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Abstract: The use of dynamic similitude has been widely proven in fluid mechanics. With the 
drive for efficient aircraft wing through high aspect ratio wings comes the growing need for 
much more accurate aeroelastic analyses of aircraft wings and more accurate scaled 
experimental tests. Even with this need for dynamic similitude in solid mechanics, there is still 
no unified exact scaling law applicable to any given solid structure or system. Here we present 
a recently proposed unified similitude model for solid mechanics using the momentum and the 
energy conservation. The model allows for the use of different materials in both elastic and 
plastic regimes. Never reported dimensionless numbers are derived for the first time in this 
article, and this set of numbers is sufficient for strictly accurate dynamic similitude of any solid 
structure. The application of the unified model is demonstrated for the first time in an aeroelastic 
structure and in aerospace structures through case studies. The very good agreement seen in 
compared results confirms the accuracy of the developed scaling model and the exactness of 
the dimensionless numbers. 
 
 
1 INTRODUCTION 
Our theories and understanding are based on direct observations of the phenomena in question, 
observations which produce solutions to immediate practical problems. However, there are 
times when engineers and scientists are interested in or only find it feasible to make 
observations in a scale replica (hereafter called the “model”) of a full-scale artefact or 
phenomena (hereafter called the “prototype”). The success of the design and analysis of a new 
engineering system (e.g. a wing box structure) is broadly dependent on many investigations 
conducted through theoretical, computational and experimental verifications. However, if the 
(new) system is complex enough that there is the lack of a scientific model to predict its 
behaviour, extensive experimental evaluation is often used until a deep understanding is 
attained. For large and oversized systems, creating the actual working conditions for testing the 
prototype can be very expensive, time-consuming or impossible. Such a situation is prevalent 
in the design and analysis of aeroelastic structures. A desired viable alternative is the 
experimental observation on a “dynamically similar” model and the subsequent scaling of 
measurements back to the solutions applicable to the prototype. Following the design and 
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analysis stages of new aircraft structure designs, the necessary aeroelastic certification process 
also requires the validation of the design and numerical modelling results through a series of 
experimental tests. Jonathan et al. [1] listed the series of tests that must be performed in order 
to satisfy airworthiness regulations relating to aeroelasticity. 
 
Newton was among the first to articulate the idea of similitude when he considered the 
similarity in the motion of bodies in his famous Principia [2]. He also made mention of the 
similar motion (kinematic similitude) and proportional times (temporal similitude) of similar 
bodies or systems in like situations. This similar motion by similar systems was explored by 
Stokes immediately after he developed the equations for calculating the motion of a fluid. He 
discussed the conditions for dynamic similitude in similar systems with different or the same 
fluid [3]. With this foundation laid in fluid dynamics, the importance of dynamic similitude in 
fluid dynamics has grown since Reynolds presented his factor, which determines the character 
of fluid motion [4]. Later on, Rayleigh broadly discussed several scientific models and factors 
based on similitude [5]. For fluid continua, attaining dynamic similarity between two different 
continuums is well established and attainable with the use of relevant dimensionless parameters. 
 
For solid mechanics, on the other hand, there have been several attempts at attaining similitude. 
Most of these have resulted in some form of similitude model or the other, which are problem 
and case-specific. Still, all have failed in offering a unified approach to dynamic similitude in 
solid mechanics. Goodier and Thomson [6] were probably the first to extensively explore the 
application of similitude to structures, although their work was for systems in static equilibrium. 
After this study, the interest for scaled structural problems has been seen in several applications, 
including space vehicles [7], solar sail systems [8], shipping casks [9], marine structures [10], 
flat plates [11], composite structures [12], a gantry crane [13] and an aircraft fuselage [14]. A 
more in-depth review of past studies has been conducted in several publications in the literature 
[15-18]. 
 
