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Exceptional points (which occur when two or more
modes coalesce) have long been associated with
optimal attenuation in lined acoustic waveguides.
In recent years, with a view to optimising sound
absorption, some effort has gone into designing
liners that generate exceptional points (EPs) at
specified frequencies. However, analytic modelling
of acoustic scattering in the presence of an EP is
not well developed, with most authors relying on
standard methods applied close to (but not at) EP
conditions. Indeed, exact treatment requires care since
the mathematical system under-pinning the scattering
process is degenerate. This article presents an analytic
mode-matching approach to modelling the scattering
of a plane wave travelling towards the junction of
a rigid duct with a lined duct at EP conditions.
Both EP2 and EP3 (coalescence of two and three
modes respectively) are considered. The enhanced
mode-matching scheme is shown to be valid and
numerically robust, and it is anticipated that it will
be straightforward to adapt to a wide range of
applications involving complex symmetric operators.
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1. Introduction

Suppression of noise transmitted in ducts within, for example, aero-engines, gas turbines,
blowers and mufflers, is a topic of longstanding interest to scientists and engineers. A well
established approach is to add an absorbent coating or lining to the interior duct walls; this
then leads to the question of how to develop the optimal lining for a particular application. In
this quest Cremer’s concept of optimal attenuation is of interest. In 1953 Cremer [1] showed
that the optimum attenuation within a lined duct occurs when a mode pair degenerates into a
single mode (that is, when two eigenvalues and their corresponding eigenmodes merge). This
phenomenon, commonly referred to as an exceptional point (EP2), is, of course, not confined
to acoustic propagation in waveguides; it is, for example, ubiquitous in non-Hermitian waves
physics (see [2-4] and the references therein).

Some 20 years after Cremer’s work was published, Tester [5] derived the Green’s function
for a two dimensional duct with an optimal impedance lining along one wall. He showed
that numerical results for the attenuation compared favourably with experimental data. Further
notable extensions from the same decade include the works by Zorumski and Mason [6] who
extended Tester’s analysis to circular ducts with locally reacting liners and Koch [7] who used
a Wiener-Hopf approach to study acoustic power attenuation in a duct with multiple sections
of lining. Cremer’s concept received little further attention until quite recently when a number of
papers exploring the idea in the context of noise attenuation within circular and/or annular ducts
with flow [8-13] appeared in the literature. It is worth noting that EPs also occur in phenomenon
such as zeros in group velocity [14] or instability in, for example, thermoacoustics [15]. However,
in all contexts, exact mathematical treatment requires some care since, close to the EP, the usual
set of eigenmodes do not form a complete basis and this is manifest as degeneracy in the
mathematical system under-pinning the scattering process.

In the context of non-Hermitian physics, the EP degeneracy occurs most often in the scattering
matrix and is associated with a number of unusual phenomenon involving absorption (zeros) or
lasing1 (poles). For example, Feng et al [16] realised unidirectional reflectionless light transport
by constructing a planar, multi-layered optical structure and, modelling this as a two-port
system, manipulating the elements of the scattering matrix to achieve an EP. Further insights
into acoustic propagation at or near an EP are presented in [17-19] and, in particular, [20]
discusses the form of the additional wavefunctions required at EP2 and EP3 (arising when
three modes coalese) to ensure completeness. These functions, analogous to Jordan generalized
vectors in a finite-dimensional vector space, compensate for the loss of one or more dimensions
in the space spanned by the natural eigenmodes. It is worth commenting that, at an EP, the
additional wavefunctions introduce a linear (EP2) or quadratic (EP3) spatial growth [20-23],
which moderates the exponential attenuation - although clearly this dominates at large distance
from the source. This means that the attenuation depends not only on the source type but also on
how it couples to the additional wavefunctions, as discussed in [19] for acoustic waveguides or
in [24] for the photonic context.

Fundamental to the study of EPs is, of course, the ability to accurately locate the roots of a
characteristic equation and the parameters leading to EP. To this end two of the present authors
have recently proposed a numerical algorithm which enables the trajectories of the eigenvalues
in the vicinity of an exceptional point to be explored in a systematic way for discrete systems,
such as those arising after the finite element discretization [25]. This work was followed by a
comprehensive analysis of the behaviour of the transverse wavenumbers of a two-dimensional
waveguide lined along both sides, as they coalesce in the vicinity of an optimal point [23]. In the
latter paper, numerical investigations suggest that the first EP3 (resulting from the coalescence of
the first three modes) corresponds to maximum modal attenuation. Further, an expression for the
Green'’s function, valid at EP2 and EP3, is presented.

Krasnok et al [2] explain that “lasing occurs when a pole touches the real axis at the threshold value of gain, corresponding
to an eigenvector of the scattering matrix with an infinite eigenvalue”.
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Figure 1. Diagram of the model problem.

In this paper the authors consider a canonical problem involving acoustic wave propagation
in a horizontal two-dimensional waveguide comprising two semi-infinite sections, which meet
along a vertical interface. One duct has rigid boundaries whilst the other is lined along both
walls. (This geometry is not limited to acoustics, it can be found in other fields, for example,
in optics where waveguides with high-permittivity cladding have recently been studied [26].)
A plane acoustic wave is incident along the rigid duct towards the interface and the aim is
to accurately determine the reflected and transmitted sound fields. For the case of no EP the
solution is presented using a standard analytic mode-matching scheme. The mode-matching
scheme is then extended, by including additional waveforms, to the cases of EP2 and EP3. As
far as the authors are aware, this is the first occasion that an analytic mode-matching procedure
which is valid at EP conditions has appeared in the literature. A comprehensive discussion of
the validity and convergence of the resulting numerical scheme is presented. This is followed by
an investigation into the reflected and transmitted power focusing on three cases: the classical
Tester’s case (EP2) in which one wall is rigid, an EP3 arising for when both the wall parameters
correspond to an absorbing lining and a specific scenario in which one wall is active and the other
absorbing such that the wall parameters form a complex conjugate pair. In different contexts, the
latter situation is typical of Parity-Time (PT) symmetric systems which have attracted significant
interest in recent years [27-29]. Finally, the appendix presents new analytic results relating to
the orthogonality properties of the additional eigenfunctions and point-wise convergence of the
modal expansion at EP2.

