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Abstract—A single latent factor-dependent, non-negative and 

multiplicative update (SLF-NMU) learning algorithm is highly 
efficient in building a non-negative latent factor (NLF) model defined 
on an HiDS matrix. However, convergence characteristics of such 
NLF models are never justified in theory. To address this issue, this 
study conducts rigorous convergence analysis for an SLF-NMU-based 
NLF model. The main idea is two-fold, a) proving that its learning 
objective keeps non-increasing with its SLF-NMU-based learning 
rules via constructing specific auxiliary functions, and b) proving that 
it converges to a stable equilibrium point with its SLF-NMU-based 
learning rules via analyzing the Karush-Kuhn-Tucker (KKT) 
conditions of its learning objective. Experimental results on ten HiDS 
matrices from real applications provide numerical evidence that 
indicates the correctness of the achieved proof.  

Index Terms—Learning System, Single Latent Factor-dependent 
Non-negative and Multiplicative Update, Non-negative Latent Factor 
Analysis, Neural Networks, Convergence, Latent Factor Analysis, 
High-Dimensional and Sparse Matrix, Big Data 

I. INTRODUCTION

HIGH-DIMENSIONAL AND SPARSE (HiDS) matrix is 
commonly adopted to describe incomplete interactions 

among concerning objects in big data-related applications, e.g., 
user-service invocations in services computing [1], [3], 
user-item preferences in recommender systems [4], and protein 
interactomes in bioinformatics [7]. Despite its extreme sparsity, 
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it contains tremendously useful knowledge such as potential 
links [11]-[13], community tendency [14]-[16], [54] and cluster 
[17], [35]. A latent factor (LF)-based approach [4], [5], [18], 
[19] can efficiently implement knowledge acquisition from an
HiDS matrix. It works by 1) mapping concerned objects into a
low-dimensional LF space, 2) defining a learning objective on
the known data of an HiDS target with desired LFs, and 3)
optimizing the objective to achieve LFs precisely outlining
concerned objects, which are useful in addressing subsequent
learning tasks like missing data recovering [9]-[17], [43].

Non-negativity is a common characteristic of most real data, 
e.g., social impacts from social network services applications
[16], [27]. To well represent their non-negativity, an LF model
should be restricted to be non-negative [3], [26], [28]. A
non-negative matrix factorization (NMF) model [29]-[36],
[48]-[52] is designed to address full matrices under the
non-negative constraints, but it cannot address an HiDS one
directly. Although such a defect can be overcome via specific
model designs like weight indication [48] or intermediate
matrix incorporation [49], it further suffers high costs in both
computation and storage. This is because its costs are
proportional to the target matrix’s full size [3], [28]. When the
target is HiDS, its full size can be much larger than the size of
its known data. For instance, the MovieLens 20M [44] matrix’s
full size is 3.7 billion, while the density of its known data is
0.54%. Due to its extremely low density, it is very inefficient to
make a model’s costs linear with its full size.

For efficiently implementing non-negative latent factor 
(NLF) analysis on an HiDS matrix, Luo et al. [3], [28] present a 
single latent factor-dependent, non-negative and multiplicative 
update (SLF-NMU) algorithm. It is defined on an HiDS 
matrix’s known data, thereby reducing the storage and 
computational costs to be linear with the size of its known data. 
Although it builds an NLF model with high efficiency, its 
convergence characteristics are never justified formally. For 
addressing this issue, this paper aims at theoretically proving 
that an NLF model converges to a Karush-Kuhn-Tucker (KKT) 
equilibrium point with an SLF-NMU learning algorithm. Main 
contributions of this work include 
a) Rigorous proof demonstrating that an SLF-NMU-based NLF

model’s learning objective is non-increasing during the
training process via building specific auxiliary functions
corresponding to its parameter update rules;

b) Rigorous proof demonstrating that an SLF-NMU-based NLF
model’s parameter learning sequence converges to a KKT
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equilibrium point of its learning objective; and 
c) Detailed empirical studies on ten HiDS matrices collected by

big data-related applications.
Note that convergence analysis for a non-convex learning

model is critical in the optimization community [2], [5], [6], [8], 
[21]-[25]. According to prior research [3], [11], [12], an 
SLF-NMU-based NLF model is a bi-linear and thus 
non-convex learning model. Therefore, its rigorous 
convergence proof is highly useful in providing insights into its 
learning ability with an HiDS matrix as its input. Moreover, as 
discussed in [66], [67], performing LF analysis on an HiDS 
matrix is actually equivalent to building a single-layered neural 
network whose inputs and outputs are both the target HiDS 
matrix. Note that in big data-related applications, HiDS 
matrices are far more frequently encountered than complete 
ones [3], [68]. It is becoming increasingly important to design a 
neural network-based learning system with incomplete inputs 
[3], [66]-[70]. Therefore, results achieved in this study can help 
people better understand the characteristics of a neural network 
defined on incomplete data.  

The remainder of this paper is organized as follows. Section 
II gives the preliminaries. Section III presents rigorous proof 
regarding the convergence of an SLF-NMU-based NLF model. 
Section IV provides empirical studies. Section V discusses 
several critical points. Finally, Section VI concludes the paper. 

II. PRELIMINARIES

A. Problem Formulation

For LF analysis, we recall the definition of an HiDS matrix
[3], [11], [12], 
Definition 1. Let M and N be two large entity sets, Y|M|×|N| be a 
matrix whose element ym,n quantifies the interaction between 
m∈M and n∈N, Ʌ and Γ be Y’s known and unknown subsets. Y 
is an HiDS matrix if |Ʌ|≪|Γ|.  

Based on Ʌ, an LF model implements a rank-d estimation 
Ŷ=AXT for Y with A|M|×d and X|N|×d being LF matrices. It should 
be pointed out that d is far less than the minimum of |M| and |N|. 
For achieving A and X, we construct a loss function to measure 
the difference between Y and Ŷ depending on Ʌ only. Based on 
the Euclidean distance, it is given by 
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where am,k, xn,k and ym,n denote specified elements in A, X, and Y. 
For correctly representing non-negative data [1], [3], [11]-[13], 
[16], [19], [27], (1) should fulfill the non-negativity constraints, 

 , ,0, 0, , , 1,2,..., .m k n ka x m M n N k d             (2) 

Meanwhile, building an LF model on an HiDS matrix is 
ill-posed [3], [28], [42], making regularizations indispensable. 
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 , we reformulate (2) to incorporate L2 

norm-based regularizations into it, 
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where A and X denote the regularization constants for A and X, 
respectively. 

