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Abstract: The paper deals with the three-dimensional Robin type boundary-value problem (BVP) for a second-
order strongly elliptic system of partial differential equations in the divergence form with variable coefficients.
The problem is studied by the localized parametrix based potential method. By using Green’s representa-
tion formula and properties of the localized layer and volume potentials, the BVP under consideration is
reduced to the a system of localized boundary-domain singular integral equations (LBDSIE). The equiva-
lence between the original boundary value problem and the corresponding LBDSIE system is established.
The matrix operator generated by the LBDSIE system belongs to the Boutet de Monvel algebra. With the help
of the Vishik—-Eskin theory based on the Wiener—Hopf factorization method, the Fredholm properties of the
corresponding localized boundary-domain singular integral operator are investigated and its invertibility in
appropriate function spaces is proved.
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1 Introduction

We consider a three-dimensional Robin type boundary-value problem (BVP) for a second-order strongly ellip-
tic system of partial differential equations (PDE) in the divergence form with variable coefficients. The prob-
lem is investigated with the help of generalized layer and volume potentials whose kernel functions are
constructed by a localized parametrix.

In [9, 10], the localized boundary-domain singular integral equations (LBDSIE) approach is developed
for the Dirichlet, Neumann, Robin and mixed boundary value problems for a scalar elliptic second-order
PDE with variable coefficients (see also [8]). In [11], the LBDSIE system approach was used to investigate the
Dirichlet problem for a self-adjoint second-order strongly elliptic system of PDEs with variable coefficients.
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The Robin type BVP treated in the present paper is well investigated by the variational method and also
by the usual classical potential method when the corresponding fundamental solution matrix is available in
explicit form, e.g., in the case of constant coefficients (see, e.g., [15-17]).

Our goal here is to develop the localized potentials method to the Robin type BVP for a second-order
strongly elliptic system.

The paper is organized as follows. First, using Green’s representation formula and properties of the local-
ized layer and volume potentials, we reduce the Robin type BVP to the localized boundary-domain singular
integral equations system. Further, we establish that the original boundary value problem is equivalent to the
corresponding LBDSIE system, which proved to be a quite nontrivial problem and plays a crucial role in our
analysis. Note that the corresponding localized boundary-domain singular integral operator (LBDSIO) belongs
to the Boutet de Monvel algebra. With the help of the Vishik-Eskin theory, based on the Wiener-Hopf factor-
ization method, we investigate Fredholm properties of the LBDSIO and prove its invertibility in appropriate
function spaces. The invertibility of the LBDSIO is very important from the point of view of numerical anal-
ysis since the LBDSIE approach leads to very convenient numerical schemes in applications (for details see
[18, 22, 23, 25-27]).

For the reader’s convenience we present some auxiliary material concerning classes of localizing cut-off
functions and properties of localized potentials in two brief appendices.

2 Matrix harmonic parametrix-based operators

2.1 Matrix co-normal operator and Green’s identities
Consider a uniformly strongly elliptic second-order formally self-adjoint matrix partial differential operator

) 0 \13
_ 3 _[.9 (. pa.y 9
AW, 02 = [Apg (6001 g1 = [ 5~ (a0 e ), 0
where the coefficients are assumed to be infinitely smooth functions ai}l € C®(R3) satisfying the following
symmetry conditions:

ki .
af =ay =a)l, jkpq=123.

Here and in what follows, the summation over repeated indices from 1 to 3 is assumed if not stated otherwise.

Motivated by applications in mathematical physics and, in particular, the theory of elasticity of aniso-
tropic inhomogeneous solids, we assume that the coefficients ai]g are real and that the quadratic form
ai]g (X)Nkpng;j is uniformly positive-definite with respect to symmetric variables 1, = 1k € R, which implies
that the principal homogeneous symbol matrix of the operator A(x, 0,) with opposite sign, i.e.,

A, &) 1= [af (0 & 133
is uniformly positive-definite and there are positive constants c; and ¢, such that
cLlEPI? < AW, OG- ¢ = @i (06, ¢ < 2l8719? forallx € R, all§ e R andall{ e €. (2.1)

Herea - b := Z]-ll ajbj is the bilinear product of two column-vectors a, b € C>.

Further, let Q = Q" be a bounded domain in R> with a simply connected boundary 0Q = S € C®,
Q=QuUS, and let n = (ny, ny, n3) denote the unit normal vector to S directed outward the domain Q. Set
Q :=R3\Q.

We denote by [H"(Q)]™ = [H(Q)]™ and [H"(S)]™ = [H5(S)]™, r € R, the Bessel potential spaces for
m-dimensional vector functions u = (u1, ..., Ur)"’ on a domain Q and on a closed manifold S without
boundary, while [D(IR?)]™ and [D(Q)]™ stand for infinitely smooth vector functions with compact support
in R and in Q, respectively, and [S(IR?)]™ denotes the Schwartz space of rapidly decreasing vector functions
in R3. Recall that [H°(Q)]™ = [L,(Q)]™ is a space of square integrable vector functions in Q.
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Let us denote by y*u = (y*uq, ...,y um)" and y u = (y us, ...,y Uy)" the traces of a vector function
u=(uy,...,uy)" onS from the interior and the exterior of Q, respectively.
We also need the following subspaces of [H(Q)]? and [H"(IR?)]?, respectively:

[HY0(Q; A)) = {u e [HY(Q)]® : Au e [HY(Q)?}, [H'(Q))® := {u e [H(R®)]? : suppu € Q}.

The co-normal derivative T*u for a vector function u € [H2(Q)]? is well defined in the usual traces sense
on the boundary 0Q:

[T*(x, 0:)u(0)]p = ap Onk()y* O ug(x), x€0Q, p=1,2,3. (2.2)

The co-normal derivative operator defined in (2.2) can be extended by continuity to the space [H1°(Q; A)]3
and the following Green’s first identity holds (for details see, e.g., [17, Chapter 4] and [19]):

(T*u, y* v)oq = J[Au v+ E,v)]dx forallve [HYQ)]?, (2.3)
Q

where (-, - )9q denotes the duality between the adjoint spaces [H~1/2(0Q)]° and [H/?(0Q)]3, which extends
the usual bilinear [L,(0Q)]? inner product, while

q

E(u,v) = af]. () 9x;Ug (X) Oy, Vp (X).

The co-normal derivative T~ u is defined similarly.
Our goal here is to develop the LBDSIE method for the Robin type problem, which reads as follows.

Problem. Find a vector function u = (u1, u», u3)" € [H»9(Q, A)]? satisfying the differential equation
Ax,o0)u=f inQ (2.4)
and the Robin type boundary condition
T*u+xy*u=1o onS=0Q, (2.5)

where o = (Yo1, Yoz, Yo3)" € [HY2(S), f = (f1, fo,f3)T € [H°(Q)]? and x = [xjx]3x3 is a positive definite
smooth matrix function.

