s  r e q u i r e d .  N o t i n g  t h a t  T  i s  a  s p e c i a l  c a s e  o f  a  e
g e n e r a l  c l a s s  o f  r a n k  s t a t i s t i c s  c o n s i d e r e d  b y  P u r i  ( 1 9 6 4 ) ,  u s e  o f         
h i s  r e s u l t s   s h o w  t h a t  a s  n →∞  ,  i  =  l , . . . , k ,   h a s  a  l i m i t i n g        eTi

2X - d i s t r i b u t i o n  w i t h  k  -  1  d e g r e e s  o f  f r e e d o m  w h e n   i s  t r u e .  oH
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Since 

  E( | ) = k - 1,                (5.6) eT oH

t h e  e x a c t  a n d  a s y m p t o t i c  n u l l  d i s t r i b u t i o n  o f   a g r e e  i n  t h e i r  f i r s t  eT

m o m e n t s .  C a l c u l a t i o n s  s h o w  t h a t  t h e  u s e  o f  a n  o r d i n a r y  c h i - s q u a r e  

a p p r o x i m a t i o n  t o  t h e  u p p e r  p e r c e n t i l e s  o f  t h e  n u l l  d i s t r i b u t i o n  o f  eT  

i s  g e n e r a l l y  s a t i s f a c t o r y  e v e n  f o r  v e r y  s m a l l  s a m p l e  s i z e s ,  e x c e p t  i n  

t h e  e x t r e m e  t a i l  o f  t h e  d i s t r i b u t i o n .  I m p r o v e d  a p p r o x i m a t i o n s  c a n    

b e  o b t a i n e d  b y  t a k i n g   t o  b e  a p p r o x i m a t e l y  d i s t r i b u t e d  a s  eT 2
vax  

w h e r e  a  a n d  ν  a r e  c h o s e n  t o  g i v e  a g r e e m e n t  b e t w e e n  t h e  v a r i a n c e s     

a s  w e l l  a s  t h e  m e a n s  o f  t h e  a s y m p t o t i c  a n d  e x a c t  n u l l  d i s t r i b u t i o n s .  

 

T h e  j u s t i f i c a t i o n  f o r  u s i n g  t h e  d i s t r i b u t i o n - f r e e  e x p o n e n t i a l  s c o r e s  

t e s t  i s  t h a t  i t  s h o u l d  h a v e  g o o d  p o w e r  p r o p e r t i e s  w h e n  t h e  u n d e r l y i n g  

d i s t r i b u t i o n s  a r e  e x p o n e n t i a l .   T a b l e  7  s h o w s  v a l u e s  o f  t h e  p o w e r s   

o f  t h e  t e s t  o b t a i n e d  b y  s i m u l a t i o n  b y  B u r r  a n d  Y o u n g  ( 1 9 7 7 a )  f o r  t h e  

L e h m a n n  a l t e r n a t i v e  

  k...,,2,1i,i)}x(F1{1)x(Fi =θ−−=     (5.7) 

w h e r e  F ( x )  i s  a r b i t r a r y ,  f o r  t h e  c a s e  k  =  3 ,  n i  =  n ,  θ 1  =  1 ,  

θ 2 = 1 + δ  ,  θ 3 = 1 + 2 δ .  T h e  c o r r e s p o n d i n g  v a l u e s  o f  t h e  p o w e r  o f  

t h e  K r u s k a l - W a l l i s  t e s t  a r e  a l s o  s h o w n .   R a n d o m i s e d  t e s t s  w e r e  u s e d  

b e c a u s e  o f  t h e  m a r k e d  d i s c r e t e n e s s  o f  t h e  d i s t r i b u t i o n  o f  t h e  K r u s k a l -

W a l l i s  s t a t i s t i c .  T h e  r e s u l t s  i n  t a b l e  7  s h o w  t h a t  t h e  p o w e r  o f  t h e  

e x p o n e n t i a l  s c o r e s  t e s t  i s  c o n s i s t e n t l y  h i g h e r  a n d  t h a t  t h e  p o w e r  

d i f f e r e n c e s  b e c o m e  q u i t e  a p p r e c i a b l e  f o r  l a r g e  δ  a s  n  i n c r e a s e s .  
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TABLE 7

V a l u e s  o f  t h e  p o w e r s  o f  s i z e  a  t e s t s  b a s e d  o n  ( i )  t h e  
e x p o n e n t i a l  s c o r e s  s t a t i s t i c  T  ,  ( i i )  t h e  K r u s k a l - W a l l i s  e

s t a t i s t i c  u n d e r  t h e  a l t e r n a t i v e F ( x )  =  l - { l - F ( x ) } θ i  w i t h  i

