
Supplementary Material for “Bayesian Spatiotemporal Mod-
eling for the Inpatient Hospital Costs of Alcohol-related Dis-
orders”

A Discussions on composite quantile regression
This section provides a detailed motivation for imposing the equality-of-slope condition
in the composite quantile regression and summarizes the findings on CQR in the existing
literature.

In general, the regression of the response on covariates is given by
yi = m(xi) + ϵi, i = 1, . . . , n, (A.1)

where m(xi) is the conditional mean of yi given the vector of covariates xi, ϵi is the error
term with mean zero, and n is the sample size. Then, the τ -th conditional quantile function
of yi for i = 1, . . . , n and τ ∈ (0, 1) is given by

Qτ (yi | xi) = Qτ (m (xi)) +Qτ (ϵi) (A.2)
LR
= x⊤

i βτ +Qτ (ϵi) (A.3)
if ϵi’s are independent of xi
============== x⊤

i β +Qτ (ϵi), (A.4)

where Qτl(yi|xi) = inf{yi : F (yi|xi) ≥ τ}, Qτ (·) are the τ -th conditional quantile function,
and the second equality considers the case of linear regression (LR) when m(xi) = x

⊤
i β.

It is worth emphasizing that when the error terms are independent of the covariates
for LR, the slope coefficients of all quantile regressions converge in probability to the
same vector (Koenker & Bassett, 1982), which yields the equality in (A.4). Then, the
conditional quantile functions are actually a family of parallel hyperplanes with unknown
parameters being one vector of slopes and a set of distinct intercepts (Koenker & Bassett,
1982). In this case, the fixed slopes across quantiles coincide with the covariate effects on
the conditional mean. These observations motivate the combination of multiple quantile
regressions in LR under the equality-of-slopes condition to obtain the weighted composite
quantile regression (WCQR) estimators for robust and efficient inference on the conditional
mean function (Koenker, 1984), i.e.,

(α̂τl , β̂) = arg min
ατl

,β

L∑
l=1

n∑
i=1

wlρτl(yi − ατl − x
⊤
i β), (A.5)

where 0 < τ1 < · · · < τL < 1 are L quantile levels, ατl = Qτl(ϵ), wl is a quantile-
specific weight, and ρτl(u) = u{τl − 1(u < 0)} is the quantile-specific check function
for l = 1, . . . , L. Zou & Yuan (2008) viewed composite quantile regression (CQR) as
an efficient and robust alternative to the least-squares (LS) estimator. They found that
compared with the LS method, CQR has a relative efficiency greater than 70% regardless
of the error distribution and sometimes can be arbitrarily more efficient than the LS and
single quantile-based methods. The nice theoretical properties of CQR and WCQR have
attracted increasing attention in recent years and applications of such a composite method
can be found in various statistical problems, including regressions for correlated data (Tian
et al., 2017, 2021), censored regression with measurement errors (Ma & Yin, 2011), time
series regressions (Jiang et al., 2014), semi-parametric and nonparametric regressions (Kai
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et al., 2011; Luo et al., 2019), and variable selection and feature screening procedures
(Ma & Zhang, 2016; Xu, 2017). Though the parallel quantile curves are only guaranteed
for models with error terms independent of the covariates, satisfactory performance of the
WCQR has also been observed for heteroscedastic models of the form yi = m(xi)+σ(xi)ϵi,
where σ(xi) is the conditional scale (see Zhao et al. (2016); Jiang et al. (2014); Zhao et al.
(2017) for heteroscedastic linear regression, Jiang et al. (2016a) and Jiang et al. (2016b)
for heteroscedastic semiparametric models, and Kai et al. (2010); Guo et al. (2012); Sun
et al. (2013); Huang & Zhan (2021) for heteroscedastic nonparametric models).

The existing literature has provided several insights to help understand CQR. Ma &
Yin (2011) highlighted from a general modeling perspective that as CQR aims to find a set
of parallel regression curves, it can be viewed as a compromise between a set of quantile
regression curves with different slopes and intercepts and a single summary regression curve.
Bradic et al. (2011) explained the efficiency of CQR from a nonparametric perspective – the
quantile-specific check functions combined in CQR can be viewed as a set of basis functions
to approximate the unknown log-likelihood function of the error distribution. Furthermore,
CQR (argmins of the weighted average of quantile regression objective functions) also bears
a close relationship with the L-estimator (weighted averages of argmins), a robust and
efficient estimator that has a great estimation advantage for heterogeneous and asymmetric
data (Koenker, 2005). Koenker (1984) proved that the optimal performance of CQR and
L-estimator for linear regression is identical. For detailed discussions on the two methods,
we refer readers to (Koenker, 2005) and (Bloznelis et al., 2019).