Remark 2.1. Condition (2.1) implies that the quadratic form

E(u, u) = ap (0)egj(0epk(x)  With  e4;(x) = 271 (9juq(x) + dquj(x))

is positive definite in the symmetric variables £4;. Therefore, Green’s first formula (2.3) and Korn’s inequality
along with the Lax-Milgram lemma imply that the Robin type BVP possesses a unique weak solution in the
space [H1°(Q; A)]? (cf., e.g., [3, 16, 17, 20]).

2.2 Parametrix-based vector-valued integral operators and Green’s third identity

As has been mentioned, our goal here is to develop the LBDSIE method for the Robin type BVP (2.4)-(2.5).
Let PA(x) := _ﬁxl denote the scalar fundamental solution of the Laplace operator, A = 97 + 03 + 03. Let
us define a localized matrix parametrix ® = [®,4]3x3 for the matrix Laplace operator I3A as

X(x)

D(x) = [Prg(0)]3x3 := Py, (I3 = x(X)Pp(X)I3 = ~aid

I3,

where Py, (x) := x(X)Pa(x) is a scalar localized harmonic parametrix, I3 is the unit 3 x 3 matrix, and y is
a localizing function (see Section A)

xeXxX, k=5, withy(0)=1. (2.6)

In what follows, we assume that condition (2.6) is satisfied if not stated otherwise.
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In [11], the following Green’s third identity is derived:

b(y)u(y) + Nu(y) - V(T*u)(y) + Wytw)(y) = P(Au)(y), yeQ, (2.7)

where b is a positive definite matrix due to (2.1),

1
b(x) = [bpg(0]) 4oys  bpg(x) = §[a’f§’(X) +ab3(x) + i (x)], (2.8)

N is a localized singular integral operator
Nu(y) :=v.p. J[A(x, 0x)@(x - y)]u(x) dx = ;irr(l) J [A(x, 0x)D(x - y)]u(x) dx, (2.9)
Q Qe

and V, W and P are the localized vector single layer, double layer and Newtonian volume potentials

Vg(y) = - j D(x—y)gx) dSy, Wg(y) := - I[T(x, 30D (x — )] Tg(x) dSy, (2.10)
S S
Ph(y) := J D(x - y)h(x) dx. 2.11)
Q

A singular integral operator similar to (2.9) with the integration domain R> is denoted by

Nu(y) :=v.p. J [A(x, 0x)@(x — y)]u(x) dx. (2.12)
e
Note that
a0 92 1
V.p-[AG, 9P = Y)lpg = V-p.[ -~ 005 ] |+ Rog(x, y)
rq
- [_a,ZI(Ty) ax?:)Xj |xiyl] +RY 0, y), (2.13)

where Rp4(x, y) and Rf[,lq)(x, y) possess weak singularities of type O(|x — y|2) as x — y. From (2.9) and (2.12)
it is evident that
Nu(y) = (NEu)(y) foryeQ, uce [H'(Q))?, r>0,

where E stands for the extension operator by zero from Q onto Q. From decomposition (2.13) it follows that
(see, e.g., [4], [14, Lemma 23.10] and [15, Theorem 8.6.1]) if y € X**? with an integer k > 3, then the operator

roN = TQNE: [H'(Q)® - [H'(Q)]?, 0<r<k- %, (2.14)

is bounded since the principal homogeneous symbol of N is rational (see (3.1)) and the operators with the
kernel functions R(x, y) and R™(x, y) map [H"(Q)]? into [H™*1(Q)]>.

In our further analysis, we need the mapping property (2.14) with r > %, which is guaranteed by the
inclusion y € X**2, k > 3.

In (2.10)—(2.11), the densities g and h are three-dimensional vector functions. Introducing the localized
scalar single layer and Newtonian volume potentials

Vago(y) = - [ Py, (x - y)go(x) dSx,
S

Paho(y) = j Py, (X - Y)ho(x) dx,
Q

with go and hg being scalar density functions, we evidently have
(VEW)p = Vagp(y), [Ph(Y)p =Pahp(y), p=1,2,3,

for arbitrary vector functions g = (g1, 82, g3)" and h = (hy, hy, h3)T.
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We will also need the localized Newtonian volume potentials with the integration domain R3:
Ph(y) := j O(x —y)h(x)dx, Ppho(y):= J Py, (x = y)ho(x) dx. (2.15)
R3 R3

Further, let us introduce the boundary operators generated by the localized layer potentials:

Vg(y) = - j D(x - y)g(x) dSy, We(y) = - j[T(x, 00D ~y)]Tg)dSy, yeS, (2.16)
S S
Wg(y) = - J[T(y, 0y)D(x - y)1g(x) dSx, L*g(y) :=T*(y,0,)Wg(y), yeS. (2.17)
S

The mapping properties of the localized vector-valued potentials are collected in Section B.
Now we prove the following lemma, which is essential in our further analysis.

Lemma 2.2. Lety € X3,, ¢ € [H*?2(0Q)]? and f € [HO(Q)]?. If
Pf+Wep=0 inQ, (2.18)
thenf =0in Q and ¢ = 0 on 0Q.
Proof. Let us introduce the distribution T*y for y € [H573/2(0Q)]° with s < 3 defined by the relation
(T*, hygs := (P, Thysq forall h e [D(R?)]?, (2.19)
where
T = T(X, 0x) = [Tpg(X, 0:)]3x3 i= [} (ONK(X)0; ]33
In view of duality estimates and the trace theorem, there are constants C; > 0 and C, > 0 such that
KT*¥, hyws| = K, Th)sal
< CLll 3 o
< Calyl,

TR 13- 00y

13 ooy’ Al (a3 (33 -

Therefore, relation (2.19) can be extended by continuity to functions h € [H>~5(IR3)]?, implying the continuity

of the operator

T [H2(0Q) = [ 3R], s< %

Thus, for Y € [H53/2(0Q)]> with s < 3, we have T*y € [HS(R?)]>. Moreover, due to the definition (2.19),

it is evident that supp T*3 c 0Q.

Now, let s = % — ¢ with an arbitrarily small positive number €. Then

T*y € [H275Q5P c [H 5 (®))P.

Now we represent the double layer potential We with ¢ € [H H (09)]° in the form of volume potential, which
follows from relation (2.19) and the selfadjointness of the operator P:

Wo, by = - [ ( [Tt 0000~ 1)1 000 dS, ) - h(y) dy
R S

== [ o0 ( [ 11ex, 0000~ in dy ) ds,
0Q R3

=- J @(x) - T(x, 0x)Ph(x) dSx
0Q

= —(T" @, Ph)s

= (BT g), W)

Thus Wg = —P(T* @), where T*¢ € [H™2~¢(R3)]? and supp T* ¢ ¢ 0Q.
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In view of the mapping property of the operator P (see Theorem B.1), we have the embedding
W = —P(T"p) € [HT“(R*)]’.
Set f = Ef € [H°(Q)]? and define a vector function
U= (U, Uy, U3)" :=Pf+Wo =P(f - T*¢p) inR>. (2.20)

By (2.18), we have U = 0in Q, and consequently U € [HY/27¢(Q")]? c [H/27¢(R3)]°.