2. The model problem

Consider a two-dimensional waveguide of height a comprising two semi-infinite sections (see
Fig. 1), that meet along a vertical interface which, in a Cartesian frame of reference, is specified by
2 = 0. The lower wall of the waveguide lies along § =0, —0o < & < co and a compressible fluid
of density p and sound speed c occupies the interior region of the duct. Under the assumption of
harmonic time dependence, e_i“”?, where w = ck is the radian frequency (in which k is the fluid
wavenumber), the boundary value problem can be non-dimensionalised according to £ = ax, § =

ay and wt = t, the governing equation is then:
(v2 +k2) =0, .1)

where k= ka and 1 (z,y) is the non-dimensional reduced (time independent) fluid velocity
potential which may be expressed as

W’y)_{ i(z,y), ©<0,0<y<1 22)

wo(z,y), >0,0<y<1

The duct lying in the region = <0 has rigid boundaries which is reflected in the boundary
conditions

Oyp1 =0, y=0and1l, z<0. (2.3)
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The travelling waveforms for this duct are well known and need not be discussed in detail here.
The duct lying in the region > 0 is lined and the local boundary conditions are:

Oytpg = —pipp aty =0 and Oy =vipg aty=1 (2.4)

where p = icplAca /2y, v= icpfca /Z, are the non-dimensionalised wall admittances in which Z,,
Zy are the associated complex acoustic impedances. In the absence of any exceptional points, the
wave functions that satisfy (2.1) and the first of the boundary conditions in (2.4) are separable and
have the form Y (s, y)e**® where

Y (s,y) = cos(ay) — gsin(ay) with o= vk2 — s2. (2.5)

On substituting this into the second of the boundary conditions in (2.4), it is seen that the axial
wavenumbers must satisfy

(VY — 8yY)y—1€"" = K(s)e"" =0 (2.6)

where

K(s):qcosa—i—(a—g)sina with a=Vk2 — 52, 2.7)

with ¢ = 4 + v and p = puv. Note that, the characteristic function defined in (2.7) could be viewed
as a function of « (which is a function of s). However, as the analysis unfolds, it is more convenient
to treat it as a function of s. That said, (2.7) is used to determine the transverse wavenumbers
an, n=1,2,3,... which are ordered by increasing real part. Then, the axial wavenumbers are
calculated through s, = v/k2 — a2,n=1,2,3,...and,if necessary, are re-numbered according to
the convention of largest (positive) real value first and then, once all real values are exhausted, by
increasing imaginary part.

It is instructive to anticipate the approximate form for the transverse wavenumbers for large
mode order n. It can easily be shown that roots of the characteristic equation (2.7) are similar to
that of a rigid walled waveguide (1 = v = 0). In fact, it is found that

3/3—¢* - 1
ap =nm 17(n3r)2+q/(n71('1)4 pq+0(w)}, asn — oo (2.8)

which gives a good approximation for moderate values of p and ¢. Thus, in the low frequency

approximation, s, = inm and the modes are strongly evanescent. It is worth noting that equation
(2.8) also indicates that for the case u=v" (where the * indicates the complex conjugate) the
roots an, are real as n — oo. This does not necessarily imply that all the roots are real and, with
reference to equation (2.7), it is worthwhile noting that, when tan(u) ~ tan(v) ~ +i, two further
roots may occur at a &~ +ip and a ~ £iv and these are necessarily complex if the wall parameters
are complex.

An exceptional point (EP) arises when there exists ar, such that K (sn) = K'(sn) =0. At an
EP the eigenfunctions Yy (y) =Y (sn,y), n=1,2,3... no longer form a complete set and this is
indicative of the existence of further (non-separable) waveform. Following [20,23], the new wave
function can be defined by differentiation with respect to s, that is:

Vpps = 0s(Ye™™) = (Y +izY)e'™™ (2.9)
with ) )
Y~y =% sin(ay) LSy co2s(ay) _ Sp smg(ay) 2.10)
! e a
and it is easy to see that
Bs{ (VY — 8yY)e" " }ym1 = (Vhppy — Oytppn )y—1 = (K’ + iz K)e'™". (2.11)

Thus, a non-separable waveform exists if both K =0 and K "= 8, K = 0°. There also exists the
possibility of EP3 whereby K =0, K’ = 95K =0 and K" = 32K = 0. This condition leads to the

2The existence of the new wave function could have been anticipated because in situations where K’ = 0, modes are nearly
coalescing, i.e. s1 & s2 and therefore Y (s2, y)e'2% — Y (s1,y)e’"1% a2 (52 — 51)VEpo -
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existence of another wavefunction:
Yips = 02 (Ve ") = (Y + 2ixY’ — 22Y)e"". (2.12)

The location of exceptional points in the complex plane has been discussed in past literature
and a thorough description can be found in the recent paper [23] by the present authors. The
reader is reminded that EP2s form a continuum [23]. That is, to a given arbitrary complex-valued
transverse wavenumber & there corresponds a unique pair of wall parameters obtained from

__ 2 (25& + sin(2@&)
pr=a" | c0———-=

A AU
2d—sin(25¢)) and o+v= (a d)tana, (2.13)

where, following the notation of [23], the overbars indicate that these are EP2 values of the
parameters (i.e. the overbar does not indicate the complex conjugate). On the other hand, EP3s
admit only discrete values of the transverse wavenumber which, on denoting these by a double
overbar, are the solutions [7] to:

sin &

4cost — —
Oé2

(26 + sin(2&)) = 0. (2.14)

The corresponding wall parameters are found using (2.13) and the exact relationship at =% -
vi(v + p) is worth noting. It is also worth commenting that, for fixed k, higher order EPs don't
exist for this geometry because there are only two complex parameters.

The exceptional points that are of interest in this paper correspond to the coalescence of the
first two (EP2) or three (EP3) modes and are reported in Tab. 1. The first line corresponds to the
now famous Tester’s case (EP2) with one rigid wall and the second line shows that EP3 can exist
by careful choice of the wall parameters (here both absorbing). Note, however, that EPs are not
necessarily associated with absorbing boundary conditions in which the imaginary part of the
wall parameters (or equivalently the real part of the walls impedance) must be positive. Active
walls can also give rise to exceptional points [26]. The last line of Tab. 1 refers to a specific scenario
in which one wall is active and the other absorbing such that the wall parameters are complex
conjugates. This situation is typical of PT-symmetric systems which have attracted intensive
research interest in recent years.

EP type upper wall lower wall transverse wavenumber
EP2 7 =1.6506 + 2.0599: n=0.+0. a1 =2.1061 — 1.12531
EP3 v=3.1781 +4.6751¢ p=3.0875 + 3.6234: a1 =4.1969 — 2.60861

EP3-PT 0 =1.0119+4.6029¢ j=1.0119 — 4.6029: a; =4.6015

Table 1. Numerical values (shown to 5 digit accuracy) of the wall parameters giving rise to the EPs considered in §4.