B. A Non-negative Latent Factor Model

An NLF model adopts an SLF-NMU-based learning
algorithm to optimize A and X in (3). It initially applies additive 
gradient descent (AGD) to each LF: 
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where ηm,k and ηn,k are learning rates for am,k and xn,k, Ʌ(m) and 
Ʌ(n) are Ʌ’s subsets related to m and n, respectively. From (4), 
we see that am,k and xn,k can become negative due to 
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For canceling these negative terms to keep the non-negativity 
of A and X, an SLF-NMU algorithm manipulates ηm,k and ηn,k, 
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By combining (5) and (4), we achieve the learning rules for an 
SLF-NMU-based NLF model [28]: 
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        (6) 

C. Incorporation of Linear Biases

As discussed in previous studies [20], [22], incorporating
linear biases makes an NLF model become more steadily 
during the training process, at the same time obtain higher 
accuracy for estimating missing entries of a target HiDS matrix. 
With linear bias vectors B|M| and C|N| for M and N, respectively, 
the objective function (3) is reformulated into 

 

 

 

,

2 2 2 2 2
, , , ,

1 1

, ,

, , ,

1
ˆ + ,

2

. .   0, 0, 0, 0,

 , , 1,2, , ,



   
  



 
    

 
   

   

  



m n

d d

m n m n A m k X n k B m C n
y k k

m k n k m n

A X B C

y y a x b c

s t a x b c

m M n N k d

(7)

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final 
publication. Citation information: DOI 10.1109/TNNLS.2020.2990990, IEEE Transactions on Neural Networks and Learning Systems



3 

where each approximation ŷm,n to ym,n∈ is given by 
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Following the same principle of (6), we have the learning rules 
for a biased NLF (BNLF) model, 
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III. CONVERGENCE ANALYSIS OF THE NON-NEGATIVE LATENT

FACTOR MODEL 

A. An Alternative Way to Achieve an SLF-NMU Algorithm

It is firstly necessary to discover the connections between an
SLF-NMU algorithm and the KKT conditions [46], [52], [54] 
of the learning objective (6). Let Κ=[κm,k], =[n,k] be 
Lagrangian multipliers for the non-negative constraints am,k0 
and xn,k0, respectively. Then the Lagrangian L for (3) is: 
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where Tr(∙) calculates the trace of an enclosed matrix. 
Considering the partial derivatives of L with am,k and xn,k:  
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Then considering the KKT conditions of (10), i.e., κm,kam,k=0, 
∀κm,k, am,k, and n,kxn,k=0, ∀n,k, xn,k, we achieve that 
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With (12), we arrive at the following iterative equations which 
actually lead to (6), 
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From (10)-(13), we see that the SLF-NMU-based learning 
rules in an NLF model are closely connected to the KKT 
conditions of its learning objective. 

B. Convergence Analysis of an NLF model

In this part, we theoretically analyze the convergence of an
SLF-NMU learning algorithm in the following two steps. 
1) Non-increasing learning objective with SLF-NMU.

In this step, we aim to prove that (3) is non-increasing with
(6). To do so, we have 
Theorem 1. (3) is non-increasing with (6). 
To prove Theorem 1, an auxiliary function [31], [53] is vital. 
Definition 2. G(x, x) is an auxiliary function of F(x) if 
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We further recall the following lemma [31], [53], 
Lemma 1. F keeps non-increasing with the following rule, 
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Proof of Lemma 1. With Definition 2, we deduce that 
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Note that we have F(xt+1)=F(xt) when xt guarantees a local 
minimum of G(x, xt), Hence, F(xt)=0 holds if F is 
differentiable around xt. Hence, (16) can be extended into the 
following converging sequence to xmin=arg minx F(x), 
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Next, we aim to achieve that (6) for is exactly consistent with 
that in (15) with a specifically designed G. Considering xn,k∈X, 
let 
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So we have the first-order and second-order derivatives of 
,n kxF

with respect to xn,k, 
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Based on (18)-(20), we achieve the following proposition. 
Proposition 1. The following function 

           
     

 

  
, ,, , , ,

2

, , , , ,

,

1
ˆ

2




  

 
     

 


n k n k

t t t t
n k x n k x n k n k

t t t
X n k n k m k m n n k

m n

G x x F x F x x x

n x x a y x x
    (21) 

is an auxiliary function of 
,n kxF . 

Proof of Proposition 1. With (21),    
,

,
n kxG x x F x holds. 

Then we aim to prove     
,,, 

n k

t
n k xG x x F x . To do so, we first 

derive the quadratic approximation to 
,n kxF  at  

,
t

n kx . 

 
              

,

, , ,

2

, , , , ,

1
.

2



    

n k

n k n k n k

x

t t t t t
x n k x n k n k x n k n k

F x

F x F x x x F x x x
 (22) 

By combining (20-22), we see that   ,, t
n kG x x  is an auxiliary 

function of 
,n kxF  if the following inequality holds, 

   

 
     

 

, , ,
2

,

,

ˆ

.

t
X n k m k m n

m n

X m kt
m nn k

n x a y

n a
x






 

  


  (23) 

Note that we have ym,n0 according to Y’s non-negativity, and 
am,k0, and xn,k0 with SLF-NMU. So (23) is equal to 

 

   
 

2

, , , ,ˆ .
 

 t
m k m n n k m k

m n m n

a y x a       (24) 

Then we reformulate the left term of (24) as follows: 

 

 

 

   
   

   
 

, , , , , , ,
1,

2

, , , , ,
1,

2

, ,

ˆ

.

d
t

m k m n m k m k n k m l n l
m n m n l l k

d
t

n k m k m k m l n l
m n m n l l k

t
n k m k

m n

a y a a x a x

x a a a x

x a

   

   



 
  

 
 

   
 



  

  



  (25) 

Note that (23) holds with (25), making   ,, t
n kG x x  be an 

auxiliary function of 
,n kxF .■ 

Based on Proposition 1, we achieve the following proof. 
Proof of Theorem 1. Based on (15), (19) and (21), we achieve  

    

    
   

 
  

     

 
   

,

, ,

,

,

, ,

,

, ,
1

,

1
,

,

, , ,

ˆ

0

.

arg in

ˆ

m ,

n k

t
m k m n X n k

m nt t
x n k n kt

n k

t t
n k n k

x

m k m n
m nt t

n k n k t
m k m n X n k

m n

x

a y n x

F x x x
x

a

a

G x

y

x x
y n x

x















 
 



  

 
 







(26) 

Based on (26), it is clear that 
,n kxF is non-increasing with (6). 

