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Abstract： An inverse solution strategy using linear element of Boundary Element Method9 

（BEM）was developed, which will become a novel application base to potentially reflect the 10 

equivalent mechanical effect around reservoir corresponding to CO2 spreading during its injection 11 

process. Firstly, a linear-element BEM code was studied to improve the accuracy in analyzing the 12 

connection between induced ground minute deformations and underground inner loading. Secondly, 13 

the space regularization was adopted to deal with the ill-posed problem during the optimization to 14 

inverse problem solution. The boundary conditions of a near-field structure as active source were 15 

reversely figured out in an efficient numerical way based on its passive deformation that was 16 

sampled at a few specific positions at far field. Meanwhile, the effectiveness of linear-element BEM 17 

in solving inverse problems was demonstrated. Finally, based on the implementation of hydraulic 18 

fracturing in a coal seam in Alberta, Canada, the monitored data of its induced surface 19 

displacements was input to invert the equivalent internal pressure onto a re-opened fracture within 20 
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reservoir. The results show that the proposed inverse solution workflow and programmed algorithm 21 

are applicable to effectively guiding hydraulic fracturing interpretation so as to further facilitating 22 

coalbed methane recovery.  23 

Key words: Solution to inverse problems; Linear element of Boundary Element Method; Space 24 

regularization; Ground surface displacement monitoring; Crack re-opening during fracturing  25 

1. Introduction  26 

It has become a major strategic goal for the world to achieve ‘carbon peak’ and ‘carbon neutral’ 27 

[1]. It is beneficial to economy and environment to strengthen clean Coalbed Methane development 28 

by tight reservoir fracturing stimulation, which shoulders the important mission of transition from 29 

coal to green resources in energy consumption structure [2]. CO2 enhanced coalbed methane (CO2-30 

ECBM) is a technology to drive and displace CH4 by taking advantage of the fact that CO2 31 

adsorption performs better than CH4 [3] when CO2 is injected into coal seams and adsorbed onto 32 

the micropore walls within coal matrix. The process of CO2-ECBM can not only realize carbon 33 

sequestration, but also improve the gas production rate from low permeability reservoirs [4]. 34 

Engineering practice shows that ground surface minute tilting displacements and undulation caused 35 

by hydraulic fracturing can effectively reflect the underground crack opening and closure extent, 36 

injected fluid pressure and other mechanical aspects of migration [5]. The optimized inversion 37 

technique, which uses micro-tilt monitoring over the surface or along the far field bore-hole inner 38 

walls to interpret the mechanical effect of hydraulic fracturing, has been widely applied in the fields. 39 

However, the underground rock strata is assumed as homogeneous and isotropic as a whole and, 40 

therefore the optimized inverse solution based on fundamental analytic solutions is relatively 41 
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idealized. The method in this paper, however, based on infinite elastic solution, makes full use of 42 

the induced far-field deformation monitoring data, especially the formations can be numerically 43 

modeled in a more realistic way where the different properties of sedimentary geology is possible 44 

to be well represented, and high precision and fast calculation algorithms are programmed to realize 45 

numerical solution to inverse problems. The developed workflow is potential to inversely estimate 46 

the internal pressure within the facture communicative with bottom-hole perforations or spreading 47 

of pressure fluctuation inside reservoir by fluid injection. The technique is exploratory and there 48 

has been few precedents studying high-efficiency numerical solution to inverse problems for field 49 

application. 50 

The BEM had evolved from boundary integral method. With the development of computer 51 

technology and the reference of finite element method, BEM has been gradually flourishing divided 52 

into direct and indirect methods. In 1967, Rizzo used the direct BEM and applied its two-53 

dimensional analysis to engineering problems [6]. In 1976, Lachat and Waston [7] proposed the 54 

BEM effective for three-dimensional elastic analysis. In 1976, Crouch and Starfield [8] proposed 55 

the displacement discontinuity method, one of the indirect BEMs, which had been widely 56 

applicable in rock mass engineering since 1983 [9]. In 1978, Chinese scholars Du Qinghua and Yao 57 

Zhenhan from Tsinghua University initiated the research of BEM in engineering [10]. Feng Kang, 58 

Hu Haichang, He Guanggan and other researchers joined the researches of BEM. A great progress 59 

has been made in BEM application to hydraulic engineering geomechanics as well as other fields. 60 