To complete the discussion of the formation and significance of EPs it is useful to recollect
that EPs are associated with the coalescence of r =2 or 3 modes. In fact, a slight perturbation of
the upper wall parameter v =7 + § (while the lower wall admittance is kept constant) permits
separation of the EP into the r associated classical roots of the characteristic equation and it can
be shown that [23]:

an = agp + 2" 6V (—r LK)+ 0(6¥7), n=1,...m, (2.15)

where partial derivatives must be evaluated at the EP, i.e. at ag, = @1 (r =2) or agp = a1 (r =3)
and z is the rth root of unity, 2" = 1. Equation (2.15) implies that roots are very sensitive in the
vicinity of EPs and this augments with r. Note that the case of the EP3-PT is particularly impacted
by (2.15) since separated roots necessarily lie on both sides of the complex plane leading to both
attenuated and amplified waves.
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Figure 2. Location of the roots of K = 0 in the complex a-plane using the parameters of Table 1. For each family of roots,
the first (indicated with a circle) corresponds to the EP listed in Table 1.

3. The mode-matching solution

The mode-matching method is a convenient tool by which to solve boundary problems of the
type outlined in section 2. In the absence, of an exceptional point, the method is well established
and known to be of good accuracy. To be precise, provided sufficient terms are taken, the pressure
and mean velocity are guaranteed to agree with a high level of accuracy at the matching interface,
whereas the agreement between the normal velocities depends on the strength of the singularity
in the velocity field, see for example [30,31]. As far as the authors are aware, a valid analytic
mode-matching procedure has not appeared in the literature for EP conditions and one of the
main purposes of this paper is to extend the method to these situations. Thus, three cases will be
considered: no EP, EP2 and EP3. Attention will be restricted to the case where the EP occurs in a1
which corresponds to the axial wavenumber with the smallest imaginary part, s;. Henceforth, an
overbar will be used to denote those modal coefficients arising from terms associated with EP2
and a double overbar in the case of EP3. However, for the sake of simplicity of notation, the wall
parameters and wavenumbers will not be barred as the nature of the EP will be clear from the
context.

In all three cases the velocity potentials can be expressed as eigenfunction expansions
(although the form of this expansion varies for the duct lying in = > 0). For the inlet duct the
expansion has the form:

oo
¥y = Fett® 4 ZA" cos(nmy)e” m* 2 <0 (3.1)
n=0

where the coefficient A, is the complex amplitude of n'" reflected mode. The first term in (3.1) is
a plane incident wave of amplitude F' and the non-dimensional axial wavenumbers are defined
by nn = Vk? —n?n2,n=0,1,2,.... Note that this eigenfunction expansion reduces to a standard
Fourier cosine series at = 0.
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(a) Standard mode-matching: no EP
In the absence of an EP the velocity potential for the duct lying in the region > 0 has the form:
) .
g = z:BnYn(y)els"CE7 z>0 (3.2)
n=1

where the coefficient B;, is the complex amplitude of n'" transmitted mode. The eigenfunctions
Yn(y) =Y (sn,y), n=1,2,3,... satisfy the orthogonality relation

1
JO Yin (Y)Yn (y)dy = 0mn Pn (3.3)
where dpmn is the Kronecker delta and the quantity P, is defined by
1
Pa=| viw)ay = -2 K 0. (3.4)
0 n

The right hand side of (3.4) is obtained following Lawrie’s work [32,33] and further details are
given in the Appendix.

The modal coefficients A, n=0,1,2,... and Bs, n=1,2,3,... are determined by imposing
continuity of pressure (1(0,y) =12(0,y)) and normal velocity (9z%1(0,y) = 0zv2(0,y)) at
the matching interface (x =0, 0 <y <1). On multiplying through by cos(mmy) and using the
standard orthogonality condition for cosine to isolate the coefficients A, continuity of pressure
yields:

Am = —75,,10 += Z BnLmn, (3.5)
where e, =2 if n =0 and 1 otherwise, and

1
Lmn :J Y (y) cos(mmy) dy. (3.6)
0

Similarly, on multiplying through by Y} (y), (3.3) can be applied to isolate the coefficients B; via
the normal velocity condition:

kF 1 —
Bj=——+Lo; — —— AnnnLpji, j>1. 3.7
j Sij 03 SijnZO ntintmg, J 2 (3.7)
The modal coefficients are now obtained by truncating (3.5) and (3.7) and numerically solving the
resulting finite algebraic system.

It is worth noting that, for the lined duct (z > 0), Helmholtz" equation together with the
impedance boundary conditions comprise a complex-symmetric operator for the duct modes.
This property is manifest in the “scattering matrix” and is apparent on combining equations (3.5)
and (3.7) as

2kF > ‘
bj=———=Loj =2 Y bnSjn, j =1 (3.8)
Sij n—0
where
1 oo
Sjn = Z @Lmijn (3.9)

\/SanPan foopur Em

and by, = BpvVs$nPn, n=1,2,3,....

(b) Enhanced mode-matching: EP2

At EP2 conditions a; is a double root of K(s) = 0 and, since K’ (s1) = 0 which implies that P, =0,
Y1 (y) is self orthogonal and the system of equations given in (3.5) and (3.7) is degenerate. An extra
function is now required in order to correctly represent the transmitted wave field. As mentioned

H
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in section 2 (see (2.9)), the additional waveform is the derivative of Y (s, y)ei” with respect to
s. However, in order to ensure the simplest structure for the EP2 eigenfunction expansion, it is
convenient to re-express this waveform in terms of functions of y and derivatives with respect to

y. This is done by noting that:

0sY | W+ i) (3.10)
Q — = — — 1 .
S s=s51 Gf% a%(a% + ,LL2)
where
7
= — ————= ) Oy V1. 3.11

x(y) (y a%ﬂﬂ) y Y1 (3.11)

On considering (2.9) and (3.10), it is clear that only the functions x(y)e¥*1® and iz Y1 (y)e*1% need

to be added to the eigenfunction expansion for 2 because the term of (3.10) involving Y7 (y) can
be incorporated into the sum of the usual separable modes. Thus, at EP2 conditions the enhanced
eigenfunction expansion for 15 takes the form:

oo
Vo = By {%X(y) - ixYl(y)} 1T 43 " BaYu(y)e'™ T, x>0 (3.12)
1

n=1

where the coefficient B is associated with the additional functions and the overbar indicates that
these occur due to the double root «y. It is important to note that the function x(y) is needed
to ensure that the eigenfunction expansion (3.12) converges point-wise to 2, and also that x(y)
satisfies the following orthogonality property (see Appendix for verification of these points):

1 2
o
JO x¥)Yn(y) dy=Q 61, where Q= ﬁYi(l)K”(sl). (3.13)
1
It is further worth noting that @ = 0 at EP3.
In this case, continuity of pressure yields:
2F 251 - 2 =
Am =80 + — 23 B1Mpm + —— 3 BnLmn (3.14)
€m Emay €m oy}
where
1
Mm :J x(y) cos(mmy) dy, (3.15)
0
whilst continuity of normal velocity gives:
kF 1 = .