In this paper, we use the spatiotemporal mixed-effect model with random slopes and
random intercepts to capture the heterogeneity in the costs data and assume the iid error
terms to be independent of covariates in (1). Following the idea of CQR, the proposed ST-
WCQR does not need extra assumptions since the independence between the error terms
and covariates already ensures the parallel quantile regression curves. In the simulation
studies, we show in Examples 1-3 that ST-WCQR exhibits better prediction performance
and higher estimation efficiency than the conventional mean regression method and single
quantile-based method for heterogeneous asymmetric errors (independent of the covariate)
of the form ϵijk = σijϵ

∗
ijk, where σij ∼ Ga(2, 2) allowing for spatiotemporal heterogeneity

and ϵ∗ijk are generated independently from one of the six symmetric or asymmetric distri-
butions. In the following supplementary Section C.2, we will further verify the advantages
of using ST-WCQR for heterogenous errors that are correlated with covariates.
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B Gibbs sampling algorithms
B.1 Gibbs sampling algorithm for the spatiotemporal weighted compos-

ite quantile regression
This section provides the Gibbs sampling algorithm for the proposed spatiotemporal weighted
composite quantile regression model with shrinkage priors for the covariate effects. It is
conducted by iteratively sampling from the following full conditional distributions of the
unknown parameters given all the other parameters.

• Update αl: For the τl-quantile (l = 1, . . . , L), suppose that the prior of αl is assigned
as N(µ0,αl

, σ0,αl
). Then, the full conditional posterior distribution of αl is a normal

distribution with its mean and variance being

µαl
= σαl

{
Σ−1
0,αl

µ0,αl
+ 1⊤NV

−1
l (y −Xβ −ZΘ̃Θ̃−Zϕϕ−Zψψ −Zγ̃ γ̃ − ξlvl)

}
,

(B.6)
and

σαl
=
(
Σ−1
0,αl

+ 1⊤NV
−1
l 1N

)−1
, (B.7)

where 1N is a N × 1 vector of ones, Vl is a N ×N diagonal matrix of ζlσlvijk,l, y is a
N ×1 stacked response vector (first varying k and i then j), y = (y111, . . . , ynJKnJ

)⊤,
X = (x111, . . . ,xnJKnJ

)⊤ is a p ×N design matrix, β is a p × 1 vector of unknown
coefficients, Θ̃ is the vectorized n × p random slope matrix Θ = (θ1, . . . , θn)

⊤ =
(Θ·1, . . . ,Θ·p), and the corresponding design matrix for Θ̃, the spatial effects ϕ, the
temporal effects ψ and the spatio-temporal effects γ̃ are ZΘ̃ = (ZΘ1 , . . . ,ZΘp), Zϕ,
Zψ, and Zγ̃ , respectively.

• Update β: The full conditional posterior distribution of the vector of coefficients β
is a p-dimensional multivariate normal distribution Np(µβ,Σβ), where

µβ = ΣβX
⊤

L∑
l=1

V −1
l

(
y − αl1N −ZΘ̃Θ̃−Zϕϕ−Zψψ −Zγ̃ γ̃ − ξlvl

)
, (B.8)

and

Σβ =

(
Λ−2
β /τ2β +X⊤

L∑
l=1

V −1
l X

)−1

. (B.9)

• Update λ2βh
: Update λ2βh

from its IG(1, 1/ηβh
+ β2h/(2τ

2
β)) full conditional for all h.

• Update ηβh
: Update ηβh

from its IG(1, 1 + 1/λ2βh
) full conditional for all h.
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• Update τ2β: Update τ2β from its IG((1 + p)/2, 1/ηβ0 + β
⊤Λ−2

β β/2) full conditional.

• Update ηβ0: The full conditional posterior distribution of λ2β0
is IG(1, 1 + 1/τ2β).