In the scaling of aeroelastic structures, there has been very limited progress, even though it 
plays a vital role in studying the aeroelastic characteristics of full-size aircraft. Bisplinghoff 
[19] presented the classical approach to aeroelastic scaling, which is only applicable to linear 
structures. The following studies have attempted to tackle the effect of geometric non-linearity 
[20-23] and presented the scaling of typical aeroelastic section models. The optimisation 
approach to aeroelastic scaling has also been presented by [24-27]. The optimisation seeks to 
minimise the difference in scaled static deflections between deflections and differences in mode 
shapes. A detailed review of aeroelastic scaling was presented by Afonso [28]. Whilst 
satisfactory similarity of aeroelastic structures has been demonstrated in some past work, there 
is still the lack of a unified approach to achieving exact similitude. 
 
Past studies on dynamic similitude, especially for solid or aeroelastic structures, have 
intrinsically been unable to arrive at a unified model because the studies have been using either 
Buckingham Pi’s theorem or using some governing equations of motion or equilibrium 
equations that are unique to the particular system in question, while others have used modal 
analyses and even empirical approaches to obtain scaling factors. This lack of a unified scaling 
model in solid mechanics has led to the varied approaches for attaining dynamic similitude in 
solid continuum reported in the literature. The Buckingham Pi’s theorem [29], a remarkable 
theorem, has undoubtedly underpinned most of the past work carried out in dynamic similitude. 
It gives valuable insight into a given problem without the reliance on complex governing laws. 
Apart from producing problem-specific results, another weakness of the Buckingham Pi 
approach is that it requires the prior knowledge or selection of all the dimensioned variables 
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(so-called Pi groups) that influence the behaviour of the dynamical system and its success relies 
heavily on the accurate selection of these variables. Governing equations of motion are not 
always readily available for a given system; however, when used, they always result in a 
solution for a dynamically similar system. This trend for problem-specific scaling model 
remains prevalent in the literature as seen by some of the most recent studies, such as the study 
by Li et al. [30] in which a partial similitude method was proposed, or the study by El-Borgi et 
al. [31] in which they used dynamic similitude to study the vibration of scaled piping systems, 
or the recent study by Afonso et al. [32] in which they used the Buckingham Pi’s theorem to 
solve the scaling of a flexible high aspect-ratio wing using different strategies. 
 
In the recent review article by Casaburo et al. [18], they categorised the different methods that 
exist in the literature, and they explored the increasing range of areas and disciplines in which 
dynamic similitude in solid mechanics is being attempted. This increase in the interest in 
dynamic similitude is partly due to the advantages a scaled model offers, especially in 
experimental tests performed for research, design, planning, validation, safety and certification 
purposes. The use of dynamic similitude will, however, only increase with improvements in 
non-destructive or non-contacting testing and the greater flexibility in the fabrication of parts 
offered by novel additive manufacturing processes. With stringent sustainability goals for the 
next generation of commercial transport aircraft, such designs as the ultra-high aspect-ratio 
wing configuration are seen as a key enabler and for which non-linear geometrical effects are 
much more profound. There is, therefore, the need for more accurate aeroelastic analysis of 
aircraft wings, more accurate experimental tests both at the design and certification stages of 
new aircraft and a unified model that achieves exact dynamic similitude in aeroelastic 
structures. 
 
In this article, we present the very recent unified exact dynamic similitude model for solid 
continuum developed by Adetoro and Cardoso [33] and, for the first time, apply the model to 
aeroelastic structures. Geometric non-linearity is considered in the model, and the set of non-
dimensional coefficients for achieving dynamic similarity in any dynamical systems using both 
the momentum and energy conservation are derived in this model and never reported 
dimensionless numbers are derived. The unified model is generic in that its use is not restricted 
to any particular structural problem; hence its application to aeroelastic structures is 
demonstrated. The solutions developed in this paper focus solely on purely mechanical 
processes, where heat sources and heat fluxes are ignored. 
 
2 UNIFIED MODEL 
The approach presented here is applicable to solid structures or systems for which the 
continuum assumption holds or structures for which a homogenised representative volume 
element can be defined. The momentum equation (balance of linear momentum) for such a 
structure is defined as, 

jii
i

j

Du f
Dt x

σ
ρ ρ

∂
= +

∂
          , 1, 2,3i j =   (1) 