θ = 1 ,  θ = 1 + δ ,  θ = 1 + 2 δ .  1 2 3

   
 n=4 n=6 n=8 

 δ (i) (ii) (i) (ii) (i) (ii) 

0.25 0.065 0.064 0.077 0.074 0.090 0.083

0.50 0.098 0.092 0.136 0.122 0.177 0.155
α =0.05 

0.75 0.138 0.127 0.210 0.183 0.285 0.242

1.00 0.181 0.164 0.288 0.245 0.395 0.330

        

0.25 0.034 0.033 0.042 0.039 0.049 0.045

0.50 0.055 0.050 0.081 0.071 0.110 0.094
α =0.025 

0.75 0.081 0.073 0.134 0.113 0.193 0.159

1.00 0.111 0.098 0.194 0.160 0.285 0.229

 

6.  SERIES OF EVENTS AND SOME RELATED SIGNIFICANCE TESTS 

W e  c o n s i d e r  a  o n e - d i m e n s i o n a l  p o i n t  p r o c e s s  i n  w h i c h  e v e n t s  o c c u r  
i n  a  h a p h a z a r d  w a y  i n  t i m e .  F o r  e x a m p l e ,  t h e  e v e n t s  m a y  r e f e r  t o  
a c c i d e n t s ,  f a i l u r e s  o f  e q u i p m e n t ,  a r r i v a l s  o f  c u s t o m e r s  a t  a  q u e u e  
p o i n t ,  e t c .  W e  s u p p o s e  t h a t  o b s e r v a t i o n s  X 1 .  X , . . . ,  X  a r e  2 n

ava i l ab l e  on  t he  i n t e rva l s  be tween  t he  occu r r ences  o f  ( n+1)  consecu t ive  
e v e n t s  a n d  l e t  F ( x )  d e n o t e  t h e  c . d .  f .  o f  X .  I f  t h e  { X }  a r e  i i i

i n d e p e n d e n t l y  a n d  i d e n t i c a l l y  d i s t r i b u t e d  r a n d o m  v a r i a b l e s  w i t h  
F ( x )  =  F ( x ) ,  i  =  l , 2 , . . . , n ,  t h e  s e r i e s  o f  e v e n t s  f o r m s  a  r e n e w a l  i
p r o c e s s .  I n  t h e  c a s e  w h e n  t h e  d i s t r i b u t i o n  i s  e x p o n e n t i a l  w i t h  
F ( x ) =  1  -  e x p ( -λx ) ,  x  >  0 ,  t h e  s e r i e s  o f  e v e n t s  f o r ms  a  P o i s s o n  p r o c e s s  
w i t h  r a t e  λ .  

I n  t h i s  s e c t i o n  w e  c o n s i d e r  s i g n i f i c a n c e  t e s t s  b a s e d  o n  e x p o n e n t i a l  

s co re s  which  can  be  u sed  t o  check  t he  cons i s t ency  o f  a  r enewa l  p roces s  

m o d e l  w i t h  a n  o b s e r v e d  s e r i e s  o f  e v e n t s ,  a g a i n s t  t h e  a l t e r n a t i v e s  
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( i )   a  t r e n d  i n  t h e  r a t e  o f  o c c u r r e n c e  o f  e v e n t s ,  ( i i )   s e r i a l   

dependence among the intervals between events.  

6.1 Tests For a Renewal Process Against a Trend Alternative

Suppose that  as an alternative to a renewal process,  i t  is  suspected  

t h a t  t h e r e  w i l l  b e  a  t r e n d  w i t h  t h e  i n t e r v a l s  s t o c h a s t i c a l l y  i n c r e a s i n g   
o r  s t o c h a s t i c a l l y  d e c r e a s i n g  i n  a  s y s t e m a t i c  w a y .   A  s i m p l e  m o d e l  
a l l o w i n g  f o r  t r e n d  i s  

           F ( x )  =  1  -  { l - F ( x ) } 1 + θ ( i - 1 ) ,    i  =  1 , . . . ,  n  ( 6 . 1 )  i