Note that, since Y7 (y) is self orthogonal, (3.16) is valid only for j > 1. However, although it yields
no information about By, (3.3) does provide information about B; and use of (3.13) provides a
further equation. Thus, there are two additional equations for By and Bj:

2

S

$1Q a—lﬂ; -Q B\ _ [ kFMo =377 AniinMn (3.17)
0 S By kF Lo, — chzo Annan

2
aj
where

! 2
T=J X (y) dy. (3.18)
0

The coefficients A,, n=0,1,2,..., By and By, n=1,2,3,... are now obtained by truncating
(3.14) and (3.16) and numerically solving the resulting finite algebraic system together with (3.17).
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(c) Enhanced mode-matching: EP3

At EP3 conditions a; is a triple root of K (s) = 0. In this case, not only is Y7 (y) self orthogonal but
X (y) is also orthogonal to Y7 (y), that is P; = @Q = 0. It follows that the determinant of the matrix
on the left hand side of (3.17) is zero and the system is degenerate. A further function is thus
required in order to accurately represent ¢2 as an eigenfunction expansion, and this is related to
the additional waveform defined in (2.12). A little manipulation gives:

2
92y  ==2Le(y) + T(s1)x(y) + CM(y), (3.19)
§=81 ozl
where
B ? 2p
= - Y; — ——————— 0y Y] 3.20
£w) (y a%4_ﬂ2) )~ 7t (3:20)
and
252 a? + 352
= . 21
T(S) 062(a2 +M2) Ot4 (3 )

The quantity C of (3.19) is independent of y and its exact definition is not necessary for the
purposes of this paper because this term can be incorporated into the sum of the usual separable
modes. Thus, on considering (2.12) and (3.19), at EP3 conditions the enhanced eigenfunction
expansion for 1o takes the form:

2 2
- s . (51 s1°Y1(y) 2 is1e
v = B {=She) + (o) ~ 2ie (Spx) - L) i e
of af aj(af +p?)
+ B {%x(y) —izY] (y)} 1T ZBnYn(y)eis”m7 x>0 (3.22)
1 n=1

where the coefficient El is associated with the new additional functions and the double overbar
is used to indicate that these occur due to the triple root ;. Note that {(y) has the following
orthogonality property:

1 2
L £(y)Yn(y) dy = R 61, where R = 6%3/1 ()K" (s1). (3.23)
1

Continuity of pressure now yields:

2F 2 = 57 251 - 2 -
Am=——0mo + —B1 —fQNm + T(Sl)Mm + 2Ble + — Z BpLmn (3.24)
€Em €Em af Emay €m o
where
1
Nm :J &(y) cos(mmy) dy (3.25)
0
whilst continuity of normal velocity gives:
kF 1
Bi=—~Lypi — —— A Ly, > 1 3.26
Fi Sij 05 Sjpj 7;3 ntnlnj, J> ( )

where again this is valid only for j > 1. For j =1 an expression containing only B, (and the
coefficients Ay) is obtained using (3.3). Two further equations are obtained using (3.13) and (3.23).
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Thus:
1 _
sl GU-R 6 By kFNo — 3%y AniinNn,
0 ST 02 By | =| kFMo— Y02, Annn My (3.27)
1 =
0 0 _SiR By kFLor — Y02 AnninLn1
g
where
6 = sr(s U Bly_ Sy, sk (3.28)
= s1¥(s1))U—-—5U—-—5 a0 )
ai  of af(ad + p?)
3
Q = s17(s1)T — Q%T -y (3.29)
az az
with

1 1
U= L Ewix(y) dy, W= L & (y) dy.
The coefficients A,, n=0,1,2,..., Bi, §1 and Bp,n=1,2,3,... are now obtained by truncating
(3.24) and (3.26) and numerically solving the resulting finite algebraic system together with (3.27).

4. Numerical Results

This section is divided into two subsections. The first deals with the validity and convergence of
the enhanced mode-matching method, whilst the second presents a comprehensive investigation
of the transmission loss/transmitted power at EP conditions for the model problem considered
herein. Throughout, the amplitude of the plane wave forcing term is chosen to be F =1/Vk,
thereby ensuring unit input power for all frequencies. The expression used for non-dimensional
power is

! *3% .
P;= JO Im (wj E) dy, j=1,2 (4.1)

where * denotes the complex conjugate. It is worth noting that, for ¢ this reduces to the usual
form:

oo
Pi=1-R=1-Re >  nnlAn|’ 4.2)
n=0
(where R is the reflected power), whereas, due to the lack of orthogonality between Yy (y) and
Yo (y), n=1,2,3,..., P2 is best calculated using the integral as defined in (4.1). Note that the
quantity Po, i.e. the transmitted power T, is function of = (with = > 0) and a power balance tells
us that:

T

1=Py(x)+ R+ L Im(plva (2, 0)|* + viwa(2’, 1)) da’ (4.3)

where the integral term accounts for the energy loss (or gain) at the walls.

(a) Validity and convergence of the method

Transmission loss,
TL=—-10log( T (4.4)

is a quantity that is of significant interest to engineers and generally their aim is to minimise this
whilst simultaneously restricting the reflected power. It is presented here, however, as not only for
its intrinsic value but also as a means to demonstrate the failure of the standard mode-matching
method as an EP is encountered during a standard frequency sweep. In Figs. 3 and 4 the reflected
power and TL are plotted against the non-dimensionalised acoustic wavenumber & for x =1 and
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Figure 3. The (a) reflected power and (b) transmission loss at x =1 and = =5 for a SDOF liner. The spikes are
erroneous, the stars indicate the correct values obtained using the enhanced matching scheme at the EP3.

x = 5. The wall parameters 1, and v are modelled using the single degree of freedom (SDOF) mass-
spring-damper model and are tuned to coincide with the absorbing EP3 (second row of Tab. 1)
and Tester’s EP2 values respectively when k = 1. To be precise

ik? ik?
= - ——, v(k)= - ——
Ryk + by —idyk Rk +iby, — idyk

p(k)

and where the real parameters Ry, Ry, by, by and dy,, dv are chosen so that the appropriate EP is
realised when k = 1 (see Tab. 2).