• Update Θ·h: Assume the prior in (11). We update the h-th column of the random
slope matrix, Θ·h, from its Nn(µΘh

,ΣΘh
) full conditional for h = 1, . . . , p, where

µΘh
= ΣΘh

Z⊤
Θh

L∑
l=1

V −1
l

(
y − αl1N −Xβ −ZΘ̃·−h

Θ̃·−h −Zϕϕ−Zψψ −Zγ̃ γ̃ − ξlvl
)
, (B.10)

and

ΣΘh
=

(
P/(λ2Θh

τ2Θ) +Z⊤
Θh

L∑
l=1

V −1
l ZΘh

)−1

. (B.11)

At the end of this step, the updated Θh is centered to ensure
∑n

i=1Θih = 0 for all
h. Though it is a mathematically informal way to impose the sum-zero constraints,
it has recently been proved by Ferreira et al. (2021) that the conditional distribu-
tion obtained by using the improper ICAR prior and the “centering-on-the-fly” is
equivalent to the sum-zero constrained ICAR distribution which is formally specified
in Keefe et al. (2018). Given that the “centering-on-the-fly” is easy to implement
numerically in the MCMC, we adopt this technique in our algorithm.

• Update λ2Θh
: Update λ2Θh

from its IG
(
n/2, 1/ηΘh

+Θ⊤
·hPΘ·h/(2τ

2
Θ)
)

full conditional
for all h.

• Update ηΘh
: Update ηΘh

from its IG
(
1, 1 + 1/λ2Θh

)
full conditional for all h.

• Update τ2Θ: Update τ2θ from its IG
(
n/2, 1/ηΘ0 +

∑p
h=1Θ

⊤
·hPΘ·h/(2λ

2
Θh

)
)

full con-
ditional.

• Update ηΘ0: Update ηΘ0 from its IG
(
1, 1 + 1/τ2Θ

)
full conditional.

• Update ϕ: Given the prior in (5), we update ϕ from its Nn(µϕ,Σϕ) full conditional,
where

µϕ = Σϕ

{
Z⊤
ϕ

L∑
l=1

V −1
l

(
y − αl1N −Xβ −ZΘ̃Θ̃−Zψψ −Zγ̃ γ̃ − ξlvl

)}
, (B.12)

and

Σϕ =

(
σ−2
ϕ P +Z⊤

ϕ

L∑
l=1

V −1
l Zϕ

)−1

. (B.13)

At the end of this step, the updated ϕ is centered to ensure
∑n

i=1 ϕi = 0.
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• Update ψ: Given the prior in (6), we update ψ from its NJ(µψ,Σψ) full conditional,
where

µψ = Σψ

{
Z⊤
ψ

L∑
l=1

V −1
l

(
y − αl1N −Xβ −ZΘ̃Θ̃−Zϕϕ−Zγ̃ γ̃ − ξlvl

)}
, (B.14)

and

Σψ =

(
σ−2
ϕ R+Z⊤

ψ

L∑
l=1

V −1
l Zψ

)−1

. (B.15)

At the end of this step, the updated ψ is centered to ensure
∑J

j=1 ψj = 0.

• Update γ̃: Given the prior in (7), the full conditional posterior distribution of γ̃ is
given by NnJ(µγ̃ ,Σγ̃), where

µγ̃ = Σγ̃

{
Z⊤
γ̃

L∑
l=1

V −1
l

(
y − αl1N −Xβ −ZΘ̃Θ̃−Zϕϕ−Zψψ − ξlvl

)}
, (B.16)

and

Σγ̃ =

(
σ−2
γ̃ (R⊗ P ) +Z⊤

γ̃

L∑
l=1

V −1
l Zγ̃

)−1

. (B.17)

As the dimensions of R and P are low, we follow Neelon et al. (2015) to update
the γ by year separately from the following full conditionals to speed up the Gibbs
sampler. Recall that the j-th column of γ denoted by γ·j is the spatiotemporal effects
for the j-th year and denote Zγ̃ = (Zγ·1 , . . . ,Zγ·m). The full conditional posterior
distribution of γ·j is given by Nn(Σγ·jµγ·j ,Σγ·j ), where