W e  s h a l l  r e f e r  t o  ( 6 . 1 )  a s  a  L e h m a n n  t r e n d  a l t e r n a t i v e .  I f  F ( x )  
t h e  c . d . f .  o f  X  i s  f u l l y  s p e c i f i e d ,  we  o b t a i n  e x p o n e n t i a l l y  1

dis t r ibuted observat ions by using the t ransformat ion U .  = -  log {1-F(X )},  i i
i  =  1 , . . . ,  n .  T h e  c a s e  θ  =  0  t h e n  c o r r e s p o n d s  t o  t a k i n g  t h e  { U }  i

t o  fo rm a  Po i s son  p roces s  a s  t he  nu l l  hypo thes i s .  I f  F (x )  i s  unspec i f i ed ,  
t h e  n u l l  h y p o t h e s i s  θ  =  0  c o r r e s p o n d s  t o  t a k i n g  t h e  s e r i e s  o f  e v e n t s  a s  
f o r mi n g  a  r e n e w a l  p r o c e s s .  A  g e n e r a l  c l a s s  o f  l i n e a r  r a n k  s t a t i s t i c s  
which may be used for  test ing this  hypothesis  against  the t rend al ternat ive 
i s  

n,iRa
n

1i
)

2
1ni(a ∑

=

+
−=ψ      ( 6 . 2 )  

w h e r e  R  i s  t h e  r a n k  o f  X  i n  t h e  o r d e r e d  s e t  o f  i n t e r v a l s  a n d  , n  
iRai i

i s  a  ' s c o r e '  u s e d  t o  r e p l a c e  t h e  r a n k  R  .  T h e  s c o r e s  s a t i s f y  i

a 1 , n   ≤  a 2 , n   ≤ . . . . ≤  a n , n
s o  i f  t h e  i n t e r v a l s  b e t w e e n  t h e  e v e n t s  t e n d  t o  i n c r e a s e  ( d e c r e a s e )  
t h i s  w i l l  b e  r e f l e c t e d  i n  a  r e l a t i v e l y  l a r g e  ( s m a l l )  v a l u e  f o r  ψ a  .    I f  w e  
p u t  a  =  e ,  w e  o b t a i n  t h e  e x p o n e n t i a l  s c o r e s  t r e n d  s t a t i s t i c  i , n i , n

∑
=

⎟
⎠
⎞

⎜
⎝
⎛ +
−=

n

1i
n,

iRe
2

1nieψ                     ( 6 . 3 )  

The  u se  o f  t h i s  s t a t i s t i c  i s  known  to  p rov ide  t he  l oca l l y  mos t  power fu l  
r a n k  t e s t  o f  oH :  θ  =  0  a g a i n s t  o n e - s i d e d  a l t e r n a t i v e s  θ  >  0  o r  θ  <  0   

in  the Lehmann trend al ternat ive given by (6.1) ,  (Burr  and Young (1978)) .  
T h e  e x a c t  n u l l  d i s t r i b u t i o n  o f  ψ   i s  e a s i l y  c a l c u l a t e d  f o r  s m a l l  n  e

s i nce  each  of  the  n !  poss ib le  exponent ia l  score  ass ignments  to  the  
o b s e r v a t i o n s  a r e  e q u a l l y  l i k e l y  w h e n   i s  t r u e .   H e n c e  w e  h a v e  oH
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( ) !n/)(nH|eP ξλ=ξ≤ψ o         (6.4) 

(ξ )  i s  t he  number  o f  s co re  a s s ignmen t s  fo r  wh ich  ψ ≤ξ .  whe re  λ en

T h e  m e a n  a n d  v a r i a n c e  o f  ψ  a r e  a l s o  e a s i l y  f o u n d  u n d e r  ,  u s i n g  oHe

t h e  r e su l t s  g iven  i n  (4 .7 )  w i th  N  r ep laced  by  n .  We  ob t a in  

                E (ψ | ) =0                         ( 6 . 5 )  oHe

and   

  va r (ψ | ) = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑
=

⎟
⎠
⎞

⎜
⎝
⎛ +
− oH|n,

iRevar
2n

1i 2
1nioH  e

∑
−

=
∑
+= ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ +
−⎟

⎠
⎞

⎜
⎝
⎛ +
−+

1n

1i

n

1ij 0H|n,jRe,n,iRecov
2

1nj
2

1ni2     

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ +
−⎟

⎠
⎞

⎜
⎝
⎛ +
−

−
−⎟

⎠
⎞

⎜
⎝
⎛ +
−

−
∑ ∑ ∑
=

−

= +=

n

1i

1n

1i

n

1ij

2
NN,

2
1nj

2
1ni

1n
2

2
1ni

n
en

                               =  

                          =n (n+ l )  ( n - e ) / 12     ( 6 . 6 )  n , n

V a l u e s  o f  t h e  u p p e r  p e r c e n t a g e  p o i n t s  o f  t h e  n u l l  d i s t r i b u t i o n  o f  t he  

s t anda rd i s ed  s t a t i s t i c  

∑
=

+−
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−+
=

n

1i
n,R

2
1

nn,

*
e i

e1)}(n
2
1i{

)e1)(nn(n
12ψ   ( 6 . 7 )                

a r e  g i v e n  b y  B u r r  a n d  Y o u n g  ( 1 9 7 7 b )  a n d  a r e  r e p r o d u c e d  i n  t a b l e  8 .  