By obtaining the virtual work principle at a particular point in the domain of analysis and 
integrating over the whole domain, we can define the total virtual work as, 

jii
i i i

jV V

Du x dV f x dV
Dt x

σ
ρ δ ρ δ

 ∂
= +  ∂ 

∫ ∫   (2) 
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where, δxi are the generic virtual displacements along the rectangular axes of xi; ui are the 
components of the velocity; fi are the components of the body force per unit mass; t is time, ρ 
the density, respectively. By rearranging using product rule and by integrating the RHS of (2) 
by parts and given that, 

1
2

ji i
ji ji ij ij

j j i

xx x e
x x x

δδ δσ σ σ δ
  ∂∂ ∂ = + =   ∂ ∂ ∂   

 

we can derive the weak formulation as follows, 

i
i i i ij ij ji i j

V V V

Du x dV f x dV e dV x n d
Dt

ρ δ ρ δ σ δ σ δ
Γ

= − + Γ∫ ∫ ∫ ∫  (3) 

where, nj are the components of the shear plane’s normal vector, V and Γ are respectively the 
domain volume and boundary, σij and δεij are the Cauchy stress and strain, respectively. 
 
The Cauchy stress tensor is defined at the current configuration, however (3) can be defined for 
a given continuous domain, and at any given time as, 

i
i i i ij ij i i

V V V

Du x dV f x dV S dV T x d
Dt

ρ δ ρ δ δε δ
Γ

= − + Γ∫ ∫ ∫ ∫  (4) 

where, Ti are the components of the stress vector at the boundary or surface force. Sij and εij are 
the second Piola-Kirchhoff stress tensor and the Green-Lagrange strain tensors, respectively; 
both defined in a co-rotational coordinate system at the reference configuration. By defining 
the displacement, strain and stresses in an incremental fashion, we have, for example, for an 
isotropic material, 

1 2
2l l l li i

j i i i ijmn mn ij ijmn mn ij
jV V V V

t t nl t t l
ij ij ij ij i i

V V

u uu x dV f x dV C dV C dV
t x

S dV S dV T x d

ρ ρ δ ρ δ λ ε δε µ ε δε

δε δε δ+∆ +∆

Γ

 ∂ ∂
+ = − ∆ − ∆ −  ∂ ∂ 

− + Γ

∫ ∫ ∫ ∫

∫ ∫ ∫
 (5) 

where, subscripts m,n = 1,2,3, δεij
l, ∆εij

l and δεij
nl, ∆εij

nl are the infinitesimal and incremental 
linear and non-linear parts of the strain tensor; λ and μ are the first and second Lame constants; 
Cijmn1 and Cijmn2 are the material stiffness matrices, respectively. Equations (5) can also be 
written for orthotropic materials. 
 
For fluids continuum, Stokes [3] argued the unnecessary complexity in the complete 
determination of the time integrals of his equations similar to (5), since it would be necessary 
to put t = 0 in the equations and equate the results to the initial velocities. It is often impossible 
and unnecessary to describe the motion of a fluid continuum with respect to initial conditions 
or a reference configuration since the behaviour of a Newtonian fluid is generally independent 
of its history. On the other hand, for solid continuum, the stresses generally depend on the 
history of deformation and the strain is defined in relation to the initial conditions because the 
behaviour of solids is history-dependent. 
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Therefore, obtaining a complete similitude solution for the phenomena in question (the 
prototype) calls for the integration of equations (5) over time. If we assume that the physical 
situation exists from a state of rest where initial velocities are zero, we can, using Leibniz’s 
rule, define the first term in (5) as, 

i
i i i i i

V V t

u d Vx dV u x dV u x
t dt t

ρ δ ρ δ ρ δ∂ ∂ = −  ∂ ∂ ∫ ∫  (6) 

Therefore (5) becomes, 

1 2
2

i
i i i i j i i i

jV V Vt

l l l l
ijmn mn ij ijmn mn ij

V V

t t nl t t l
ij ij ij ij i i

V V

ud Vu x dV u x u x dV f x dV
dt t x

C dV C dV

S dV S dV T x d

ρ δ ρ δ ρ δ ρ δ

λ ε δε µ ε δε

δε δε δ+∆ +∆

Γ

∂∂ − = − + − ∂ ∂ 

∆ − ∆ −

− + Γ

∫ ∫ ∫

∫ ∫

∫ ∫ ∫

 (7) 

We can integrate with respect to time, and we have, 

( )

