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ABSTRACT 

 

 Let g be the function which maps conformally a simply- connected 

d o m a i n  G  o n t o  a  r e c t a n g l e  R  s o  t h a t  f o u r  s p e c i f i e d  p o i n t s  

,4z ,3z ,2z ,1z o n  G∂  a r e  m a p p e d  r e s p e c t i v e l y  o n t o  t h e  f o u r  v e r t i c e s  

o f  R .  T h i s  p a p e r  i s  c o n c e r n ed  w i t h  t h e  s t u d y  o f  a  d o ma i n  

d e c o mp o s i t i o n  method for computing approximations to g  and to an 

associated domain functional in cases where: (i) G  is bounded by two 

p a r a l l e l  s t r a i g h t  l i n e s  a n d  t w o  J o r d a n  a r c s .  ( i i )  T h e  f o u r  p o i n t s  

,4z ,3z ,2z ,1z  a re  the  corners  where  the  two  s t ra igh t  l ines  mee t  the  

two  arcs. 
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1 .   Introduction 

Let G be a simply-connected Jordan domain in the complex z-plane 

(z=x+iy) ,  and  cons ide r  a  sys tem cons i s t ing  o f  G  and  four  d i s t inc t  

p o i n t s  4z,2z,2z,1z  i n  c o u n t e r - c l o c k w i s e  o r d e r  o n  i t s  b o u n d a r y  G∂ .  

S u c h  a  sys tem i s  sa id  to  be  a  quadr i l a t e ra l  Q  and  i s  deno ted  by  

Q  := {G;  4z,2z,2z,1z } .  

 The conformal module m(Q ) of Q  is defined as follows: 

  Let R be a rectangle of the form 

{ } ,dηcb,ξa:),(ξ: R <<<<η=    (1.1) 

i n  t h e  w - p l a n e  )iw( η+ξ= ,  a n d  l e t  h  d e n o t e  i t s  a s p e c t  r a t i o ,  i . e .  

h:= (d-c)/(b-a). 

T h e n ,  m(Q )  i s  t h e  u n i q u e  v a l u e  o f  h  f o r  w h i c h  Q  i s  con fo rma l ly  

e q u i v a l e n t  t o  a  r e c t a n g l e  o f  t h e  f o r m  ( 1 . 1 ) ,  i n  t h e  s e n s e  t h a t  f o r  

h = m(Q )  a n d  f o r  t h i s  v a l u e  o n l y  t h e r e  e x i s t s  a  u n i q u e  c o n f o r ma l  ma p  

R → G  w h i c h  t a k e s  t h e  f o u r  c o r n e r s  a + i c ,  b+ i c ,  b+ id  and  a+ id  o f  R  

r e s p e c t i v e l y  o n t o  t h e  f o u r  p o i n t s  3z,2z,1z  a n d 4z .  I n  p a r t i c u l a r ,  

h=m(Q)  is  the  only value of  h  for  which Q  i s  conformally equivalent  to  

a  r ec tang le  o f  the  fo rm 

{ } { } .hαηα,1ξ0η):,(ξ:αR h +<<<<=  (1.2) 

 C o n s i d e r  n o w  t h e  c a s e  w h e r e  Q  i s  o f  t h e  fo r m i l l u s t r a t e d  i n  
F igu re  1 .1 (b )  a n d  l e t  t he  a r c s   )2z,1z( a n d  )4z,3z(  h ave  ca r t e s i an  
equa t i ons  Y = - 1τ ( x )  and  y= 2τ ( x ) ,  w h e r e  jτ ;   j=  l , 2 ,   a r e  p o s i t i v e  i n  
[ 0 , 1 ] .   T h a t  i s ,  l e t  

 ,}4z,3z,2z,1z{G;:Q =    (1.3a) 

where 

G =:  { (x,y) :  0 < x < 1, - (x)τ1  < y < 2τ (x)} , 

with           (1.3b) 

jτ (X)  >   0;     j =  1,2, for x ∈ [0,1], 
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and 
,)1(1iτ12z),0(1iτ1z −=−=  

           (1.3c) 
.)0(2iτ4z),1(2iτ13z =+=  

Also, let  

},0y(x)1τ,1x0:{(x,y):1G <<−<<=  (1.4a)  

and  

,(x)}2τy0,1x0:{(x,y):2G <<<<=   (1.5a)  

s o  t h a t  ,2G1GG U= a n d  l e t  Q 1  a n d  Q 2  d e n o t e  t h e  q u a d r i l a t e r a l s  

,}0,1,2z,1z;1{G:1Q =    (l .4b)  

and 

;}4,z3z,1,0;2{G:2Q =    (1.5b)  

see Figures 1.2(b) and 1.3(b).  Finally, let  

l,2,j ); j m(Q  : jh  and m(Q) :h ===  (1.6)  

a n d  l e t  g  and  gj ;  j= l , 2 ,  b e  t h e  a s s o c i a t e d  c o n fo r ma l  ma p s  

 g   :    Rh {-h1} → G,   (1.7)  

 g1 :  1hR {-h1} →  G1 ,   (1.8)  

and 
 g2 :  2hR {0}  →  G2 ,   (1.9)  

where, with the notation (1.2), 

{ } { },1hhη1h,1ξ0:),η(ξ:1hhR −<<−<<=− (1.10) 

{ } { } ,0η1h,1ξ0η):,(:1h1hR <<−<<ξ=−  (1.11) 

and 

 { } { };2hη0,1ξ0:η),(ξ:0
2h

R <<<<=  (1.12)  

see Figures 1.1-1.3.  

This  paper  is  concerned with the s tudy of  a  domain decomposi t ion 

method for computing approximations to h:=  m(Q) and to the associated 

conformal  map g ,  def ined  by  (1 .7) ,  in  cases  where  the  quadr i la tera l Q  

i s  o f  the  fo rm (1 .3 ) .  More  spec i f i ca l ly ,  the  method  under  cons ide r -

a t ion  i s  based  on  decomposing  Q  in to  the  two smal ler  quadr i la tera l s  Q1
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a n d  Q 2 ,  g i v e n  b y  ( 1 . 4 )  a n d  ( 1 . 5 ) ,  a n d  t h e n  a p p r o x i m a t i n g  h ,  }1h{hR −  

a n d  g  r e s p e c t i v e l y  b y  

 ,2h1h:h~ +=      (1.13a) 

 { },2hη1h,1ξ0:),η(ξ}:1h{h~R <<−<<=−   (1.13b) 
and 

 ⎢
⎣

⎡
−∈→−

∈→
= .}1h{1hRwfor,1G}1h{1hR:(w)1g

,}0{2hRwfor,2G}0{2hR:(w)2g(w):g~  (1.14) 

The motivation for considering this method emerges from the intuitive 

obse rva t ion  tha t  i f  h* :=  min(h 1 ,h 2 )  i s  " l a rge" ,  then  the  segment  0<x<l  

o f  t h e  r e a l  a x i s  i s  " n e a r l y "  a n  e q u i p o t e n t i a l  o f  t h e  f u n c t i o n  u  

s a t i s f y i n g  t h e  f o l l o w i n g  Laplacian problem:  

 ,Gin,0Δu =  

 ,)4,z3(zon,1u);2,z1(zon,0u ==  

 .)1,z4(z)3,z2(zon,0
n
u

U=
∂
∂  

T h i s  i n  t u r n  i n d i c a t e s  t h a t  i f  h *  i s  l a r ge ,  t h e n  

,2h1h~h +−  

and the funct ion (1.14)  "approximates"  the t rue conformal  map g.  (We 

no t e  t ha t  

 ,2h1hh +≥       (1.15) 

and equal i ty  occurs  only  in  the  two t r iv ia l  cases  where :  (a )  G  i s  a  

r e c t a n g l e ,  a n d  (b )  ]1,0[x(x),2τ(x)1τ ∈= ;  s e e  e . g .  [ 8 : p . 4 3 7 ] . )  

The purpose  of  the  present  paper  i s  to  provide  a  theore t ica l  

j u s t i f i c a t i o n  f o r  t he  a b o v e  de c o mp o s i t i o n  me t h o d ,  a n d  t o  s h o w  t h a t  

(1 .13) ,  (1 .14)  a re  capab le  o f  p roduc ing  c lose  approx imat ions  to  h  and  

t o  g ,  e v e n  w h e n  h * : =  mi n ( h 1 , h 2 )  i s  on l y  mo d e r a t e l y  l a rg e .  We  d o  t h i s  

by  a  method  o f  ana lys i s  tha t  makes  ex t ens ive  use  o f  the  t heory  g iven  

i n  [ 2 : K a p . V , § 3 ] ,  i n  c o n n e c t i o n  w i t h  t he  i n t eg ra l  equa t i on  me thod  o f  

Garr ick [6]  for  the conformal  mapping of  doubly-connected domains.  In  

p a r t i c u l a r ,  w e  d e r i v e  e s t i ma t e s  o f        

    ,)2h1(hhh~h:hE || +−=−=        (1.16a) 
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 ,}}1h{1hRw:(w)1g(w)g{max:}1{gE || −∈−=  (1.16b) 

 ,}0{2hRw:(w)2g)hi(wgmax:}2{gE }{ || E ∈−+=   (1.16c) 

and show that 

hE = 0{exp( h*π2− )} , 

and 

,πh*)}(exp{0}2{
gE,πh*)}(exp{0}1{

gE −=−=  

p r o v i d e d  t h a t  t h e  f u n c t i o n s  jτ ;  j=l,2,   i n  ( 1 . 3b ) ,   s a t i s fy  ce r t a i n  

s mo o t h n e s s  c o n d i t i o n s .  

 Al though the main resul ts  of  the paper  are  der ived by consider ing 

quadr i la te ra ls  of  the  form (1 .3) ,  the  domain  decomposi t ion  method and  

t h e  a s s o c i a t e d  t h e o r y  h a v e  a  s om e w h a t  w i d e r  a p p l i c a t i o n .  M o r e  

s p e c i f i c a l l y ,  i t  w i l l  b e c o m e  a p p a r e n t  f r o m  o u r  w o r k  t h a t  b o t h  t h e  

m e t h o d  a n d  t h e  t h e o r y  a l s o  a p p l y  t o  t h e  m a p p i n g  o f  q u a d r i l a t e r a l s  

Q:={G;z1,z2,z3,z4.}, in cases where the domain G and the crosscut c  

tha t  decomposes  Q  in to  Q1  and  Q2  a re  as  descr ibed  be low:  

 •   G  i s  o f  t h e  f o r m  i l l u s t r a t e d  i n  F i g u r e  1 . 4 .  T h a t  i s ,  G  i s  

b o u n d e d  b y  a  s e g m e n t  1l : =  (z4,z1 )  o f  t h e  r e a l  a x i s ,  a  s t r a i g h t  l i n e  

2l
: = (z2 ,z 3 )  i n c l i n e d  a t  a n  a n g l e  απ , 0 < α ≤1 ,  t o 1l ,  a n d  t w o  J o r d a n  

a r c s  1γ : =  ( z 1 , z 2 )  a n d )4z,3(z:2 =γ  w h i c h  a r e  g i v e n  i n  p o l a r  

c o - o r d i na t e s  b y  

 .2,1j;}απθ0,θie(θθjρz{z::j =≤≤==γ   (1.17) 

 •  The functions jρ ;  j=1,2 ,  in (1.17), are such that 1)θ(1ρ >  a n d  

0 < 2ρ )(θ < l , f o r ∈θ  [ 0 , ]απ ,  a n d  t h e  c r o s s c u t  c  i s  t h e  a r c  

,απθ0,θiez <<=  o f  t h e  u n i t  c i r c l e .  