In what follows, we show that U = 0 in Q™ as well.

Since D(Q") is dense in H/27¢(Q"), there exists a sequence of vector functions U = (Ugl), Ugl), U;l))T,
[ =1, co, from the space [D(Q")]? such that

@ _
Hm U = Ul oy = - (2.21)
Let us show that
lim [ VU vUPdx= [ VU A k=1,2.3. (2.22)
—00
Q- O~

Under the conditions of the lemma, from Theorem B.1 it follows that U € [H2(Q~)]. Applying the duality
estimates and relation (2.21), we deduce

U VUL (VU - VU ¥ < IV Ui,
i

l
IVU, = VUl -1

HE* Q)P Q)P

l
<IVUl IVU = VU, 3

(H2*(Q)]? EALENE

< VU 10 = Utlly3 sy = O asl— o0, k=1,2,3,

(H2* ()P R?)

implying (2.22).
In accordance with Theorem B.1, we have P~1 = AI - M, I, where the operator My is bounded from HO(R3)
into H°(R?) due to (B.1). From (2.20) we find P-1U = f — T*¢p = 0 in Q~, implying that

P, Ui = AU - M U =0
in Q for k = 1, 2, 3. Using Green’s identity, we then obtain (no summation over k)

0= j[P;Uk] Ul dx

J
- O] _ D
- [ 80U ax- [ U ax
Q- Q-
- J VU - VU dx - J[MXU,<]U,§’) dx, k=1,2,3. (2.23)
Q- Q-

By passing to the limit in (2.23) and using equality (2.22), we arrive at the relation

jIVUkIde+ J[MXUk]dex=O, k=1,2,3. (2.24)
Q- Q-
Evidently, My Uy € H(R?) since Uy € H/27¢(R3) ¢ H°(R?). Therefore, taking into account that Uy is sup-
ported in R3 \ Q* and using Plancherel’s theorem, we can rewrite (2.24) as follows:

J VU2 dx + J M(OIFUNdE =0  with  FUKE) = j Ue€dx, k=1,2,3,

Q- R3 R3
where 7 stands for the Fourier transform operator. By (B.1) and the inclusion U € H?(Q™), we get Uy = 0
in Q™. Thus, U = 0in Q* and the jump relation of the localized double layer potential gives (see Theorem B.2)

dp=y U-y"U=0 onoqQ,

where d is given by (B.2) and is positive definite due to (2.1). Therefore, ¢ = 0 on 0Q.
In view of (2.20), we have U = Pf = 0 in R3. By the invertibility of the operator P, we finally conclude
that f = 0 in Q, which completes the proof. O
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3 Properties of the domain matrix operator

In what follows, in our analysis we need an explicit expression of the principal homogeneous symbol matrix
S(N;y, &) of the singular integral operator N, which due to (2.9), (2.12) and (2.13) reads as
pq
ayy) 02 17 Apg, &)
N;’ = N;y :3‘_)_'.](1 —:L
(SO, Dlpg = (SMs ¥, Dlpg = T vep. = o] = s
wherey € Q, ¢ € R*and Apy(y, &) = a}} (v)éx&. Here we have applied that ¢ [(471]z])~!] = |£]~2. The entries
of the principal homogeneous symbol matrix S(N; y, ) are even rational homogeneous functions of order O
in &. Set

= bpe(), (3.1)

B:=b+N. (3.2)
Relation (3.1) for the principal homogeneous symbol of the operator B gives
S(B;y, &) = [872A(y, &) forally € Qandall ¢ € R® \ {0}. (3.3)

Due to (2.1), the symbol matrix G(B; y, ¢) is positive definite:
S(B;y, (- =c1|Q? forally e Q, £ e R>\ {0}, { € C?,

where c; > 0 is the same as in (2.1). Consequently, B is a strongly elliptic pseudodifferential operator of
order O with the rational homogeneous symbol and its partial indices of factorization are equal to zero (cf.
[5,7,21]).

Now let us formulate some auxiliary assertions needed in our further analysis. Let y € S = 0Q be some
fixed point and consider the frozen symbol G(B; ¥, é) = &(B; &), where B denotes the operator B written in
the chosen local co-ordinate system. Further, let B.. denote the pseudodifferential operator with the symbol
G.(B; &, &) :=6B; (1 + 1 )w, &), where w = &'/|E'], € = (&', &), &' = (&1, &). Then the frozen principal
homogeneous symbol matrix &(B; £) is also the principal homogeneous symbol matrix of the operator B...
This principal matrix can be factorized with respect to the variable &3 as

6(B; 9 =67 (B;HEM (B o, 6W(B;¢) = A, &). (3.4)

1
0w (¢, &)
Here 0®) (&', &3) := & + 1|¢’| are the “plus” and “minus” factors of the symbol ©(¢&) := |¢]2, and A®) (&', &3)
are the “plus” and “minus” polynomial matrix factors of first order in &5 of the positive definite polynomial
symbol matrix A(¢’, &3) = A(7,¢', &) corresponding to the frozen differential operator A(¥, d) at the point
y € S(see[12,13]), i.e.,

A¢' &) = A9, £)AE, &) (3.5
with det A (&', 7) # 0 for Im 7 > 0 and det AC)(¢’, 1) # 0 for Im T < 0. Moreover, the entries of the matrices
A®(¢' &) are homogeneous functions of order 1in & = (¢, &3).

Denote by a®)(¢") the coefficients at &5 in the determinants det A®) (¢, &). Evidently,

a?(&"a™® (&) = detA(0,0,1) >0 for&' 0. (3.6)
The factor-matrices A®)(¢’, &3) have the structure

(ADE, &), = ———

detA® (&', &)
where pl(.f)(.{ ', &) are the co-factors of the matrix A®)(¢’, &3), which can be written in the form

Py (&, &) = o ()& + b ENE + df ). (.7)
Here ¢ bg.i) and d?, i ,j = 1,2, 3, are homogeneous functions of order 0, 1 and 2, respectively, in &’.

U ’ 1}' ’
From the above discussion it follows that the entries of the factor-symbol matrices

B (w,1,8) =6 B¢, &), kj=1,2,3,
with w = &'/|¢'| and r = |¢’|, satisfy the relations
Ip() Ip()
0 Bk). (w,0,-1) ~ 1)16 Bk]. (w, 0, +1)

pgli)(f” 63)’ i,j:1,2, 3’

, 1=0,1,2,....

or! or!
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These relations imply that the entries of the matrices G®)(B; ¢’, &3) belong to the class of symbols Dy intro-
duced in [14, Chapter III, Section 10]:
6™(B; ¢, &) € Do.

Due to (3.4), we have the factorization

G.(B; ¢, &) =6V B; ¢, &)60 (B; ¢, &),

where )
& (B; &,85)=6W®B;(1+|¢)w, &) withw = lz:—,l
Denote by IT* the Cauchy type integral operator
i T hE, n3)dn
+ — 1 s 13 3 3
Mh(&) = Zntlil(r)i J &+it-n3’ §ER, (3.8)
-00

which is well defined for a bounded smooth function h(¢’,-) satisfying the decay condition at infinity
h(¢', n3) = O(1 + n3])~¢ with some & > 0.

