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Chapter 6

Recursive Filtering for Time-Varying Systems
with Random Access Protocol

In this chapter, we intend to study the communication-protocol-based recursive fil-
tering problem for time-varying systems. Recursive filtering scheme is a widely
employed method which is developed in the sense of minimum filtering error vari-
ance. More specifically, such recursive filtering scheme works in a two-step process,
namely the prediction step and the correction step. In the prediction step, the filter
computes the one-step prediction of the system state based on the plant dynamics
and the current state estimate. In the correction step, the state estimate would be
updated by fusing the derived one-step prediction and the new measurement output
with the well-designed weighted gain (i.e. the recursive filter gain).

On the other hand, it should be noting that the utilization of networks has also led
to certain complicated network-induced effects which could largely jeopardize the
control/filtering performance of systems. This chapter is concerned with the recur-
sive filtering problem for a class of networked linear time-varying systems where
the communication between the sensors nodes and the remote filter is implement-
ed via a shared network. The transmission order of sensor nodes is orchestrated by
the RA protocol scheduling, under which the selected nodes obtaining access to the
network could be characterized by a sequence of i.i.d variables. In this chapter, we
would like to discuss the effects of RA protocol scheduling on the resultant filtering
error covariance and the ultimate boundedness of the filtering error covariance.

The rest of this chapter is organized as follows. In Section 6.1, the networked
linear time-varying system with the RA protocol scheduling is introduced and the
corresponding recursive filtering problem is formulated. In Section 6.2, the desired
filter gain matrix is recursively computed based on two Riccati-like difference e-
quations. Then, the boundedness analysis issue of the filtering error covariance is
studied for our developed recursive filtering scheme. Moreover, two numerical sim-
ulation examples are given in Section 6.3 to demonstrate the correctness and effec-
tiveness of the main results. Finally, we conclude this chapter in Section 6.4.
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92 6 Recursive Filtering for Time-Varying Systems with Random Access Protocol

6.1 Problem Formulation

6.1.1 The system model and communication model

The plant under consideration is a linear time-varying system described by the fol-
lowing state-space model:

6.1)
i = Cexy + Vi

{Xk+1 = Ajxi + Bioy
where x;, € R™ and y;, € R™ denote, respectively, the system state and the measure-
ment output before transmitted through the communication network. @ € R"® and
Vi € R"™ represent the process and measurement noises, respectively. The parame-
ters Ag, By and Cy are real-valued time-varying matrices of appropriate dimensions.

The initial state xg, the process noise @ and the measurement noise v, are mu-
tually uncorrelated and have the following statistical properties:

E{ox} =E{v} =0, E{xo} = %, E{ oy } = Ok,

(6.2)
E{ (x0 — %o) (x0 —%o)" } = Pojo, E{vaV{{ } = Rx

where Fyjg > 0, Qx > 0 and Ry > 0 are known matrices with appropriate dimensions.

We are now ready to introduce the signal transmission over the communication
network. Without loss of generality, it is assumed that sensors of the system are
grouped into N sensor nodes according to their spatial distribution. As such, for
technical analysis, the measurement output before transmitted can be rewritten as
V= [Vl Vhe yjf,_k]T where y;x (i € {1,2,---,N}) is the measurement of the
i-th sensor node before transmitted.

The communication between the sensors and the remote filter is scheduled by the
RA protocol. For the sake of examining the influence of communication protocols,
let & (k) € {1,2,--- ,N} be the selected sensor node obtaining access to the commu-
nication network at time instant k. As shown in subsection 4.1, § (k) € {1,2,--- ,N}
could be modeled as a sequence of random variables. The occurrence probability of
E(k)=i(Vie{1,2,--- ,N})is given by

Prob{& (k) =i} = p; (6.3)

where p; > 0 (i € {1,2,--- ,M}) is the occurrence probability that the node i is
selected to transmit data via the communication network and Y, p; = 1.