 A l t h o u g h  t h e  r e s u l t s  o f  t h e  p r e sen t  pape r  app ly  on ly  t o  

q u a d r i l a t e r a l s  t h a t  h a v e  o n e  o f  t he  t w o  s p e c i a l  fo r ms  i l l u s t r a t ed  i n  

F i g u r e s  1 . 1  a n d  1 . 4 ,  w e  n o t e  t h a t  t he  ma p p i n g  o f  s u c h  q u a d r i l a t e r a l s  

h a s  r e c e i v e d  c o n s i d e r a b l e  a t t e n t i o n  r e c e n t l y ;  s e e  e . g .  [ 1 ] , [ 5 ] , [ 1 1 ] ,  

[12] , [15]  and  [17] .  In  th i s  connec t ion  the  decompos i t ion  method  i s  o f
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p r a c t i c a l  i n t e r e s t  fo r  t h e  f o l l o w i n g  t w o  r e a s o n s :  

 ( i )  I t  c a n  b e  u s e d  t o  o v e r c o me  t h e  " c r o w d i n g "  d i f f i c u l t i e s  

associated with the numerical  conformal mapping of "thin" quadri-

l a t e r a l s  o f  t h e  f o r m s  i l l u s t r a t e d  i n  F i g u r e s  1 . 1  a n d  1 . 4 .  ( F u l l  

d e t a i l s  o f  t h e  c r o w d i n g  p h e n o me n o n  a n d  i t s  d a ma g i n g  e f f e c t s  o n  

n u me r i c a l  p r o c e d u r e s  f o r  t h e  ma p p i n g  o f  " t h i n "  q u a d r i l a t e r a l s  c a n  b e  

f o u n d  i n  [ 1 2 ] ,  [ 1 3 ]  a n d  [ 9 ] ;  s e e  a l s o  [3 : p . l 7 9 ] ,  [ 8 : p . 4 2 8 ]  a n d  

[ 1 6 : p . 4 ]  .  )  

 ( i i )  Numer ica l  methods  for  approximat ing  the  conformal  maps  of  

quad r i l a t e r a l s  o f  t he  fo rm  (1 .4 )  o r  ( 1 . 5 )  a r e  o f t en  subs t an t i a l l y  

s i mp l e r  t h a n  t h o s e  f o r  q u a d r i l a t e r a l s  o f  t he  more  gene ra l  f o rm  (1 .3 ) ;  

s ee  e . g .  [ 5 ]  and  [12 :§3 .4 ] .  

 The paper  is  organized as  fol lows:  In  Sect ion 2,  we s ta te  without  

proof  some prel iminary resul ts  which are  needed for  our  work in 

Sect ion 3.  These concern wel l -known propert ies  of  three integral  

ope ra to r s  t ha t  occu r  i n  t he  i n t eg ra l  equa t i ons  o f  t he  me thod  o f  

Garr ick.  In  Sect ion 3,  we consider  the Garr ick formulat ions for  the 

conformal  maps of  three c losely related doubly-connected domains.  

Hence,  by making use of  the theory given in  [2:  Kap V],  we der ive a  

number  of  resul ts  that  provide cer tain comparisons between the three 

conforma l  maps .  Sec t ion  4  con ta ins  the  main  resu l t s  o f  the  paper .  

Here,  we f i rs t  ident i fy  cer ta in  wel l -known relat ionships  between the 

conformal  maps (1.7)-(1.9)  and those considered in  Sect ion 3.  Hence,  

by making use of  the resul ts  of  Sect ion 3,  we der ive est imates  of  the 

e r r o r s  ( 1 . 1 6 )  i n  t h e  d o m a i n  d e c o m p o s i t i o n  a p p r o x i m a t i o n s  

( 1 . 1 3 ) - ( 1 . 1 4 ) .  F i n a l l y ,  i n  S e c t i o n  5  w e  p r e s e n t  t w o  n u m e r i c a l  

examples  i l lust rat ing the theory of  Sect ion 4,  and make a  number  of  

concluding remarks concerning this  theory.  

 



 

Figure   1.4 
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2 .  P r e l i m i na r y  r e s u l t s .  
 In  Sect ion 3 we shal l  make extensive use of  the propert ies  of  
t h r e e  l i n e a r  i n t e g r a l  o p e r a t o r s  i n  t h e  r e a l  f u n c t i o n  s p a c e  
 −= π2{u:u:2L is pe r iod ic  and  

 s q u a r e  i n t e g r a b l e  i n  [0,2 π ]} .    (2.1) 
T h e s e  o p e r a t o r s  a r e  d e n o t e d  b y  K ,  qR  a n d  qS  and  a r e  de f i ned  a s  

f o l l o w s ;  s e e  [ 2 : p p . 1 9 4 - 1 9 5 ] .  
۔   K  i s  t h e  w e l l - k n o w n  o p e r a t o r  f o r  c o n j u g a t i o n  o n  t h e  u n i t  
c i r c l e .  Th a t  i s ,  f o r  u ,2L∈  t h e  f u n c t i o n  Ku  i s  de f i ned  by  t he  Cauchy  

p r i n c i p a l  v a l u e  i n t e g r a l  

 K[u(ϕ)]:=
2π
1
PV ∫

2π

0
cot ⎥⎦

⎤
⎢⎣
⎡ −ϕ

2
t

u(t)dt. 

۔   T h e  o p e r a t o r s  qR  a n d  qS d e p e n d  o n  a  r e a l  p a r a m e t e r  q ,  w i t h  

0<q<1 ,  a n d  a r e  d e f i n e d  b y  

∫∫ −ϕ=ϕ−ϕ=ϕ ,(t)dtut)(qh
π2

0π2
1

:)][u(qSt)u(t)dt,(qg
π2

0π2
1

:)][u(qR  

where  t he  ke rne l s  qG  and  qh  a re  g iven  by  the  abso lu te ly  convergen t  

se r i e s  

∑∑
∞

=
ϕ

−
−

∞

=
=ϕϕ

−
=ϕ

1k
ksin

k2q1

kq
4

1k
)(qh,ksin

k2q1

k2q
4)(qg  

 The  proper t ies  of  the  above three  opera tors  a re  s tudied  in  de ta i l  
in  [2 :pp .195-205] ,  where  in  par t icu lar  the  fo l lowing bas ic  resu l t s  can  
be found:  
 -  uIf  2L∈  ,    then 

 Ku, Rq
u
, Sq

u
, ,2L∈      (2.2) 

and 

 .u
2q1

q2
uqS,u

2q1

2q2
uqR,uKu ||||||||||||||||||||||||

−
≤

−
≤≤  (2.3a) 

A l s o ,  f o r  0< q2 <q1 <1,  
 

   .u
)22q1()21q1(

)22q
2
1(q2

u)2qR1q(R ||||||||
−−

−
≤−   (2.3b) 
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[ Throughout this paper we shall  take,  

]
π2

0
.2

1
(t)dt2u:u }{

2
1 ∫π

=  

 Let W  denote the space  

 W  :=  {u:u  is 2π -periodic and absolutely  

 continuous in [0, π2 ] and u'∈ L2  }  .   (2.4) 

If u ∈  w ,  then  

 Ku, Rqu, Squ  ∈ w,    (2.5a) 

and  

 (Ku) '   =  Ku ' ,   (Rqu) '  = Rqu ' ,  (Squ) '   =  Squ  '  .   (2.5b) 

 We also need the following:  

۔   If u ∈  w and  

,0
π2

0
dt(t)u =∫  

then u satisfies the Warschawski inequality  

 ;u'uπ22)(u || ||||||||≤ϕ    ( 2 . 6 )  

s e e  [ 1 8 : p . l 8 ]  a n d  [ 2 : p . 6 8 ] .  I n  a d d i t i o n  w e  h a v e  w i r t i n g e r ' s  
inequality [7:p.l85], i .e. ,  

 .u'u |||||||| ≤      (2.7) 

 -     Le t  T  deno te  any  o f  the  t h ree  opera to r s  K, Rq or  Sq .   
Then ,  fo r  any  func t ion  u  ∈  w ,  

 .u'TTu |||||||||||| ≤     (2.8) 

( T h i s  f o l l o w s  a t  o n c e  f r o m ( 2 . 7 )  a n d  ( 2 . 5 ) ,  b y  o b s e r v i n g  t h a t  

;0
π2

0
Tudt =∫  

see e.g.  [5:Eq.(2.6)].)  

 The significance of the results (2.2)-(2.8) in connection with our 
work  in  Sect ion  3  i s  tha t  the  method of  Garr ick  for  the  mapping  of  
doubly-connected domains can be formulated in  terms of  the operators  
K, Rq  and Sq .  The details are as follows:  

 L e t  1Γ  a n d  2Γ  b e  t w o  J o r d a n  c u r v e s  i n  t h e  z - p l a n e  w h i c h  a r e    
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 s t a r l i k e  w i t h  r e s pe c t  t o  z=0  a n d  a r e  g i v e n  i n  p o l a r  c o -
o rd ina t e s  by  

  ,2,1j;π2θ0,θie)(θjZZ::jΓ }{ =≤≤ρ==   (2.9) 

w h e r e  20 ρ< ( θ )  <  1ρ ( θ ) ,  f o r  θ  ∈  [ 0 , π2 ] .  A l s o ,  l e t  Ω  b e  t h e  
doubly-connected domain bounded externally and internally by 1Γ  and 2Γ  
respectively, i .e.  
 Ω :=   (Int 1Γ  )   ∩    (Ext 2Γ ).     (2.10) 

Then, for a certain value q, 0 < q < 1, the domain Ω  is conformally 
equivalent to the annulus  

 Aq :=   {W: q < |W| < 1} ,    (2.11) 
and the reciprocal M:= 1/q of the inner radius is called the conformal 
module of Ω .  
 Let f  denote the conformal map Aq →  Ω .  Then, the following are 
well-known:  
۔   f  c a n  b e  e x t e n d e d  c o n t i n u o u s l y  t o qA .  

۔   On the boundaries |W|  = 1 and |W|   = q  of Aq  the function f is 
given by two continuous boundary correspondence functions Θ  and Θ̂   
which are defined by  

.π]2,0[,)(ˆie))(ˆ(2ρ)if(qe,)(ie))((1ρ)i(ef ∈ϕϕϕ=ϕϕϕ=ϕ ΘΘΘΘ  
           (2.12) 
۔   T h e  r e q u i r e m e n t  t h a t  |W|= 1  i s  m a p p e d  o n t o  1Γ  d e f i n e s  f  
u n i q u e l y ,  a p a r t  f r o m  a n  a r b i t r a r y  r o t a t i o n  i n  t he  W- p l a n e .  H e r e ,  w e  
n o r m a l i z e  t h e  m a p p i n g  b y  r e q u i r i n g  t h a t  

 .0d
π2

0
)(ˆd

π2

0
)( }{}{ =ϕϕ−ϕ=ϕϕ−ϕ ∫∫ ΘΘ   (2.13) 

The outer and inner boundary correspondence  functions Θ  ۔   and  Θ̂  
and  the  inner  r ad ius  q of  Aq  s a t i s fy  the  Gar r i ck  in tegra l  equa t ions :  

 ,))](ˆ(2ρlog[qS))]((1ρlog[)qR(K)( ϕ+ϕ++ϕ=ϕ ΘΘΘ  (2.14a) 

 ,))](ˆ(2ρlog[)qR(K))]((1ρlog[qS)(ˆ ϕ+−ϕ−ϕ=ϕ ΘΘΘ (2.14b) 

and 

 { } ;d
π2

0
))((1ρlog))(ˆ(2ρlog

π2
1

qlog ϕϕ−ϕ= ∫ ΘΘ   (2.14c) 
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see  [2:pp.198-199] and [5:§3].  

3. On the conformal maps of three doubly-connected domains. 

 Let the curves jΓ ;   j=l,2, be given by (2.9) with 

 1)(θ1ρ >  and  0  < ,1)(θ2ρ <  θ  ∈  [0, π2 ],  (3.1) 

and, as in Section 2,  let  f ,  Θ  and Θ̂  denote respectively the conformal  
map 

 ),2(ExtΓ)1(IntΓΩ:qAf: ∩=→   (3.2) 

and the associated outer and inner boundary correspondence functions 
defined by (2.12).   Also,  let  C1  denote the unit  circle 

 { },1ZZ::1C ==     (3.3) 

and let 1
1q
−  and 1

2q
−  be respectively the conformal modules of the two 

doubly-connected domains 

 ,)1C(Ext)1Γ(Int:1Ω ∩=    (3.4) 

and 

 ).2Γ(Ext)1(IntC:2Ω ∩=    (3.5) 

Finally, let jf ; j=l,2, denote the conformal maps 

 ,2,1j;jΩjqA:jf =→    (3.6) 

where 

 ,2,1j;1WjqW:jqA }:{ =<<=    (3.7) 

and let jΘ  and jΘ̂  j=l,2 ,  be the associated outer and inner boundary 
correspondence functions, i.e.  

 ,
)(1i

e))(1(1ρ)i(e1f
ϕ

ϕ=ϕ Θ
Θ  ,

)(1
ˆi

e)ie1(q1f
ϕ

=ϕ Θ
  (3.8a)  

and 

 ,)(2ie)i(e2f
ϕ=ϕ Θ   .