Let E+ be the extension operator by zero from R? onto the whole space R> and let r, be the restriction
operator to the half-space R3.

The following lemmas are proved in [11].

Lemma 3.1. The operator r,B.E, : [HS(R3)]?> — [HS(R3)]? is invertible for all s > 0.
Moreover, for f € [H*(R2)]3, a unique solution u € [H*(R3)]? of the equation r,B,E,u = f in R> can be
written in the form u = r,u., where

uy = Eou = 5 [sV @)1 (6 ®)17 ) (3.9)
and f. € [H5(R3))? is an extension of f € [HS(R2)]? such that

Ifi lprs rayp < 2||ﬂ|[H5(1R3)]3 s

while f, (&) = Fx—¢(fe) is the Fourier transform of f.. Representation (3.9) does not depend on a choice of the
extension operator of f to f..

Lemma 3.2. Let y € X**2 with an integer k > 3. Then the operator rQBE s [HS(Q)]? — [H5(Q))? is Fredholm
with zero index for0 < s < k- 5.

Lemma 3.3. Let the factor matrix A®) (&', 1) be as in (3.5), and let a*) and C§1'+) be as in (3.6) and (3.7),
respectively. Then the following equality holds:

i 7a(+) ! -1
- j[A @&, 01 dr
J

where CH(¢') = [cg;r)({’)]?’jzl and det[C™)(£")] # 0 for &' + 0. Here ¢~ is an anticlockwise orientated contour
in the lower complex half-plane enclosing all roots of the polynomial det A®) (&', T) with respect to .

— ) g!
@ ¢

Introduce the notation . .
(KEu)(y) := (b(y) - )u(y) + (NEu)(y) fory e Q, (3.10)

wherebis definedin (2.8), Nisdefined in (2.12), and E again stands for the extension operator by zero from Q
onto Q™. Rewrite Green’s third formula (2.7) in a form more convenient for our further purposes:

1+ K]Eu(y) - V(T*u)(y) + Wy w)(y) = PACx, 00u)(y), ¥ €Q, (B.11)

where I stands for the unit operator.
Relation (3.3) implies that the principal homogeneous symbols of the singular integral operators K and
I + K have the form

S(K;y, &) = |&172AW, &) - I3, SA+K;y, &) = &AW, &) forally e Qandall ¢ € R® \ {0},
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where A(y, &) = [a,i’;] (¥)€xéj13x3 is the positive definite matrix due to (2.1), implying the positive definiteness
of the symbol matrix &(I + K; y, &).

Note that K = B — I, where B is defined in (3.2). Therefore, from the mapping property (2.14) it follows
thatify € X* with an integer k > 2, then the operator

roKE : [H'(Q))P = [H'(Q)]}, O0<r<k-2,

is bounded.

Assuming that u € [H?(Q)]?, by Theorem B.1 we see that all summands in (3.11) belong to the space
[H2(Q)]3. Applying the co-normal differential operator T(x, dy) to Green’s identity (3.11) and using the prop-
erties of localized potentials, we arrive at the relation

T*KEu + (I3 —d) (T u) - W (TTu) + L(y*u) = T*P(A(x, 0x)u) onsS, (3.12)

where the localized boundary integral operators W' and £ := £* are generated by the localized single and
double layer potentials and are defined in (2.17), and the matrix d is defined by B.2.

4 LBDSIE formulation of the Robin type problem and the
equivalence theorem

Let u € [H?(Q)]? be a solution to the Robin type BVP (2.4)-(2.5) with o € [H'/2(S)]? and f € [H*(Q)]>. As
we have shown above, there hold relations (3.11) and (3.12), which now can be rewritten in the form

I+ K)Eu + Wo + V() = Pf + Viho inQ, (4.1)
T*KEu + Lo+ d-L)xg+W (up) =T PP +(d-13)ho+ Why onsS, (4.2)

where ¢ := y*u € [H*/%(S)]3.
Consider these relations as an LBDSIE system with respect to the unknown vector functions u and ¢. The
following equivalence theorem holds.

Theorem 4.1. Let x € X; .+ The Robin type boundary value problem (2.4)—(2.5) is equivalent to the LBDSIE
system (4.1)—(4.2) in the following sense:
(i) if a vector function u € [H*(Q)]? solves the Robin type BVP (2.4)—(2.5), then it is unique and the pair
(u, o) € [HX(Q)]? x [H*/%(S)]? with
p=y'u (4.3)

solves the LBDSIE system (4.1)—(4.2) and, vice versa;
(ii) if a pair (u, @) € [H*(Q)]? x [H>/%(S)]? solves the LBDSIE system (4.1)—(4.2), then it is unique, the vector
function u solves the Robin type BVP (2.4)—(2.5) and relation (4.3) holds.

Proof. (i) The first part of the theorem directly follows form relations (3.11), (3.12), (4.3) and Remark 2.1.
(ii) Now, let a pair (u, @) € [H*(Q)]? x [H?*/2(S)]? solve the LBDSIE system (4.1)—(4.2). Apply the co-
normal derivative operator T to equation (4.1), take its trace on S, and compare with (4.2) to obtain

T*u+xp =1 onS. (4.4)

Further, since u € [H2(Q)]3, we can write Green’s third formula (3.11), which in view of (4.4) can be rewritten
as
I+ K)Eu + Vi) — Vipo + W(y*u) = P(A(x, dp)u) in Q. (4.5)

From (4.1) and (4.5) it follows that W(y*u — ¢) - P(A(x, 9x)u — f) = 0 in Q, whence by Lemma 2.2 we get
A(x,0,)u=finQ,y'u=¢@onS, and T*u + »y*u = Yo on S due to (4.4). Thus u solves the Robin type BVP
(2.4)-(2.5) and, in addition, equation (4.3) holds.
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The uniqueness of a solution to the LBDSIE system (4.1)—(4.2) in the class [H%(Q)]? x [H>/2(S)]? directly
follows from the equivalence result proved above and the uniqueness theorem for the Robin type problem
(2.4)-(2.5) (see Remark 2.1). O

5 Invertibility of the LBDSIE

From Theorem 4.1 it follows that the LBDSIE system (4.1)—(4.2) with special right-hand side vector functions,
is uniquely solvable in the class H?(Q, A) x H>/2(S). Here we investigate the Fredholm properties of the local-
ized boundary-domain singular integral operator generated by the left-hand side expressions in (4.1)—(4.2)
and prove the corresponding invertibility results in appropriate function spaces.