Naturally, (26) holds ∀n∈N, m∈M, k∈{1, 2, …, d}. Hence, 
Theorem 1 holds.■ 

Following Theorem 1, with a positive initialization, i.e., 

∀m∈M, n∈N and k∈{1, 2, …, d}:  0
,m ka ,  0

,n kx >0, (3) is 

non-increasing when training A and X with (6). From this point 
of view, we have the following recursion, 

             0 1 1
, , , , ,, 0,t t t t

n k n k n k n k n kF x F x G x x F x        (27) 

which indicates that a sequence    ,
t

n kF x is monotonically 

non-increasing and bounded. Hence, we deduce that 
      1
, ,lim 0.t t

n k n kt
F x F x


        (28) 

With (28), we further have the following inference, 
   1

, ,lim 0.t t
n k n kt

x x


      (29) 

Therefore, a sequence   ,
t

n kx is bounded and convergent. 

Similarly, a sequence   ,
t

m ka  is also bounded and convergent. 

2) Sequences   ,
t

m ka and   ,
t

n kx  by SLF-NMU converge to a 

KKT equilibrium point of (3).  
To prove it, we have 

Theorem 2. Sequences   ,
t

m ka and   ,
t

n kx  by (6) converge to an 

equilibrium point (  *
,m ka ,  *

,n kx ) of  (A, X) in (3). 

Proof of Theorem 2. Based on (29), a sequence   ,
t

n kx

converges with (6). Let X(*) denote a stationary point of X, i.e., 
   *
, ,0 lim t

n k n kt
x x


    , ∀n∈N, k∈{1, 2, …, d}. Thus, the 

following KKT conditions of (3) regarding X should be 
satisfied, if X(*) is one of its equilibrium points. 

 

 

    
 

 

   

 

 

*
, ,

* *
, , , , ,

,

* *
, ,

*
,

*
,

, , 1, , :

ˆ(a) 0,

(b) 0,

(c) 0,

(d) 0.

n k n k

X n k m k m n m n n k
m nn k x x

n k n k

n k

n k

n N m M k d

L
x a y y

x

x

x



 







   


    



 







(30) 
Note that following (10)-(13), Condition (a) is naturally 

fulfilled with (6) and (13). Thus, we actually have 
      

 

* *
, , , , ,ˆ .n k X n k m k m n m n

m n

x a y y 


          (31) 

Thus, we focus on Conditions (c)-(d). We start with 

constructing  
,
t

n k , 

   

   

 

, ,

,

, , ,

.
ˆ

m k m n
m nt

n k t
X n k m k m n

m n

a y

n x a y








 




      (32) 

Obviously, (32) is bounded by non-negative am,k and ym,n: 
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     

   

 

, ,
*
, , *

, , ,

0 lim .
ˆ

m k m n
m nt

n k n k
t

X n k m k m n
m n

a y

n x a y
 








  
 




   (33) 

Hence, the update rule of xn,k can be rewritten with SLF-NMU, 
     1
, , , .t t t

n k n k n kx x      (34) 

By combining (29) and (34), we have 
         1 * * *

, , , , ,lim 0 0.t t
n k n k n k n k n kt

x x x x


            (35) 

Note that following the update rule (13),  *
,n kx is greater than 

or equal to zero with a non-negatively initial hypothesis. Hence, 
we have the following inferences. 
a) When  *

,n kx >0. Based on (32) and (35), we have: 

         

   

   

* * * * *
, , , , ,

*
, , , , ,

0, 0 1

ˆ 0.

n k n k n k n k n k

X n k m k m n m k m n
m n m n

x x x

n x a y a y

 


 

    

          (36) 

Combining (31) and (36), we obtain the Condition (b) in (30), 
     

   

   

* *
, , , , , ,

* *
, ,

ˆ 0

0.

n k X n k m k m n m k m n
m n m n

n k n k

n x a y a y

x

 



 

    

  

 
   (37) 

Meanwhile, when  *
,n k =0 and  *

,n kx >0, Conditions (c) and (d) are 

naturally fulfilled. Hence, (30) is fulfilled when  *
,n kx >0. 

b) When  *
,n kx =0. Note that conditions (b) and (c) in (30) are 

naturally fulfilled in this case. Hence, we want to justify 
Condition (d). To do so, we reformulate  *

,n kx  into 

     * 0
, , ,

1

lim .
t

r
n k n k n kt

r

x x 




       (38) 

Based on (38) we further have the following inferences, 

         

     

   

 

     

   

0 0 *
, , , , ,

1 1

, ,
*

, , *
, , ,

* *
, , , , , ,

0, lim 0 lim 0

lim 1
ˆ

ˆ 0.

t t
r r

n k n k n k n k n kt t
r r

m k m n
m nt

n k n kt
X n k m k m n

m n

n k X n k m k m n m k m n
m n m n

x x x

a y

n x a y

n x a y a y

 

 


 

 
 







 

    

   
 

     

 





 

(39) 

Hence, (30) is also fulfilled when  *
,n kx >0. Analogously, we 

can prove that sequence   ,
t

m ka  also converges to an stable 

equilibrium point of (3). Thus, Theorem 2 stands.■ 
By combining Theorems 1 and 2, we have proven that an 

SLF-NMU-based NLF model converges to a KKT equilibrium 
point of its objective. It should be pointed out a positive 
initialization of LFs is helpful in achieving an optimal solution, 
which is consistent with [55]. 

C. Convergence Analysis of a BNLF model

1) Non-increasing learning objective with biased SLF-NMU.
We firstly present the following theorem.

Theorem 3. (7) is non-increasing with (9). 
Note that for Theorem 3, we only have to analyze the partial 

loss with B and C since conditions of A and X are highly similar 
with that in an NLF model as shown in Theorem 1. Considering 

bm∈B, let 
mbF be the partial loss of (A, X, B, C) related to bm

only. Then we derive the first-order and second-order 

derivatives of 
mbF with respect to bm,

   
 

, ,ˆ .
mb B m m n m n

n m

F m b y y 


                      (40)

   = 1 .
mb BF m           (41) 

Based on (7), (40) and (41), we present Proposition 2. 
Proposition 2. The following function 

           
  

 

    2

,

, =

1
ˆ ,

2

m m

t t t t
m b m b m m

t t t
m n B m m m

n m

G b b F b F b b b

y b b b b


 

 
    

 


  

    (42) 

is an auxiliary function of
mbF . 

Note that the proof of Proposition 2 is provided in the 
supplementary file of this paper. With it we prove Theorem 3, 
whose proof is also provided in the supplementary file. 

Following Theorems 1 and 3, with a positive initialization, 

i.e., ∀m∈M, n∈N, and k∈{1, 2, …, d}:  0
,m ka ,  0

,n kx , 
 0
mb  and 

 0
nc >0, (7) is non-increasing when training A, X, B and C with 

(9). From this point of view, we have the following recursion: 
             0 1 1, 0,t t t t
m m m m mF b F b G b b F b         (43) 

which indicates that a sequence    t
mF b is non-increasing and 

bounded. Hence, we deduce that 
     1lim 0.t t
m mt

F b F b 


        (44) 

Based on (49), we further yield the following inference: 
   +1lim 0.t t
m m

t
b b


      (45) 

Therefore, a sequence   t
mb is convergent and bounded. 