)(2
ˆi

e))(2ˆ(2ρ)ie2(q2f
ϕ

ϕ=ϕ Θ
Θ  

        (3.8b) 

( T h e  c o n f o r m a l  m a p s  f  a n d  ,2,1j;jf =  a r e  i l l u s t r a t e d  i n  
F i g u r e s  3 . 1 - 3 . 3 . )  

 We recall that the conformal map f is normalized by the conditions 
(2.13) and, by analogy, we normalize the conformal maps ,2,1j;jf =  
respectively by 
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 { } { } .2,1j;0d)(jˆ
π2

0
d)(j

π2

0
==ϕϕ−ϕ=ϕϕ−ϕ ∫∫ ΘΘ  (3.9) 

We also recall  that the boundary correspondence functions ΘΘ ˆ,  and the 
radius q ,  associated with f ,  satisfy the Garrick equations (2.14) .  

S imi lar ly ,  the  boundary  cor respondence  func t ions  jˆ,j ΘΘ ;  j=l,2 ,  and 

the radi i  jq ;  j=l,2 ,  associated with ,2,1j;jf =  sa t is fy the s impl i f ied 

Garrick equations: 

 [ ],))(1(1ρlog
1q

RK)(1 ϕ⎟
⎠
⎞⎜

⎝
⎛ ++ϕ=ϕ ΘΘ   (3.10a) 

 [ ],))(1(1ρlog
1q

S)(1ˆ ϕ−ϕ=ϕ ΘΘ    (3.10b) 

 ∫ ϕϕ−= ,d))(1(1ρlog
π2

0π2
1

1qlog Θ   (3-10c) 

and 

 ,))(2
ˆ(2ρlog

2q
S)(

2
][ ϕ+ϕ=ϕ ΘΘ    (3.11a) 

 ,))(2
ˆ(2ρlog

2q
RK)(2

ˆ ][][ ϕ+−ϕ=ϕ ΘΘ   (3.11b) 

 ∫ ϕϕπ= .d))(2
ˆ(2plog

π2

02
1

2qlog Θ   (3.11c) 

(The above equations follow from (2.14), by setting respectively           

2ρ (θ)=1 and 1ρ (θ)=1.) 

 I n  t h i s  s e c t i o n  we  d e r i v e  a  numb er  o f  r e s u l t s  t ha t  p ro v ide  
e s t i ma t e s  f o r  t h e  q u a n t i t i e s :  

 [ ] ,2qlog1qlogqlog +−  

π]2,0[
max

∈ϕ
,)(1)( ϕ−ϕ ΘΘ    

π]2,0[
max

∈ϕ
,))(1(1ρlog))((1ρlog ϕ−ϕ ΘΘ  

π]2,0[
max

∈ϕ
  )(2

ˆ)(ˆ ϕ−ϕ ΘΘ ,  
]π2,0[

max
∈ϕ

,))(1
ˆ(2ρlog))(ˆ(2ρlog ϕ−ϕ ΘΘ  

max ,
1q

Aw:(w)
1
flogf(w)log }{ ∈−  max }{

2q
Aw:(w)2flog)2f(qw/qlog ∈− , 
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and also for  the real  and imaginary par ts  of  the funct ion log{f(W)/W},  
W  ∈  qA .  A l l  t h e s e  e s t i m a t e s  a r e  g i v e n  i n  t e r m s  o f  t h e  r a d i i  q  a n d  

jq ;  j=1,2,and  a r e  de r i ved  b y  ma k i n g  ex t ens i ve  u s e  o f  t he  t heo ry  o f  

t h e  G a r r i c k  me t h o d  g i v e n  i n  [ 2 : kap .V) .  The  s i gn i f i c ance  o f  t he  
r e s u l t s  o f  t h i s  s e c t i o n  i n  c on n e c t i o n  w i t h  t h e  d o ma i n  d e c o mp o s i t i o n  
me thod  w i l l  become  appa ren t  i n  Sec t i on  4 ,  once  ce r t a in  we l l -known  
re la t ionsh ips  be tween  the  conformal  maps  (3 .2 ) ,  (3 .6 )  and  (1 .7 ) - (1 .9 )  
a r e  i de n t i f i e d .  
     Our  resu l t s  wi l l  be  es tab l i shed  by  assuming  tha t  the  two  boundary  
curves  jr ;  j=l,2,  s a t i s fy  the  cond i t ions  s t a t ed  be low.  

 
Assumpt ions  A3 .1  The  curves  

,2,1π}; j2θ0,θi(θθ)jρZ{Z::jΓ =≤≤==  

satisfy the following: 
 (i) .]π2,0[θ,1)(θ2ρ0and1)(θ1ρ ∈<<>  

 ( i i)  )(θjρ ;  j=1,2,  are absolutely continuous in [0,2 π ] ,  and 

  π≤≤
∞<=

2θ0
.|)(θjρ/)(θ'jρ|supess:jd      (3.12) 

  ( i ii) If 

 1m  :=  π2θ0
max

≤≤ { )(1
1

ρ θ− } and 2m := π2θ0
max

≤≤  { )(2ρ θ } ,          (3.13a) 

then 

.2,1j;1
jm1
jm1

jd:j =<
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

+
=ε    (3.13b) 

We note  that  the above assumptions resemble closely those that  
c o n s t i t u t e  t h e  s o -c a l l e d  εδ - c o n d i t i o n  a s s o c i a t ed  w i t h  t he  t h e o r y  o f  
t he  method of  Garr ick;  see [2:p.200]  and [5:p.266] .   We also note  the 
fo l lowing  e lementa ry  re su l t s  which  a r e  needed  fo r  our  ana lys i s :   

-     The assumption A3.1(i i)  implies that  

dt|(t)
)(
)(1( 1ρ/(t)'

1ρ|))(1(1ρlog))((1ρlog ∫
ϕ
ϕ

=ϕ−ϕ
Θ
Θ

ΘΘ  

.π]2,0[,)(1)(1d ∈ϕϕ−ϕ≤ ΘΘ    (3.14a)



13  
Hence,   also  

.11d)(1gρlo(1ρlog |||||| || ΘΘΘ-Θ) −≤          (3.14b)  
Similarly, 

,π]2,0[,)(2
ˆ)(ˆ2d))(2(2ρlog))(ˆ(2ρlog ∈ϕϕ−ϕ≤ϕ−ϕ |||||||| ΘΘΘΘ  

and             (3.14c) 
.2

ˆˆ
2d)2

ˆ(2ρlog)ˆ(2ρlog ||||||| |ΘΘΘΘ −≤−    (3.14d) 
Since  ;jqq < j=l,2,  the Garrick equations  (3.10c) and   (3. 11c) 

imply  that 
     .2,1j;1jmjqq0 =<≤<<      (3.15a)  

Hence, also  

 .2,1j;jε
jq1
jq1

jdq1
q1

jd =≤
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

+
<

⎭
⎬
⎫

⎩
⎨
⎧

−
−   (3.15b) 

 
Lemma  3.1  Let ψ  denote any of the boundary correspondence functions 

ΘΘ ˆ,  a n d ;jˆ,j ΘΘ j=l,2. I f  t h e  c u r v e s  jΓ ;  j=l,2,  s a t i s f y  t h e   

a s s u m p t i o n s  A 3 . 1 ,  t h e n :  
 (i)   w.)Ψ(i.e.2LΨ' ∈ϕ−ϕ∈  

(ii)   ,2
1

)2ε1(/1ψ' −≤||||      (3.16a)  
and  

,)2ε1ε/(1-'Ψ 2
1

−≤||||    (3.16b)  
where  

-   ε =:  max ( 2,1 εε ),   when   ,ˆ,Ψ: ΘΘ=  
and 

jεε:. = , when ;jˆ,jΨ: ΘΘ=      j=l , 2 . 
P r o o f  ( i )  T h i s  f o l l o w s  f r o m  t h e  G a r r i c k  e q u a t i o n s  ( 2 . 1 4 )  a n d  

( 3 . 1 0 ) - ( 3 . 1 1 ) ,  b y  mo d i f y i n g  i n  a n  o b v i o u s  ma n n e r  t h e  p r o o f  o f  S a t z  

3 . 5 ( b ) ;  i n  [ 2 : p p . 2 0 4 - 2 0 5 ] .  

 
 (ii)  The differentiation of (2.14a) gives 

.)('ˆ.))(ˆ(
2ρ
2ρ'

qS)('.))((
1ρ
1ρ'

)qR(K1)(' ][][ ϕϕ+ϕϕ+=−ϕ ΘΘΘΘΘ  

Thi s  fo l l ows  f rom (2 .5 ) ,  because  W)(1log ∈ρ Θ  and  .W)̂(2log ∈ρ Θ  

Hence ,  by  us ing  (2 .3)  and  (3 .12)  we f ind  tha t  

.'ˆ2d2q1

q2'1d2q1

2q1
1' ||| ΘΘΘ |

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

+
≤−  (3.17a) 
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Similarly, the differentiation of (2.14b) leads to  

.'̂2d2q1

2q1
'1d2q1

2q
1'̂ |||||||||| ΘΘΘ ||

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

−
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
≤−  (3.17b)  

Therefore, if ≥|||| 'Θ |||| '̂Θ ,  then  

||||||| 'ε1' ΘΘ ≤− |    and   |||||||| 'ε1'̂ ΘΘ ≤− ,  (3.18a) 

and if |||||||| '̂' ΘΘ ≤ ,  then  

|||||||| 'ε1' ΘΘ ≤−   and  |||||||| '̂ε1'̂ ΘΘ ≤− ,   (3.18b)  

where ε := )2,1max( εε ;  see (3.13) and (3.15). 

The two cases Ψ := Θ  and Ψ  := Θ̂  of (3.16) follow from the 
inequalities (3.18), by recalling that ε<1 and observing that  

21Ψ'2Ψ' |||||||| −=  + 1; 

see  [2 :p . 70] ,  The  o ther  cases  Ψ :=  jΘ  and  Ψ :=  jΘ̂ ;  j=l ,2 ,  o f  (3 .16)  can  
b e  d e r i v e d  i n  a  s i m i l a r  m a n n e r  b y  d i f f e r e n t i a t i n g  t h e  s i m p l i f i e d  
G a r r i c k  e q u a t i o n s  ( 3 . 1 0 a , b )  a n d  ( 3 . 1 1 a , b ) .  

      □  

Remark 3.1 The bounds for |||| 1'−Θ  and |||| 1'̂−Θ ,  given by (3.16b), can 
b e  rep laced  respec t ive ly  by  

2
1

)2εq)/(122ε1(ε1' −+≤− |||| Θ ,   (3.19a)  

and  

2
1

)2εq)/(112ε2(ε1'̂ −+≤− |||| Θ ,   (3.19b)  

where  a s  be fo re  ε :=  max(ε 1 ,ε 2 , ) -  These  fo l l ow f rom the  i nequa l i t i e s  
(3 .17 ) ,  by  subs t i t u t i ng  t he  bounds  fo r  | | 'Θ || and  | | Θ̂ || g iven  by  (3 .16a ) .  

Hence ,  f rom (3 .19 )  and  t he  bounds  fo r  ||'|| Θ1  and ||1-'|| Θ2ˆ  g iven  by  

(3 .16b )  we  have  t ha t  

,)2εq)/(11ε22(ε2'' 2
1

−+≤− |||| ΘΘ   (3.20a) 

and  

,)2εq)/(11ε22(ε2'̂'̂ 2
1

−+≤− |||| ΘΘ    (3.20b)
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L e m m a  3 . 2  I f  t h e  c u r v e s  jΓ ;  j= l , 2 ,  s a t i s f y  t h e  a s s u m p t i o n s  A 3 . 1 ,  

then: 

,q}2ε
2
1q1ε).{ε,1α(ε1 +≤− |||| ΘΘ   (3.21a) 

and 

,q}1ε
2
2q2ε).{ε,2(εα2ˆˆ +≤− |||| ΘΘ   (3.21b) 

where 

,2,1j};)2ε)(1jε{(1/2:),j( 2
1

=−−=εεα   (3.22) 

and =:ε max )2ε,1(ε . 

Proof T h e  G a r r i c k  e q u a t i o n s  ( 2 . 1 4 a )  a n d  ( 3 . 1 0 a )  i m p l y  t h a t  
))](1(1logρ))((1)[logρqR(K)(1)( ϕ−−ϕ+=ϕ−ϕ ΘΘΘΘ  

- ))](̂(2[logρqs))](1(1)[logρqRq(R
1

ϕ−+ϕ− ΘΘ . 