Assume that & (k) (k € NT) is independent of all noise signals. Denote the mea-
surement output after transmitted through the network by

5 T T 1T
o2 [l oy Tha) € R
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In this chapter, we adopt the ZI strategy to compensate the signals received by the
filter. Accordingly, the updating rule of ;4 (k € N, i € {1,2,--- ,N}) subject to the
RA protocol scheduling is set to be

5 = Vi ifi=C(k), k=20
i = {0, otherwise. (6.4)

According to the updating rule (6.4), it can be seen that

Yk = Peyye, ifk>0
{y‘k =0, otherwise ©6.5)

where P () = diag{ (& (k) —1)I,8(E(k) —2)1,---,8(§(k) —N)I} (1 <i<N)and
6(-) € {0, 1} is the Kronecker delta function.

6.1.2 The recursive filter

In this chapter, we shall adopt the Kalman-type filtering approach to design a re-
cursive filter for the linear time-varying system (6.1) subject to the RA protocol
scheduling described by (6.5). The recursive filter is given as follows:

{ K1k = Ak 66)

Res 1kt = B 1k + Kiert k1 — P s 1) Cop1 B 1)

where £y, is the estimate of x; at time instant k with o9 = Xo, £, 1|« 18 the one-step
prediction at time instant k, and K}y is the filter gain to be determined.

The schematic diagram of the filtering system considered in this chapter is shown
in Fig. 6.1. The objective of this chapter is to design a recursive filter of the structure
(6.6) such that, for all possible realizations of the random sequence & (k), the filter-
ing error covariance (i.e. E{ (X1 — fer1per1) (k1 — fes1je1)” }) can be derived
recursively and subsequently minimized.

Vg
wi. [ Physical |z Commun’zcatmn 7 R ekl
5 plant [ >[Sensors 1>\ Network (with he RAP"> " Fiigar [~
protocol scheduling)

Fig. 6.1 Schematic structure for the plant and the filter over a network (with the RA protocol
scheduling)

Remark 6.1. Due to the RA protocol scheduling behavior, the filtering performance
is largely affected by the stochastic parameter matrix ®g ;). The main difficulty of
this chapter would be the handling of such a stochastic parameter matrix in design
of the time-varying filter parameter Ky and the analysis on the boundedness issue
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of the filtering error covariance. It can be observed that the filter gain Kj.; should
be calculated recursively based on the filtering error covariance Py, and therefore
the boundedness of the filtering error covariance is very important to ensure the
non-divergence of the filtering algorithm. Moreover, the boundedness of filtering
error covariance often serves as an indispensable prerequisite to the boundedness
guarantee of the filtering error in mean square. Note that, the problem studied in
this chapter is distinct from the filtering issue with the sensor scheduling strategy.
The protocol scheduling behavior is determined by the network agreements which
are generated according to certain standards (e.g. IEEE 802 standards). Hence, the
scheduling behavior could not be designed for the filtering task in this chapter. On
the other hand, the sensor scheduling (as shown in [142, 172]) could be regarded as
the “design variable”. Hence, for the filtering problem with sensor scheduling, the
filtering performance is related to the sensor selection strategy. In this chapter, we
focus our attention on the recursive filtering problems with RA protocol schedul-
ing, in which the protocol scheduling behavior is modeled by the i.i.d sequence of
random variables.

6.2 Main Results

In this section, we aim to establish a unified framework to deal with the addressed
recursive filtering problem under the RA protocol scheduling. Before proceeding
further, we recall the following lemma which will be used in the subsequent devel-
opments.

Lemma 6.1. (Jensens inequality) [119] Let vector x; € R" (i =0,1,--- ,m) and s-
calar constant a; > 0 (i =0,1,--- ,m) be given. The following inequality

1 m 1 m
f( aix,-) < — a,-f(x,-) (67)
wben) <k
holds for convex function f : R" — R" where M =Y.' | a;.

Lemma 6.2. For matrices M, N, X and P with appropriate dimensions, the follow-
ing equations hold:

MX mxT
Ou{MXN} _ iy Ou{MXTNY
0X 17).¢
MXNXTL
Iw{MXNX"L} _ MTLTXNT + LMXN.