1 2
2

i
i i i i j i i it

jV V V

l l l l
ijmn mn ij ijmn mn ij

V V

t t nl t t l ext
ij ij ij ij i i

V V

uu x dV u V x u x dV dt f x dV dt
x

C dV dt C dV dt

S dV dt S dV dt F x dt

ρ δ ρ δ ρ δ ρ δ

λ ε δε µ ε δε

δε δε δ+∆ +∆

∂
− = − + −

∂

∆ − ∆ −

− +

∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫

 (8) 

where, Fi
ext are the components of the external force. By non-dimensionalising (8), we obtain, 

( )

1

2

2

2

2 2

2

2

ref refi
i i i i j i i it

j refV V V

ref l l
ijmn mn ij

ref ref V

ref refl l t t nl
ijmn mn ij ij ij

ref ref ref refV V

ref t t
ij

ref ref

f Luu x dV u V x u x dV dt f x dV dt
x u

E
C dV dt

u
E E

C dV dt S dV dt
u u

E
S

u

ρ δ ρ δ ρ δ ρ δ

λ ε δε
ρ

µ ε δε δε
ρ ρ

δ
ρ

+∆

+∆

∂
− = − + −

∂

∆ −

∆ − −

∫ ∫ ∫ ∫ ∫

∫ ∫

∫ ∫ ∫ ∫

3
refl ext

ij i i
ref ref refV

J
dV dt F x dt

u L
ε δ

ρ
+∫ ∫ ∫

 (9) 

 
Therefore, we have the following first three coefficients from (9), and the fourth coefficient is 
obtained by non-dimensionalising (5), 

 
2 2 3 2; ; ;ref ref ref ref ref

ref ref ref ref ref ref ref ref

f L E J T
u u u L uρ ρ ρ

 (10) 
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where Eref is the reference modulus of elasticity, Jref is the characteristic impulse imposed at the 
boundary of the domain, 

3; ; ; ; ; ; ; ; ;iji i i
i i i ij

ref ref ref ref ref ref ref ref ref

i
i

ref

Sx u ft Vx u t V f S
L u t L f E E E
TT

T

ρ λ µρ λ µ
ρ

= = = = = = = = =

=

 (11) 

The reference values are characteristic values, and when selecting them, they must be 
representative, or they must quantify the dimensions or the respective variable in accordance 
with (9). When this is the case, then the coefficients in (10) will retain the characteristic dynamic 
behaviour of two independent systems (e.g. model and prototype), hence attain dynamic 
similarity. 
 
The first coefficient in (10) is Froude’s number, the second and fourth coefficients are 
analogous to Cauchy number and Johnson’s damage number [34]. The second coefficient is the 
ratio between the elastic and the inertial force. The fourth coefficient is the ratio of applied 
surface force to the inertial force, and the third is a ratio of the externally applied impulse at the 
boundary to the characteristic momentum. To the best of the authors’ knowledge, the third 
number is a ratio that has never been defined in the literature, and neither is it analogous to any 
existing number. In (9), we have equated the ratio of characteristic length to the characteristic 
time period as the characteristic velocity (i.e. uref = Lref / tref). In (9), the same coefficient is 
obtained for the linear and non-linear terms on the right-hand side; hence dynamic similarity is 
guaranteed for large deformations. 
 
The coefficients in (10) are sufficient for achieving dynamic similitude for any given solid 
domain with varying material and any given spatial and temporal scales provided the continuum 
assumption remains valid. The coefficients also remain strictly accurate if the same material or 
if different materials are used. Adetoro and Cardoso [33] already dealt with dynamical 
structures when the domain deforms into the plastic region. The dynamically similar solutions 
obtained at any given time will always exist at the same strain state right through the evolution 
of deformation because the strain tensor in the domain defined by (8) is dimensionless and so 
cannot be scaled. This constraint is seen across different past studies. 
 