Hence, 
||||||||||| 11dqRK1 ΘΘΘΘ −+≤− |  

,'̂.)̂(
2ρ
2ρ'

qS1'.)1(
1ρ
1ρ'

qR1qR |||||||||||||||| ΘΘΘΘ +−+  

where we made use of (2.8) and (3.14b). Therefore, by using (2.3), 

(3.12), (3.15) and (3.16a) we find that 

( )( ) 2
1

)2ε1(

1d.
2q12

1q1

)2q2
1(q2

11d2q1

2q1
1

−
−−

−
+−

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

+
≤− |||||||| ΘΘΘΘ  

         + .
)2q(1

q2

− 2
1
)2ε1(

2d

−
 

q}.2ε
2
1q1{ε

)2ε(1

2
11ε

2
1

+

−

+−≤ ||| |ΘΘ  

S i n c e  ε 1  <  1 ,  t h i s  y i e l d s  t h e  i n e q u a l i t y  ( 3 . 2 1 a ) .  T h e  i n e q u a l i t y  

(3.21b) is derived in a similar manner from the equations (2.14b) a n d  

( 3 . 1 1 b ) .  

         □   
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Theorem 3.1 I f  t he  cu rves  :jΓ   j  =  l , 2 ,  s a t i s fy  t he  a s sumpt ions  A3 .1 ,  

then 

{ }q2ε2
1q1εε),,1α(ε1d|)2logq1(logqlogq| +≤+−  

+ { },q1ε2
2q2εε),,2α(ε2d +   (3.23) 

where α  ( ⋅⋅ , ) is given by (3.22). 

Proof   The  equa t ions  (2 .14c ) ,  (3 .10c)  and  (3 .11)  in  con junc t ion  wi th  
the  Schwarz  inequa l i ty  and  the  inequa l i t i e s  (3 .14b ,d )  g ive  tha t  

|||| )1(1(logρ)(1logρ|)2logq1(logqlogq| ΘΘ −≤+−
 

  + |||| )2(̂2(logρ)̂(2logρ ΘΘ −   

.2ˆ2d11d |||||||| ΘΘΘΘ −+−≤
 

The theorem then follows by substituting the bounds for |||| 1ΘΘ −  and  
|||| 2ˆˆ ΘΘ − given in Lemma 3.2. 

     □    

T h e o r e m  3 . 2  I f  t h e  c u r v e s  Γj ;  j= l , 2 ,  s a t i s f y  t h e  a s s u m p t i o n s  A 3 . 1 ,  
then for ∈ϕ  [0,2 π ], 

{ } { }21q2ε2
1q1ε.q2ε1εε).,1(εβπ)(1)( 2

1
++≤ϕ−ϕ ΘΘ  (3.24a) 

and 

{ } { }212
1

q1ε
2
2q2ε.q1ε2εε).,2(εβπ|)(2ˆ)(̂| ++≤ϕ−ϕ ΘΘ  (3.24b) 

where 

{ } 2,1j;)2ε)(1jε(1/8:ε),jβ(ε 2
1

=−−=  (3.25) 

and =:ε  max )2ε,1(ε . 

 

Proof  The f i r s t  par t  of  Lemma 3 .1  and the  normal iz ing  condi t ions  
(2 .13) ,  (3 .9) ,  imply respectively that ,w2ˆˆ,1 ∈−− ΘΘΘΘ , and 

{ }∫∫ ο=ϕϕ−ϕ=ϕϕ−ϕ
π2

0
.d)(2ˆ)(̂

π2
0

d)(1)( }{ ΘΘΘΘ  
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Thus,  the  Warschawski  inequal i ty  (2 .6)  i s  appl icable  to  the  funct ions  

1ΘΘ − and 2ˆˆ ΘΘ − . The theorem follows by applying this inequality to 

each of the two functions, and using the bounds for |||||||| '
2ˆ

'̂,1
' ΘΘΘΘ −−  

and |||||||| 2ˆˆ,1 ΘΘΘΘ −− given by (3.20) and (3.21). 

          □    

R e m a r k  3 . 2  F o r  a n y  |))1(1(1logρ))((1logρ|,[0,2π0 ϕΘ−ϕΘ∈ϕ c a n  b e  

b o u n d e d  b y  t h e  r i g h t  h a n d  s i d e  o f  ( 3 . 2 4 a )  m u l t i p l i e d  b y  d 1 ,  a n d  

|))(2(̂2logρ))(̂(2logρ| ϕ−ϕ ΘΘ  can be bounded by the right hand side of 

(3.24b) multiplied by d2. This follows at once from the inequalities 

(3.14a) and (3.14c).  

 

Remark 3 .3  I f  the  outer  boundary  curve  1Γ  of  Ω  i s  a  c i rc le  of  radius  

1r ,  i . e .  i f  11r)(1ρ >=θ ,  t h e n  t he  d o ma i n  1Ω  r e duces  t o  a  c i r c u l a r  

annu lus  o f  inner  rad ius  1  and  ou te r  r ad ius  r 1 .  Thus ,  in  th i s  case ,  
f1 (w)=r1w and hence ϕ=ϕ=ϕ= )(1̂)(1θand11/r1q θ .  Therefore , 
since 2εεand01ε1d ===  results of Theorems 3.1 and 3.2 simplify 
t o  t h e  f o l l o w i n g :  

  ,22q2d2ε.)2ε,2α(ε|2logq1logrlogq| ≤−+   (3.26) 
and 
  q,2ε.)2ε(0, βπ|)(| ≤ϕ−ϕΘ      (3.27a) 

  ,2q2ε.)2ε,2(ε βπ|)(2ˆ)(̂| ≤ϕ−ϕ ΘΘ     (3.27b) 

where  α ( .  ,  . )  and β ( .  ,  . )  a re  g iven by (3 .22)  and (3 .25) .  S imi lar ly ,  i f  
t h e  i n n e r  b o u n d a r y  c u r v e  2Γ  i s  a  c i r c l e  o f  r a d i u s  2r ,  i . e .  i f  

12r)(2ρ <=θ ,  t hen  the  resu l t s  o f  the  two  theorems  s impl i fy  a s  
f o l l o w s :  

  ,21q1d1ε.)1ε,1α(ε|2logr1logqlogq| ≤−−   (3.28) 
and 
  ,1q1ε.)1ε,1(ε βπ|)(1)(| ≤ϕϕ−ϕΘ     (3.29a) 

  q.1ε.)1ε(0, βπ|)(̂| ≤ϕ−ϕΘ      (3.29b) 
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F u r t h e r mo r e ,  i t  i s  e a s y  t o  s e e  t ha t  t h e  r e s u l t s  ( 3 . 2 6 ) - ( 3 . 2 9 )  h o l d  
under  the  somewhat  less  res t r ic t ive  assumpt ions  obta ined by  r ep l ac ing  
t h e  i n e q ua l i t i e s  ( 3 .1 3 )  o f  A 3 . 1 ( i i i )  b y :  

  -    ,1r)(1ρwhen1,
2
2m1

2
2m1

2d:2ε =θ<
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

+
=   (3.30a) 

and 

  -    .2r)(2ρwhen1,
2
1m1

2
1m1

1d:1ε =θ<
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

+
=   (3.30b) 

(This  fo l lows by  modify ing  the  analys is  in  an  obvious  manner ,  a f te r  
f i r s t  observ ing  that  in  each  of  the  two spec ia l  cases  under  
cons idera t ion  the  Garr ick  equat ions  (2 .14)  take  the  s impl i f ied  forms  
( 3 . 1 0 ) - ( 3 . 1 1 ) . )  I n  a d d i t i o n ,  i t  i s  e a s y  t o  s e e  t h a t  t h e  r e s u l t s  
( 3 . 2 7 )  a n d  ( 3 . 2 9 )  a l s o  h o l d  i n  t h e  l i m i t i n g  c a s e s  w h e r e  r 1  =  1  o r  
r 2  =  1 .  Thus ,  i n  pa r t i cu l a r ,  ( 3 . 29b )  and  (3 .27a )  imp ly  r e spec t i ve ly  
t h a t  

   ,1q1)ε1ε,Οβ(π|)(1ˆ| ≤ϕ−ϕΘ     (3.31a) 

and 

   ,2q2)ε2ε,Οβ(π|)(2ˆ| ≤ϕ−ϕΘ     (3.31b) 

where  1Θ̂  and  2Θ  a re  the  boundary  correspondence  funct ions  def ined  
by (3.8).  

 

Theorem 3.3   For any p, where q < p < 1, let 

   .],2Ο[,)(p,ie)p(p,)if(pe π∈ϕϕΦϕ=ϕ   (3.32) 

I f  t he  cu rve s  ;jΓ  j=l ,2 ,  s a t i s fy  t he  a s sumpt i ons  A3 .1  and ,  i n  
add i t i on ,  a r e  bo th  symmet r i c  w i th  r e spec t  t o  t he  r ea l  ax i s ,  t hen  

 ,}(q/p)2εp1{εε),Οβ(π|)(p,| +≤ϕ−ϕΦ    (3.33) 

and 

{ }
{ } (3.34a)1,2,j;qj3ε

2
jqjεε),jα(εjd

(q/p)2εp1εε),Οβ(π
2
1

|jlogklogp)logp(p,|

=−++

+≤+−ϕ

 
with 

,2q/q:2kand1q:1K ==    (3.34b) 
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w h e r e  α ( . , . )  a n d  β ( . , . )  a r e  g i v e n  b y  ( 3 . 2 2 )  a n d  ( 3 . 2 5 )  a n d  
ε : =  m a x ( 2,1 εε ) .  
 
P r o o f .  T h e  s y m m e t r y  o f  t h e  c u r v e s  jΓ ;  j= l , 2 ,  i m p l i e s  t h a t  t h e  
F o u r i e r  s e r i e s  o f  t h e  f u n c t i o n s  ))((1logρ:)u( ϕ=ϕ Θ  a n d  

))(̂(2logρ:)(û ϕ=ϕ Θ  are of the form  

 .
1k

coskkâΟâ2
1

)(ûand
1k

coskkaΟa2
1

)u( ∑∑
∞

=
ϕ+=ϕ

∞

=
ϕ+=ϕ  

The symmetry also implies that the function 

F(W):=log{f(W)/W} , 
has the Laurent series expansion  

   ,qAW
k

,kwkcF(W) ∈
∞

−∞=
= ∑  

where the coeff ic ients  ck  are  a l l  real  and are  re lated to the Fourier  
coeff ic ients  ka ,  kâ by  

   ϕϕ== ∫ ))d((1logρ
2π
02π

1
0a2

1
0c Θ  

{ } [ ] { } [ ];2kq1/2kqka
kqkâkcand2kq1/kqkâkakc −−=−−−=  

          K=1,2,…; 

see [5:p.270].  It  follows that for any fixed p, q < p < 1,  

  ],[0,2,)(piV)(pUοc)iF(pe π∈ϕϕ+ϕ+=ϕ  

where the functions Up and Vp have the Fourier series representations  

 ∑∑
∞

=
ϕ=ϕ

∞

=
ϕ=ϕ

1k
,sinkkβ)(pVand

1k
coskkα)(pU  

with  
 [ ] [ ]{ } { },]2kq[1kp/2kp1kqkâ

2kq2kpkakα −−+−=  (3.35a)  
and 

 [ ] [ ]{ } [ ]{ }.2kq1kp/2kp1kqkâ
2kq2kpkakβ −+−+=  (3.35b) 

This implies that 

.
1k

2
kβ

2k
2
1'

pVand
1k

2
kα

2k
2
1'

pU
2
1

2
1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ∞

=
=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ∞

=
= ∑∑ ||||||| |
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Hence, by substituting the values (3.35) of kα  and kβ  and applying the 
Minkowsk i  i nequa l i t y  t o  e ach  o f  t he  r e su l t i ng  r i gh t  ha nd  s i de s ,  we  
f i nd  that  

  
2
1

1k

2
kâ

2k
2
1

p
q2

1

1k

2
ka

2k
2
1

p||'
pU||

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ∞

=⎭
⎬
⎫

⎩
⎨
⎧

+
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ∞

=
≤ ∑∑  

    { },(q/p)2εp1ε.