I t  i s  s een  t ha t  t he  d i s t r i bu t ion  o f   t ends  r ap id ly  t o  t he  N(0 , l )  *
eψ

2
1d i s t r i bu t ion  wh ich  has  uppe r  10%,  5% and  2 % po in t s  equa l  t o  1 .28 ,  

1 .64 ,  and  1 .96  r e spec t ive ly .  
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TABLE 8 
*Upper 100α% points of the null distribution of ψe

n α=0.10 α =0.05 α =0.025 n α =0.10 α =0.05 α =0.025 

5 1.44 1.60 1.79 16 1.32 1.64 1.91 

6 1.36 1.63 1.80 18 1.31 1.65 1.91 

7 1.36 1.64 1.83 20 1.31 1.65 1.92 

8 1.35 1.64 1.84 22 1.31 1.65 1.92 

9 1.34 1.64 1.86 24 1.31 1.65 1.93 

10 1.33 1.64 1.88 26 1.31 1.65 1.93 

12 1.33 1.64 1.89 28 1.31 1.65 1.93 

14 1.32 1.64 1.90 30 1.30 1.65 1.94 

 
The  exponent ia l  scores  t e s t  be ing  d i s t r ibu t ion  f ree  p rov ides  a  va l id  
t e s t  fo r  t r end  wha tever  the  fo rm of  F(x) .  I f  the  d i s t r ibu t ion  i s  
spec i f ied  and we take  F(x)  =  1  -  exp(-λx) ,  x  >  0 ,  the  model  g iven by 
( 6 . 1 )  i s  e q u i v a l e n t  t o  X  h a v i n g  a  n e g a t i v e  e x p o n e n t i a l  d i s t r i b u t i o n  i
w i t h  parameter 

{ } ,)1i(1i −θ+λ=λ                 i = l,...,n .     (6.8) 

When θ=0, the events form a Poisson process.  Burr and Young (1978) 
show tha t  the  un i fo rmly  mos t  power fu l  s imi la r  t e s t  o f  H  :θ  =  0  0
against  the one-sided alternative θ  > 0 rejects H  for sufficiently 0
small  values of the statistic 

          (6.9) ∑∑
==

=
n

1i
i

n

1i
it X/iXR

They also show that the lower 100α% point of the distribution of Rt

When θ=0,  say r , is given by t,α

                         rt,α = 1 + (n-1) u                (6.10) n-1,α

where u   is the lower 100 α  % point of the distribution of the mean n ,α

o f  n  i n d e p e n d e n t  r a n d o m v a r i a b l e s  e a c h  d i s t r i b u t e d  u n i f o r ml y  o v e r  
(0 ,1) .  Exact  values  of  u  are  given by Stephens (1966)  for  n , α

n = 3(1)12(2)20.   For  n  > 20,  a  normal  approximation may be used .  
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Example  3     The  fo l lowing  da ta  show the  in te rva l s  in  opera t ing  hours  

between successive fai lures  of  a  piece of  a ir  condit ioning equipment .     

The  ranks  o f  the  observa t ions  and  the i r  exponen t ia l  scores  a re  a l so  

shown. 

Serial Number(i) 1 2 3 4 5 6 7 8 9 10 

Interval(xi) 257 80 78 87 5 88 59 133 60 9 

Rank(r ) 10 6 5 7 1 8 3 9 4 2 i

Exponential score           

2.93 085 0.65 1.10 0.10 1.43 0.34 1.93 0.48 0.21              ( ) 10,rie
 

The observed value of the exponential scores trend statistic is 

.34.1)78.10(
)07.7)(11)(10(

12*
e −=−=ψ                         

*  i s  s y m me t r i c a l  a b o u t  z e r o ,  u s e  o f  S i n c e  t h e  n u l l  d i s t r i b u t i o n  o f  ψ e

t ab l e  8  shows  tha t  t he  obse rved  va lue  i s  j u s t  s i gn i f i can t  a t  t he  10% 

level  showing s l ight  evidence of  a  real  downward t rend in the intervals .  