µγ·j =



σ
−2
γ̃ Pγ·2 + Z

⊤
γ·1

L∑
l=1

V
−1
l

(
y − αl1N −Xβ − Z

Θ̃
Θ̃ − Zϕϕ− Zψψ − Zγ·-1γ·-1 − ξlvl

)
, j = 1,

σ
−2
γ̃ Pγ·m−1 + Z

⊤
γ·m

L∑
l=1

V
−1
l

(
y − αl1N −Xβ − Z

Θ̃
Θ̃ − Zϕϕ− Zψψ − Zγ·-mγ·-m − ξlvl

)
, j = m,

σ
−2
γ̃ P (γ·j−1 + γ·j+1) + Z

⊤
γ·j

L∑
l=1

V
−1
l

(
y − αl1N −Xβ − Z

Θ̃
Θ̃ − Zϕϕ− Zψψ − Zγ·-jγ·-j − ξlvl

)
, 1 < j < m,

(B.18)

and

Σγ·j =



(
σ−2
γ̃ P +Z⊤

γ·j

L∑
l=1

V −1
l Zγ·j

)−1

, j = 1,m,

(
2σ−2
γ̃ P +Z⊤

γ·j

L∑
l=1

V −1
l Zγ·j

)−1

, j = 2, . . . ,m− 1,

(B.19)
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Then, update the n×J matrix γ according to these posterior samples. At the end of
this step, the updated γ is centered by both row and column to ensure

∑J
j=1 γij = 0

for all i and
∑n

i=1 γij = 0 for all j.

• Update σ2ϕ : The derivation of the full conditional posterior distribution of σ2ϕ, σ2ψ
and σ2γ̃ involves correctly specification of the exponents of these parameters in the
corresponding ICAR priors in (5)-(7), for which we refer readers to the detailed
discussion in Hodges et al. (2003); Rue & Held (2005); Keefe et al. (2018); Ferreira
et al. (2021). Given the prior IG(a, b), draw σ2ϕ from its IG(a∗, b∗) full conditional,
where a∗ = a+ (n− 1)/2 and b∗ = b+ ϕ⊤Pϕ/2.

• Update σ2ψ: Given the prior IG(c, d), draw σ2ψ from its IG(c∗, d∗) full conditional,
where c∗ = c+ (J − 1)/2 and d∗ = d+ψ⊤Rψ/2.

• Update σ2γ̃ : Given the prior IG(e, f), draw σ2γ̃ from its IG(e∗, f∗) full conditional,
where e∗ = e+ (n− 1)(J − 1)/2 and f∗ = f + γ̃⊤(R⊗ P )γ̃/2.

• Update σl: Given the prior IG(gl, hl) for l = 1, . . . , L, draw σl from its IG(g∗l , h
∗
l )

full posterior distribution, where g∗l = gl + 3N/2 and h∗l = hl +
∑

i,j,k

{(
yijk − αl −

x⊤
ijk(β + θi)− ϕi − ψj − γij

)2/(
2ζlvijk,l

)
+ vijk,l

}
.

• Update vijk,l: For all i, j, k, l, sample independently the inverse latent weights v−1
ijk,l

from

v−1
ijk,l ∝ InvGauss


√
ξ2l + 2ζl∣∣yijk − αl − x⊤

ijk(β + θi)− ϕi − ψj − γij
∣∣ , ξ2l + 2ζl

ζlσl

 . (B.20)

B.2 Gibbs sampling algorithm for the spatiotemporal mean regression
Recall that the linear mixed effects model (1) is given by

yijk = x⊤
ijk(β + θi) + ϕi + ψj + γij + ϵijk, ∀i, j, k. (B.21)

where yijk and xijk ∈ Rp are the response and the covariates of the k-th subject in region i
and period j, β is the p-dimensional fixed effect, θi is the random effect of the covariates for
the i-th region, ϕi, ψj , and γij are the unobservable random intercept for the region i and
period j, and ϵijk are the i.i.d. error terms of mean zero. We adopt the same notations as
in the paper, i.e., y = (y111, . . . , ynJKnJ

)⊤, X = (x111, . . . ,xnJKnJ
)⊤, Θ = (θ1, . . . , θn)

⊤,
ϕ = (ϕ1, . . . , ϕn)