)2ε(1

1

2
1

+

−

≤  

and 
 
 

2
1

1k

2
kâ

2k
2
1

.
)2qp(1

2q2
1

1k

2
ka

2k
2
1

.
2q1

2p'
pV

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ∞

=⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ∞

=⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
≤ ∑∑||||

  

   
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
−

≤
p
q

.
2q1

2dp
2q1

1d.

2
1
)2ε(1

2  

 { } .(q/p)2εp1ε.

2
1
)2ε(1

2
+

−

≤  

( I n  de r i v ing  t he  above  we  made  u se  o f  t he  two  i nequa l i t i e s  
 

,2
1
)2ε/(12d

2
1

1k

2
kâ

2k
2
1

and2
1
)2ε/(11d

2
1

1k

2
ka

2k
2
1

−≤
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ∞

=
−≤

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ∞

=
∑∑

 
which are  obtained by recal l ing that  u ,  û  ∈  W  and using (3.12)  and 

( 3 . 1 6 a )  ,  i . e .  e.t.c),2').(
1ρ

'1ρ22'u2
1k

2
ka

2k |||||||| ΘΘ==
∞

=
∑  

 To  comple te  the  p r oof ,  we  obse rve  tha t  

 0,)d(pV
2π
0

)d(pU
2π
0

=ϕϕ=ϕϕ ∫∫  

and recall  Wirtinger 's inequality (2.7).  Hence, by applying the 
Wa r s c h aws k i  i n e qu a l i t y  ( 2 .6 )  t o  ea ch  o f  t h e  fu n c t i o n s  U p  a n d  V p  w e  
f i n d  that  
 

{ } ,2(q/p)2εp1ε
)2ε(1

2π2'
pU2π'

pUpU2π2|)(pU| +
−

≤≤≤ϕ ||||||||||||

                    (3.36a) 
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and 

 

{ } .2(q/p)2εp1ε
)2ε(1

8π2'
pV2π'

pVpV2π2|)(pV| +
−

≤≤≤ϕ ||||||||||||  

           (3.36b) 

The  i nequa l i t y  ( 3 . 33 )  t hen  fo l l o w s  a t  once  f rom (3 . 36b )  because  

    .)(p,Φ)(pV ϕ−ϕ=ϕ  

S i mi l a r l y ,  t h e  i n e qu a l i t y  ( 3 .3 4 )  fo l l ow s  e a s i l y  f r o m ( 3 . 3 6 a )  a n d  

(3 .21 )  by  obs e rv ing  t ha t  

 

 
,))2log(q/q0(c)2log(q/qlogp)logp(p,

)1logq0(c1logqlogp)logp(p,
0clogp)logp(p,)(pU

+−+−ϕ=
+−+−ϕ=

−−ϕ=ϕ
 

where from (3.10c) and (3.14b) 

   ,1θθ1d|1logq0c| |||| −≤+  

and from (2.14c), (3.11c) and (3.14d) 

   .ˆˆ2d|2logq/q0c| |||| ΘΘ −≤+  

          □  
Remark 3.4 If,  as  in  Remark 3.3,  the outer  boundary curve 1Γ  i s  a  

c i r c l e  o f  r ad iu s  r 1 ≥  1 ,  t hen  (3 .33 )  and  t h e  c a s e  j  =  l  o f  ( 3 . 3 4 )  

s i mp l i fy  r e s p e c t i ve l y  t o  

   ,q/p2ε)2εβ(0,π|1)(p,Φ| ≤ϕ−ϕ   (3.37) 

and  

  q/p.2ε)2ε(0,βπ
2
1

|1logrlogp)(p,logp| ≤−−ϕ  (3.38) 

In  pa r t i cu la r ,  in  the  l imi t ing  case  p= l  the  func t ion  Φ  co inc ides  wi th  

the boundary correspondence funct ion θ  and,  as  might  be expected,  

(3 .37)  co inc ides  wi th  the  resu l t  (3 .27a)  o f  Remark  3 .3 .  S imi la r ly ,  i f  

t he  i nne r  bounda ry  cu rve  2Γ  i s  a  c i r c l e  o f  r ad iu s  r 2 ≤ 1 ,  t hen  (3 .33 )  

a n d  t h e  c a s e  j= 2  o f  ( 3 . 3 4 )  s i mp l i f y  t o  

  ,p1ε)1ε(0,βπ|)(p,Φ| ≤ϕ−ϕ    (3.39) 
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and 

 p,1ε)1ε(0,βπ
2
1

|)2(q/rloglogp)(p,logp| ≤+−ϕ  (3.40) 

and in the limiting case p=q (3.39) coincides with (3.29b).  

 
R e m a r k  3 . 5  The  add i t i ona l  symmet ry  cond i t i on ,  unde r  wh ich  

Th e o r e m 3 . 3  was proved, was imposed because our work of Section 4 is 

concerned only with the case where both the curves jΓ ;  j=l,2, are 

symmetric with respect to the real axis. However, the results of the 

theorem remain val id  even when this  condi t ion is  not  fulf i l led,  except  

that  in the non-symmetric case the estimate in the right hand side of 

(3.33) and the first term in the right hand side of (3.34) must be 

mu l t i p l i ed  b y  2 .  ( T h e  d e t a i l s  o f  t h e  p r o o f  a r e  t h e  s ame ,  b u t  i n  t he  

n o n - symmetric case the Laurent series expansion of the function F must 

be replaced by that given in [5:p.264].)  

 
Remark 3 .6  Es t imates  s imi la r  to  those  g iven  by  (3 .33) - (3 .34)  can  

a lso  be  obta ined  under  the  less  res t r ic t ive  assumpt ion  tha t  the  

funct ions  jρ ; j=l ,2 ,  a re  only  cont inuous .  For  example ,  by  modify ing  

t h e  d e t a i l s  o f  t h e  p r o o f  t h a t  c o me  a f t e r  t he  two  equa t i ons  (3 .35 ) ,  i t  

i s  e a s y  t o  s h o w  t h a t  

  ,1pq,
qp
q2E

p1
p1E

2q1

2
|)Φ(p,| <<

⎭
⎬
⎫

⎩
⎨
⎧

−
+

−
+

−
≤ϕ−ϕ

l  

and 

  ,1pq,
qp
q2E

p1
p1E|0clogp)logp(p,| <<

⎭
⎬
⎫

⎩
⎨
⎧

−
+

−
≤−−ϕ l   

where: 
 (i) 0c  has the same meaning as in Theorem 3.3.  

 (ii) { } { } .2,1j;)(θjρlog
]π2,0[θ

min)(θjρlog
]π2,0[θ

max:jE =
∈

−
∈

=  

 ( i i i )  l =l when the curves  jΓ ;  j= l ,2   are  both symmetr ic  with 

respect  to the  real  axis  and 2=l  otherwise.  
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 In  the  spec ia l  case  where  )(θ1ρ  =  1  es t imates  of  the  above  form 

can also be deduced directly from the so-called distortion theorems of 

Gaier and Huckemann [4] and Menke [10]. For example, if  )(θ1ρ  =  1  and 

2ρ  is  continuous,  then Theorem 2(ii)  of [10] implies that  

 ∑
∞

= ⎭
⎬
⎫

⎩
⎨
⎧

−
≤

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤−ϕ

1k
.

qp
q

2
2kq1

2kp1k

p
q

k
1

2|logp)logp(p,|  

 

Theorem 3 .4 I f  t he  curves  jΓ ;  j=l ,2 ,  sa t i s fy  t he  assumpt ions  A3 .1  

and ,  i n  add i t ion ,  a re  bo th  symmet r i c  wi th  respec t  to  the  rea l  ax i s ,  

then  

 { } { },1N,1Mmax1qAW:|(W)1logflogf(w)|max ≤∈−   (3.41a) 

and 

 { } { },2N,2Mmax2qAW:|(W)2logf)2(qW/qlogf|max ≤∈−  (3.41b)  

where 

 { } { } 1,2,j;2
1

qj3ε
2
jqjε2

1
qj3εjεε),j(εβ2

1
)2jd(1π:jM =−+−++=  (3.42a) 

 { })j(q/qj33εjqj5εε)β(0,π
2
1

:jN −+=  

   { } 1,2,j;qj3ε
2
jqjεε),j(εαjd =−++  (3.42b)  

and where α (., .) ,  β (. , .)  are given by (3.22), (3.25), and  

).2ε,1max(ε:ε =  

Proof Let 

  { } ,1qAW:|(W)1loqf(W)logf|max:E ∈−=  
a n d  o b s e r v e  t h a t  t h e  f u n c t i o n  l o g f ( W ) - l o g f 1 ( W )  i s  r e g u l a r  a n d  

s i n g l e - v a l u e d  i n  1qA  a n d  c o n t i n u o u s  o n  1qA  .  T h e r e f o r e ,  b y  t h e  

p r i n c i p l e  o f  ma x i m u m mo d u l u s ,  
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⎪⎩

⎪
⎨
⎧ ϕ−ϕ

∈ϕ
≤ ,|)i(e1logf)ilogf(e|

][0,2π
maxmaxE  

            

    ,|)ie1(q1logf)ie1logf(q|
][0,2π

max
⎪⎭

⎪
⎬
⎫ϕ−ϕ

∈ϕ
 

where, for ,][0,2π∈ϕ  

 { }
{ } |)(1)(i

))(1(1logρ))((1logρ||)i(e1logf)ilogf(e|
ϕ−ϕ+

ϕ−ϕ=ϕ−ϕ
ΘΘ

ΘΘ   

     [ ] |)(1)(|2
1

2
1d1 ϕ−ϕ+≤ ΘΘ  

     ,1M≤      (3.43a) 

and, with the notation of Theorem 3.3, 

{ }|)(1ˆ),1(qΦi),1logp(q||)ie1(q1logf)ie1(qlogf| ϕ−ϕ+ϕ=ϕ−ϕ Θ  

            
    |)(1ˆ||),1Φ(q||),1logp(q| ϕ−ϕ+ϕ−ϕ+ϕ≤ Θ  

 .1N≤       (3.43b) 
( In  der iv ing  (3 .43a)  we made  use  of  (3 .14a)  and  (3.24a) ,  and  in  

deriving (3.43b) we made use of (3.33)-(  3.34) ,  with p=q1 and j  = l ,  and  

of  (3.31a).)  

 The inequal i ty  (3 .41a)  fol lows at  once from the above.  The 

inequa l i t y  (3 .41b)  i s  e s tab l i shed  in  a  s imi la r  manner ,  by  obse rv ing  

tha t  the  funct ion  logf (qW/q2)  –  logf2 (W)  i s  regular  and  s ingle-valued 

in 2qA  ,  and continuous on 
2q

A   ,  and then showing that 

   ,2N|)i(e2logf)2/qi(qelogf| ≤ϕ−ϕ  

and 

   .2M|)ie2(q2logf)i(qelogf| ≤ϕ−ϕ  

         
 □
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Figure   3.1 

 

Figure   3.2 

 

Figure 3.3 



26 
4. Domain decomposition. 

 We recall  the notat ions (1.2)-(1.12) concerning the quadrilaterals 
Q  and Qj  :  j=l,2,  defined by (1.3)-(1.5),  their  conformal modules  

   h:= m(Q) and hj: = m(Qj); j=l,2,  (4.1) 

a n d  t h e  t h r e e  a s s oc i a t e d  c on f o r ma l  ma p s  

,2G{0}2hR:2gand1G}1h{1hR:1gG,}1h{hR:g →→−→−   (4.2)  

il lustrated in Figures 1.1-1.3. We also recall that the decomposition 

method outl ined in Section 1 consists  of the following:  

 -  D e c o mpo s i n g  t h e  q u a d r i l a t e r a l  Q  i n t o  t h e  t w o  s ma l l e r  

q u a d r i l a t e r a l s  2Qand1Q .  

 - Approximating the conformal module of Q  by the sum of the 

conformal  modules of Q1  and Q2, i .e.  approximating h by  

     .2h1h:h~ +=     (4.3) 

 - Approximating the rectangle }1h{hR −  and the conformal map g  

respectively by }1h{hR −  and  

 ⎢
⎣

⎡
−∈→−

∈→
= .}1h{1hRwfor1G}1h{1hR:(w)1g

,{0}2hRwfor,2G{0}2hR:(w)2g:(w)g~  (4.4) 

 In this section we study the errors (1.16) of the domain 

decomposition approximations (4.3)-(4.4), and show that estimates of 

these  e r ro r s  can  be  deduced  d i rec t ly  f rom our  r e su l t s  o f  Sec t ion  3 .  