The observed value of the parametric trend statist ic is  

                          29.4x/ixR
10

1i
i

10

1i
it == ∑∑

==

From Stephen's tables we have U9 , 0 .05 = 0.341, u9 , 0 . 1 0 = 0.376 giving  
=r t , 0 . 0 5   4 . 0 7 ,  r t , 0 . 1 0  =  4 , 3 8 .   T h e  o b s e r v e d  r e s u l t  i s  a g a i n  s i g n i f i -  

can t  a t  the  10% leve l  and  shows  s l igh t ly  more  ev idence  o f  a  rea l  

downward trend. 

The  exponen t i a l  s co re s  t e s t  f o r  t r end  i s  mos t  l i ke ly  t o  be  u sed  when 

the  i nves t i ga to r  i s  con f iden t  t ha t  t he  unde r ly ing  d i s t r i bu t ions  have  

forms close to  the exponential .  I f  the exponential  form holds exact ly,  

t h e r e  w i l l  b e  n o  l o s s  o f  e f f i c i e n c y  i n  u s i n g  t h e  n o n p a r a me t r i c  t e s t  

b a s e d  on ψ  rather than the parametric test  based on R  in very la rge  e t

samples .   An assessment  of  the  loss  of  e f f ic iency in  smal l  samples  i s  

g iven by Burr  and Young (1978) ,  who repor t  on  an  inves t iga t ion  to  

determine  the  powers  of  the  tes t s  for  a  Poisson process  agains t  the  
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al ternat ive  g iven by (6 .8) ,  for  var ious  s igni f icance  levels  and 
s a m p l e  s i z e s .  P o w e r s  w e r e  a l s o  d e t e r m i n e d  f o r  t h e  n o n p a r a m e t r i c  
r a n k  t r e n d  test based on the statistic 

i

n

1i
r R

2
1ni∑

=
⎟
⎠
⎞

⎜
⎝
⎛ +
−=ψ                              (6.11) 

f o r  w h i c h  t h e  s c o r e s  a s s i g n e d  t o  t h e  o b s e r v a t i o n s  a r e  s i m p l y  t h e  
r a n k s .  T h i s  s t a t i s t i c  i s  o f t e n  u s e d  f o r  t e s t i n g  f o r  r a n d o m n e s s  
i n  a  s equence  o f  obse rva t ions  aga ins t  a  t r end  in  l oca t i on .  They  
c o n c l u d e  t h a t  t h e  e x p o n e n t i a l  s c o r e s  t e s t  h a s  a  m a r k e d  p o w e r  
s u p e r i o r i t y  o v e r  t h e  t e s t  b a s e d  o n  ψ  i n  s m a l l  s a m p l e s ,  b u t  t h a t  r
t h e  l o s s  o f  e f f i c i e n c y  t h r o u g h  n o t  u s i n g  t h e  p a r a m e t r i c  t e s t  c a n  
b e  q u i t e  l a r g e .  T h e i r  f i n d i n g s  a r e  i l l u s t r a t e d  i n  t a b l e  9 .  

TABLE 9
1+(i- 1)θPowers of tests of H  : θ = 0 against  θ  > 0 when F (X) = l-{ l-F(x)}  0 i

( i=1,…,n)  ,s ignif icance level  α=0.05,  for  ( i )  parametr ic  R  tes t  with t
F(x)  = 1-e-x, (ii) exponential scores trend test, (iii) rank trend test. 

θ (i) (ii) (iii)          (i) (ii) (iii) 

0.2 0.264 0.215 0.192  0.647 0.569 0.483 

0.4 0.436 0.342 0.293  0.838 0.759 0.651 

0.6 0.552 0.429 0.359  0.906 0.835 0.725 

0.8 0.633 0.491 0.407  0.937 0.875 0.767 

1.0 0.690 0.536 0.443  0.954 0.898 0.792 

1.5 0.779 0.610 0.498  0.973 0.928 0.827 

2.0 0.829 0.655 0.532  0.982 0.942 0.845 

3.0 0.883 0.706 0.570  0.989 0.955 0.863 

4.0 0.912 0.734 0.591  0.992 0.962 0.873 

6.2   Tests For Serial Independence
In a renewal process,  the intervals between events are independent 
and identically distr ibuted.  Taking this as the null  hypothesis,  
suppose that  we are interested in the alternative in which the 
intervals are serial ly correlated.    Let 

{ }{ }[ ]

{ } 2
1

)var(X)var(X

)E(XX)E(XXE
)X,ρ(X

kii

kikiii
kii

+

++
+

−−
=                    

denote the correlation coefficient between X  and X If we i i+k           
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a s s u m e  t h a t  t h e  { X i }  h a v e  c o m m o n  m e a n  μ  a n d  c o m m o n  v a r i a n c e  σ 2 ,  
a n d  t h a t  ρ ( X i ,  X i + k  , )  =  ρ k ,   f o r  e a c h  i ,  t h e  a u t o - c o r r e l a t i o n  
c o e f f i c i e n t  o f  lag k is defined by 