EP2 (1 =0)
v()=0 R, =02956 b, =0.9868 d,=0.75

EP3
w(l)=f R, =0.1598 b, =0.8862 d, =0.75
=7  R,=0.1463 b, =0.8494 d, =0.75

Table 2. The numerical values used in the SDOF model.

This simple model yields a good local approximation for the liners traditionally used in aircraft
engines, although the parameters used here are not chosen for their practical relevance. It is worth
noting, however, that all the parameters are real valued meaning that tuning a liner on an EP3 can,
in principle, be achieved. The results presented in Figs. 3 and 4 suggest that the TL is maximised
at the EP values provided =z is sufficiently large and it is clear that, for parameters considered
here, EP3 (Fig. 3) produces far better TL than Tester’s EP2 (Fig. 4). The standard mode-matching
procedure breaks down close to the EP (producing an erroneous spike on the otherwise smooth
curve). In fact, in these figures, the standard mode-matching procedure fails when |k — 1| < 107.
The enhanced mode-matching for EP2 and EP3 has been used to calculate the correct values at
the points of failure and these are shown as stars. Although it might be expected that an EP
would lead to some sort of singular behaviour, it is clear that this is not the case: the additional
wavefuctions have regularised the mode-matching method and all components of the power are
smooth functions of k at the EPs.
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Figure 4. The (a) reflected power and (b) transmission loss at x =1 and = =5 for a SDOF liner. The spikes are
erroneous, the stars indicate the correct values obtained using the enhanced matching scheme at Tester's EP2.

A fundamental assumption when implementing a mode-matching scheme is that the solution
it generates corresponds to the solution to the physical problem in question. This paper has
presented a modified mode-matching scheme which enables a solution to be constructed at an
EP and validation is necessary. In the appendix it is proved that the modified modal expansion
for EP2 converges point-wise to the intended function. However, the equivalent proof is not
presented for EP3. The stars, calculated using the EP3 enhanced mode-matching method and
superimposed on Fig. 3, do suggest that the method is correct but are not, in themselves, sufficient
to validate the approach. With this in mind, it is now demonstrated that the matching conditions
are indeed met by the solution obtained through the EP3 enhanced matching scheme. To this
end Fig. 5 shows the potential and the normal velocity (or equivalently the z-derivative of the
potential) at the matching interface (z = 0) recovered from the the modal expansions for domains
1 (z <0) and 2 (z > 0). Here k=1 and, as for Fig. 3, the case of the EP3 with absorbing walls is
considered. It is clear that the potential and the normal velocity for domains 1 (z < 0) and 2 (x > 0)
are in good agreement at = = 0. The velocity field, computed with N = 60 modes, exhibits some
ripples which is characteristic of a Gibbs phenomenon. These oscillations could be smoothed
using Lanczos-type filters [30,31] with no noticeable effect on the error. Further, the behaviour
of the velocity near the wall suggests a logarithmic singularity which is line with theoretical
developments [34].

Having verified that the new approach produces the expected values for the transmission loss
and that the matching conditions are met for EP3, the remainder of this section deals with the
accuracy of the scheme. The following L? error is introduced:

_/18161(0,) — 62(0.9) P dy
Jo101(0,9)* dy

&b 4.5)

where function 6; represents the truncated modal series (with N modes) for either the potential
or its derivative in the z-direction, i.e. §; = v; or 91, j = 1, 2. As this work focuses on coalescing
(or nearly coalescing) modes, roots of the characteristic equation have to be computed carefully
with appropriate solvers. In the present work, the first 10 modes (and their multiplicities) are
obtained using the contour integral solver polze [35] based on the work developed in [36]. This
approach offers the advantage that it does not require initial guesses and delivers very accurate
results (up to about 10 digits of accuracy if necessary) even for multiple roots. Other roots, which
are simple roots, are obtained using the asymptotic expression (2.8) for the initial guess and their
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Figure 5. Validation of the matching conditions by comparing the real (blue) and imaginary part (red) of the potential and
velocity field at the interface (with k =1, N = 60) at EP3 conditions. The inset shows “close up” near the lined wall.

accuracy is enhanced using Newton-Raphson iterations. All integrals arising from the continuity
conditions are computed analytically. The interested reader can download the available open
source software, see [37], that implements all aspects of the proposed method.

The convergence of the method with respect to the number of modes is shown in Fig. 6. It is
observed, at least numerically, that the matching error at the interface as defined in (4.5) converges
like

X ~N7P. (4.6)

In fact, by studying many test configurations with different values for the wall admittances (not
necessarily associated with EPs), it is found that p ~ 3 /2 for the velocity potential. To the authors’
knowledge, a rigorous analysis of the convergence of the modal series at the interface is not well
documented. However, in a somewhat different context, a similar power law, i.e. with p=3/2,
can be found in [38] for iris-type discontinuity problems in waveguides and periodic structures,
and also in a more recent papers [39,40] for duct acoustics with liners using rigid duct modified
basis. Fig. 6 shows the convergence of the method for three cases: the first (denoted by black
bullet points) corresponds to the exact EP3 solution (absorbing walls) calculated at k=1 using
the additional wavefunctions in the modal series (see (3.22)). The other two curves (blue plus
and cross markers) correspond to “nearly EP3” configurations in which a slight modification
has been made to both wall admittances, such that v = 7(1 — §) and p = ji(1 — §) with § =103
and § = 10~%. For these, the standard mode-matching method is used (see (3.2)). Note that the
convergence of the potential is not affected by moving slightly away from EP3. This, however, is
not the case for the velocity. In this case, when the deviation from EP3 is too small (i.e. 1074),
the error is slightly larger (than for 10~3) for a low number of modes and the convergence
subsequently plateaus regardless of the number of modes. There are two reasons for this. First,
when there are modes that are nearly coalescing the “no-EP” algebraic system (equations (3.5)-
(3.7)) is ill-conditioned even for a small number of modes, see Fig. 7. This is a reflection of the
fact that the nearly merging modes become almost self-orthogonal (see (3.4)) and P; tends to 0
in (3.7) for these modes. Second, the convergence will be driven by the ability of the root finding
method to handle multiple or clustered roots since the additional waveforms are in this case
implicitly constructed from genuine modes. In practice, the threshold for ¢ will depend on the root
finding method and tuning. In contrast, for the enhanced mode-matching, the condition number
(calculated using the standard 2-norm) remains below 50 indicating good numerical stability for
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the modified approach (tested up to N =1000). These results confirm that the standard mode-
matching method may fail or become numerically unstable in the vicinity of an EP, especially for
finite sized problems where the condition number may be also altered by evanescent waves [41].