⊤, ψ = (ψ1, . . . , ψJ)
⊤, and the vectorized n × J matrix γ composed of
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γij is denoted as γ̃ = vec(γ) = (γ11, . . . , γnJ)
⊤. For the conventional mean regression

method, the error terms are assumed to follow a normal distribution, i.e., ϵijk ∼ N(0, σ2ϵ )
(Lindley & Smith, 1972). Assign a N(0, 103I) prior for the fixed effect β, an ICAR prior
π(Θ·h|σ2Θh

) ∝ (σ2Θh
)−

n−1
2 exp

{
−Θ⊤

·hPΘ·h/(2σ
2
Θh

)
}

for the random effect θi for all i, the
same noninformative IG(0.001, 0.001) priors for σ2ϵ and σΘh

, and the same priors for the
other parameters as specified in Section 4 and 5. Then, the corresponding Gibbs sampling
algorithm for the proposed spatiotemporal mean regression model can be derived as follows.

• Update β: Given the prior Np(µ0,β,Σ0,β), the full conditional posterior distribution
of the vector of fixed effects β is a p-dimensional multivariate normal distribution
Np(µβ,Σβ), where

µβ = Σβ

{
Σ−1

0,βµ0,β + σ−2
ϵ X⊤(y −ZΘ̃Θ̃−Zϕϕ−Zψψ −Zγ̃ γ̃

)}
, (B.22)

and

Σβ =
(
Σ−1

0,β + σ−2
ϵ X⊤X

)−1
, (B.23)

where the corresponding design matrix for the vectorized random slope matrix Θ
(Θ̃), the spatial effects ϕ, the temporal effects ψ and the spatio-temporal effects γ̃
are ZΘ̃ = (ZΘ1 , . . . ,ZΘp), Zϕ, Zψ, and Zγ̃ , respectively.

• Update Θ·h: Assume the ICAR prior π(Θ·h|σ2Θh
) ∝ (σ2Θh

)−
n−1
2 exp

{
−Θ⊤

·hPΘ·h/(2σ
2
Θh

)
}

.
We update the h-th column of the random slope matrix, Θ·h, from its Nn(µΘh

,ΣΘh
)

full conditional separately for h = 1, . . . , p, where

µΘh
= ΣΘh

{
σ−2
ϵ Z⊤

Θh

(
y −Xβ −ZΘ̃·−h

Θ̃·−h −Zϕϕ−Zψψ −Zγ̃ γ̃
)}
, (B.24)

and

ΣΘh
=
(
σ−2
Θh
P + σ−2

ϵ Z⊤
Θh
ZΘh

)−1
. (B.25)

• Update ϕ: Given the prior in (7), update ϕ from its Nn(µϕ,Σϕ) full conditional,
where

µϕ = Σϕ

{
σ−2
ϵ Z⊤

ϕ

(
y −Xβ −ZΘ̃Θ̃−Zψψ −Zγ̃ γ̃

)}
, (B.26)

and
Σϕ =

(
σ−2
ϕ P + σ−2

ϵ Z⊤
ϕZϕ

)−1
. (B.27)

At the end of this step, the updated ϕ is centered to ensure
∑n

i=1 ϕi = 0.
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• Update ψ: Given the prior in (8), update ψ from its NJ(µψ,Σψ) full conditional,
where

µψ = Σψ

{
σ−2
ϵ Z⊤

ψ

(
y −Xβ −ZΘ̃Θ̃−Zϕϕ−Zγ̃ γ̃

)}
, (B.28)

and
Σψ =

(
σ−2
ϕ R+ σ−2

ϵ Z⊤
ψZψ

)−1
. (B.29)

At the end of this step, the updated ψ is centered to ensure
∑J

j=1 ψj = 0.

• Update γ̃: Given the prior in (9), update γ̃ from its NnJ(µγ̃ ,Σγ̃) full conditional,
where

µγ̃ = Σγ̃

{
σ−2
ϵ Z⊤

γ̃

(
y −Xβ −ZΘ̃Θ̃−Zϕϕ−Zψψ

)}
, (B.30)

and
Σγ̃ =

(
σ−2
γ̃ (R⊗ P ) + σ−2

ϵ Z⊤
γ̃ Zγ̃

)−1
. (B.31)

Then, update the n× J matrix γ according to these posterior samples. In our algo-
rithm, we update J columns of γ separately for computation efficiency. At the end of
this step, the updated γ is centered by both row and column to ensure

∑J
j=1 γij = 0

for all i and
∑n

i=1 γij = 0 for all j.