We do  th i s  by  f i r s t  making  the  fo l lowing  e lementa ry  obse rva t ions ,  

which  es t ab l i sh  a  we l l -known connec t ion  be tween  the  conforma l  maps  

(4 .2 )  and  those  s tud ied  in  Sec t ion  3 ;  see  e .g .  [5 :§5] .  

 -  By  us ing  the  Schwarz  re f l ec t ion  p r inc ip le ,  the  conforma l  map g  

can be extended to map the infinite strip }1hhη1h,ξ-:),({ −<<−∞<<∞ηξ  

o n t o  t h e  i n f i n i t e  d o ma i n  b o u n d e d  b y  t h e  t w o  c u r v e s  y  =  )x(}p{1τ−  a n d  

y  =  (x){p}
2τ ,  w h e r e  {p}jτ ;  j= l , 2 ,  a r e  t he  p e r i o d i c  f unc t i ons  de f i ned  by   

  ,]0,1[x(x),jτx)({p}
jτ ∈=±  and .(x){p}

jτx)(2{p}
jτ =+   
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S i m i l a r l y ,  t h e  c o n f o r m a l  m a p s  1g  a n d  2g  c a n  b e  e x t e n d e d  t o  m a p  

r e s p e c t i v e l y  t h e  i n f i n i t e  s t r i p s  }0η1h,ξ:η),(ξ{ <<−∞<<∞−  a n d  

}2hη0,ξ:)η,(ξ{ <<∞<<∞− onto the infinite domains bounded by the real 

axis  and  the  curve  {p}
1τy −=  (x) ,  and  the  rea l  axis  and  the  curve  

{p}
2τy −=  (x).   The above also show that the functions g(w)-w and 

w;(w)g −  j=l,2, are periodic with period 2. 

 -  The exponential function z = expi π z maps the domain G 

conformally onto the upper half of the symmetric doubly-connected 

domain  

    ),2(ExtΓ)1(IntΓ:Ω ∩=    (4.5) 
where 
  { } 1,2,j;2πθ0,θie)(θjρz:z:jΓ =≤≤==   (4.6a) 
with 
  { },π)/(θjτπ

1j1)(exp:(θθjρ
−−= ,]π,[0θ∈  (4.6b) 

and 
  ,)θ(2πjρ)(θjρ −=    .π]2,[πθ ∈  
Similarly, z = expi π z maps respectively the domains 1G  and 2G  

conformally onto the upper halves of the symmetric doubly-connected 

domains  

    ),1ExtC()1IntΓ(:1Ω ∩=    (4.7) 

and 

    ,)2ExtΓ()1IntC(:2Ω ∩=    (4.8) 

w h e r e  1C  i s  t h e  u n i t  c i r c l e  ( 3 . 3 )  a n d  jΓ ;  j= l , 2 ,  a r e  t h e  c u r v e s  ( 4 . 6 ) .  

 -  Le t  1q−  and  1
jq
− ;  j=l ,2 ,  be  respec t ive ly  the  conformal  modules  

of the doubly-connected domains Ω  and jΩ ;  j  = 1.2, given by (4.5)-(4.8),  

a n d  l e t  f  a n d  jf ;  j=l ,2 ,  den o t e  t he  a s soc i a t ed  con fo r ma l  ma ps  

        .2,1j;jΩjqA:jfandΩqA:f =→→  (4.9) 

Also,  le t  h :=  -{logq}/ π  and hj :  =  -{logqj}/ π ;  j=l,2.   Then,  the 

exponent ia l  funct ion  W = exp{i π (w+ih1)}  maps  the  rec tangles  }1h{hR −  
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and }1h{1hR −  conformally onto the upper halves of the annuli qA  and 

1qA respect ively Similar ly ,  the  funct ion W  =  expi πw maps the rect -
angle 2hR {0} conformally onto the upper  half  of  2qA .  

 It  follows from the above that the conformal modules (4.1) and the 
mapping functions (4.2) are related to the modules 1q−  and 1

jq
−  and the 

mapping functions (4.9) respectively by 

  ,)hexp(-π  q =  1,2,j);jπhexp(jq =−=   (4.10) 

and 

   ))},1ih(wf{exp(iπ(w)}gexp{iπ +=   (4.11a) 

   ))},1ih(w{exp(iπ1f(w)}1gexp{iπ += ,  (4.11b) 

   w)}.{exp(iπ2f(w)}2gexp{iπ =    (4.11c) 

In other words the problem of determining the three conformal maps 
(4.2) is  essential ly equivalent to that  of determining three conformal 
maps of the type studied in Section 3.  

 Let 

  )),1h(hi(ξ:)(ξx̂),1ih(ξ:)(ξx −+=−= RegReg  

  ,)(ξ1:)(ξ1x̂,)1ih(ξ1:)(ξ1x RegReg =−=   

and 

  ,)(ξ2:)(ξ2x Reg=  ).2ih(ξ2:)(ξ2x̂ += Reg . 

A l so ,  l e t  Θ ,  jΘ ;  j=l ,2 ,  and ;jˆ,̂ΘΘ  j=l ,2 ,  be  respec t ive ly  the  ou te r  and  
inner  boundary correspondence funct ions associated with the conformal  
maps f,fj; j=l,2,  of  the three doubly-connected domains (4.6)-(4.8) .  
Then,  the  re lat ions  (4 .11)  imply that :  

 ,)ξ(π
π
1

)(ξx Θ=  1,2,j;)ξ(πjπ
1

)(ξjx == Θ  (4.12a) 

 ,)ξ(πˆ
π
1

)(ξx̂ Θ=  1,2,j;)ξ(πjˆπ
1

)(ξjx̂ == Θ  (4.12b) 

and 

 ,))ξ(π(1logρ
π
1

))(ξ(x1τ Θ= )),ξ(π1(1logρ
π
1

))(ξ1(x1τ Θ=  

           (4.12c) 

 )),ξ(π(̂2logρ
π
1

))(ξx̂(2τ Θ= .))ξ(π2(̂2logρ
π
1

))(ξ2x̂(2τ Θ−=  

           (4.12d) 
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I t  i s  n o w e a s y  t o  e x p r e s s  t h e  ma i n  r e s u l t s  o f  S e c t i o n  3  i n  t e r ms  o f  

t he  no t a t i ons  a s s oc i a t ed  w i t h  t he  con fo r ma l  maps  (4 .2 ) .  We  do  t h i s  

b e l o w ,  a f t e r  f i r s t  o b s e r v i n g  t h a t  t he  cond i t i ons  o f  A s s u m p t i o n s  A 3 . 1  

c a n  b e  e x p r e s s e d  i n  t e r ms  o f  t h e  f u n c t i o n s  jτ ;  j=1.2 ,  a s  fo l l o w s :  

 
Assumptions  A4.1 The func t ions  jτ ;  j=l,2 ,  sa t i s fy  the  fo l lowing:  

 (i) .],1[0x,2,1j;0(x)jτ ∈=>  

 (ii) jτ ;  j=l,2 ,  are absolutely continuous in [0,1], and  

    .(x)'jτsup
1x0

ess:jd ∞<
≤≤

=     (4.13)  

 (iii) If 

   2,1,j;))}(xjτπ({expmax
1x0:jm =−≤≤=   (4.14a) 

then 

    1,2j1;
jm1
jm1

jd:jε =<
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

+
= .  (4.14b) 

Theorem 4.1  If  the function jτ ;  j=l,2 ,  satisfy the assumptions A4.1,  

then 

 { }hπe2ε1h2πe1ε)ε,1(εα1d
1π)2h1(hh:hE

−+−−≤+−=  

    { },hπe1ε2h2πe2ε)ε,2(εα2d
1π −+−−+  (4.15)  

where α ( . , . )  i s  given by (3.22)  and ε := max( ε 1 ,  ε 2 ) .  

 

Proof At once from Theorem 3.1, by recalling the relations (4.1O).  

           □ 

Remark 4.1 Since ,2h1hh +≥  the theorem implies that  

   )2h1h(h:hE +−= =0 { },)*h2π(exp −   (4.16a) 

where 

    ).2h,1min(h:*h =     (4.16b) 
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T h e o r e m  4 . 2  I f  t h e  f u n c t i o n s  jτ ;  j=l,2 ,  s a t i s f y  t h e  a s s u m p t i o n s  
A 4 . 1 ,  t h e n  f o r  ∈ξ  [ 0 , 1 ] ,  

 { } ,2
1

hπe2ε
1h2π

e1ε2
1

hπe2ε1εε),1β(ε2
1

π|)(ξ1X)X(ξ|
⎭
⎬
⎫

⎩
⎨
⎧ −+

−−+
−

≤−   

and            (4.17a) 

 { } ,
2
1

hπe1ε
2h2π

e2ε2
1

hπe1ε2ε)ε,2εβ(2
1

π|)(ξ2X)(ξX|
⎭
⎬
⎫

⎩
⎨
⎧ −+

−−+
−

≤−
))

 

           (4.17b) 

where β (. , .) is given by (3.25) and ε  := max )2ε,1(ε .  

Proof At once from Theorem 3.2, by recalling the relations (4.12a,b). 

□   
Remark 4.2 For  any  ∈ξ  [ 0 ,1 ] ,  |))ξ(1x(1τ))ξ(x(1τ| −  and  

))ξ(2x̂(2τ))ξ(x̂(2τ − can be  bounded respec t ive ly  by  the  r ight  hand 

s i d e  o f  ( 4 . 1 7 a )  mu l t i p l i e d  b y  d 1  a n d  t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 1 7 b )  

mu l t i p l i ed  b y  d 2 .  Th i s  f o l l ows  f rom the  r e l a t i ons  (4 .12c ,d ) ,  by  

recalling the comment made in Remark 3.2.  

T h e o r e m  4 . 3  F o r  a n y  p o i n t  ,}1h{hRηiξ −∈+  l e t  

  x η),(ξ := Reg )iηξ( +  and  y )η,ξ( := I mg. ).iηξ( +  

I f  t h e  f u n c t i o n s  jτ ;  j = l , 2 ,  s a t i s fy  t h e  a s s u mpt i o n s  A 3 . 1 ,  t h e n  

 }{ ,)η1hh(πe2ε
)η1(hπe1ε)ε,0(β2

1
π|ξ)η,ξ(x| −−−++−−

≤−   (4.18a) 

and 

 }{ )η1hh(πe2ε
)η1h(πe1ε)ε,0(β2

1
π

2
1

|η)η,ξ(y| −−−++−−
≤−  

 }{ ,hπe2ε1h2πe1ε)ε,1ε(α1d
1π −+−−+  (4.18b) 

w h e r e  α  ( . , . )  a n d  β  ( . , . )  a r e  g i v e n  b y  ( 3 . 2 2 )  a n d  ( 3 . 2 5 )  a n d  

ε : =  ).2,1max( εε  

 
Proof At  once  f rom (3 .33)  and  the  case  j= l  o f  (3 .34) ,  by  obse rv ing  

tha t  i f  
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    ξπand
η)1h(πep =ϕ

+−
=  

then 

  ;)η,ξ(yπ),p(logpand)η,ξ(xπ),p(Φ −=ϕ=ϕ   

see Eq.(4.11a). 

  □ 

R e m a r k  4 . 3 I n  p a r t i c u l a r ,  t h e  t h e o re m i mp l i e s  t h a t  

 ,})*hπ(exp{0|ξ)0,ξ(x| −=−  and  ,})*hπ(exp{0|ξ)0,ξ(y| −=−  

where  h* :=  min(h 1 ,h 2 ) .  More  genera l ly ,  the  theorem impl ies  tha t  i f  1Q  

and  2Q  a re  " long"  quadr i l a t e ra l s  then ,  a t  po in t s  su f f i c ien t ly  fa r  f rom 

the two sides 1hη −=  and 1hhη −=  of }1h{hR −  the conformal map g  can be 

approximated c lose ly  by  the  ident i ty  map.  