Now, the LBDSIE system (4.1)—(4.2) with arbitrary right-hand side vector functions from the space
[H2(Q)]? x [HY/2(S)]? can be written as

I+K)Eu+Wo +V,p=F; inQ, (5.1)
T*KEu+ L +(d-I3)xp + W.9 =F, ons, (5.2)

where F; € [H2(Q)]? and F, € [HY/2(S)]3, and
V. := V), W.o:=W (xp). (5.3)

It is well known that for the differential operator A(x, 0y) the co-normal derivative operator T(x, dx) generates
a complementing boundary condition (see, e.g., [1, 6]), so that the following boundary value problem for the
system of ordinary differential equations

T ¢! . d 1
A(¢, za)v(.f ,)=0, teR,=(0,00), (5.4)

(¢, i%)v({’, t)‘t:O =0 (5.5)

has only the trivial solution in the Schwartz space [$(IR,)]* of infinitely smooth, rapidly decreasing vector
functions at infinity. The differential operators

— d — d = d = d
1. o o L (S T P rs %
A(.{ ,15‘) = A(y,{ s ldt) and T({ ’ldt) = T(y,.{ ’ldt)
correspond to the “frozen” differential and co-normal operators A (¥, 0) and T(Y, 0), respectively, at the point
y € 0Q written in the local co-ordinate system.

Note that, in view of decomposition (3.5) of the matrix A (&', &), we have a similar decomposition of the
matrix ordinary differential operator A(¢’, i %):

— d — d\~ d
P SN _ A (2 32 YaH (1 35
A(g i) = AO(8 i JAV(¢ i), (5.6)
where the entries of the matrix A (¢, i %) are first-order ordinary differential operators.
The above formulated unique solvability condition for problem (5.4)-(5.5) is equivalent to the algebraic

covering condition for A(x, 0) and the corresponding conormal derivative operator T(x, 9) (for details see [1,
16, 24]). The latter condition implies the following assertion.

Lemma 5.1. Let £~ be the same as in Lemma 3.3. Then the matrix

G GR

-
is non-degenerate for all £' + 0.
Proof. Let us introduce the matrix

Q) = I e TAME )] dr, 0 <t < oo, (5.7)
-

and denote its columns by v(V(¢&’, t), v@ (&', t) and v (&', t). Clearly, vIO (&', ) € [S(R,)]?, k=1, 2, 3.
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First, let us prove that the vectors v(k)(.{ ',-), k=1,2, 3, are linearly independent solutions of equa-
tion (5.4). Indeed, by direct differentiation one can show that the vector functions solve the following system
of ordinary differential equations:

— d
(G T 1 (k)¢ £! _
A ({,zdt)v (¢,)=0, 0<t<oo.

Consequently, due to decomposition (5.6), they are solutions of equation (5.4) as well.
Assume that for some scalar constants ay, k = 1, 2, 3, the following equality holds:

avVE )+ avPE ) +asvP (', ) =0, teR,. (5.8)

Note that the matrix-function Q(t) defined by (5.7) is continuous at t = 0. Therefore, passing to the limit as
t — 0, from (5.8) we obtain the following linear algebraic system of equations with respect to a = (a1, a», a3):
Q(0)a = 0. Due to Lemma 3.3,

det Q(0) = det( J[Z<+>(.,r', ! dT) +0 forall&' 0,
pa
implying a = (a1, &>, a3)T = 0. Thus the vectors v(")($ " t), k=1,2,3, are linearly independent solutions of
equation (5.4) and an arbitrary solution of equation (5.4) belonging to the class [$(RR,)]? is representable in
the form

3
vig 6 =) a0, (5.9)
k=1

where a;, a;, as are some scalar constants. On the other hand, due to the above-mentioned covering condi-
tion, the problem (5.4)—(5.5) possesses only the trivial solution.
Substituting (5.9) into (5.5) leads to the following system of linear algebraic equations with respect to
the vector a = (a1, az, a3)":
( J (&, AP E, 1)) dr>a - 0.
-~
Due to the covering condition, we deduce

det( I T, AP E, 1)) dr) +0 forall& 0,
-
which completes the proof. O

Now, with the above auxiliary results in hand, we can investigate the invertibility of the localized boundary-
domain singular integral operator generated by the left-hand side expressions in system (5.1)—(5.2). Denote
this operator by

. T’QBE )’QW + T‘QV,(
. [Tﬂ(ij L+d-I)x+W, |’
where B = I + K, and the operators B, K, W, £ := £*, V,, and W/, are defined in (3.2), (3.10), (2.10), (2.17),

and (5.3), respectively, and the matrix d is given by (B.2).
Note that the double layer potential can be represented as

Wo(y) = - j[T(x, 0)D(x — )T P(x) dSy
S

[T(x, 9y)@(x - y)]"(x) dSx

S
J TT(y, ,)®(x - y)p(x) dSy + I[TT(X, 3y) - TT(y, 3,)]®(x - y)p(x) dSy
S S

- T, 0,)Vo(y) + j k(x, X — y)p(x) Sy,
S
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where
k(x,x=y) = [T"(x,0y) - TT(y, 0,)]P(x —y) = O(Ix - y| ).

This implies that the main part W(®’¢ of the potential W¢ can be written in the following form (see [10,
Appendix B, (B.5)]):
WQp(y) := -T7(y, 3,)Vo(y) = T"(y, 3y)P(y* 9)(¥), (5.10)

where y* is the operator adjoint to the trace operator y on S.
Let us introduce the following boundary operator depending on the parameter ¢ € [0, 1]:

Tt = Te(x, 0x) := (1 — )Ion + tT(x, Ox). (5.11)

k+2
1+ 2

Theorem 5.2. Let a cut-off function y € X k > 3, and the following condition be satisfied

det T¢(&',-i|&') #0 forall¢' + 0Oandallt € [0, 1], (5.12)
where the matrix T;(¢', &) is defined by

T(&', &) =1 -0&I+ T, &). (5.13)

Then the operator
1 1 1
R: H(Q)x H2(S) » H1(Q) x H™2(S), S <r< k- % (5.14)
is invertible.

Proof. We prove the theorem in three steps. First we show that the operator R given in (5.14) is Fredholm
(step 1), then we establish that Ind R = O (step 2), and finally we prove that the operator R is invertible
(step 3).

Step 1. To investigate the Fredholm properties of the operator 2R, we again apply the local principal (cf., e.g.,
[14, Sections 19 and 22]). Due to this principal, we have to check that the Sapiro—Lopatinskii condition for
the operator R holds at an arbitrary “frozen” point y € S. To obtain the explicit form of this condition, we
proceed as follows. Let U be a neighborhood of a fixed point € Q and let (o, §o € D(U) such that

supp Yo NSUpp Po # @, ¥ € supp ho N supp Po,
and consider the operator %ﬂ%@o. We separate two possible cases: (a) ¥ € Q and (b) ¥ € S.
Case (a). Ify € Q, then we can choose a neighborhood U of the point ¥ such that l:I c Q. Then
PoRPo = PoBPo,
where B is the operator defined by (3.2). As we have already shown in Lemma 3.2, the operator
roBE : [H*1(Q) — Q)
is Fredholm with zero index.