Constant element [11], linear element [12,13], second-order element [14] and higher-order element 61 

[15] can be chosen and developed with regard to BEM programs. Due to the lack of a mature 62 

technology in rigorous error control, the orders of unit might form an impact on calculation 63 
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accuracy and efficiency [16,17]. Crouch published open-source programs constant element 64 

Displacement Discontinuity Method (DDM) and Fictitious Stress Method (FSM) of indirect BEM 65 

for analyzing elastic plane problems [9]. Through combining constant element of DDM and FSM, 66 

Wong et al. developed a set of open-source codes to simulate 3D cracks [18]. Rezvan et al. extended 67 

DDM to 3D analysis and modelled fatigue crack growth of brittle materials [19]. Although the 68 

constant element method is more widely used in general engineering applications, the linear 69 

element, higher-order element, some special element [20], and including the isogeometric BEM 70 

[21] had been essentially developed to improve the accuracy of calculation at the same number of 71 

elements as well as the same boundary discretization. Considering the continuity of sought 72 

unknown variables being distributed across neighboring elements as well as the computational 73 

efficiency in the numerical solution to inverse problems, based on Crouch’s constant element 74 

program, the source code for two-node linear element of boundary element method was developed. 75 

The forwarding analysis of boundary value problems in engineering mostly refers to 76 

establishing the governing equation from boundary loading as source senders and to solve 77 

displacement, stress and strain at objective receivers through the constitutive relationship of rock 78 

mass under the premise of known properties. In contrasted with a forwarding problem, an inverse 79 

problem is to measure the responses to backwardly calculate their causes. The latter can usually 80 

not be directly monitored or explicitly represented by the forwarding problem [22,23]. The solution 81 

to governing equations of inverse problem always falls into ill-posed. When the number of 82 

equations is less than that of unknowns, the coefficient matrix is rank deficient and the problem is 83 

called rank deficient problem. While the number of characteristic values of coefficient matrix is 84 

larger than that of unknown variable or the error of calculation or measured sample data are enough 85 
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large, solution to the equations will change dramatically and lose its continuity between 86 

neighboring elements, which is called ill-posed problem [24]. The calculation methods of inverse 87 

problems mainly include regularization methods, optimization methods, statistical methods, etc. 88 

[25]. Regularization method is very effective in treating ill-posed problems. Variational 89 

regularization method proposed by Tikhonov [26], iterative regularization method put forward by 90 

Landweber [27], and spatial regularization method founded by Zabaras [28], all of these can be 91 

used to deal with the ill-posed problem for inverse problems. With the continuous development of 92 

inverse problem theory and the increasingly maturity of numerical methods, it is a natural demand 93 

from practice that solution to inverse problems using numerical modelling should be applied to 94 

analyze engineering process. Maniatty et al. adopted diagonal regularization method to solve 95 

unknown stress boundary conditions with the help of finite element method [23]. Schnur et al. 96 

combined spatial regularization with boundary element method to solve boundary pressure with 97 

analytical solution [29]. Zhang et al. used constrained least squares optimization method to 98 

reversely calculate residual stress and contact stress [30]. Combined with numerical modelling and 99 

solutions, the application scopes of inverse problem in engineering will be greatly extended, and 100 

the approximating accuracy in complicated shape of modelling will be also improved significantly 101 

through the corresponding boundary element method development. 102 

In view of interpreted surface displacements or observative borehole deformations caused by 103 

a hydraulic fracturing implementation, the commonly adopted monitoring methods mainly include 104 

Global Positioning System (GPS), Interferometric Synthetic Aperture Radar (InSAR), inclinometer, 105 

etc. [31]. GPS method is used to monitor the development of small or hidden fissures in the ground 106 

vegetation, but repeated surveys are required to exclude weather and climate influence [32]. InSAR 107 
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is a method that two or more synthetic aperture radar images are used to calculate small changes 108 

out of original topographic and geomorphic surface of the target area by utilizing wave phase 109 

differences through returning way from satellites, but it may be interfered by local atmospheric and 110 

geographical conditions [33]. The inclinometer, which is installed in the shallow buried depth of 111 

the ground and has been applied commercially, can monitor extremely small deformation with high 112 

sensitivity and has the advantages of high precision, well stability and remote real-time continuous 113 