                     ( )( ){ 2}kiik /XXE σμ−μ−=ρ + .     (6.12) 

T h e  e s t i m a t o r  o f  ρ k  i s  t h e  s a m p l e  s e r i a l  c o r r e l a t i o n  c o e f f i c i e n t  o f  

l a g  k  defined by 

                                   ∑ ∑
−

=

−
+

−∧
−−−=

kn n

1i

2
_

ikiik )XX(/)XX()XX(ρ (6.13) 

                            =  (6.14) ∑
−

=
∑
=+

kn

1i

n

1i
2
iZ/kiZiZ

w h e r e  Z i  =  X i  -  .  U n d e r  H
−

X 0 ,  t h e  r a n d o m  v a r i a b l e s  Z i .  Z i + k ,  

i = l , . . . , n - k  a r e  i d e n t i c a l l y  d i s t r i b u t e d  a n d  h e n c e   

                          ( ) }
n

1i
2
i  Z  /)1kZ1{(ZEknkρE ∑

=+−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛∧

                                       = ( )
( ) ⎪

⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
∑ ∑

=
∑

−
−

≠ ji
n

1i
2
i  Z /  jZi ZE

knn
kn  

                                       = ,
)1n(n
)kn(

−
−

−       (6.15) 

since . In particular for the serial correlation  ∑
≠
∑ ∑

=
−=

ji

n

1i
2
iZjZiZ

coefficient of lag 1, we have 

                        = - 1/n       (6.16) ⎟
⎠
⎞

⎜
⎝
⎛ρ

∧

1E

The exact variance of , under Hkρ
∧

0 depends on the distribution of the 

{Xi} and Moran (1967) shows that for k = 1 we have 

⎪
⎪

⎭

⎪
⎪

⎬

⎫

⎪
⎪

⎩

⎪
⎪

⎨

⎧

⎟
⎠

⎞
⎜
⎝

⎛
∑
=

∑
=

+
+

−
−

+−
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛∧
2n

1i
2
iZ

n

1i
4
iZ

E
1)n(n
1n

1)(n2n

1n2n
0H|1ρvar     (6.17) 
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I f  t h e  { X i }  a r e  a s s u m e d  t o  b e  e x p o n e n t i a l l y  d i s t r i b u t e d ,  w e  h a v e  t h e  

a p p r o x i ma t i o n  

 ...,
n
398

n
52

n
7

n
1Hpvar

43201 +−+−≈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∧
     ( 6 . 1 8 )    

t h i s  a p p r o x i ma t i o n  a r i s i n g  b y  a p p r o x i ma t i n g  t h e  e x p e c t a t i o n  o f  t h e   

r a t i o  i n  ( 6 . 1 7 )  b y  t h e  r a t i o  o f  e x p e c t a t i o n s .   F o r  l a r g e  n ,  w e  ma y  

t a k e  

2
1

432

1

n
398

n
52

n
7

n
1

n
1

⎟
⎠

⎞
⎜
⎝

⎛
−+−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+ρ

∧

           approx~    N ( 0 , 1 )  ( 6 , 1 9 )      

a n d  s o  ma k e  a n  a p p r o x i ma t e  t e s t  o f  t h e  h y p o t h e s i s  t h a t  t h e  s e r i e s  o f  

e v e n t s  f o r ms  a  P o i s s o n  p r o c e s s  a g a i n s t  t h e  a l t e r n a t i v e  o f  f i r s t  o r d e r  

s e r i a l  d e p e n d e n c e  o f  t h e  i n t e r v a l s .   T h e  t e s t  mus t  b e  u s e d  w i t h  

cau t ion  in  smal l  samples  (Lewis  (1972))  as  the  convergence  to  no r ma l i t y  

i s  s l o w .  

The tes t  based on  is  only val id  when the assumed common d i s t r i b u t i o n  1

∧
ρ

o f  t h e  X i  u n d e r  t h e  n u l l  h y p o t h e s i s  i s  t h e  n e g a t i v e  e x p o n e n t i a l .  