10000000 v 208 4 0014 Buo-BuysiandAieioosieoreds:



10° ferrr— 100 4
5 1072 5 1072
H = H
g | N e k = 1 (modal att.) 2.
3 — k=10 3
= 04w Nl k = 10 (modal att.) k=4 s
& k=30 &
I3 k = 30 (modal att.) g
= = — k=1
----- k =1 (modal att.)
10-° 107¢ — k=10
----- k = 10 (modal att.)
k =30
k = 30 (modal att.)
1078 T T T T T T T 1078 T — A T T T T
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
X X

Figure 8. The transmitted power (logarithmic scale) against  for k =1, 10, 30: (a) at the first Tester EP2, (b) at the first
EP3 with absorbing walls. Solid lines correspond to the numerical solution, computed with N = 60 modes, and dotted
lines show power associated with the usual separable s; mode, i.e. Pé(x).

(b) Transmitted power

The results presented this subsection focus on the power transmission (energy flux) along the
lined duct as a function of = at three (or four) distinct frequencies at both EP2 and EP3. The
parameters p and v are selected from the three cases reported in Tab. 1. In Fig. 8 the transmitted
power T as defined in (4.1) is plotted on a logarithmic scale against distance along the waveguide
x for k = 1,10, 30 at (a) EP2 and (b) EP3. For Fig. 8 (a) the values of the wall parameters are chosen
from the first line of Tab. 1 which corresponds to Tester’s case (EP2 with one rigid wall), whilst
for (b) the parameters are chosen from the second line of Tab. 1 (the absorbing EP3). Also plotted
(the dotted lines) is the power associated with usual separable s; mode, that is

1
Pi(x) = Re(s1)|B1|? jo Y1 (y)|? dy e 2m(s), 4.7)

For both (a) and (b) it is clear that the total power transmitted along the duct is less attenuated
than P} and this is due to the linear (EP2) and quadratic (EP3) terms in x present in the additional
eigenfunctions of 1> which reduce the attenuation. In fact, the power transmitted along the
waveguide is dominated by those terms (two for EP2 and three for EP3) with wavenumber s1;
the reader is reminded that this is the least attenuated wavenumber. It is easy to show that

2
Re(a1) (1 - ﬁ) , k<o

(4.8)
—Re(a1)Im(a1)/(2k), k> |a1]

Im(s1) =~ {
so the attenuation of P} decreases as k increases® which is confirmed by the dotted lines in Fig 8
(a). As expected the transmitted power for EP3, Fig. 8 (b), shows much stronger attenuation than
the EP2 case and this is consistent with the fact that for EP3 both the real and imaginary parts
of a1 are approximately twice those for EP2 - see Tab. 1. It is worthwhile noting that the higher
order modes (sn, n > 1) do not contribute significantly to the transmitted power for any of the
frequencies considered herein. Thus, the only modal coefficients relevant to the transmitted power
are B, By and, for EP3, él, although it is necessary to take many more modes in the mode-
matching scheme in order to calculate these accurately.
In view of the high modal attenuation observed at EP3 [23], the behaviour of the TL close to
EP3 shown in Fig. 3 and the plots of transmitted power shown in Fig. 8, it is tempting to imagine
that EP3 may correspond to maximum TL for the problem under consideration. To explore this

3For the results presented in section §4(b) the reader is advised that 1 and v are treated as fixed parameters. No allowance is
made for Z,, and Z, (see text below (2.4) to vary with k).
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concept, the TL across the region of the a-plane corresponding to absorbing liners is considered.
The wall parameters i and 7 are evaluated using (2.13), after which the enhanced EP2 matching
is used to generate the solution. The results are mapped in Fig. 9 for k=1,5,10 at z =1 and
x = 10 (the reflected power is also shown). It is clear from subfigures (c), (f) and (i) (corresponding
to z = 10) that EP3 (denoted by a star) always lies in a zone corresponding to high TL but not
necessarily the maximum TL (which is obtained in the yellow regions of the TL maps).

Fig. 10 shows the magnitude of the potential for —4 <z <4, 0<y <1 at the first EP3 of
Table 1 for a various values of k. When k > 5, a focal spot (where the magnitude of the potential
19 is larger than that of 1) can be observed. Whilst not conflicting with energy conservation,
this amplification does contradict the usual expectation that a dissipative system, with only
exponentially decaying modes, leads to a monotonically decreasing field. The value of the x
coordinate at which the spot appears will depend on the form of the incident field and the
frequency. This is consistent with the observations of Makris ef al in the context of photonic
media [24]. In that case, it was observed that even when all the eigenvalues are in the loss plane,
the system may exhibit non-exponential transient behaviour (a focal point) before entering the
exponential decay regime. A similar analysis has been presented in [19] for an acoustic waveguide
with one lined wall. The latter authors show that for a carefully selected incident field (comprising
a combination of modes), a transmitted power with almost no decay can be obtained in a transient
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region. This type of constructive interference is generally stronger at EP conditions because the
additional waveforms introduce an element of growth in the x direction, again confirming the
need for computational methods that are accurate at EPs.

The wall parameters used to generate Figs. 11-13 are those reported in the last line of Table 1
for which one wall is passive and the other is active (the wall parameters forming a complex
conjugate pair). It is worth noting that, these parameters generate features that are common to
PT symmetric systems. However, the duct geometry considered here does not give rise to a fully
PT symmetric system due to the lack of symmetry in . To be precise were the lined duct to
be of finite extent it would generate a PT-symmetric system*. For this EP3, all the transverse
wavenumbers (see 2.7) are real’ (which is common in PT-symmetric systems). Further, due to the
complex conjugate values of the wall parameters, the system has both loss and gain, however,
(4.3) still applies. Since the axial wavenumbers are either real or purely evanescent, they produce
no amplification. Thus, this configuration allows a direct observation of the quadratic nature of
the additional waveforms. In order to illustrate this Fig. 11 shows (a) the power transmitted along
the waveguide and (b) the potential 12 on the midline y = 0.5, here k = 5 which is slightly above
the lined duct cut-off. The quadratic growth of the envelope (typical of a beating phenomena)
is apparent and arises because o1 /2 4.6015 is real. Beyond a transition zone near the matching
interface, the transmitted power grows as 7 ~ z* as expected from the additional waveforms.