Case (b). If ¥ € S, then at the point ¥ we have to “freeze” the operator o9 @,, which means that we can
choose sufficiently small neighborhood U of this point such that, at the chosen local co-ordinate system with
the origin at point y and the third axis coinciding with the normal vector at the point y € S, the following
decomposition holds:

PoRPo = Po(R. + Ky + T1)Po, (5.15)

where K; is a bounded operator with a small norm
Kl . Hr+1(]R:J‘3r) XHH—%(]RZ) N Hr+1(]R:jr) XHr—%(]RZ)’
T, is a bounded smoothing operator

T1 . Hr+1(lRi) x HH—%(]RZ) N HH—Z(IR?_) x HH—%(IRZ),
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and the operator %R, is defined in the upper half-space R by
5. rB.E, r WY
yH(TK).E. L.
and possesses the following mapping property:
R, : [HT(R)] x [H™*:(R?))® — [H(R})]? x [H~3(R?)]. (5.16)

The operators involved in the expression of R, are defined as follows: for a given operator M with the symbol
&(M; &), by M, we denote the operator in R", n = 2, 3, constructed by the symbol

6.(M; &) = S(M; (1 +|¢')w, &) forn=3, 6.(M; &) = S(M; (1 +|¢')w) forn=2,

where w = &'/|1E'], § = (&', &3), ¢ = (61, §2)-
The generalized Sapiro—Lopatinskii condition is related to the invertibility of operator (5.16). Let us write
the system corresponding to the operator R, :

rB.Ea+r,WO%=F iR, (5.17)
y"(TK).E,i+Z,p=F, onR? (5.18)

where i € [H™*1(R2)]? and @ € [H”l/z(]Rz)] are the sought vector functions and F; € [H"'(R3)]? and
F, e [HY2(R?)]? for 1 < r < k - 3 are the known right-hand sides.
Let us introduce the notation

F=F-r, WO e [HM®3)P, f.:=Fp. -WO% e [LR3)], (5.19)

where Fi, € [H™*'(R3)]? is the extension of the vector function F; from R} to R? preserving the function
space.

Due to Lemma 3.1, the operator r, B, E, : [H*1(R3)]> — [H™1(R3)]? is invertible. Therefore, from equa-
tion (5.17) in view of the inclusions (5.19), we can define E"j and i (see (3.9)):

o

Ei =76 @) (60 B) 71 F(F)] € L(R), (5.20)
i = [r.B.E]'f e H*I(R),
where the operator IT* is defined in (3.8); here G£(B; ¢) denote the so called “plus” and “minus” factors in
the factorization of the symbol &..(B; &) with respect to the variable &3.
Substituting (5.20) into (5.18) leads to the following pseudodifferential equation for the unknown vector

function ¢:
-y (TK).F e B T B)  FWE)] + L.5=F onR?, (5.21)

where
F=F, -y"(TK).E,[r;B.E,]'F;. (5.22)

Due to the mapping properties of the operators involved in (5.22) and Lemma 3.1, it follows that
Fe[H 3 (RY)].

Note that

y TRV = [T, (TSI VO], 2o, = T5ty [N THHSE; HTE)], (5.23)

with the operator I’ defined as follows (for details see [10, Appendix C]):

W) = lim r.op, (8, £3>]———jg(f O,

where g(&', &3) is rational in &3, does not have real poles for & = (¢, &3) € R? \ {0}, is homogeneous of order
meZ:=1{0,+1,+2,...}in¢ = (¢, &) and infinitely differentiable with respect toreal & = (¢’, &3) for &' # 0;
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here ¢~ is a contour in the lower complex half-plane orientated counterclockwise and enclosing all poles of
the rational function g.

In the case when S = R? is the boundary of the half-space, the distribution y* ¢ represents a direct product
Y*@ = @(x1, X2) x 6(x3). Therefore, in view of (5.23) and (5.10), using the equality

FW )& = TT(OS. (P HP(E) = 6.(B; HTIOPE),
we find
y (TR (16 B)@1 T (6 B)) " F(W9)(&)] ()
= [T 6.6 ®) T (6 B)] 7 6. (O TH]$(E)}-
By the above relation, equation (5.21) can be rewritten in the form
Ty (S0 (6NP(EN = F') onR?, (5.24)

where Sp. (¢') = S (1 + [¢')w), w = &' /£, with Sg; being a homogeneous function of order 1 given by the
equality

Sx (&) = -II'[T&K) [ B)] I ([ B) &P TT)|(¢) + &(L;¢') forall &’ #0. (5.25)

If the function det Sy (¢') is different from zero for all &’ # 0, then detS,.(¢') # 0 for all ¢’ € R?, and the
corresponding pseudodifferential operator R, generated by the left-hand side expression in (5.24), i.e.,

R, : HS(R?) » HS"Y(R?) foralls € R,

is invertible, implying that equation (5.24) is uniquely solvable in the space [H™*1/2(R?)]> for 3 <r < k- 3.
In particular, it follows that the system of equations (5.17)—(5.18) is uniquely solvable with respect to
(u, ) in the space
[H (R x [H™*2(R?))?

for arbitrary right-hand sides F; € [H™*}(R3)]® and F; € [H™Y2(R?)]> with  <r < k- 3.

Consequently, the operator 9, in (5.16) is invertible, which implies that operator (5.15) possesses left
and right regularizers. This in turn yields that operator (5.14) possesses left and right regularizers as well.
Thus operator (5.14) is Fredholm if the following Sapiro—Lopatinskii condition is satisfied:

Snx(¢") = -I{TSE)[SPB) I (VB 'SP TH}HE) + S(L; &) #0 foralle’ #0.  (5.26)

Let us show that condition (5.26) holds true. To this end, let us note that the principal homogeneous symbols
S(K), S(B), S(P) and &(L) of the operators K, B, P and £ in the chosen local co-ordinate system involved
in (5.26) read as

&(K;§) = 187249 - I,
S(B; &) = €72 A(9),

G(P, é’) _ _|{|—2[3’ { = (‘f” ‘53)’ 6’ = ({1’ 52) (527)
SE:§') = 3 T =D, =ik,

Recall that the matrices ™) (B) and &) (B) are the so called “plus” and “minus” factors in the factorization
of the symbol &(B) with respect to the variable é5 and relations (3.4) hold.
Rewrite (5.25) in the form
Sn(¢") = -II'[T(S(B) - )[BT (ST B)] '&@)THIE) + S(L; &)
=S¢ + 8P (& + &(L; ¢, (5.28)
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where
s = -I'[Ts®)[SW®)] T (6O B) 1S@)TN)I(¢E), (5.29)
sP ) = [[sM®)] I (6O ®)] e@® T, (5.30)
G(Z;£’>—2|$, T, -ilE'NT™ (&', -ilE')). (5.31)

By direct calculations, we find

SOB; &, n3)1 16((P; &', n3)TT (-i&', —ins3)dns
& +it-n3

) 1 T B m[
I ([6°B) '@ TT)(¢) = ml%ij

-0

L1y TO [6V(B; ¢, 1) ' TT (', n3)dns
=—-— lim - 5
2m =0+ ) (&G v it—n3) (€7 + nd)