W h e n  t h e  a s s u m e d  c o m m o n  d i s t r i b u t i o n  i s  n o t  s p e c i f i e d ,  t h e  n u l l  

h y p o t h e s i s  i s  t h a t  t h e  s e r i e s  o f  e v e n t s  f o r m s  a  r e n e w a l  p r o c e s s .  A   

g e n e r a l  c l a s s  o f  r a n k  s t a t i s t i c s  w h i c h  m a y  b e  u s e d  t o  t e s t  t h i s  n u l l   

h y p o t h e s i s  a g a i n s t  t h e  a l t e r n a t i v e  o f  f i r s t  o r d e r  s e r i a l  d e p e n d e n c e   

i s  t h e  p r o d u c t  m o m e n t  s c o r e  s t a t i s t i c  

         ( 6 . 2 0 )    ∑
−

=
+=

1n

1i
1i

a
i

a
a n,rn,rV

w h e r e  R i .  i s  r a n k  o f  X i .  i n  t h e  o r d e r e d  s e t  o f  i n t e r v a l s  a n d  

n,Ri
a  i s  t h e  ' s c o r e '  g i v e n  t o  t h e  o b s e r v a t i o n  X i .   I f  n e i g h b o u r i n g  

i n t e r v a l s  t e n d  t o  b e  p o s i t i v e l y  c o r r e l a t e d ,  V a  w i l l  b e  r e l a t i v e l y  

l a r g e  w h i l e  a  n e g a t i v e  c o r r e l a t i o n  w o u l d  r e s u l t  i n  a  r e l a t i v e l y  s m a l l  

v a l u e  o f  V a .  

T h e  mome n t s  o f  t h e  n u l l  d i s t r i b u t i o n  o f  V a  c a n  b e  e x p r e s s e d  i n  t e r ms  

o f  s u ms  o f  p o w e r s  o f  t h e  s c o r e s  { }n,ra .  Fo r  t he  mean ,  we  have  
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( ) ( ){ }∑ ∑
−

= ≠ ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−=

1n

1i jr
n,sn,r0a 1nnaaHVE /  

  =  (6,21) naa /n

1r

2
n,r

2
n

qr
n,r

⎪⎭

⎪
⎬
⎫

⎪⎩
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⎧
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⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∑∑
==

 

Writing 

  n,2ir
2

n,1iR

2n

1i

2
n,iR

2
n,1iR

1n

1i

2
n,iR

2
a aaa2aaV

++

−

=+

−

=
∑∑ +=

   n,1jRn,jRn,
1i

Rn,iR

1n

2ij

3n

1i
aaaa2

++

−

+=

−

=
∑∑+

we obtain 

 

( ) tsr
n,t

2
n,sn,r

s

2
n,s

2
n,r

r
0

2
a aaa

1nn
2aa

n
1)HV(E

≠≠
∑∑∑∑∑ −

+
≠

=    

( ) utsr
n,un,t

2
n,sn,r aaaa

1nn
2

≠≠≠
∑∑∑∑−

+     (6,22)       

Two  pa r t i cu l a r  c l a s se s  o f  s co re s  have  been  cons ide red  i n  t he  l i t e r a tu re .  

I f  t he  s core s  a r e  t he  r anks  o f  t he  obse rva t i ons ,  t he  t e s t  s t a t i s t i c  i s  

  ( 6 .23 )  ∑
−

=
+=

1n

1i
1iir RRV

wi th  mea n  and  va r i ance  g iven  by  

( ) ( )( )1n2n3
12
1HVE 2

0r −+=   ( 6 .24 )  

( ) ( )( )
( ) ( )3n2n720

240n68n1102n823n501n21n51nHVvar
23456

0r −−
−−+−+++

=  ( 6 .25 )  

I f  t he  exponen t i a l  s co re s  a r e  u sed ,  t he  t e s t  s t a t i s t i c  i s  

        ( 6 .26 )  ∑
−

=
+

=
1n

1i
1iR,iRe n,eeV
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Use  o f  (4 .7 )  wi th  N rep laced  by  n  g ives  

( ) ( )1nn
en2n

HeeE n,n
2

0n,1iRn,iR −

+−
=

+
  (6 .27)  

so  the  exac t  mean  i s  

( ) n,n
1

0e en2nHVE −+−=  (6 .28)  

Cox  and  Lewis  (1966)  g ive  the  approx imat ion  

( )
n
nlog2nHVE 0e

γ+
+−≈  (2 .29)  

where γ=0.5772 is  Euler 's  constant ,  and approximate the var iance by  

( ) ( )( ) nlog2
3n2n

n24n6nHVvar
23

0e −
−−
+−

≈  (6 .30)  

T h e  t e s t  s t a t i s t i c s  V  a n d  V  w h e n  s t a n d a r d i s e d  h a v e  l i m i t i n g  N ( 0 , l )   r e

d i s t r i b u t i o n s  w h e n  t h e  s e r i e s  o f  e v e n t s  f o r m s  a  r e n e w a l  p r o c e s s ,  bu t   

caution must again be used with small samples as the convergence to   

normal i ty  i s  r e la t ive ly  s low.  