The reflected power is displayed in Fig. 12. Below the cut-off for the inlet waveguide (k <),
results indicate perfect reflection, i.e. R =1. It is worth noting that waves cannot propagate
in the lined duct below its cut-off, i.e. k <4.6015, whereas when k > 4.6015 waves are able to
propagate downstream (x > 0) unattenuated with real axial wavenumber(s). The reflected mode
that cuts on when k =7 is antisymmetric about y =1/2, and it is interesting to note that for
m < k < 4.6015 the reflected power is much greater than 1. Initial investigations into the acoustic
intensity show that power is absorbed at the point = 0", y =1 and generated at z = 0", y =0.

“The PT symmetry in y arises because the wave equation and boundary conditions are invariant under the substitution § to

—17 (where § = y — 1/2) together with taking the complex conjugate of the whole boundary problem.
5Tt was observed numerically that all o,, are real-valued in this specific scenario, although the reader is advised that having

= v" is a necessary but not a sufficient condition to have a completely real spectra.
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The reader is reminded that the velocity field contains a logarithmic singularity and that the local
re-construction of the velocity field (i.e. close to = 0) is affected by the Gibb’s phenomenon, so
caution is needed in interpreting this result. However, it would appear that the energy generated
0", y=0 is reflected because it cannot be transmitted at this frequency. The maximal
value of the reflected power is reached when k = 4.18 and, interestingly, the determinant of the
matching matrix vanishes close to k =4.18 £ 0.217 which suggests the presence of a complex
resonance. The final figure, Fig. 13, shows the magnitude of the potential for -4 <z <4, 0<y <1
for various values of k£ which have been specifically chosen to be below both cut-offs (k =1, 3),
between cut-offs (k = 3.2, 4.16) and above the lined duct cut-off (k = 5). For k =1, 3 the potential
is zero for z >0 which is consistent with total reflection. For k =4.16 (which is close to the
maximal reflected power) the potential is non-zero within a confined region, 0 < = < 2, but zero
beyond this. For k =5 the potential is non-zero for > 0 and increases with increasing « (as in
Fig. 11).

at =
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5. Discussion

In this paper an enhanced mode-matching procedure, suitable for use in waveguides at EP
conditions, has been presented and applied to a canonical model problem. The reader is
reminded that, at an EP the existence of additional non-separable waveforms is manifest by
the self orthogonality of one of the usual separable modes. This, in turn, leads to degeneracy
of the standard mode-matching method close to and at EP conditions. The enhanced procedure
regularises this by incorporating the additional waveforms into the relevant modal expansion(s).
The integrity of the enhanced mode-matching procedure has been explored. It has been shown
that: for EP2 the enhanced modal expansion converges point-wise to the required function; the
transmission loss is a continuous function of the wavenumber at both EP2 and EP3 (but that the
standard method fails when implemented within 1075 of the EP value of k); the mode-matching
conditions are well satisfied at EP3; the condition number for the underlying algebraic system
is always less than 50 for the enhanced procedure but the standard procedure is ill-conditioned
when implemented in the vicinity of an EP.

Having established the integrity of the enhanced mode-matching, the method was
implemented to explore the reflected and transmitted power fields for various EP situations.
The transmission loss (TL) was mapped (Fig. 9) for the region of the a-plane corresponding to
absorbing liners. This reveals that, although it is broadly accepted that the best possible axial
attenuation is achieved through the coalescence of the first three standard duct modes, EP3 does
not necessarily correspond to maximum TL. It is clear that EP3 does produce very good TL but
there are small areas of the map (shown in yellow) where the TL is better. Further, EP3 generates
some interesting and unusual phenomena. On mapping the magnitude of the velocity potential
for the absorbing EP3 of Tab. 1 within the duct for —4 <2 <4, 0 <y <1 a focal spot is observed
for x > 0. At this point the magnitude of the transmitted field is larger than the amplitude of
the incident field. Such behaviour is unusual for a dissipative system and occurs here due to the
quadratic = dependence of the non-separable waveforms that are unique to EP3. Beyond the focal
spot the field rapidly decays with increasing x. For the second EP3 of Tab. 1 the wall parameters
are such that 4 = v* and were the duct geometry to be symmetric in z (such that the lined duct was
of finite length), the system would be PT-symmetric. As it is, the system is not PT-symmetric but
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some interesting features can be observed in Figs. 11-13. It is worth noting that the far-field within
the duct cannot be correctly calculated using standard mode-matching close to EP3. The enhanced
matching, however, produces accurate results because the z-dependence of the envelope is built
in through the additional, non-separable waveforms for EP3.

Finally, although the enhanced mode-matching method presented herein has been developed
for a lined duct, it is worth noting that the additional waveforms, upon which the method
depends, comprise derivatives of the standard separable waveforms with respect to the
continuous axial wavenumber s [20,23]. It is, therefore, anticipated that the method will be easily
extended to other classes of waveguide and provide a rigorous tool by which to study the effects
of EPs in these systems.
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A. Orthogonality and point-wise convergence

(a) Orthogonality

In the absence of an EP, the travelling waveforms for the section of the duct lying in 2 > 0 (see §2)

are separable in form and are defined as Y (s, y)e’* where Y (s, y) satisfies the eigensystem:

OyyY + 02V =0, a=k —sHY2 o0<y<1 (A1)

together with:
OyY =—puY aty=0 and 0OyY =vY aty=1. (A2)

Here Y is a function of both s and y, and Y (sn, y) = Yn(y) where s, is an axial wavenumber. This
eigen-system differs from a standard Sturm-Liouville system only in that the parameters p and v
are complex®. On using the boundary conditions it is clear that:

1
0 = [(3yyn—’/yn)(3me+MYm)—(ayym—VYm)(ayYn+MKL)]0 (A3)
1
= ) — ) L VYo dy, v# —p (A 4)

which demonstrates the orthogonality of Y7, and Y;, for m # n. Further, as n —m,

1
Jl Y2dy = lim [(ayyn_VYn)(ayym+ﬂym)_(28yyﬂ;_yym)(%Yn"‘NYn)]o (A5)
0 Sn=Sm (v + p)(si — si)
o lim —K’(s) (ayym+Msz)y:1
T s5sm 2s(v + u)
_ _Ym(l)K/(sm):Pm, (A 6)
28m

where (A 5) has been simplified by noting that K (s)=(vY — 9yY )y—1, see (2.6), and that
0s,, (OyYn+uYn)y=0 =0,

the latter being true because, on differentiation with respect to sy, all the terms are either odd in
y or contain a multiplicative y and thus are zero when y = 0.