Similarly, a sequence   t
nc  is also convergent and bounded. 

2) Sequences   ,
t

m ka ,   ,
t

n kx ,   t
mb  and   t

nc  by a biased 

SLF-NMU converge to a KKT equilibrium point of (7). 
To prove it, we have the following theorem. 

Theorem 4. Sequences   ,
t

m ka ,   ,
t

n kx ,   t
mb and   t

nc by (9) 

converge to an equilibrium point of (7). 
Note that its proof is provided in the supplementary file. By 

analogy, we prove that sequence   t
nc  also converges to an 

equilibrium point of (7). 
Hence, by combining Theorems 1-4, we arrive at the 

conclusion that a BNLF model converges to a KKT equilibrium 
point of its objective with a biased SLF-NMU algorithm.  

IV. EXPERIMENTAL RESULTS AND ANALYSIS

A. General Settings

Evaluation Metrics. Considering the need for recovering
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publication. Citation information: DOI 10.1109/TNNLS.2020.2990990, IEEE Transactions on Neural Networks and Learning Systems



fu
Hi
es
sq
re
[1

wh
se
es

re
ab
di
ex
tes
CP
JA

[3

N

M

M

M

N
D
D
D
D
D
D
D
D
D
D

co
th
a) 

b)

ull links among
iDS matrix i

stimate its mis
quared error (
construction a
1], [12], [28],

R

here |∙| calcula
et that is disjo
stimation for r

Thus, the co
flected by thr

bsolute reducti
stributions du

xpected to be 
sts are conduc
PU and 256 G

AVA SE 8U13
Tested Mode
], BNLF [28],

No. Name 

M1 NLF 

M2 BNLF 

M3 WNMF 

No. Name 
D1 ML20M 
D2 NetFlix 
D3 Douban 
D4 Flixter 
D5 Epinion 
D6 Dating 
D7 EM 
D8 Network 
D9 PICE 
D10 PIPA 

Datasets. As
ollected from i
e following se
 Each dataset 
subsets rando
settings and f
i.e., each tim
build a mode
as the validat
we sequentia
five-fold cros

) When buildin
two disjoint tr
10%. The mo
the testing se
terminated. T
its error diffe
than 10-5, or i

g involved ent
in real applic
ssing entries. 
(RMSE) as a
ability of teste
 [47], 

1
RMSE=


 

ates a set’s car
int with the g
u,v∈Ψ by a test
onvergence b
ree factors, i.
ion of the lear

uring/after the 
stable when a
cted on a serv
GB RAM, an
31. 
els. As shown 
, and WNMF 

T
TESTED MODELS

Description 

Original NLF mo
proposed in [28]

Biased NLF mod

A weighted NMF
an HiDS matrix. 

TA

DETAILS OF EXPE

|Λ|+|Ψ| |M
20,000,263 1
100,480,507 2
16,830,839 1
8,196,077 1
13,668,320 1
17,359,346 1
2,811,718 7
175,180 1
5,778,268 1
1.559.616 5

s recorded in 
industrial appl
ettings for obje

is divided int
omly. We ado
five-fold cross

me we choose f
el to predict m
tion set Ψ to ac
ally repeat thi
ss-validation f
ng a model, th
raining and tes
odel is trained
et to determine
The training of
ference betwee
its iteration cou

tities [1]-[12] 
cations, the m

Hence, we a
an evaluation 
ed models on a

 
,

, ,ˆ
u v

u v u v
r

r r




rdinality, Ψ de
given set Λ, an
ted model, res
ehaviors of a
.e., a) its trai
rning objectiv
learning proc

a model conve
ver with a 2.7
d all models 

in Table I, thr
[48] are tested

TABLE I 
 IN OUR EXPERIM

odel relying on the
. 

del by SLF-NMU

F model proposed

ABLE II 
ERIMENTAL DATA

M| |N| 
138,493 26,744
2,649,429 17,770
129, 490 58, 54
147,612 48,794
120,492 755,76
135,359 168,79
72,916 1,628 
134,007 134,00
15,752 15,752
5,565 5,565 

Table II, ten 
lications are a
ective results. 
to five disjoin

opt the 80%-20
-validations in
four subsets a

missing data an
chieve its vali
is process fiv
for the final re
he given set Λ
sting subsets w

d on the trainin
e if its trainin
f a model ends
en two succes
unt exceeds a 

when address
main purpose
adopt the root 

metric to te
an HiDS matr

2
,




    

enotes the vali
nd r̂u,v stands 
spectively.  
a tested mod
ining RMSE, 
ve (2), and c) 
cess. All facto
erges. All em
7 GHz E5-26
are implemen

ree models, i.e
d and compare

MENTS 

e SLF-NMU algo

U proposed in [3].

d in [48]. It can ad

ASETS 
Source 

4 MovieLens [4
0 NetFlix [45]
1 Douban [56]
4 Flixter [61]
60 Truslet websit
91 LibimSeTi [63

EachMovie
07 Authors’ affili
2 STRING [64]

STRING [64]

real HiDS ma
adopted. We e

nt and equally
0% given-vali
n all the experi
as the given se
nd the remainin
idation RMSE
ve times to co
sults. 

Λ is further spl
with the ratio o
ng set and tes
g process sho

s if it converge
ssive epochs 
preset thresho

6 

sing an 
is to 

t mean 
est the 
rix [3], 

   (46) 

idation 
for an 

del are 
b) its
its LF

ors are
mpirical 

80 V4 
nted in 

., NLF 
ed. 

rithm 

ddress 

44] 

te [62]
3] 

iation 
 
 

atrices 
mploy 

y-sized
idation 
iments, 
et Λ to 
ng one 

E. Then
onduct 

lit into 
of 90%: 
sted on 
ould be 
es, i.e., 
is less 

old, i.e., 

1
c) M

sh
sl
ti

d) N
m
H
sa
e
B

set Λ
M1-
mod
who

B.