X
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6.2.1 Design of the filter gain

Let us denote the one-step prediction error as ey 1 = Xk+1 — X5 1% and the filtering
eITOT S €) ¢ 1|j41 = Xk+1 — X4 1)k+1- Subtracting (6.6) from (6.1), we have

€r 1k = Axex|x + Br 0. (6.8)
Similarly, the filtering error can be written as:

rtikrt = (T = Ky 1Pe (k1) Cir1) €kt o — Ko 1 P (1) Vi 1- (6.9)

In light of (6.8) and (6.9), the covariance for the one-step prediction error and
filtering error are calculated in the following theorem.

Theorem 6.1. Consider the filtering error system given by (6.9). The one-step pre-

diction error covariance Py 1 ¢ 2 E{e; 1 ke[ | 1 and the filtering error covariance
A T . o e, o, .

Pyt = E{ek+1\k+lek+1\k+1} (with the initial condition Fy) are given by the fol-

lowing difference equations

Btk :AkPk|kAZ + B OBy, (6.10)
N N
Ptk = Z Pi%Kig1 P I i + Z PiKis1 PiRi 1 DK . (6.11)

i=1 i=1

where Ky =1 — Ky 1 PiCrs1. Moreover, the trace of the filtering error covariance
Piy1jky1 is minimized by the following filter gain:

N —1
K1 = PpCly @ ( Y Pi®iRii ¢i> (6.12)
i1

where Ry = Ck+1Pk+1|kaT+1 + Ry 1 and @ = diag{pi1,pal,--- , pyl}.

Proof. First, it is easy to conclude from (6.8) that the one-step prediction error co-
variance P, 1 satisfies

Pi1e = AcPyrAf + BuOiBj - (6.13)
Next, let us consider the filtering error covariance Py 1|1 Noting (6.9), we have

_ T
Pyt = E{ers i€t}

=E{Ke (k1) b1 11 ) K E o 1) et Kot Do) Viewr 1 Vi1 P sy K1 -
(6.14)

On the other hand, it can be seen from the definition of ®¢ ;) that
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M=

P (iy1) = ) 0(E(k+1) )P (6.15)

i=1

Since

0, i#J
6(§(k+1)—i), i=j

and E{S6(E(k+1)—i)} = ):1}/:1 pj6(j—1i) = pi, we have

S(E(k+1)—i)3(E(k+1)—j) = {

]E{:Ki(k+1)~,k+1ek+1\keZ+1|kg<g(k+l),k+l }

N
:]E{ (I — Kis Z O(E(k+1)— i)¢iCk+1)€k+1|k€1€+|\k(1
=1

N
— Kjtq Z6<€(k+ ]) —i)@;Ck+1)T}
i=1
u T
=Py 1k —E{ 6(&(k+1)— i)Kk+1¢iCk+1€k+1k€k+1|k}

i=1

|
&=
—N
1=

Il
=

6<é<k+1>—i>ek+1ke,{+lkc@lwﬁl}

_l’_

&
—N
™M=

O(E(k+1) —i)Ky iy ¢iCk+lek+1|keJZ+1kCZ+1¢iKE+1}

pi(I = Kis1 @iCrat ) Pes 16 (I — Kip 1 2iCisr) - (6.16)

|
™=

I
-

Similarly, we have

N
E{KkH<;D5<k+1)vk+1v,f+1dbéT(kH)KkTH} = E{ ZpiKk+1(piRk+l¢iKg+1 } (617)
i=1

Substituting the inequalities (6.16)-(6.17) into (6.14) yields

N N
Pesipert = Y PiKisr 1 Pt p K i1 + Y PiKiy 1 PiRes 1 DK -
=1 i=

=

Next, let us show that the filter gain given by (6.12) is optimal in the sense that
it minimizes the trace of the filtering error covariance Py s . Taking the partial
derivative of tr{ P, jx,1 } With respect to K; ;1 and letting the derivative be zero, we
have
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N

Kikes 1 Per 1 kGl ‘?Di) +2Kis1 Y, pi( PiRis1D;) = 0.
i=1

It {Pey 11} ul
vl o, ;
Kt 1 i;p (
(6.18)

Based on the above equation, the optimal filter gain K. | can be determined as

N -1
Kir1 = Pk+1kaT+1¢(ZPi(Dika+l(pi> : (6.19)
i=1

which is identical to (6.12). This completes the proof.