measurement [34]. 114 

A two-dimensional linear element of BEM code and an inverse solution strategy were 115 

developed to invert the fluid pressure in reservoir from its induced surface displacements. The 116 

development and verification of solving process of the plane problems laid a solid foundation for 117 

the upcoming 3D analysis and application. The numerical solution work-flow of inverse problem 118 

was based on the independent development of linear element boundary element. In this paper, the 119 

combination between developing linear element BEM source code program and implementing 120 

numerical solution to inverse problem were pursued. Its application was demonstrated when the 121 

equivalent loads applied onto the walls of a reopened discontinuity during reservoir fracturing 122 

stimulation underground. The loads can be figured out from the induced minute displacements of 123 

ground surface which were monitored by tiltmeter array. 124 

2. Development of linear element type of BEM for analyzing plane elastic problems 125 

2.1 Setting up the boundary integral equations with regard to linear element 126 

The indirect BEM includes Fictitious Stress Method (FSM) and Displacement Discontinuity 127 

Method (DDM). On the basis of constant-element BEM code, a linear-element BEM code called 128 
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LE-BEM ver. 1.0 was developed using DDM at this stage.  129 

The DDM is that on the basis of establishing the matrix of influence factors among which 130 

each element Aij represents the response with regards to element j being caused by a unit load or a 131 

unit dislocation constantly distributed along boundary element i. Due to the principle of 132 

superposition is applicable to linear elastic problems, as the unknown variables a group of linear 133 

combination of fictitious loads or displacement discontinuities can be regarded as intermediate 134 

multiplicators are to be solved so as to satisfy the known boundary conditions. After the 135 

intermediate displacement discontinuities being sought, their linear combination can function to 136 

figure out the response at any arbitrary position within the domain because they are the elemental 137 

integral of the fundamental solution which depend on the coordinates.  138 

The normal and the shearing displacement discontinuities (DDs), i.e. Dx, and Dy, at the origin 139 

O (0,0) of Cartesian coordinate system [35] are defined as: 140 

𝐷௫(𝑥, 0) = 𝑢௫(𝑥, 0ି) − 𝑢௫(𝑥, 0ା)

𝐷௬(𝑥, 0) = 𝑢௬(𝑥, 0ି) − 𝑢௬(𝑥, 0ା)
                                                (1) 141 

where, 𝑢௜(𝑖 = 𝑥, 𝑦) is the relative displacement between the two walls of an infinitely short fracture. 142 

Mathematically speaking, they are the displacement discrepancy of an infinitesimal long crack 143 

which undergoes vertical separation or overlapping and horizontal dislocation, respectively. The 144 

displacement and stress at point P (x, y) due to the DDs at the origin are formulated as: 145 

𝑢௫ = 𝐷௫ൣ2(1 − 𝑣)𝑔,௬ − 𝑦𝑔,௫௫൧ + 𝐷௬ൣ−(1 − 2𝑣)𝑔,௫ − 𝑦𝑔,௫௬൧

𝑢௬ = 𝐷௫ൣ(1 − 2𝑣)𝑔,௫ − 𝑦𝑔,௫௬൧ + 𝐷௬ൣ2(1 − 𝑣)𝑔,௬ − 𝑦𝑔,௬௬൧

𝜎௫௫ = 2𝐺𝐷௫ൣ2𝑔,௫௬ − 𝑦𝑔,௫௫௫൧ + 2𝐺𝐷௬ൣ𝑔,௬௬ − 𝑦𝑔,௫௫௬൧

𝜎௬௬ = 2𝐺𝐷௫ൣ−𝑦𝑔,௫௬௬൧ + 2𝐺𝐷௬ൣ𝑔,௬௬ − 𝑦𝑔,௬௬௬൧

𝜎௫௬ = 2𝐺𝐷௫ൣ𝑔,௬௬ − 𝑦𝑔,௫௫௬൧ + 2𝐺𝐷௬ൣ−𝑦𝑔,௫௬௬൧

                   (2) 146 

where, Dx and Dy are the tangent and normal discontinuous displacement discontinuity variables, 147 
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respectively. G is the shearing modulus; ν is the Poisson's ratio; g is expressed as: 148 