A
can 
regu
con
The
und
conn
be c
for 
dem

F

F
as 
for M
also

000. 
Making λA=λX=
hould be poi
lightly impro
ime-consumin

Note that acco
model’s perfor
Hence, on eac
ame random
liminating the

By doing so, w
Λ only. For M
-3, the traini
del’s reconstr
ose informatio

Impact of λ

As discussed in
be improved 

ularization. N
trols the regu

ey may suffe
derfitting as λ
nected with th

carefully valid
demonstrating

monstrating the

(a) M1 on

(c) M1on
Fig. 1. RMSE dec

(a) M
Fig. 2. RMSE de

Fig. 1 depicts th
 in [0.02, 0.10
M1-2 on D1 a

o encountered 

=λB=λC=λ for M
inted out tha
ove the accu
ng). 
ording to [3]-[
rmance can be 
ch testing cas
ly-generated 

e influence of 
we make all inv
M1-2, the hype
ing terminatio
ruction ability
on is never refe

n prior studies
significantly 

Note that the
ularization effe
er overfitting 
λ becomes too
he convergenc
dated. We have
g the former, a
e latter. 

n D1  

n D2    
creasing curves of

M1  
ecreasing curves o

he RMSE decr
0]. Fig. 3 depic
as =10, 100 an

on D3-10. Mo

M1-2 followin
at tuning them
uracy of M

5], [7]-[12], [
affected by its
e, we initializ
and non-neg

an initial hypo
volved models
r-parameter λ 
on is guarant

y is validated 
ferred by its tra

s [28], [47], M
via incorpora

e hyper-param
ects in their o
as λ become

o large. Thes
ce behaviors of
e set λ in the sc
and set =10, 

 (b) 

    (d) 
f M1-2 on D1-2 a

  (
of M1-2 on D1 as

reasing curves
cts the RMSE
nd 1000. Simi
oreover, the o

ng [3], [28], [4
m separately 
1-2 but is 

[28], [47], an 
s initial hypoth
ze M1-3 with
gative arrays 
othesis. 
s built on the g
is tuned on Λ
teed on Λ. E
on Ψ separa

aining process

M1-2’s perform
ating the Tikho
meter  actu
objective func
es too small 
se phenomena
f M1-2 and sh
cale of [0.01, 0
100, and 1000

M2 on D1 

M2 on D2 
as  in [0.02, 0.10

(b) M2
s =10, 100, 1000

s for M1-2 on D
 decreasing cu
ilar phenomen
optimal  for M

7] (it
can

very

NLF 
hesis. 
h the 

for 

given 
Λ. For 

Each 
ately, 
s. 

mance 
onov 
ually 

ction. 
and 

a are 
hould 
0.20] 
0 for 

0]. 

0. 

D1-2 
urves 
na are 
M1-2 

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final 
publication. Citation information: DOI 10.1109/TNNLS.2020.2990990, IEEE Transactions on Neural Networks and Learning Systems



on
ar
m
a) 

b)

C.

be
On
RM

n D1-10 are su
re achieved o

mentioned in Se
 M1-2 suffers
reflected by 
that M1-2’s R
achieved as 
0.8001 when
inappropriate
1.34%. Consi
0.7924 as λ=0
overfitting, le

) M1-2 suffer 
also reflecte
over 0.04, M
Figs. 1-2, wh
clearly see th
guarantee the
the objective
minimize the
generalized e
significant ac
2(b), M2’s R
4.65 times th

OPTIMA

Dataset 
Model 

M1 0
M2 0

Dataset 
Model 

M1 0
M2 0

(a
Fig. 3. Absolut

(a
Fig. 4

. Convergenc

In this part o
ehaviors of M1
n Λ, each teste
MSE, b) abso

ummarized in 
on Λ of D1-
ection IV(A). 
s overfitting a

their accura
RMSE as λ=0
λ=0.04. Mor

n λ=0.02, an
ely small λ ma
idering M2, it
0.04. It turns o
eading to an ac
underfitting 

ed by their a
M1-2 suffer acc
hich is caused 
hat as  incre
e convergence
e function. Ho
e regularization
error to fit the
ccuracy loss. 

RMSE at 3.67
at of 0.7895 w

TA

AL HYPER-PARAM

D1 D2 

0.04 0.04 
0.04 0.04 

D6 D7 

0.18 0.02 
0.18 0.015 

) D1   
e reduction of lea

) D1   
4. RMSE decreasi

ce Behaviors 

f the experime
1-2. In additio
ed model is ex

olute reduction

Table III. No
10 only, foll
From them, w
as λ becomes 
acy loss. From
0.02 is obviou
re specifically
nd 0.7895 w
akes it suffer 
ts RMSE is 0.
out that too sm
ccuracy loss a
as λ becomes

accuracy loss
curacy loss on
by underfittin

eases to 10-10
e to a stable e
owever, they 
n terms instea
e training data
For example, 
14 when =10

when λ=0.04.  

ABLE III 
METER  FOR M1-

D3 

0.06 
0.06 

D8 

0.12 
0.16 

arning objective (2

ing curves of M1-

ents, we valid
n, we include 
xpected to stab
n of learning o

ote that these r
lowing the se

we find that: 
too small, wh

m Figs. 1-2, w
usly higher tha
y, M1’s RM

when λ=0.04. 
an accuracy l

.8021 as λ=0.0
mall λ makes it
at 1.20%. 
s too large, wh
. When λ inc

n D1-2, as sho
ng. From Fig.
000, M1-2 ca
equilibrium po
converge to m

ad of minimizi
a, thereby suf
as depicted i

000, which is

-2 ON D1-10. 

D4 D5

0.06 0.10
0.06 0.08

D9 D10

0.01 0.02
0.01 0.02

 (b) D2
2) by M1-3 on D1

 (b) D2
-3 on D1-2.

date the conver
M3 for compa
bilize its a) Tr
objective (2), 

7 

results 
ettings 

hich is 
we see 
an that 

MSE is 
Thus, 

loss at 
02 and 
t suffer 

hich is 
creases 
own in 
 2, we 

an still 
oint of 
mostly 
ing the 
ffering 
in Fig. 
 about 

0 
8 

0 

2 
2 

1-2. 

rgence 
arison. 
raining 
and c) 

LF 
F

by M
D1-
File
initi
and 
we 
high
case
a) M

F
o
h
a
o
1
c
N
th
th
b
in
o
o

b) M
st
d
h
c
c
c
su

D.