At EP2 the additional eigenfunction, x(y), is needed to ensure that the set of eigenfunctions
is complete. It is worth noting that, by construction, x satisfies the same boundary conditions

®The case corresponding to v = —p is not included in the present analysis.
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as Y (s,y) but a different governing equation: yyy + ax = —2a3Y1. The orthogonality relation
(3.13) is derived as follows. On using the boundary conditions:

0 = [(Byx—vX)@yYm+uYm)—(9yYm—vYm)@yx+ux)ly (A7)
1 1

= 2} u)J Y4 Yo dy + (v + ) (53 — s?n)J Y dy, (A8)
0 0

which (since P; = 0) confirms that x is orthogonal to Y, m # 1. It also follows that

J 1 xYidy = lim [(Byx =) (By Y +11Yim) = (0y Yom =1 Yom) (B xt11x)]g
" e v+ (s — )
20% 1
li Y1Yo, dy. A9
+ smlgsl 5% _ S%n JO 1¥m ay ( )

In this case, the first limit on the right hand side of (A 9) is zero and the second can be evaluated
using (A 5). Thus,

Jl Widy = 202 lim [(Ble—qu)(8me+,qu)—(8me—1/Ym)(8yY1—i—qu)](lJ
0 1 m—1 (l/ —+ ,LL)(S% — 87271)2
2
Yi(1
- K- (A10)
1

At EP3, Pi =@ =0 and a further eigenfunction, £(y), is required in addition to x(y) in order
that the set of eigenfunctions is complete. Again, it is worth noting that, by construction, £(y)
satisfies the same boundary conditions as Y (s,y) but, in this case, &yy + a2€ =2Y] + 4y. The
orthogonality relation (3.23) is derived using the analogous process as that for x but, for the sake
of brevity, the details are omitted. The reader is also advised that the same method can be used
to evaluate 7" and the result is included here for use in the next section. The algebra is not for the
faint hearted but it can be shown that:

1 2 2
T:J Yy dy:Q(ﬂ—&—V—i—M)—ﬂR. (A11)
0 ) s? a? +p? 2

(b) Point-wise convergence at EP2

In the absence of an EP the set of eigenfunctions Yy (y), n=1,2,3,... are complete and point-
wise convergence of the modal expansions to the functions v;, j =1, 2 (and their x derivatives)
is assured. However at EP2, Y] (y) is self orthogonal and another function must be added to the
set in order to ensure point-wise convergence. In section 3, the function x(y) was introduced and
here it is proved that this is an appropriate choice. For the sake of brevity, only the main steps
of the method are presented and the reader is referred to [32] for further details. Consider the
integral
o0

Jl(v,y)zﬁj_w%dSZO, 0<v,y<1 (A12)
where the integrand is odd, the path of integration is indented below(above) any poles on the
negative(positive) real axis and

I(s,v) = é sin(awv) + % cos(av). (A13)

Note that as |s| — oo the integrand is O(1/s) when y = v =1 and is o(1/s) otherwise, and that:

%(s,v} =Y (s,v). (A14)

The integrand contains two families of poles, corresponding to K(s) =0 and Y (s,1) =0, and a
pole at a = 0. In the case of no EP, on closing the path of integration in the upper half plane and
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summing the residues, it is found that

B S ey

n=1

where 0, n=1,2,3,...aretheroots of Y(s,1) = 0and H () is the Heaviside function defined with
H(0) =1/2. On noting that K (8,,) = {a(8,) + p?/a(6,)} sin[e(8y )], it becomes apparent that the
sum on the right hand side can be evaluated by consideration of the integral

1 [ sal(s,v)Y (s,y)
Ja(v,y) = 2mJ oo (@2 + p2)sin(a)Y (s, 1)

ds=0, 0<v,y<l. (A'16)

On closing the path of integration in the upper half plane and summing the residues, it is found
(after some algebraic manipulation) that

1(6n,v)Y (0n,y) 2 = sin(nmy cos(mrv) 1-vy)
2 - _=
Z K(SnY’ém) w; T a-p
1—
= %+H(fyfu)+ﬂ(vfy) — H(y+v-2). (A17)
Expression (A 17) is valid for 0 < v,y < 1 with the exception of the isolated point v =y = 0. Thus,
on substituting (A 17) into (A 15) and differentiating with respect to v

Z%Yn(y)zé(v—y)—5(v+y)+5(y+v—2),0<'U,y§1 (A18)

where §() is the Dirac delta function. This result confirms point-wise convergence in the case of
no EP. At EP2 the result is altered slightly due to the presence of a double pole in the integrand
of (A 12). As in the main body of the paper, attention will be restricted to the case where the EP
occurs at s = s1. The appropriate result becomes

> Yo (v])DYn(y) — 20up(v, Y sms, = (v — y) — 8(v +y) + 8y +v — 2) (A19)
n=2 n

where 0 < v,y <1and —p(v, y) is the residue contribution due to the double pole in the integrand
of (A 12). It is found that

— S 28 S,V S
Dop(v:9)ls=s1 = gliel%{(s %(s;ﬁ(; S/( 7y)} (A.20)
_ 2s1 1 Y'(s,1)|s=s, K" (s1)
S O R A T O
b ey (Y LN+ )Y ) (A21)

where, as usual, the prime indicates differentiation with respect to s. On using (3.10) and after
some manipulation

281 1 K" S1 sV 81
Dup(v,) =, { (1) o1 ol —v)

fremo

K"(s1)Y1(1) \s1 3K"(s1) o2 ' a2(a2 + p2)
% x()Yi(y) + Y1 (v)x(y)} (A22)

from which, using (A 11), it follows that

i Yn(”)Yn(y) + X(’U)Yl(y) +Y1(U)X( ) ( )Yl( ) (A 23)

Py Q Q2
= dv—y)—dv+y) +dy+v—2), 0<v,y<l1.

n=2
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Point-wise convergence in the case of EP2 can now be demonstrated by multiplying (A 23) by
an arbitrary, suitably smooth function g(v), v € (0, 1) and integrating across 0 < v < 1. It is found
that

C1 TG

%) c,
o) =3 G + (G~ g ) i)+ G (a29

where the generalised Fourier coefficients are given by:

— 1 1
Ci= [ st dn, Cu=| gloVat) o, nz1.

Thus, at EP2 an arbitrary smooth function, g(y), y € (0,1), can be expressed as a generalised
Fourier series in terms of x(y) and Y, (y), n=1,2,3,....

It is worth noting that same method could be used to prove point-wise convergence in the case
of EP3, however, the algebra is anticipated to be somewhat more complicated. Instead, as a means
of validating the use of £ and x in the the mode-matching method at EP3, it is demonstrated
numerically that the matching conditions for the problem considered in the main body of the
paper are satisfied in this case, see Fig. 5.
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