Remark 6.2. So far, we have completed the design issue of the recursive filter for
time-varying systems with the RA protocol scheduling. By using Lemma 6.1, it is
easy to see that Y | pi®iRi 1D > (LN pi®i)Rir1 (L pi®i) = PRy P > 0.
As such, it can be concluded that the matrix Zf\’:l piD; (Ck+1Pk+1\kaT+1 +Rk+1)(pi
is nonsingular. The computation of Ky is carried out by solving two discrete-time
Riccati-like difference equations, which are suitable for online implementation.

Remark 6.3. Tn our proposed filter design, the information of & (k+ 1) is adopted
in the structure of the recursive filter (as shown in (6.6)). The filter gain matrix
Kj11 is calculated by minimizing the trace of the filtering error covariance Py y -
According to the definition of Py, x4 (which is given in Theorem 6.1), the filter
gain matrix is derived recursively in the sense of probability. Obviously, it is of
both theoretical significance and practical importance for filter design to minimize
tr{Pc11|k+1}- Another valuable strategy for the recursive filter design is to minimize
the conditional covariance matrix E{ey., 1|11}, . |€(k+ 1)}, in which the filter

gain Kj 1 could be computed based on the exact value of & (k+1).

6.2.2 Boundedness analysis of the filtering error covariance

In this subsection, let us consider the boundedness of the filtering error covariance
Piy1jk+1- Throughout the rest of the chapter, the following assumption is made.

Assumption 6.1 Let & = diag{pil,p>l,---,pnl}. There exist real numbers 4. q7
and r, such that the following matrix inequalities are satisfied for every k > 0 and
ie{1,2,--- .N}:

gl < ByQyBi < gl, ®iRe®; <7, PRP >rl, C[C <,
acl <eél, al <AAT <al.

Theorem 6.2. Under Assumption 6.1, there exists a positive constant € such that the
error covariance Py of the recursive filtering for systems (6.1) satisfies

Py > el (6.20)
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for every k > 0 with the lower bound € given as follows:

—1

e= (g '+r'p%) 6.21)

where p = max;—1 ... N{pi}-
Proof. Considering (6.11) and (6.12), we have
N

-1
Pisijkr _Pk+lkPk+lkaT+l(p< pi(pika-&-l(pi) DPCpi 1Py 1k

i=1

—1
=Pesij— PeripCi @ <5k+1 + BCii 1 P 1 iy ‘i’) DCp 1 Peg1|i
- <] = -1
= (Pk+ll\k +Cl PE PCri) (6.22)
where Ziy1 = Y pi( DiCiy1 Pk Cly B+ PiRey 1 @i) and &y = &, — .

Noting that & > YN | pi®iRi 1P > PRy, P, it follows from (6.22) that

-1
_ e .
Pk+1\k+1 > (Pk+11|k+C{+lq)((ka+1(p) (I’Ck+1) . (6.23)

On the other hand, it is easy to see that
Prk > By OB > ql. (6.24)
Subsequently, by considering (6.23) and (6.24), we have
Pl S47 ' T+CL B (PR 1 D) DGy
<q 'I+r'cl,  ®PCi1 < (¢ '+ 'p%e)1 (6.25)
which implies that P, > € for every k > 0. The proof is complete.

Theorem 6.2 provides a uniform lower bound of the filtering error covariance for
the recursive filtering. Next, we shall study the upper bound of the filtering error
covariance.