It is possible, however, to still have dynamic similarity whilst enforcing the ratio of deformation 
to the characteristic length (i.e. strain) to be variable, which to date has not been possible. For 
this, we will consider the energy equation, which for purely mechanical processes in the 
continuum can be defined as, 

int
i

ij
j

uDw
Dt x

ρ σ ∂
=

∂
          , 1, 2,3i j =   (12) 

where, wint is the internal energy per unit mass. If we multiply (1) by the velocity vector, ui, 
then add it to (12), and integrate over the entire domain, we obtain, 

int
jii i

ij i i i i
j jV V V V V

u DuDw dV dV u dV u f dV u dV
Dt x Dt x

σ
ρ σ ρ ρ

∂∂
= − + +

∂ ∂∫ ∫ ∫ ∫ ∫  (13) 

By using Cauchy’s law and Gauss’ theorem we have, 
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2 2int int

2 2
ji i

j i i i i
j jV V

uu uw wu dV f u dV u T d
t x t x

ρρρ ρ ρ
Γ

   ∂ ∂∂ ∂
+ + + = + Γ      ∂ ∂ ∂ ∂   

∫ ∫ ∫  (14) 

Again, if we consider a physical situation that exists from a state of rest where initial internal 
energies and velocities are zero, we can, using Leibniz’s rule, define the first two terms in (14) 
as, 

int
int int

2 2 2

2 2 2

V V t

i i i

V V t

w d VdV w dV w
t dt t

u u ud VdV dV
t dt t

ρ ρ ρ

ρ ρρ

∂ ∂ = −  ∂ ∂  


 ∂ ∂ = −   ∂ ∂  

∫ ∫

∫ ∫
  (15) 

Therefore (14) becomes, 

2 2 2int
int int

2 2 2
ji i i

i i j
j jV Vt

i i

uu u ud V V ww dV w f u u dV
dt t t x x

Tu d

ρρ ρρ ρ ρ ρ

Γ

  ∂∂ ∂ ∂
+ − + = − − + ∂ ∂ ∂ ∂ 

Γ

∫ ∫

∫
 (16) 

We can integrate (16) over time as follows, 

2 2 2int
int int

0

0

2 2 2

t
ji i i

i i j
j jV Vt

t
ext

i i

uu u uww dV w V V f u u dV dt
x x

F u dt

ρρ ρρ ρ ρ ρ
  ∂∂

+ − + = − − +  ∂ ∂ 
∫ ∫ ∫

∫
 (17) 

By non-dimensionalising (17), we obtain, 

( )
2 22 2

int int
int int int

0

2 2int

int 3 int
0 0 0

2 2

2

t
ref ref ref ref refi i

i it
ref ref refV V Vt

t t t
ref j ref ref exti

j i i
j ref j ref ref refV V

u u f u tu uw dV dV w V V f u dV dt
w w w

u u u Juwu dV dt dV dt F u dt
x w x L w

ρ ρρ ρ ρ

ρ
ρ

ρ

 
+ − + = − 

 

∂∂
− +

∂ ∂

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫
 (18) 

Therefore, we have the following non-dimensional coefficients from (18), 

 
2

int int 3 int; ;ref ref ref ref ref

ref ref ref ref ref

f L u u J
w w L wρ

 (19) 

where, 

int
int

int
ref

ww
w

=   (20) 
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The first coefficient in (19) is analogous to Froude’s number, and the second is the ratio of the 
kinetic energy to internal energy. The third coefficient is the ratio of the externally applied 
energy at the boundary to the internal energy in the domain. Again, to the best of the authors’ 
knowledge, the second and third coefficients have never been reported in the literature. When 
considering two dynamically similar domains (model and prototype) with the same spatial or 
geometrical scale, the third coefficient can be defined as, 

int int
model prototype

eq ext eq ext
ref ref ref ref

ref ref

F F
U U

ε ε   
=      

   
  (21) 

where, εref
eq is the equivalent reference strain and Uref

int is the internal reference strain energy; 
either Fref

eq or εref
eq can be defined for scaling the domain. The coefficients in (19) are also 

sufficient for achieving dynamic similitude for any given solid domain with varying material 
that are not strain rate sensitive and any given spatial and temporal scales, provided the 
continuum assumption remains valid. They also allow for the scaling of the kinematics of the 
two domains for both similar or different materials. For the particular case of similar material, 
the second coefficient in (10) enforces the same kinematics; however, the second coefficient in 
(19) can be used to scale the kinematics even when similar materials are used. 
 