The  theore t i ca l  s tudy  of  the  p roper t i es  o f  the  t es t s  based  on   r1 V,
∧
ρ

and V  requires the specification of a model which creates dependence   e

be tween  ne ighbour ing  in te rva l s .  A  s imple  approach  i s  to  t ake  the   

condi t ional  dis t r ibut ion of  X .  given Xi i - 1 .=  x i - 1  as  negat ive exponen-  

t i a l  wi th  a  pa ramete r  depending  on  the  observed  va lue  o f  X i - 1 .  The   

cond i t iona l  p .d . f  o f  X  i s  then  i

 

( ) .x0)}.x(x(xexp{x)xXx(f 1i1i1iii ∞<<λ−λ−λ== −−−  (6 .31)  

 

The  spec ia l  fo rm 

( ) ( ) n,.....,2,1i,x1x 1i101i =λ+λ=λ −−  (6 .32)  

wi th  x  =  0  was  cons idered  by  Cox  (1955) .  o

Example  4 .   The fol lowing da ta  {X } were  obta ined by s imula t ion us ing   i

.2.0,5 10 =λ=λthe  mode l  g iven  by  (6 .31)  and  (6 .32)  wi th  n  =  30 ,   
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The ranks {Ri} and exponential scores  are also given. }e{ 30,iR

Xi 2.65 2.87 15.49 33.8 49.41 73.15 4.28 4.18 17.24 4.31 

Ri 9 10 23 28 29 3 12 11 24 13 

 

 

0.35 0.40 1.40 2.50 3.00 4.00 0.50 0.45 1.55 0.56 

           

Xi 4.79 12.07 11.65 12.52 8.83 1.75 1.16 17.57 2.29 6.07 

Ri 14 21 20 22 17 5 3 25 7 16 

 

 

0.61 1.17 1.07 1.28 0.81 0.18 0.10 1.71 0.26 0.74 

           

Xi 0.14 9.79 10.24 2.46 1.49 22.96 27.16 5.66 1.92 0.23 

Ri 1 18 19 8 4 26 27 15 6 2 

 

 

0.033 0.89 0.98 0.30 0.14 1.91 2.16 0.68 0.22 0.068

e 30,iR

e 30,iR

e 30,iR

A  p lo t  o f  X i + 1  a g a i n s t  X i .  i s  s h o w n  i n  f i g u r e  2  a n d  s h o w s  s o me  e v i d e n c e   

o f  a  f i r s t  o r d e r  s e r i a l  d e p e n d e n c e .   F o r  t h e  p a r a m e t r i c  t e s t ,  w e  h a v e  

 0269.0Hvar,0333.0HE,434.0 01011 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
ρ=ρ

∧∧∧
 

 Referring the value  

 85.2)}Hˆ({var/)}H(Eˆ{ 2
1

01011 =ρρ−ρ
∧  

 

t o  t h e  N ( 0 , l )  d i s t r i b u t i o n  g i v e s  a n  o b s e r v e d  s i g n i f i c a n c e  l e v e l   

a p p r o x i ma t e l y  e q u a l  t o  0 . 0 0 2 2 .  

 

F o r  t h e  e x p o n e n t i a l  s c o r e s  s t a t i s t i c ,  w e  h a v e  

 

  ( ) ( ) ,72.22HVvar,13.28HVE,38.40V 0e0ee ===  

  57.2)}Hv({var/)}HV(EV{ 2
1

0e0ee =−  a n d  a n  a p p r o x i m a t e  o b s e r v e d  

s i g n i f i c a n c e  l e v e l  o f  0 . 0 0 5 1 .  
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 F i n a l l y ,  t h e  s t a n d a r d i s e d  v a l u e  o f  t h e  r a n k  s t a t i s t i c  i s   

70.1)}Hv({var/)}Hv(Ev{ 2
1

0r0rr =−  

w i t h  a n  a s s o c i a t e d  o b s e r v e d  s i g n i f i c a n c e  l e v e l  e q u a l  t o  0 . 0 4 5 .   

F o r  t h i s  d a t a  s e t ,  t h e  e v i d e n c e  a g a i n s t  H  s h o w n  b y  t h e  r a n k  t e s t   o

i s  m u c h  l e s s  t h a n  t h a t  g i v e n  b y  t h e  e x p o n e n t i c a l  s c o r e s  t e s t  

 

 
F i g u r  2 .     S c a t t e r  d i a g r a m  p l o t  o f  x i + 1  a g a i n s t  x i  
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