 

Theorem 4.4 Let 

  {1}Eg : = max{ }}1h{1hRw:|)w(1)w(| −∈− gg , 

and 

  {2}Eg := max { },}0{2hRw:|)w(2)hiEw(| ∈−+ gg  

w h e r e  ).2h1h(h:hE +−=  I f  t he  func t i ons  jτ ;  j = l , 2 .  s a t i s fy  t h e  

a s s u mpt i o n s  A 4 . 1 ,  t h e n  

   ≤{j}Eg  max }jN,jM{ ;  j=1,2,    (4.19a) 

where 

 ( ) { } { } 1,2,j;hπ-ej3ε
hj2πejε

hπ-ej3εjε)ε,jε(β
2
jd1π:jM

2
1

2
1

2
1

2
1

=−+−
−++−=   

and           (4.19b) 

 
⎭⎬
⎫

⎩⎨
⎧ −−

−+−−= )hh(πej33εhjπejε5)ε,0(βπ
2
1

:jN j2
1

 

   { } ;hπej3ε
hj2πejε)ε,jε(αjd

1π −
−+−−+  j=l,2, (4.19c) 

a n d  w h e r e α ( . , . )  β ( . , . )  a r e  g i v e n  b y  ( 3 . 2 2 ) , ( 3 . 2 5 )  a n d  

.)2ε,1ε(max:ε =  
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P r o o f A t  o n c e  f r o m T h e o r e m 3 . 4 ,  b y  r e c a l l i ng  t h e  r e l a t i o n s  ( 4 .1 1 )  

and  obs e rv ing  t ha t  

  }1h{
1h

Rw −∈ ,
1q

A})1ihw(iπexp{ ∈+⇒  

and 

  }0{
2h

Rw ∈ .
2q

Aiππexp ∈⇒  

       □ 

Remark 4.4 Theorem 4.4 implies that 

   };)*hπ(exp{0{j}
gE −=  j=l,2,  (4.20) 

w h e r e ,  a s  i n  ( 4 . 1 6 ) ,  h *  : =  )2h,1hmin( .  I n  o t h e r  w o r d s ,  t h e  e r r o r  i n  the  

d o ma i n  d e c o mp o s i t i o n  a p p r o x i ma t i o n  ( 4 . 4 )  i s  0 { e x p ( - π h* )} ,  w h i l s t  

the  e r ror  in  (4 .3)  i s  0{exp(-2 πh*)} .  

 
Remark 4.5 C o n s i d e r a b l e  s i m p l i f i c a t i o n s  o c c u r  i n  t h e  c a s e  w h e r e  

one  o f  t he  two  subdoma ins  G 1  o r  G 2  i s  a  r e c t a n g l e .  F o r  e x a mp l e ,  i f  

1τ  ( x )  = c  >  0 ,  x  ∈  [ 0 , 1 ] ,  i . e .  i f  

  ,}c{cR}0yc,1x0:)y,x({:1G −=<<−<<=   

t h e n  1g (w)=w,  1h = c ,  011d =ε= ,  a n d  t h e  r e s u l t s  o f  T h e o r e m s  4 - 1 - 4 . 4  

s i mp l i fy  r e s p e c t i ve l y  a s  fo l l o w s :  

 - .h2πe2ε)2ε,2ε(α2d
1π)2hc(h:hE 2−−≤+−=    (4.21) 

 - ,hπe2ε)2ε,0(βπ|ξ)ξ(x| 2
1 −−≤−     (4.22a) 

and 

  .hπe2ε)2ε,2ε(βπ|)ξ(2x)ξ(x| 22
1 −−≤− ))    (4.22b) 

 - ,)ηch(πe2ε)2ε,0(βπ|ξ)η,ξ(x| 2
1 −−−−≤−     (4.23a) 

and 

  .)ηch(πe2ε)2ε,0(βπ
2
1

|η1)η,ξ(y| 2
1 −−−−≤−   (4.23b) 

 -  E =:}1{g max{{ :|w)w(g| − }}c{cRw −∈ ,)ch(πe2ε)2ε,0(βπ
2
3

2
1 −−≤  

           (4.24a) 
and 

 =:{2}
gE max{ :|)w(2g)hiEw(g| −+ }}0{hRw

2
∈ { }.2N,2Mmax≤  

           (4.24b) 
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where 

 ( ) ,hπ-e2)ε2ε,2β(ε2
2d1π:2M 2

2
1

2
1

+−=  

and 

 .hπ2e2)ε2ε,2α(ε2d
1πhπ-e2)ε2εβ(0,π

2
5

:2N 222
1 −−+−=  

F u r t h e r mo r e ,  a l l  t h e  a b o v e  r e s u l t s  ho ld  unde r  t he  l e s s  r e s t r i c t i ve  

a s s u mp t i o n s  o b t a i n e d  b y  r e p l a c i n g  t h e  i nequa l i t i e s  ( 4 . 14 )  o f  A 4 . 1  by  

    1;
2
2m1

2
2m1

2d:2ε <
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

+
=     (4.25) 

see Remark 3.3. 

 T h e  r e s u l t s  ( 4 . 2 3 )  a r e  o f  p a r t i c u l a r  i n t e r e s t .  T h e s e  r e s u l t s  

s h o w  t h a t  f o r  a n y  p o i n t  w:= c}{cRiηξ −∈+ ,  

   ;η)}2π(h0{exp(|w(w)| −−=−g    (4.26) 

see also (4.22a) and (4.24a). In other words, if  Q2  is a "long" 

quadrilateral,  then in the rectangle Rc{-c} the conformal map g can be 

approximated closely by the identity map. 

 

Remark 4.6  The observations concerning the identity map, which were 

made in Remarks 4.3 and 4.5, suggest the use of a more general 

decomposi t ion procedure where the  or iginal  quadri lateral  Q  i s  

subdivided into a quadrilateral of the form (1.4) at  the lower end, a 

r ec tang le  in  the  midd le  and  a  quadr i l a t e ra l  o f  the  fo rm (1 .5 )  a t  the  

top. This procedure can be described as follows: 

 Let 

 { },c(x)2τy(x)1τ1,x0:y)(x,:G +<<−<<=  

where c > 0, let 

 { },0y(x)1τ1,x0:y)(x,:1G <<−<<=  

and 

 { },c(x)2τyc1,x0:y)(x,:2G +<<<<=  
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so that 

    ,2G{0}cR1GG UU=  

and let 

   c).(0)2i(τ4z,c)(1)2(τi13z
,(1)1iτ12z(0),1iτ1z

+=++=
−=−=  

Then the procedure under consideration consists  of the fol lowing:  

 -  Subdividing the quadri la teral  Q :=  }4z,3z,2z,1zG;{  in to  three 

s m a l l e r  q u a d r i l a t e r a l s ,  i . e .  t h e  q u a d r i l a t e r a l s  ,1,0}2z,1zG;{:1Q =  

a n d  }4z,3zic,ic,1;2G{:2Q += ,  a t  t he  l ow er  and  uppe r  ends ,  and  t he  

rectangular quadrilateral  

 { } ,icic,0,1,1:{0}cR +  

in the middle. 

 - Approximating the conformal module h:= m(Q) by  

    ,c2h1h:h~ ++=     (4.27) 

where );jQ(m:jh =  j=l,2. 

 - A p p r o x i ma t i n g  t h e  r e c t a n g l e  }1h{hR −  a n d  t h e  c o n f o r ma l  ma p  

g :  }1h{hR −  →  G  respectively by }1h{h~R − and  

⎪⎩

⎪
⎨
⎧

−∈→−
∈
∈→

=
}.1h{hRwfor,1G}1h{hR:(w)1g

,{0}cRwfor,w
,{c}hRwfor,2G{c}hR:(w)2g

:(w)g~

11

22  (4.28)  

 Le t  ;{j}
gE,hE  j=l,2,  and  {c}

gE denote  the  e r rors  in  the  approxi -

mations (4.27)-(4.28). That is,  

  ),c2h1h(h:hE ++−=  

  { },}1h{
1
hRw:|(w)1(w)|max:{1}

gE −∈−= gg   

  { },{c}
2h

Rw:|(w)2)hiE(w|max:{2}
gE ∈−+= gg
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and 

  { }.{0}cRw:|wg(w)|max:{c}
gE ∈−=  

Then, estimates of the above errors can be deduced easily from those 

g iven  in  Theorems 4 .1 ,  4 .3  and  4 .4  and  in  Remark 4 .5 .  For  example ,  i f  

the  functions jτ ;  j = l,2 ,  satisfy the assumptions A4.1, then by using 

(4.15) and (4.21) it  is easy to show that,  for any c>0,  

 { }hπe2ε
h2πe1εε),1(εα1d

1πhE 1
−+−−≤  

  { }
.hπ2e2ε)2ε,2α(ε2d

1π

hπe1ε
c)(hπ2e2εε),2α(ε2d

1π
2

2

−−+

−++−−+   

M o r e  g e ne r a l l y ,  i t  i s  e a s y  t o  s h o w  t h a t  i f  t h e  fu n c t i o n s  jτ ;  j=1,2,  

s a t i s fy  t he  a s s u mpt i o n s  A 4 . 1  t h e n ,  fo r  a n y  c > 0 ,  

    )},*h2π({exp0hE −=   

and 

 { } ;)*hπ(exp0{j}
gE −=  j=1,2, and { })*πh(exp0{c}

gE −=  

where h*:= min(h1 ,h2).  

R e m a r k  4 . 7  L e t  Q : =  }4z,3z,2z,1zG;{  b e  o f  t h e  fo r m i l l u s t r a t ed  i n  

F igure  1 .4 .  That  i s ,  l e t  Q  cons is t  o f  a  domain  G  bounded by  a  segment  

)1z,4(z:1 =l o f  t h e  r e a l  a x i s ,  a  s t r a i g h t  l i n e )3z,2(z:2 =l  i n c l i n e d  

a t  a n  a n g l e  απ ,  0 < α  < 1, to 1l  and two Jordan arcs )2z,1(z:1 =γ  and 

)4z,3(z:2 =γ where 

  { } 1,2,j;απθ,0θie)θ(jρz:z:j =≤≤==γ  

with 1.)θ(20ρand1)θ(1ρ <>  

It  is easy to see that the domain decomposition method and the 

associa ted  theory  can  a l so  be  appl ied  to  quadr i la tera ls  of  the  above  

form,  provided  tha t  the  crosscut  of  subdivis ion  i s  taken to  be  the  a rc  

c : =  {z:z= απθ0,θie ≤≤ }  o f  t h e  u n i t  c i r c l e .  F o r  e x a m p l e ,  t h i s  c a n  

b e  seen  by  observ ing  tha t  the  t ransformat ion  
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 logz
πiα

1
z →  

maps  the  quadr i la tera ls  Q  and  
  { } { },4z,3z,

πiαe1,;2G,,1πiαe,2z,1z;1G  

i l l u s t r a t e d  i n  F i g u r e  1 . 4 ,  o n t o  t h r e e  q u a d r i l a t e r a l s  o f  t h e  f o r m  

( 1 . 3 ) - ( 1 . 5 ) ,  w i t h  

   1,2j;x)π(αjlogρ
απ

1j1)(
(x)jτ =

−−
=  

5. Numerical examples and discussion 

Each of the two examples given below involves the mapping of a 

quadr i la tera l  Q  o f  the  form (1 .3)  and ,  in  each  case ,  the  decomposi t ion 

i s  pe r fo rme d  by  s ubd iv id ing  Q  i n t o  t w o  q u a d r i l a t e r a l s  jQ ;j=l,2 ,  o f  

the form (1.4)-(1.5) .  In  each example,  we use the fol lowing no t a t i ons  

fo r  t he  presentation of the results:  

 -  hE  and  {j}
gE ;  j= l ,2 :  As  before ,  these  denote  the  ac tual  e r rors  

(1 .16)  i n  the  domain  decompos i t ion  approx imat ions  to  the  module   

h:= m(Q)  and the conformal map g:Rh{-h1} → G. More precisely,  the 

v a l u e s  hE  a n d  {j}
gE  l i s t e d  i n  t h e  e x a m p l e s  a r e  r e l i a b l e  e s t i m a t e s  o f  

the actual  errors .   They are  determined from accurate  approximat ions to  

h, jh ; j=l,2, and j, g g ; j=l,2, which are computed by using the i terative 

a l g o r i t h m s  d e s c r i b e d  i n  [ 5 ] .   I n  p a r t i c u l a r ,  {j}
gE ;  j=l,2,  a r e  t h e  

maxima of  two se ts  of  va lues ,  which  are  obta ined by  sampl ing  respec-

t i v e l y  t h e  a p p r o x i m a t i o n s  t o  t h e  f u n c t i o n s  g(w)-g1(w)  a n d  

)w()hiEw( 2gg −+  a t  a number of test points on the boundary segments 

{0}.
2
hRof2h0,ηand}1h{

1
hR0of,1hη =−−=  

 - ;){j}
gT(E)andhT(E j=l,2:  T h e s e  d e n o t e  t h e  t h e o r e t i c a l  e s t i -

mates  o f  t he  e r ro r s  Eh and  {j}
gE ;j=l,2,which  a re  g iven  respec t ive ly  

by  t he  exp re s s ions  i n  t he  r i gh t  ha nd  s i de s  o f  ( 4 . 15 )  and  (4 .19 ) .  
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Example 5.1 Let Q  and Qj;j=l,2,  be defined by (1.3)-(1.5) with:  
   ,(2.5x)2sech0.21.5(x)1τ l++=   
and 
   ,1.250.33x20.375x40.25x(x)2τ l+++−=  
where 0.≥l  

 In  this  case  1d  = 0.3849,  2d  = 0.5830,  and the largest  values  of  

jε ;  j=1,2 ,  i . e .  1ε =  0 .3918  and  2ε  =  0 .6064 ,  occu r  when  l  =  0 .  