1 ([89®¢, DT, 1) dr
DY s tl—l»I(IJl+€j (& +it-1)(&"2% +12)
1 2ai[&O)B; &, 11N LTT (¢, -il¢'])
27 t—0+ (& +it+1ilE"D2(-il¢")
_[6")(B;€’,—ilé"l)]’lTT(f',—iIf'I)
21&"(&3 +11E7)) ’

(5.32)

Now, using (5.32), from (5.29) we derive

s = -1'[Te) B)s™ (B)[6B)] ' * (67 (B)] ' S(@)T)](&")
= -'[T6O®I (6O®)]'6®)T)IE)
R s e g g BO®B & DI T, -i1g"])
= [ T(-i§', -i&5) SO (B; &', &) ( PG D )]
_ _m'[T('f" &) (B; &, &) I( (SO B; &, -1l 1T (&, —i|€’|))
& +ilg] 21&']
i (TE,08O®; ¢, 1) [SO®B;E, il NI TT(E, -il¢)
- El e 27 )
[SO(B; &, -i1E"NILTT (&, —il¢"])
28]

= 2|§, sy 16T =i, (5.33)

Similarly, using (5.32) and Lemma 3.3, from (5.30) we get

= —‘T<<;“’, -i1&"N&O®B; &, -il¢'))

sP &) = ' [T[eD®)] T ([67)(B)] 'S (P )](f)

T i ) (m. £ -1 O®B; &', -1 T (&, -ilg") !
n{r( i§', &) SV (B; £, &) ( SENE + TED IR
(SO &', e DT, i)
28]

dr )& B; &, -ilg' DI T, -il¢)

eI ! [6(+)(B§§’,§3)]_1 1
=T, &)= 160

i 1 (TE, [ ®; ¢, 1))
T 218 ( J T +1|8'|

A o I NTAC) (2 N1 FT e a2l
-~ jT(S DA E, D1 dr (=28 NACE, -ilg ) TTE -i1g)

= _(E J T, DAY E, D dr )[AOE, -l D)1 T @ =il (5.34)

o
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Therefore, in view of relations (5.27), (5.28), (5.31), (5.33) and (5.34), we finally obtain

Sn(¢") = SR = (5 [ 7€, DAV, 017t de A, i1 DI T -8
P
Since det A (&', -i|¢'|) # 0 and det T(¢’, —i|¢'|) # 0 for all &' # 0, by (3.5) and (5.12) and since due to
Lemma 5.1 we have
det< J T, DADE, 1)) dr) +0 forall &' #0,
2
we deduce that
detSx(¢')#0 foralld’ +0.

Thus we have obtained that for the operator i the Sapiro-Lopatinskii condition holds. Therefore, the
operator
R: [HH QP x [H2(S)P - [H Q)P x [H(S)

is Fredholm for 1 < r < k- 3.
Step 2. Here we will show that Ind R = 0. To this end, for t € [0, 1] let us consider the operator

I‘QB[E rQWt + rQV%

CTHHTKE L+ d-L)x+ W]’

where B; = I + tK and

Wi (g)(y) = - J[Tt(x, 0)P(x - y)]"g(x)dSx,  Li(g)(y) = [Te(y, 0y)We(®)(W]*, y €S, tel0,1],
S
with T(y, 9y) defined in (5.11). Clearly, £ = £;.
Now we prove that R, is homotopic to the operator R = 9R;. We have to check that for the operator %
the Sapiro-Lopatinskii condition is satisfied for all ¢ € [0, 1]. Indeed, in this case the Sapiro—Lopatinskii
condition reads as (cf. (5.25))

St (&) = ~TI'[T(&(By) - ) [P B T[S BT S@®)T)HIE) + (L &)

=S{(EN) +SR () +6(L: &) #0 forallg’ 0, (5.35)
where
SK (&) = - [TSB)[SW (B T (S B S@)THIE) = — =5 Te(&, =il NTT (&, ~il&")),

z|£'
SH(E) = H’[[6‘”(Bm-1n+<[6‘*(&)1*6(})»}(5’),

(L&) = 5 TelE', —11E' DT (&, -118")).

2I§ d
By direct calculations, we find
SQ(&") = I'[T (6 B I (67 (B 'S @) T)](£')

o L [8O®s &, -l DI T (¢, -il8')
=_Ir’ _i¢ — (B, &' 1 t
= - Te(-ig', &)W B &, &)1 T +TED ]

T, &)W B; ¢, &) ]< (6D (B &', -ilE"D T} (&, —ilcf’l))
& +1l¢’] 2|8"]

- in’[

i ! Tt(é',’ IS +)(Bt;£”r)]_1 (R.. 2 51\ -L1TFT et et
= 5 ( | e )& OB &', il DI TT (€ 118D
= 4n|.{’ jTt(5 DAY, 0] dr (=218 DA (&, -1 DT (& -ilE')
=—(§Ji(f’,r)[ﬁﬁ*’(;’,r)]-l dr) A7 @, -1 DI T, 1), (5.36)

-
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where
A =(1-DIEPI+tAE) and AlE, &) = A (', &)ATE, &),
and A7 (¢', &) are the “plus” and “minus” polynomial matrix factors in &3 of the positive definite polynomial
symbol matrix A¢(&’, &3).
By the same approach as in the proof of Lemma 5.1, it can be shown that the first matrix in (5.36) is
non-singular for all &’ # 0. Therefore, by (5.35), (5.36) and (5.12) we have

S0, (¢') =S (¢) #0 forall&’ #0and forall ¢ [0, 1],
which implies that for the operator 9; the Sapiro—Lopatinskii condition is satisfied. Therefore, the operator
Re: [HHQP x [H*2 ()P — [HHQ)P x [H2(S)P

is Fredholm forall 2 < r < k-3 and forall ¢ € [0, 1].
Further, we show that the index of the operator

B rQIf? roWpo +rqV,,

Ro = | HHQ) x H2(S) > HY(Q) x H'1(S)

0 Lo+(d-D+W,

is zero. First, we show that the index of the operator £; equals zero for all ¢ € [0, 1].
The principal homogeneous symbol matrix of the operator £, reads as
1

21¢]
and is elliptic due to (5.12). Consequently, the operator £; : [H"+1/2(S)]?> — [H"-1/2(S)]? is Fredholm for all
t € [0, 1]. Moreover, it is evident that the principal part of the operator £ : [HY2(S)]?> — [H™1/2(S)]? is self-
adjoint due to the representation Log = £pg, where L, stands for the trace of the normal derivative of the
localized harmonic double layer potential:

6Ly = T &, -11E'NT7 (&', -ilE'))

0 J 0D(x - y)

on(y) 3 on(x)

Lrg(y) = —y+{ g(x) de}.

Therefore, Ind £ = Ind £; = Ind £y = 0 for all ¢ € [0, 1], implying that the index of the operator Ry equals
zero. Since the operator R; is homotopic to Rq for all t € [0, 1], we conclude that

IndR=IndR; =IndR;=IndRy =0
forallt € [0,1] and forall 3 <r < k- 3.