In
Ψ o
mat
The
und

T
com
teste
com

jH

Bas

whi
and 
larg
clai

In
Hen
free

distribution. 
Fig. 3 depicts th
M1-3 on D1-2
-2 are depicted
e of this pape
ialization, 1st,

d last iteration 
present these 

hly similar ph
es. From these

M1-2 converg
From Figs. 3-4
optimum, and 
higher RMSE
according to F
obtain the RM
000 iteration
onsumes 1000

NLF and BNL
han a WNMF
hat the absolut

by M3 is also m
ndicating that

objective than
on D2-10. 
M1-2 enable 
teady-state. A

distribute unifo
hypothesis. H
hange sharply
hange very sl
onverge to an
upports our co

Reconstructio

n this part of th
of each dataset 
trix. RMSEs o
en we conduct 
derstand their s
The average ra
mputed in Tabl
ed models on 

mpares the ave

1

S j
ij

r S


 
2
F p

 

sed on (47), th

ich is distribu
d (p−1)(S−1) d
ger than a give
ms the equiva
n our experim
nce, we have p
edom and the c

he absolute re
2. The RMSE
d in Fig. 4. F

er depict LF d
 10th, 50th, 10
during the tra
results only 

henomena are
e results, we h
ge better than
4, we see that

commonly e
when compa

Fig. 4(a), on D
MSE at 0.8489

s with the R
0 iterations w

LF models con
F does. Mover
te reduction of
much less than
t M1-2 can b
M3 does. The

their LF-dis
As shown in F
ormly in the ra
owever, their
y during the 
low during su

n equilibrium s
onvergence pr

on Ability 

he experiment
to see their re

of M1-3 on D
the Friedman 

significance. 
anks with each
le V. Let ri

j de
the ith one of

erage rank of e

. Then the Fri

 
12

1 j

S
H

p p




 


e testing score


F

S
F

S p


uted according
degrees of fre
en critical valu
alence of all te
ments, three mo
p=3 and S=10.
corresponding 

duction of lear
E decreasing c
Figs. S1-2 in t
distributions o
00th, 200th, 40
aining process
for a concise
e encountered
ave the follow

n M3 does on 
t M3 cannot r
ends with few
ared with M1

D1 it consume
. In comparis

RMSE at 0.78
with the RMSE
nverge with m
r, according to
f learning obje
n that achieve

better approxi
e same situatio

stributions t
Fig. S1-2, M

ange of [0, 0.0
r LF values 

first 200 ite
ubsequent itera
state. Such a p
roof. 

ts, we validate
econstruction a

D1-10 are reco
test [65] on th

h model’s RM
enote the rank 
f S testing case
each tested m

iedman value i

 2

2 1

4j

p p
H




e is given by 




2

2

1
,

1
F

F

S

p





 

g to the F-dist
eedom [65]. N
ue , the null

ested models c
odels are teste
. Thus, FF has
critical value 

rning objectiv
curves of M1-
the Supplemen
of M1-2 after
00th, 600th, 80
s on D1. Note
e report. Howe
d in other te

wing findings:
an HiDS ma

reach a good l
wer iterations 
1-2. For insta
s 441 iteration

son, M1 consu
895, and M2 
E at 0.7924. B

much lower RM
o Fig. 3(a), we
ective (2) achi
ed by M1-2 on
mate the lear
ons are also fo

o converge
1-2’s LFs init

005] with a ran
and distribut

erations, and 
ations, and fin
phenomenon a

e M1-3’s RMS
ability on an H
orded in Table
hese results to 

MSE in table IV
of the jth one

es, a Friedman
model calculate

is computed a

2

.




    

   

tribution with 
Note that if F
 hypothesis w

can be rejected
ed on ten data
s (2, 18) degre
is 3.55 for α=0

ve (2) 
-3 on
ntary 
r the 
00th, 
e that 
ever, 
sting 

atrix. 
local 

and 
ance, 
ns to 
umes 

also 
Both 
MSE 
e see 
ieved 
n D1, 
rning 
found 

to a 
tially 
ndom 
tions 
then 

nally 
again 

SE on 
HiDS 
e IV. 
fully 

V are 
e of p 
n test 
ed by 

as 

 (47) 

 (48) 

p−1 
FF is 

which 
d. 
asets. 
es of 
0.05. 

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final 
publication. Citation information: DOI 10.1109/TNNLS.2020.2990990, IEEE Transactions on Neural Networks and Learning Systems



He
hi
Ta
mu
wi

Ne
di
cr

No
in 
(4
sig
m
va
ac
we
sig
re
M
fro

E.

of
ho
op
it 
hy

ence, the null 
gher than 3.55
able V into (4

much higher tha
ith confidence

Dataset 
Model 

M1 0
M2 0
M3 0

Dataset 
Model 

M1 1
M2 1
M3 2

A

Models 

Average Ra

To further i
emenyi test [6
fference betw

ritical differenc

ote that qα in (
 our case [65]

49), we obtai
gnificantly di

matrix with the
alue is larger
ccording to Ta
e see that bot
gnificantly ou
construction a

M2 do not have
om each other

 Initializatio

As revealed b
f an NLF mode
ow to select an
pen issue. Acc

is commonly
ypothesis in th

hypothesis can
5. By substitut
7) and (48), w
an 3.55. Hence
e at 95%. 

TA

RMSE OF M1

D1 D2 

.7901 0.8389

.7930 0.8417

.8498 0.8773

D6 D7 

.8517 0.2316

.8442 0.2335

.0781 0.2611

TA

AVERAGE RANKS 

M1 

ank 1.5 

Fig. 5. Results 

identify M1-3
65]. Two mode
ween their perf

ce value [65] g

CD q

(49) is 2.052 w
. By substituti
in that CD=0
ifferent in rec
e confidence o
r than 0.918.
ables IV and V
th M1 and M

utperform M3, 
ability on an H
e a significanc
r. 

n Strategies 

before [7]-[12]
el is sensitive 
n appropriate i
ording to prior
y accepted t

he non-negativ

n be rejected i
ting the avera

we achieve tha
e, M1-3 are si

ABLE IV 
1-3 ON Ψ OF D1-1

D3 

9 0.7258 
7 0.7177 
3 0.7655 

D8 

6 2.1359 
5 2.0847 
1 3.2824 

ABLE V 
 OF M1-3 W.R.T R

M2 

1.5 

of Nemenyi analy

3’s performan
els are signific
formance rank
given by 

 1
.

6

p p

S
    

with the critica
ing p=3, S=10
0.918. Hence
construction a
of 90%, when 
. The Nemen

V are shown in
M2, i.e., NLF 

i.e., a WNMF
HiDS matrix. I
e difference in

], [26]-[31], [5
to its initial hy
initial hypothe
r research [7]-
to randomly 
ve field of real

if the testing sc
ge ranks of M

at FF =27.0, wh
ignificantly dif

0. 

D4 D5

0.9133 0.610
0.9114 0.598
0.9708 0.648

D9 D10

0.1081 0.140
0.1126 0.147
0.1308 0.166

RMSE. 