Therefore ,  the funct ions jτ ;  j=l,2,sat isfy the assumptions A4.1,  f o r  

a l l  .0≥l  

 The numerical results corresponding to the values l  = 0.0(0.25)1.0 

a re  l i s ted  in  Tables  5 .1(a)  and 5 .1(b) .  These  tables  conta in  

respect ive ly  the computed values of the conformal modules, which are 

expected to be correct to seven significant figures, and the values  

of the error estimates )hE(T,hE  and {j}
gE ,T( {j}

gE ) ;  j=l,2.  

 
l  1h  2h  h 

0.00 1.565  514  72 1.333  348  92 2.898  870  58 

0.25 1.815  515  54 1.583  350  99 3.398  867  97 

0.50 2.065  515  71 1.833  351  42 3.898  867  43 

0.75 2.315  515  74 2.083  351  51 4.398  867  31 

1.00 2.565  515  75 2.333  351  53 4.898  867  29 
 
TABLE 5.1(a) 
 

l  hE  )hE(T  {1}
gE  T( {1}

gE ) {2}
gE  T( {2}

gE ) 

0.00 7.0E-6 2.6E-4 2.1E-3 4.2E-2 2.1E-3 5.5E-2 

0.25 1.5E-6 5.1E-5 9.6E-4 1.9E-2 9.6E-4 2.4E-2 

0.50 3.0E-7 1.0E-5 4.4E-4 8.4E-3 4.4E-4 1.1E-2 

0.75 6.3E-8 2.1E-6 2.0E-4 3.8E-3 2.0E-4 5.0E-3 

1.00 1.3E-8 4.4E-7 9.1E-5 1.7E-3 9.0E-5 2.2E-3 
 
TABLE 5.l(b) 



38 

Example 5.2 Let Q and jQ  ;  j=l,2,  be  def ined by (1.3)-(1.5)  with:  

 0,2.020.5x40.25x(x)2τand0c(x)1τ ≥++−=>= ll  

 In  th i s  case  Q  i s  o f  the  spec ia l  fo rm cons ide red  in  Remark  4 .5 ,  
i.e. 1g (w)=w, 1h := m( 1Q )=c and 011d =ε= . Also, 2d =0.3849 and, for  a l l  

0≥l ,  310x1.42m −≤ .  Hence ,  (4 .25)  g ives  tha t  

   ,00.385,
2
2m1

2
2m1

2d:2ε ≥∀<
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

+
= l  

i .e.  the simplified results (4.21)-(4.24) hold for all  l  > 0.  

 T h e  n u m e r i c a l  r e s u l t s  c o r r e s p o n d i n g  t o  t h e  v a l ue s  c  =  1  a n d  

l = 0.0(0.5)2.0 are  l is ted in  Tables  5 .2(a)  and 5.2(b) .  As in  Example 

5 . 1 ,  t h e  t w o  t a b l e s  c o n t a i n  r e p e c t i v e l y  t h e  c om p u t e d  v a l u e s  o f  t h e  

c o n f o r m a l  m o d u l e s  h  a n d  h 2 ,  a n d  t h e  v a l u e s  o f  t h e  e r r o r  e s t i m a t e s  

)hE(T,hE  and {j}
gE ,T( {j}

gE );  j=l,2.  

 We  r e c a l l  t h a t  h 1  =  1 ,  and  obse rve  t ha t  t he  va lue s  o f  h  and  2h  

l i s t e d  i n  T a b l e  5 . 2 ( a )  a r e  e x p e c t e d  t o  b e  c o r r e c t  t o  t h e  n u mb e r  o f  

f i gu re s  quo t ed .  (The  a lgo r i t hms  o f  [ 5 ]  a c h i e v e  t h i s  r e ma r k a b l e  

accuracy  because ,  in  th i s  case ,  the  curve  θ ie)θ(2ρz:2 =Γ  cor responding  

to  the arc y  = 2τ (x)  is  analyt ic ;  see  the comment  made in  Remark 3 of  

[5:p.279] . )  We also observe that  the  es t imates  given in  Table  5 .2 ( b )  

r e ma i n  u n c h a n g e d  f o r  a n y  v a l u e  c  >  0 ;  s e e  R e ma r k  4 . 5 .  

 

l  2h  h 
0.0 1.859  568  647  615 2.859  569  034  971 
0.5 2.359  569  018  925 3.359  569  035  644 
1.0 2.859  569  034  971 3.859  569  035  694 
1.5 3.359  569  035  664 4.359  569  035  695 
2.0 3.859  569  035  694 4.859  569  035  695 

 
TABLE 5.2(a) 



39 

 

l  hE  T( hE ) {1}
gE  T( {1}

gE ) {2}
gE  T( {2}

gE ) 

0.0 3.9E-7 1.4E-6 5.0E-4 2.9E-3 5.0E-4 4.8E-3 

0.5 1.7E-8 6.1E-8 1.0E-4 6.0E-4 1.0E-4 1.0E-3 

1.0 7.2E-10 2.6E-9 2.2E-5 1.3E-4 2.1E-5 2.1E-4 

1.5 3.1E-11 1.1E-10 4.5E-6 2.6E-5 4.5E-6 4.4E-5 

2.0 1.4E-12 4.9E-12 9.3E-7 5.4E-6 9.3E-7 9.0E-6 
 

TABLE 5.2(b) 
 

We end this section by making the following concluding remarks: 

Remark 5.1  The results of the two examples given above illustrate 

the remarkable accuracy that can be achieved by the domain 

decomposition method, even when the quadrilaterals involved are only 

mode ra t e ly  l ong .  Fu r the rmore ,  t he  r e su l t s  con f i rm  the  t heo ry  o f  

Sec t ion  4  and  show tha t  the  e r ror  es t imates  g iven in  Theorems 4 .1  and 

4 . 4  r e f l e c t  c l o s e l y  t h e  a c t u a l  e r r o r s  i n  t h e  d o ma i n  d e c o mp o s i t i on  

a p p r o x i ma t i o n s .  

Remark 5.2  We recall the method used for computing the values 
{1}
gE a n d  {2}

gE  l i s t e d  i n  T a b l e s  5 . 1 ( b )  a n d  5 . 2 ( b ) ,  a n d  n o t e  t h a t  i n  

both examples  the maxima of  |(w)1(w)| gg −  and )w() 2ghiE(w g −+  occur  
on the common boundary segment η  = 0 of }.0{

2hRand}1h{
1hR −  

The errors on the sides 1-hη =  of 
1hR { 1h- } and η  = 2h  of 

2hR {0} are 

much smaller, indicating that the estimates of 

 ,|)(2X̂)(X̂|
1ξ0

max:{2}
X̂

Eand|)(1X)(X|
1ξ0

max:{1}
XE ξ−ξ

≤≤
=ξ−ξ

≤≤
=  

g i v e n  i n  T h e o r e m  4 . 2 ,  a r e  p e s s i m i s t i c .  I n  f a c t ,  t h e r e  i s  s t r o n g  

expe r ime n ta l  ev idence  wh ich  sugges t s  t ha t  {1}
XE and  {2}

XE are  bo th  

0 { e x p ( - 2 πh*)} ,  r a t he r  t han  0{exp ( - πh*)}  a s  p r ed i c t ed  by  (4 .17 ) .  

( Of  c o u r s e ,  e x a c t l y  t h e  s a m e  r e m a r k  a p p l i e s  t o  t h e  e s t i m a t e s  

r e f e r r e d  t o  i n  R e ma r k  4 . 2 ) .  
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 The  very  c lose  agreement  be tween the  va lues  {1}
gE  and  {2}

gE  l i s ted  
In  t he  t ab l e s  i s  r e l a t ed  t o  t h e  above  obse rva t i ons ,  and  can  be  

explained by the resul ts  of  Theorem 4.3 and those given in  Remark 4.5.   

 R e m a r k  5 . 3  Since  ,2h1hh +≥  t h e  r e s u l t s  o f  The o r e ms  4 . 1 - 4 . 4  

p r o v i d e  c o mp u t a b l e  e r r o r  e s t i ma t e s ,  i . e .  e s t i ma t e s  t h a t  c a n  b e  

c ompu t e d  easily once the approximations to the conformal modules 1h  

and  2h  are  de termined.  In  addi t ion  the  resul t s  of  the  theorems can  be  

used  to provide a priori error estimates, i .e.  estimates that can be 

determined before  the approximations to  h1  and h2 are  computed.  This  

can be done by observing that  

   1,2j;jb:(x)jτ
xx0

minjh ==
≤≤

≥  

and 
    b,:2b1bh =+≥  
and replacing the values of h and ;jh  j=l,2, respectively by the lower 

bounds b and jb ;  j=l,2.  

 Remark 5.4 Our final remark concerns the assumptions A4.1 under 

which the theoretical results of Section 4 were established. The most 

restrictive of these assumptions is,  of course, condition (4.14) which 

r e q u i r e s  t h a t  t h e  q u a n t i t i e s  jε ;  j=l,2 ,  a r e  l e s s  t h a n  u n i t y .  I n  

p r a c t i c e ,  ( 4 . 1 4 )  i s  mor e  o r  l e s s  e qu i v a l e n t  t o  r e q u i r i n g  t h a t  t h e  

s l opes  o f  t he  two  cu rves  y  =  jτ ( x ) ;  j=l,2 ,  a r e  nu me r i c a l l y  l e s s  t h a n  

u n i t y  i n  [ 0 , 1 ] .  T h i s  i s  s o  be c a u s e  t he  v a l u e s  jm ;  j=l,2,  g i ven  by  

(4 .14a )  a r e  " sma l l " ,  even  when  t he  two quadrilaterals jQ ;  j=l,2,  are 

only moderately "long".  

 The condition (4.14) is certainly needed for our method of proof. 

However ,  the  resu l t s  o f  the  example  cons ide red  in  Sec t ion  5  o f  [12]  

and  those  o f  severa l  o the r  numer ica l  exper iments  g iven  in  [14]  

ind ica te  clearly that:  

 
{ } ,2,1j;πh*){exp(0{j}

gEand2ππh*(exp0hE =−=−= (b)(a)  
           (5.1) 
w i th  h*  =  mi n )2h,1h( ,  even  when  (4 .14 )  i s  no t  f u l f i l l ed .   I n  f a c t  
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t h e r e  i s  v e r y  s t r o n g  e x p e r i me n t a l  ev idence  wh ich  sugges t s  t ha t  t he  

r e s u l t s  ( 5 . 1 )  h o l d  w h e n  t h e  f u n c t i o n s  jτ ;  j=l,2, s a t i s f y  o n l y  t h e  

f i r s t  t w o  c o n d i t i o n s  ( i )  a n d  ( i i )  o f  A 4 . 1 .  

 A  partial explanation of the above experimental observation is 

provided by recal l ing that  resul ts  s imilar  to  those of  Theorem 4.3 can 

be  ob t a ined  unde r  t he  a s sumpt ion  t ha t  t he  func t i ons  jτ ;  j=l,2,  a r e  

o n l y  c o n t i n u o u s  i n  [ 0 , 1 ] .  F r o m  t h i s ,  i t  s h o u l d  b e  p o s s i b l e  t o  a r g u e  

t h a t  hE  and  {j}
gE ;  j = l , 2 ,  a r e  a l l . { }.h*)exp(-π0  A t  p r e sen t ,  h o w e v e r ,  

we do not know of a way of proving (5.la),  unless we impose the 

condit ion (4.14).  
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