It should be noted that whilst the strain state of the two domains can now be variant, a new 
constraint emerges. For strictly accurate dynamic similarity to hold, the deformations must 
remain recoverable. In other words, when the strain state has been scaled between the prototype 
and the model, the onset of plasticity will begin to (and possibly progressively) make the two 
systems dissimilar. Portions of the domains undergoing unrecoverable deformation will not 
match, the extent of which could progressively deviate the entire solutions from dynamic 
similarity. 
 
3 CASE STUDY – DYNAMIC STRUCTURES 
In this case study, we will be considering the impact loads on a typical aircraft wing during 
landing. The wing geometry given by Krishnamurthy [35] is used, as shown in Figure 1, and 
the wing dimensions are given in Table 1. The time history of the total impact force measured 
by Milwitzky [36] (shown in Figure 2) for landing without tire bottoming (at the instant of 
ground contact), was used in this case study. The total mass of the aircraft was defined as 2,300 
kg at the centre of gravity, and only a vertical landing impact is considered here. The initial 
vertical velocity (before impact) of 2.7 m.s-1 was considered for the full-scale domain. A 
description of the experiment is given by Milwitzky [36]. The main landing gear is not 
modelled; rather, the history of the total impact force measured was applied at the location of 
the main landing gear. 
Two different domains, which are dynamically similar, were modelled and are presented here. 
The wing was discretised using 127k quadrilateral four-node shell elements with full 
integration, and dynamic implicit analysis was conducted using the Newmark method in an in-
house FE code. The material properties of both domains are given in Table 2. Domain-I is the 
prototype aircraft wing domain made of Aluminium Lithium alloy 2099-T8E67, and Domain-
II is a 0.01 scale of Domain-I, and it is made of Aluminium alloy 2024-T351. 
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Table 1: Full-Scale (prototype) aircraft wing dimensions (Domain-I). 

Y-location, (m) 0.00 5.461 16.8148 

Chord Length, c (m) 8.128 5.08 1.1514 

Aerofoil Section NACA 2414 

Leading Edge Sweep Angle, θ (°) 28.4 

Single Wing Span, b (m) 16.8148 

No of Ribs 26 

No. of Spars 2 
 

 
Figure 1: Typical aircraft wing. 

 

 
Figure 2: Impact force during landing. 
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Figure 3: Comparison between the scaled wingtip acceleration and numerical results. 

 

 
Figure 4: Comparison between the scaled wingtip velocity and numerical results. 

 
Table 2: Domain parameters. 

 Domain-I Domain-II 

Wing Material Al-Li 2099-T8E67 Al Alloy 2024-T351 

Elastic Modulus, E (GPa) 78.0 72.4 
Poisson's Ratio 0.35 0.33 

Yield Stress, σyld (MPa) 520 368 

Density, ρ (kg.m-3) 2,630.0 2,767.99 

Max Force, Fmax (N) 28.228×1003 10.3099  

Initial velocity, v0 (m.s-1) 2.70 9.977 

Time scale, t (s) 0.9 9.5839×10-03 
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Figure 5: Comparison between the scaled wingtip displacement and numerical results. 

 

Using the loading in Figure 2, the maximum peak of the history of equivalent strain in Domain-
I occurs at the bottom edge of the root of the rear spar, and it is 4.6% of the yield strain of 
Aluminium Lithium alloy. For Domain-II, this equivalent strain was scaled to 23.8% of the 
yield strain of Aluminium alloy 2024-T351. Momentum scaling coefficients in (10) were first 
used to scale down the domain by a ratio of 0.01. Energy scaling coefficients in (19) were 
subsequently used to obtain the relevant domain parameters for the required equivalent strain 
in Domain-II. The resulting scaled domain parameters for Domain-II are given in Table 4. 
 
The kinematics at the tip of the wing for the scaled model (Domain-II) is directly predicted 
from Domain-I. The results are compared with numerical results from the FE simulations in 
Figure 3 to Figure 5. The equivalent strain at the bottom edge of the root of the rear spar of 
Domain-I is also predicted for Domain-II and compared with FE results in Figure 6. Contour 
plots of the vonMises stress at equivalent time points are shown for both Domain-I and Domain-
II in Figure 7. A perfect agreement is seen in all the compared results, which is to be expected 
as the unified scaling law developed in this paper is considered to be strictly accurate. 
 