M3

3.0

ysis 

nce, we adop
cantly differen
ks is larger th

al level α=0.1 a
, and q0.1=2.05
e, two mode
ability on an 

their rank dif
nyi analysis r
n Fig. 5. From
and BNLF m

F model, in ter
In addition, M
n the level of R

58], the perform
ypothesis. How
esis for it rema
-[12], [26]-[31
generate an 

l numbers. He

8 

core is 
M1-3 in 

hich is 
fferent 

01 
82 
81 

0 

09 
70 
67 

pt the 
nt if the 
han the 

 (49) 

as p=3 
52 into 
els are 

HiDS 
fferent 
results 

m them, 
models, 

rms of 
M1 and 
RMSE 

mance 
wever, 
ains an 
1], [58], 

initial 
ence, it 

is th
that
its 
initi
initi

DETA

M1-2

T
initi
RM
on D
obse
on D
that

Fig

Fig

a) T
m
F
v
th
o
o
in
d
[-

b) A
a
v
st
d
w
U
in
m
n

he distribution
t affects the pe
effects, we 

ialization dist
ialization distr

AILS OF TESTED D

2. NOTE THAT F D

No. Di

U1 F~

U2 F

U3 F

The RMSE d
ialization dist

MSE of M1-2 w
D1 is depicte
erved on D2-1
D1-3 with dif
t: 

(a) M
g. 6. RMSE decre

(a) M
g. 7. RMSE of M1

The predictio
model is sligh
Fig. 6, we find
varies as their 
hey will alway

of the initializa
only observe sl
nitial hypoth

distribution. Th
-0.25%, 0.25%

Appropriate i
accurate mod
via improving 
trategies can 

distribution wi
with a Gaussia
Uniform hypo
nitialization d

model’s predi
necessary to a

n of these ran
erformance of a

have condu
tributions for
ributions are s

TAB

DISTRIBUTIONS FO

DENOTES ALL OF T

FOR M2, F=
istribution 

~U(0, 0.005) 

F~U(0, 0.1) 

F~U(0, 1.0) 

decreasing cu
tributions on 
when F~U(0, 
ed in Fig. 7. N
10. Table VII 
fferent initial h

M1  
easing curves of M

hypot

M1  
1-2 when F~U(0, 

on accuracy 
htly affected b
d that the conv

initialization 
ys converge to
ation strategies
light accuracy 
eses random
he fluctuation

%] according t
initialization 

del. If we aim 
M1-2’s initia
be considered

isely. Accordin
an hypothesis 
othesis, which
distribution ca
ction accurac
adopt warmin

ndomly genera
a resultant mo
cted tests w

r M1-2. The 
summarized in

LE VI 
OR GENERATING IN

THEIR DESIRED LF
={B, C, A, X }. 

No. D

G1 F~N

G2 F~

G3 F~

urves of M1-
D1 is depicte
0.005) in 100

Note that simi
summarizes th
hypotheses. F

  (b
M1 and M2 on D1
theses. 

  (b
0.005) in 100 ind

of an SLF-N
by its initial 
vergence curv
distribution c

o an equilibriu
s. Moreover, f
fluctuation of
ly generated 

n ratio is limit
to our results. 
strategies ca

m at achieving 
al hypothesis, 
d: 1) choosing
ng to Table V
mostly outpe

h demonstrates
an probably 
cy. But in pr
ng up tests w

ated initializat
odel. For valida
with six diffe

details of te
n Table VI. 

NITIAL HYPOTHES

FS. FOR M1, F={A

Distribution 

~N(0.005, 1e-7)

F~N(0.1, 1e-5) 

F~N(1.0, 1e-4) 

-2 with diffe
ed in Fig. 6. 

0 independent 
ilar results ca
he RMSE of M

From them, we

b) M2
1 with different in

b) M2
dependent tests on

NMU-based N
hypothesis. F

ves of M1-2 on
changes. Howe
m point regard
from Fig. 7 we
f M1-2 by diffe

from the s
ted in the rang

an enable a m
performance 
the following

g the initializa
VII, an NLF m

rforms one w
s that a Gaus
improve an 
ractice, it is 
with initializa

tions 
ating 

ferent 
ested 

SES OF 

A, X}, 

ferent 
The 
tests 

an be 
M1-2 
e see 

nitial 

n D1. 

NLF 
From 
n D1 
ever, 
dless 
e can 
ferent 
same 
ge of 

more 
gain 

g two 
ation 

model 
with a 

ssian 
NLF 
still 

ation 

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final 
publication. Citation information: DOI 10.1109/TNNLS.2020.2990990, IEEE Transactions on Neural Networks and Learning Systems



9 

distributions on a probe set; and 2) building an ensemble. 
Since different initialization distributions can achieve 
diversified NLF models as shown in Fig. 6, they can form an 
efficient ensemble [57], [58] which can outperform any of its 
base models to achieve stably high accuracy. 

TABLE VII 
RMSE OF M1-2 ON D1-3 WITH DIFFERENT INITIAL HYPOTHESES 

Uniform Hypothesis Gaussian Hypothesis 

U1 U2 U3 G1 G2 G3 

D1 
M1 0.7901 0.7905 0.7894 0.7901 0.7899 0. 7930

M2 0.7930 0.7930 0.7925 0.7923 0.7925 0. 7947

D2 
M1 0.8389 0.8389 0.8392 0.8387 0. 8387 0. 8392

M2 0.8417 0.8419 0.8416 0.8414 0. 8413 0. 8417

D3 
M1 0.7258 0.7226 0.7089 0.7423 0.7193 0.7359

M2 0.7177 0.7158 0.7083 0.7177 0. 7135 0. 7283

F. Summary

We summarize from the experimental results:
a) An SLF-NMU-based NLF/BNLF model converges to a

stable equilibrium point on an HiDS matrix;
b) An SLF-NMU-based NLF/BNLF model converges better

than an NMF model on an HiDS matrix. Its reconstruction
ability for an HiDS matrix’s unknown data is also better than
that of an NMF Model; and

c) An SLF-NMU-based NLF/BNLF model’s regularization
coefficient and initialization hypotheses should be chosen
wisely to improve its performance.

V. DISCUSSIONS

A. Connections between an NLF and an NMF Model

An NMF model is designed for full matrices, which are
mostly seen as images in the area of computer vision. Initially, 
Lee and Seung [30], [31] adopt it to extract local features from 
a non-negative matrix representing an image. Subsequently, 
many researchers investigate it and propose various NMF 
extensions [29]-[36], [48]-[52]. To achieve the desired 
non-negative feature matrices, a non-negative multiplicative 
update (NMU) algorithm is commonly adopted. With it, if 
Y|M|×|N| is a full matrix, then it extracts features A|M|×d and X|N|×d as 

 
 

 
 

T

, ,
, , , ,T T

, ,

, .m k n k
m k m k n k n k

m k n k

Y AYX
a a x x

AX X XA A
        (50) 

As a matter of fact, other algorithms like the projected gradient 
descent [59], projected alternating least squares [60] are also 
proposed to train an NMF model. Nonetheless, an NMU 
algorithm does not make truncations during the training process, 
making it more suitable to represent the natural structures such 
as node clusters hiding in the original matrix. Meanwhile, it is 
implemented through making the learning rate adaptive to 
achieve the multiplicative form, i.e., its learning rate is 
self-adaptive. Hence, an NMF model frequently adopts an 
NMU algorithm. The processing flow of such a model is shown 
in Fig. S3 in the Supplementary File. According to (50), its 
computational complexity is Θ(|M|×|N|×k×t) with t being 
training iteration count, and storage complexity is Θ(|M|×|N|). 