Theorem 6.3. Under the Assumption 6.1, there exists an upper bound L. such that
the filtering error covariance By, satisfies

P < il k=0 (6.26)

where W, = /.lodk —|—6?):f;01 a and Ho = )vmax{PO\O}'

Proof. The proof of this theorem is performed by mathematical induction, which is
divided into two steps, namely, the initial step and the inductive step.
Initial step. For k = 0, it can be immediately known from the definition of L that
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P()‘O < R’maX{P()‘O}I = ,Ll()[ (627)

Inductive step. Now that the assertion of this theorem is true for + = 0. Next,
given that the assertion is true for 7 = k (i.e. F; < i), we aim to show that the
same assertion is true for 7 = k+1 (i.e. Fyq41 < W+11). Obviously, it follows
from (6.22) that

—1 _ p-1 T Go-1 &
Ptk = Beipe T Cer1 PE PCrtn (6.28)
where Ek+1 = Zivzl pi(@iCkHPkH‘kaTH (13,' + ®iRk+l(pi) and (ﬁ‘ = (15[ - @ Then,
it is easy to see that

Peiijert < Pesje = AcPyiAL + BeQiBL

< WAA] + BrOyBY < apy + gl
k

=ud ™ +gY a = ey (6.29)
i=0

Hence, by the induction, it can be concluded that the assertion of this theorem is
true for k£ > 0. The proof is complete.

Remark 6.4. By now, we have derived an upper bound function of the error covari-
ance matrix for our developed recursive filtering algorithm. Obviously, the upper
bound a has an important impact on our derived upper bound function L. It can be
found that the derived upper bound function p is divergent if @ > 1. When a < 1,
the derived upper bound function would converge to a fixed value.

The following proposition gives a uniform upper bound of p; when a < 1.

Proposition 6.1. Under Assumption 6.1, if a < 1, then the upper bound of the error
covariance matrix ly is exponentially bounded with the uniform upper bound Hoa +
L= for k> 0.

Proof. The proof is straightforward and is therefore omitted for the conciseness.

In the case of @ > 1, the following theorem gives a sufficient condition to guar-
antee the boundedness of the error covariance matrix.

Theorem 6.4. Let Assumption 6.1 hold. Suppose that there exist two positive scalars
o > 0 and m > 0 such that the following inequalities

k+1
) <}/id)T(i,k+1)CiT<f>(Gdé(1p)21+®,-)]<13C,-¢(i,k+1)>
i=k—m-+1 \ -
>0, k>m—1 (6.30)
W < o, 0<k<m-—1 (6.31)

hold for all k > 0, where
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p= min {p;}, &;=P;— D, p(k+1,k+1)=1, ¢(i,k+1)=A;"A ) ---A ",

1<i<N

Ho = Amax{Pojo}, @ =diag{pil,pal,--- ,pnI}, t = Hod +an

i=

N
e, = Z pj(¢jCiB,'_1Q,’_1BiT_1CiT¢j + quR,'@j), Ii = (l J,-qgflgfl)lfkfl.

Then, the error covariance satisfies Py, < ol for k > 0.

Proof. The proof of this theorem is performed by mathematical induction as fol-
lows.

Initial step: Obviously, by employing Theorem 6.3 and (6.31), we have P; <
wl <oclforO<i<m—1.

Inductive step: We know that the assertion of this theorem (i.e. P; < ol) is true
for i < m— 1. Next, given that the assertion is true for i = k, we aim to show that the
same assertion is true for i = k+ 1. Since the assertion is true for i = k (i.e. Py < o1),
it follows from (6.10) that

P = AcPyrAL + BeOiBL < oal + ByQyBy . (6.32)
On the other hand, according to the results proposed in Theorem 6.2, we have

Piijk = AkPAL + BrOkBY = Ak (P + Ay ' BlOiBEAL T AL
< Ar(Pyx+qa e Py ) Af = (1+4a & APyAL - (6.33)

Furthermore, it can be derived from (6.22) that

N —1
PH‘W, Pk+']|k+CkT+1<P(Zp,-(GDiRH]¢i+¢iCk+1Pk+1|kC,{T+l<15,-)) DCry 1.