  
Figure 6: Comparison between the maximum equivalent strain and numerical results. 
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(a) Domain-I, t = 0.1320s                                                                                                                                                                                 (b) Domain-II, t = 1.4056×10-03s 

Figure 7: Comparison between the contour plots of the vonMises stress for both domains at equivalent time 
points. 

 
4 CASE STUDIES – AEROELASTIC STRUCTURES 
In this second case study, we will be considering the exact scaling of a cantilevered flexible flat 
plate in a closed channel. The domain is shown in Figure 8, and the flat plate is clamped at one 
end. The channel dimensions are chosen to ensure a fully developed flow and that the boundary 
conditions do not affect the computed flow. The plate is with an incidence of α0 = 2.5°. 
 

 
Figure 8: Schematic of fluid domain (not to scale). 
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Table 3: Full-Scale (prototype) and scaled (model) material properties and boundary conditions. 

 Domain-III Domain-IV 

Elastic Modulus, E (GPa) 3.3 586.67 
Poisson's Ratio 0.35 0.35 

Plate Density, ρs (kg.m-3) 1180.0 1180.0 

Initial velocity, v0 (m.s-1) 2.5 33.333 

Time scale, t (s) 0.75 4.219×10-03 

Flow Density, ρa (kg.m-3)  1.224 1.224 

Freestream Temperature, T0 (K) 290.372 290.372 

Reynolds Number, Re 1.70×1005 1.70×1005 

Max Total Lift Force, Lmax (N) 3.038 3.043  

 
Two domains, which share dynamics similitude, were modelled and are presented here. The 
domain was discretised with 1.5 million cells as shown in Figure 9. The Mach number for 
prototype domain is 0.007 while for the model is 0.098, hence the flow is effectively 
incompressible. The simulations were conducted using the commercial code Fluent; for the 
fluid continuum, solving the Unsteady Reynolds Average Navier Stokes (URANS) equations 
using finite volume method and for the solid continuum, finite element method is used. For 
turbulence modelling, especially at flow separation, the k - ω with shear stress transport (SST) 
model was used. A regular hexahedral mesh was used for discretisation as shown in Figure 9. 
A maximum values of y+ > 1 is ensured for the mesh near the plate wall. The gradients are 
computed with a cell based least squares method and for transient simulations, second order 
time discretisation is used. Steady state simulations were initially conducted and the results 
were validated using lift distribution from circulation distribution calculated from Prandtl’s 
equation for a rectangular wing. For modelling transient effects, the CLF number was kept 
below 1 everywhere in the domain, hence time step of 1×10-4 s was adopted. 
 

 
Figure 9: Discretised fluid domain. 
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Figure 10: Comparison between the scaled leading edge wingtip displacement and numerical results. 

 

                
 (a) Domain-III, t = 0.260s                                                                                                                                                                                (b) Domain-IV, t = 1.462×10-03s 

Figure 11: Comparison between the contour plots of the y-displacement for both domains at equivalent time 
points. 
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shown for Domain-III and Domain-IV in Figure 11. A very good agreement is seen in all the 
compared results, which confirms dynamic similitude. 
 
5 CONCLUDING REMARKS 
Coupled with the drive for efficient aircraft wing through high aspect ratio wing is the growing 
need for much more accurate aeroelastic analyses of aircraft wings and there is the need for 
more accurate experimental tests at both design and certification stages of new structures and a 
unified model that achieves dynamic similitude in aeroelastic structures. 
 
In this article we presented a unified approach for scaling solid continuum using non-
dimensional coefficients obtained from the momentum and energy conservation and its 
application in dynamic and aeroelastic structures. Whilst some of the numbers are analogous to 
existing numbers, others have never been reported in the literature. Two case studies were 
considered: the scaling of an aircraft wing experiencing dynamic landing impact loads and the 
scaling of an aeroelastic structure under aerodynamic loads. The dynamically similar solutions 
are strictly accurate across all spatial and temporal scales of the continuum, and this is clearly 
seen in the very good agreement observed in all the results presented in the case studies. 
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