However, an NMF model cannot handle an HiDS matrix 
directly since the products YX and YTA are intractable with Y 
being incomplete. As discussed in [28], [48], an NMF model 

can be adjusted to fit an incomplete Y by integrating an 
indicator matrix W|M|×|N| into (50) to achieve a weighted NMF 
(WNMF) model. In it, the indicator matrix’s element is set at 
one if the corresponding element in Y is known, and zero 
otherwise. Thus, WNMF can extract non-negative features 
from an incomplete Y with an NMU algorithm: 

  
 

  
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T

, ,
, , , ,T T

, ,
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W Y AW Y X
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AX X XA A
 


   (51) 

where the operator ○ calculates the Hardamad product of two 
matrices. Thus, the products (W○Y)X and (W○Y)TA are solvable 
when Y is HiDS. However, the computational and storage costs 
of WNMF are respectively Θ(|M|×|N|×k×t) and Θ(|M|×|N|), 
which are the same as those of NMF. It is compatible with 
existing NMF training algorithms like an NMF algorithm, 
however, it suffers unnecessarily high costs on an HiDS matrix. 
Its processing flow is in Fig. S4 in the Supplementary File. 

In comparison, an NLF model is specifically designed for an 
HiDS matrix. With an SLF-NMU algorithm, its computational 
and storage costs are respectively Θ (|Λ|×k×t) and Θ(max{|Λ|, 
(|M|+|N|)×d}). Thus, we have the following inferences: 
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       (52) 
Given that |Λ|≪|M|×|N|, i.e., the known data of an HiDS matrix 
are far less than its unknown ones (e.g., the known data of the 
NetFlix matrix take 0.21% of its all entries only), an 
SLF-NMU-based NLF model’s computational and storage 
costs are much lower than those of an NMF model in theory. 
Hence, an NLF model is far more efficient than an NMF-type 
model on an HiDS matrix. Its processing flow is depicted in Fig. 
S5 in the Supplementary File. From this point of view, it is 
much suitable to address an HiDS matrix than an NMF model 
does on the premise that it converges well, which is guaranteed 
by the convergence analysis given in this paper. 

On the other hand, it is well known that in the area of 
recommender systems or social network services, an HiDS 
matrix is far more frequently encountered than a full one. 
Therefore, we’d prefer to take an NMF model as a special case 
for an NLF model owing to the following reasons: 
a) In our concerned big data-related Web-applications like a

recommender system, the observed data are commonly
incomplete, making an HiDS matrix be far more frequently
encountered than a full matrix. Actually, a full matrix can be
considered as an HiDS matrix whose data density is 100% in
such a scenario, indicating that the interactions among users
and items are fully observed (or quantized by the system,
which is also an ultimate objective for a recommender
system); and

b) Note that owing to its data-density-oriented learning
objective and algorithm, i.e., an SLF-NMU algorithm, an
NLF model can address an HiDS matrix whose data density
can be an arbitrary number in the (0%, 100%] interval. In
other words, it can address a matrix with/without missing
data. In comparison, an NMF model is defined on a full
matrix. Thus, it can only handle a matrix without missing

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final 
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data (or transmit a HiDS target into a full one like in a 
WNMF model). 
Nonetheless, in other fields like computer vision, full 

matrices representing normal images are much more than 
incomplete ones. Under such circumstances, an NLF model can 
be considered as a special case of an NMF model. From this 
point of view, we clearly see that although these two kinds of 
models are closely connected, they are targeting at different 
problems. It is important to make an appropriate choice for a 
specific problem. From the theoretical and empirical studies of 
this paper, it is efficient to adopt NLF on an HiDS matrix. 

B. Theoretical Achievements of This Study

Since both NMF and NLF models are bi-linear, an auxiliary
function-based method can be adopted to show that both NMU 
for NMF and SLF-NMU for NLF make their loss functions 
non-increasing. Nonetheless, the theoretical achievements of 
this work stand in two aspects: 1) an SLF-NMU is single 
LF-dependent, making its mathematical expression very 
different from that of an NMU algorithm. Meanwhile, an HiDS 
matrix’s data density is low and distribution is highly 
imbalanced. The convergence analysis in this paper 
innovatively shows that an SLF-NMU learning algorithm can 
enable an NLF model to converge on an arbitrary matrix in 
spite of its sparsity and imbalanced data distribution; 2) its 
ability to converge to a KKT equilibrium point is also proved 
on an HiDS matrix, which is also not seen in prior studies. 

C. Local or Global Convergence

It should be mentioend that the objective function of an
NLF/BNLF model is constrained and non-convex. Meanwhile, 
according to (6), an SLF-NMU-based learning algorithm 
actually implements an additive gradient descent-based training 
process with carefully-selected learning rates to guarantee the 
non-negativity of a resultant model. In other words, its achieved 
stationary point (whose properties are verified according to the 
previously provided theoretical studies) is a first-order one on a 
non-convex problem. According to a prior study [25], such a 
first-order stationary point can be a global optimum, local 
optimum, or saddle point. How to identify its more specific 
properties is very challenging (which still remains unveiled in 
the optimization community according to [25]). We plan to 
address this problem in our future work. 

VI. CONCLUSIONS

In this paper, we rigorously prove that an NLF/BNLF model 
defined on an HiDS matrix converges to a KKT equilibrium 
point of its objective with an SLF-NMU-based learning 
algorithm. Note that the proof consists of two steps, a) proving 
that its learning objective goes non-increasing with SLF-NMU 
by constructing a specifically-designed auxiliary function; and 
b) proving that its parameter learning sequences finally
converge to a stable equilibrium point with SLF-NMU by
analyzing the KKT conditions of its learning objective.

Note that this study conducts the convergence analysis on an 
objective relying on the Euclidean distance. However, the same 
principle also applies equally to an NLF model depending on 
other kinds of loss functions. With it, an SLF-NMU-based NLF 
model’s convergence characteristics are theoretically justified, 

which are also supported by the empirical results on ten HiDS 
matrices from real applications. 

As revealed in previous studies [3], the parallelization of an 
SLF-NMU algorithm can be implemented via a 
properly-designed distributed computing framework. In this 
case, can it still converge to a stable equilibrium point? We will 
answer this question in the future.  
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