i=1

(6.34)
Then, by substituting the inequalities (6.32) and (6.33) into (6.34), we have
P >P+l\k+ck+l(b(6ac(1 — P+ O)  BCry
>(1+ga'e ") A TPk‘,jA +Ck+1<1_5(oc'zc(1 —p)I
-1
+611) DPCrypy > -+
k+1 B
> Y (1+ga e )y 1T (i,k+1)C] D(oac(1—p)l
i=k—m+1 -
+0) ' BCH(ik+ 1)+ (1+ga e )" 9T (k—m,k+1)
><Pk’ i @k —m k+1)
k+1

i=k—m+1

> Y v (ik+1)CT B(0ae(1 - p)l+6) " BCio(ik+1)



6.2 Main Results 101
>0l (6.35)

which results in
Peyife+1 < ol (6.36)

Hence, by induction, it can be concluded that the assertion of this theorem is true
for k > 0. The proof is complete.

Remark 6.5. The derived inequality (6.30) in Theorem 6.4 is of the form similar to
the uniform observability condition [32]. Considering the time-varying matrices A;
and C,, the pair [C;,A;] is said to be uniformly observable if there exist a positive
integer 0 < m < oo and constants €, € with 0 < € < € < oo such that the condition

er>yk)l (V}T(i,kJr )T C Y i,k + 1)) > eI holds for all k > m — 1, where

V(k+1,k+1) =1 and ¥(i,k+1) =A;'A} ---A;". Obviously, when the sen-
sor nodes of the plant could simultaneously get access to the network and transmit
signals, the inequality (6.30) reduces to the well-known uniform observability con-
dition based on Assumption 6.1. So far, we have investigated the recursive filtering
problems for linear time-varying systems subject to the RA protocol scheduling. It
can be observed from the filter design that all the important factors contributing to
the system complexity are reflected in the main results. These factors include 1) the
time-varying system parameters; 2) the noise information (characterized by Oy and
Ry); 3) the initial condition of the system (i.e. Fy|o); and 4) the information about the
RA protocol scheduling (determined by (6.3)).

Remark 6.6. It is worth pointing out that, the recursive filtering technology devel-
oped in this chapter is not a global optimal filtering scheme. The main purpose of
this chapter is to develop the recursive filtering scheme with a verifiable bounded-
ness condition of the filtering error covariance matrix rather than design the opti-
mal state estimation technology. If we adopt the well-known Kalman filtering to
deal with the filtering problem of the linear time-varying system (6.1) subject to
the RA protocol scheduling, the observability Gramian matrix would be related to
the scheduling matrices in a sliding time-window with fixed finite length. Hence,
it is quite difficult to verify the corresponding uniform observability condition. N-
evertheless, the observability-like condition proposed in Theorem 6.4 is verifiable.
In other words, for the problem considered in this chapter, our developed filtering
scheme possesses the advantage that the non-divergent of the filtering algorithm is
verifiable compared with the Kalman filtering.

Remark 6.7. The main results of this chapter can be regarded as the analysis and
synthesis for the linear time-varying system with a random parameter & (k). Such an
issue has so far attracted considerable attention due to its clear engineering insight.
Typical examples include the research results shown in [8, 75], which concern the
design problems of linear-quadratic-Gaussian (LQG) controllers for linear systems
with random parameters. Compared with the results in [8, 75], the effects on the
system dynamics induced by the random parameter & (k) in this chapter is more
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complex, which in turn increases the difficulty on the filter design. Moreover, we
have analyzed the effects on the filtering performance induced by & (k) (i.e. the
boundedness analysis issue proposed in Section 6.2.2).

6.3 Illustrative Examples

In this section, two numerical examples are presented to demonstrate the effective-
ness of the proposed recursive filtering algorithm for system (6.1) subject to the RA
protocol scheduling.

Example 1: Consider a linear time-varying system (6.1) with the following sys-
tem parameters:

0.25in(0.057k) 0.5 0.5 0.1cos(0.057k) 0.1 0.2
Ay = 0.6 0.8 0.7|, By= 0.2 0.1 —0.1],
0.1 ~0.10.5 0.1 ~0.1 03

05 0.7 -0.6

Or=0.161, C;= [_(),2 -03 04

}, Ry =0.091, Pyg=6.251.