Step 3. From the equivalence theorem (Theorem 4.1) it follows that the null space of the operator 9% in the
class H%(Q) x H*>/%(S) is trivial. Therefore, the same is valid also forall 1 < r < k - 3 (see [2, Assertion 10.6])
implying that operator (5.14) is invertible forall 1 < r < k- 3. O

Remark 5.3. Note that condition (5.12) with ¢ = 1 is necessary for the operator R to be Fredholm (cf. [2,
Theorem 12.1]). Further, we consider two particular examples for the elasticity models and show that in the
case of isotropic bodies condition (5.12) is satisfied automatically, while in the case of transversally isotropic
bodies it is not satisfied in general.

Suppose that the domain Q is filled with an isotropic inhomogeneous elastic material. The matrix differ-
ential operator of elasticity for isotropic inhomogeneous media reads as

A(x, 0x) = [qu(X, Ox)3x3 1= [Spq{ai(y(x)ai)} + ap((A(X) + H(X))aq)]3x3-
The corresponding stress operator has the form T = T(x, 0x) = [Tpq(x, 0x)]3x3, P, q = 1,2, 3:

T11 = (A+2u)n101 + uny0; + un3os3, T2 =An10, + un, 01, T13 = An103 + unsoq,
T21 = }lnlaz +/\T’l261, T22 = }U’llal + (/\ + 2}1))‘1262 +yn363, T23 = Anzag +]U‘l362,
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and
T31 = yn163 + An301, T32 = yn263 + An3az, T33 = ]U'llal +}U’lzaz + (A + 2}1)7‘1363,

where A, u € C®(R?) are variable Lame’s coefficients satisfying the inequalities u > 0 and 34 + 2u > 0.
In this case, for the matrix T({ ', &3) we have

~ M3 0 51
T, &)=| 0 ué& & |,
Ay A& (A +2p)és

while the matrix T;(¢', &) for t € [0, 1] reads as (see (5.13))

B (1-0483 + tués 0 tués
Ti(&', &) = 0 (1-16)& +tués tué>
tA&1 tA&> (1-6)&+tA+2u)é3

Then it is easy to show that
det T,(¢', -l¢"])
=ilEPA-t+ut)[(1-0%+ 1 - t)tA+3u) + 2uA + Wt*] #0 forall¢’ # 0andallt € [0, 1].
Therefore, in the isotropic case, condition (5.12) in Theorem 5.2 is satisfied automatically.

Now suppose that the domain Q is filled with a transversally isotropic inhomogeneous elastic material.
The system of differential equations of elasticity for transversally isotropic inhomogeneous media is written
in the form

[01(c1101U1) + 02(Co602U1) + 03(C4403U1)] + 01((C11 — Ce6)02U2) + 01((C13 + C44)03U3) = F1,
02((c11 =~ Ce6)01U1) + [01(€1101U2) + 02(Co602U2) + 03(C4403U2)] + 02((C13 + C44)03U3) = Fa,

03((€13 + C44)01U1) + 03((C13 + C44)02uU2) + [01(C4401U3) + 02(C4402U3) + 03(C3303U3)] = F3,

and the corresponding stress operator has the form T = T(x, 0x) = [Tpq(X, 0x)]3x3, P, ¢ =1,2,3:

T11 = C11N101 + CesN202 + C44N303, T1p = (C11 — 2C66)N102 + Co6M201,  T13 = C13N103 + C44N301,
T>1 = ce6N102 + (C11 — 2C66)N201, T2 = Ce6N101 + C11M202 + C44N303, T3 = C13M203 + C44N302,
and

T31 = c44n103 + C13n301, T32 = C44M203 + €13N302,  T33 = C44N101 + C44M202 + C33N303,
where c11, €33, C44, Cos, C13 € C®°(IR) are variable elastic coefficients satisfying the inequalities
2
c11>0, ¢33>0, €44 >0, Ce6>0, ci3<C33(C11—Cop)-

Further, let us assume that a neighborhood of some point y € S is a part of the plane which is parallel to
the plane of isotropy. In this case, the matrix T;(¢', &3) is written as

Ti(&', &)= (1-0)I& +tT(E', &) fort e [0, 1],
where
) cuué3 0  cuéy
TE',&)=| 0  cunds cands
c13é§1 c136 3383
Then, for ¢’ # 0 and t € [0, 1], we have
det Te(&', —il&"]) = {1 P(1 = t + cant) [(1 =+ cast)(1 = t + c331) + C13¢a4t7],
which implies that condition (5.12) is not satisfied in general.
Indeed, for t = 1 and &’ # 0 we get
det T1(&', -il¢']) = det T(¢', -il¢']) = i|€/|36i4(633 +C13),
and if C13 = —C33, then det Tl(-{l, —l|f’|) =0.
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A Classes of cut-off functions

Definition A.1. We say y € XX for an integer k > 0 if

X0 = x(IxD),
X(O) = 17
X € WK, ),

0X(p) € L1(0, c0).

We say y € XX for an integer k > 1if y € X* and oy(w) > O forall w € R, where

)#>0 for w € R\ {0}, oo

oy(w) := 1 Xs(w) = J)?(Q) sin(ow) do.
| ext@de forw-o, )
0

We say x € XX, foran integer k > 1ifx € XX and wys(w) < 1 forall w € R.

Evidently, we have the following imbeddings: X** c X*2, X’f C X’f and XI1(1+ C XI1(2+ for k1 > k, (for details
see [9]). An example of a cut-off function y1x € X’ ’1‘ Lfork>2is

x| 1k
[ —u for |x| < €,

X1ik(x) =
0 for x| > €.

B Properties of localized potentials

Here we collect some theorems describing the mapping properties of the localized potentials (2.10), (2.11)
and (2.15)-(2.17). The proofs can be found in [9].

Theorem B.1. Let x € X" with k > 3 have a compact support, and let t < k-1, and - <'s < k- 1. Then the
following localized operators are continuous:

Vi [H(S)P - [H*3HQH)P, W:[H(S) - [H2QHP, P: [HQ) — [H2(Q)P.

Moreover, if y € X3, then the operator P : [H'(R)]® — [H™2(R>)]? is invertible for all r € R and the inverse
operator P~ is representable in the form
P! =AI-M],

where A is the Laplace operator, 1 is the unit operator and My, is a scalar pseudodifferential operator with the
symbol my () satisfying the inequality

0<my(§) <C<oco forallf e R, (B.1)
with some positive constant C.
Theorem B.2. Lety € X°, ) € H"'/%(S), and ¢ € H'/*(S). Then the following jump relations hold on S:
YV =y Vip=Vy, y*We=73dp+We, TV ==zdyp+ W'y,

where 1
d(y) = [@ ()]s = 5 [Gf OO M55, V€S, (B.2)

and d(y) is positive definite due to (2.1).
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Theorem B.3. Lety € XX withk > 3 and 1 < t < k — 1. Then the following operators are continuous:

V:[H(S) - [HTO)P,
W : H(S) —» H(S),
W' H(S) — [H'(S)P,
L H(S) — [HTO)P.
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