• Update σ2Θh
: Given the prior IG(v, w), draw σ2Θh

from its IG(v∗, w∗) full conditional,
where v∗ = v + (n− 1)/2 and w∗ = w +Θ⊤

·hPΘ·h/2.

• Update σ2ϕ : Given the prior IG(a, b), draw σ2ϕ from its IG(a∗, b∗) full conditional,
where a∗ = a+ (n− 1)/2 and b∗ = b+ ϕ⊤Pϕ/2.

• Update σ2ψ: Given the prior IG(c, d), draw σ2ψ from its IG(c∗, d∗) full conditional,
where c∗ = c+ (J − 1)/2 and d∗ = d+ψ⊤Rψ/2.

• Update σ2γ̃ : Given the prior IG(e, f), draw σ2γ̃ from its IG(e∗, f∗) full conditional,
where e∗ = e+ (n− 1)(J − 1)/2 and f∗ = f + γ̃⊤(R⊗ P )γ̃/2.

• Update σ2ϵ : Given the prior IG(g, h), draw σ2ϵ from its IG(g∗, h∗) full posterior
distribution, where g∗ = g +N/2 and h∗ = h+

∑
i,j,k

{
yijk − x⊤

ijk(β + θi)− ϕi − ψj

− γij
}2/

2.
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C Additional results for simulation studies
C.1 Additional results for Section 5
Tables C1-C6 provide additional simulation results for Section 5.
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C.2 Additional simulation studies
Example 4. (Heterogeneous random errors) In this example, we consider the case when
the error terms are correlated with covariates for i = 1, . . . , 7; j = 1, 2, 3; k = 1, . . . , 500:

yijk = xijk(β + θi) + ϕi + ψj + γij + (1 + xijk,1)ϵijk, (C.32)

where β = (1,−2, . . . , (−1)p/4−1p/4, 0, . . . , 0)⊤ and p = 20. Other settings are the same as
those in Examples 1 and 2.

Table C7 compares the results of ST-WCQR, STMR, STQR, and STQR_Neelon (Neelon
et al., 2015) for Example 4 over 20 simulations. We find that ST-WCQR has better predic-
tion performance than other methods in most situations for heteroscedastic models. Even
for cases when a better method exists, ST-WCQR performs nearly as well as the superior
method. Similar to the case in Examples 2 & 3, STQR_Neelon fails to select and estimate
the spatially varying effects as other methods do and thus has the largest prediction errors
for the heterogeneous data. STMR performs consistently the worst especially when the
error distribution is asymmetric or has infinite variance like Cauchy distribution.
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D Additional results for the case study

Figure D.1: The yearly age-gender composition of the discharged patients admitted with alcohol-
related disorders from 2015 to 2017. For each year, the percentage of male inpatients’ discharge
records of each age group among all the records of that year is labeled in the middle of each bar.
The numbers displayed at the top of the bars are average percentages of discharge for each age
group over the three years.

Figure D.2: The composition of the discharged patients admitted with alcohol-related disorders by the
severity of illness (left panel) and the risk of mortality (right panel) given age and gender. The severity of
illness (the degree of physiologic decompensation or organ system derangement) and the risk of mortality
(the likelihood of dying) are four-level measures assessed through a uniform set of diagnosis-based methods
in the All Patient Refined Diagnosis Related Groups payment system used by many US hospitals for
inpatient visit classification (Averill et al., 2003).
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Figure D.3: The trace plots of the fixed effects estimated by the ST-WCQR with Lopt = 9
and their Geweke’s z-scores.

24



Figure D.4: The plot of the estimated significant spatially varying coefficients θi for the
seven healthcare service areas by ST-WCQR. We label the areas as 1: Western NY, 2:
Finger Lakes, 3: Southern Tier, 4: CNY, 5: Capital/Adirondack, 6: Hudson Valley, 7:
NYC.

Figure D.5: The estimated area-specific average inpatient hospital costs for the reference
group (grouped barplot) from 2015 to 2017 and the estimated yearly statewide average
costs (horizontal lines). The reference group is non-Hispanic, white, male patients between
the age of 50-69 with federal insurance, who receive medical treatment with an average
length of stay (4.9 days) for minor risk of mortality and moderate severity of illness, and
who have no spatiotemporal effects.
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