The sensors of this system are grouped into two sensor nodes and the occurrence
probability about the RA protocol scheduling is taken to be:

Prob{&(k) =1} =04
Prob{&(k) =1} =0.6

Then, by constructing the correspond filter and applying Theorem 6.1, the values of
{Ky } x>0 are derived as follows:

Table 6.1 The values of {Kj }i~0

k 1 2 3
0.582 —1.476 0.561 —2.229 0.534 —1.522

K 1.059 —2.645 1.055 —4.201 1.025 —2.967
0.216 0.545 0.156 —0.435 0.068 —0.119

Set the simulation run length to be 300. Based on the derived filter gain matrices,
numerical simulation results are given in Figs. 6.2-6.5. Figs. 6.2-6.3 plot the state
trajectories and their estimates under the RA protocol scheduling. Fig. 6.4 depicts
the trajectory of the filtering error ¢;); and Fig. 6.5 shows the selected sensor node
obtaining access to the communication network under the RA protocol scheduling.
All the simulation results confirm that the filtering performance is well achieved.
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Fig. 6.2 The state trajectories of x,(cl) and fli‘lz under the RA protocol scheduling

35 T
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. . . .
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Time (k)

Fig. 6.3 The state trajectories of x,(cz) and ﬁl(j,z under the RA protocol scheduling

Example 2: In this example, we shall verify correctness of the uniform lower
bound and uniform upper bound derived in this chapter a second-order system:

_ [ Lot 002) 048]
Ml =1 _0.02 1.02]| T |0.46| “¥

[1.66 0
Yk =

0164“*”
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2
(1)
Crk

(2)
|

Chlk

=y
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Fig. 6.4 The filtering errors under the RA protocol scheduling

-4

25

T T
% The selected sensor node ]

Node number

05 1 1 1 1 1
0 50 100 150 200 250 300

Time (k)
Fig. 6.5 The selected node obtaining access to the communication network under the RA protocol
scheduling

with the covariance matrix P0|0 = 10.241, Q; = 6.25I and R, = 41. The sensors are
grouped into two nodes and the corresponding occurrence probability is selected as
p1 = p2> = 0.5. It is easy to check that the this system is an unstable system. By
employing Theorem 6.2, we obtain the uniform lower bound of the filtering error
covariance (i.e. B > 0.68417). On the other hand, considering the inequality (6.30)
with 0 =20 and m = 2, we have
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k+1

Y, vo"(ik+1)CT B(cae(1-p)*l+6)” B¢
i=k—m+1"

% ¢(i,k+ 1) = diag{0.0554,0.0565},

which implies that Y/ v.07 (i,k+ 1)C] ®(cac(1 - p)*1 + ;) ' BCio ik +
1)> o~ 1. Furthermore, it is easy to check that g = 10.24 and p; = 12.0978, which
means that the inequality (6.31) is satisfied. Then, it can be derived that the Pk‘ <
201 in virtue of Theorem 6.4. The results are shown in Figs. 6.6-6.7. The simulation
results have confirmed our theoretical analysis on the uniform lower bound and the
uniform upper bound of the filtering covariance Pyy.
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Fig. 6.6 The state trajectories of the plant and the filter under the RA protocol scheduling

6.4 Summary

In this chapter, the recursive filtering problem has been addressed for a class of lin-
ear time-varying systems subject to the scheduling of the so-called RA protocol.
The scheduling behavior of the RA protocol has been modeled by the i.i.d sequence
of random variables with known occurrence probabilities. The corresponding recur-
sive filter has been presented to generate the state estimates. The filter gain has been
calculated recursively to guarantee an minimized trace of the filtering error covari-
ance. Furthermore, the boundedness problem of the filtering error covariance has
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Fig. 6.7 The trace of Fy; and the their corresponding bounds
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been studied. The uniform lower and upper bounds have been derived. Finally, two
examples have been provided to illustrate the correctness and effectiveness of the
filtering algorithm developed in this chapter.