𝑔(𝑥, 𝑦) = − 1 ൫4𝜋(1 − 𝜈)൯⁄ ln(𝑥ଶ + 𝑦ଶ)ଵ ଶ⁄                                    (3) 149 

and gi，gij， gijk (i, j, k =x, y) denote the first-, second- and third-order partial derivatives of g with 150 

respect to the subscripts, respectively. The linear distribution of displacement discontinuities along 151 

one boundary element needs to be determined by two nodes. As shown in Fig. 1, since two adjacent 152 

elements share one common endpoint, in order to avoid singularity of the integration at each 153 

elemental endpoint, the nodes of a linear element are chosen as at the position of 1/4 elemental 154 

length inward away from the two endpoints, being numbered as 𝑥ଶ௞ିଵ and 𝑥ଶ௞ (k =1,2…N，where, 155 

N is the total number of elements). For displacement discontinuity DDs on each element, the linear 156 

distribution can be expressed as: 157 

𝐷௜ = 𝑁ଵ𝐷௜
ଵ + 𝑁ଶ𝐷௜

ଶ

𝑁ଵ = ൫𝜉 − 𝑥௝ାଵ൯ ൫𝑥௝ − 𝑥௝ାଵ൯ൗ

𝑁ଶ = ൫𝜉 − 𝑥௝൯ ൫𝑥௝ାଵ − 𝑥௝൯ൗ

                                               (4) 158 

where, 𝐷௜
ଵ and 𝐷௜

ଶ (𝑖 = 𝑥, 𝑦)are multiplicator shown in Fig. 1. 𝑁ଵ and 𝑁ଶ are shape functions; 𝑥௝ 159 

and 𝑥௝ାଵ are the two endpoints of the element, respectively; 𝜉 ∈ ൣ𝑥௝，𝑥௝ାଵ൧。 160 

 161 

Fig. 1 Positioning of two nodes and their displacement discontinuities (Dx, Dy) of a linear element 162 

For the distribution of displacement discontinuities over a linear element, the corresponding 163 
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induced displacements and stresses can be in a close-form way expressed ed by simply substituting 164 

the following f for g in Eq. (2), where, f is the Kernel function manifesting as integral of the linear 165 

distribution of g over an element, given by: 166 

f(𝑥, 𝑦) = ∫ D௜ ∗ 𝑔(𝑥 − 𝜉, 𝑦)𝑑𝜉
௫೔శభ

௫೔

= ∫ 𝑁ଵ𝐷௜
ଵ ∗ 𝑔(𝑥 − 𝜉, 𝑦)𝑑𝜉

௫೔శభ

௫೔
+ ∫ 𝑁ଶ𝐷௜

ଶ ∗ 𝑔(𝑥 − 𝜉, 𝑦)𝑑𝜉
௫೔శభ

௫೔

= 𝐷௜
ଵ ∗ 𝑓ଵ(𝑥, 𝑦) + 𝐷௜

ଶ ∗ 𝑓ଶ(𝑥, 𝑦)

             (5) 167 

For odd-numbered nodes(𝑥ଶ௜ିଵ), 𝑥௝ and 𝑥௝ାଵ are values of -1/2a and 3/2a, respectively, where, 168 

a is the half length of an element. For even-numbered nodes(𝑥ଶ௜), 𝑥௝ and 𝑥௝ାଵ are values of -3/2a 169 

and 1/2a, respectively. Integral results of  𝑓ଵ(𝑥, 𝑦) and 𝑓ଶ(𝑥, 𝑦) parts are as shown in Appendix A1. 170 

Therefore, in term of an elemental source, its induced displacements and stresses at any point 171 

P (x, y) within the plane can be expressed as: 172 

𝑢௫ = 𝐷௫
ଵൣ2(1 − 𝑣)𝑓ଵ,௬ − 𝑦𝑓ଵ,௫௫൧ + 𝐷௬

ଵൣ−(1 − 2𝑣)𝑓ଵ,௫ − 𝑦𝑓ଵ,௫௬൧

        +𝐷௫
ଶൣ2(1 − 𝑣)𝑓ଶ,௬ − 𝑦𝑓ଶ,௫௫൧ + 𝐷௬

ଶൣ−(1 − 2𝑣)𝑓ଶ,௫ − 𝑦𝑓ଶ,௫௬൧

𝑢௬ = 𝐷௫
ଵൣ(1 − 2𝑣)𝑓ଵ,௫ − 𝑦𝑓ଵ,௫௬൧ + 𝐷௬

ଵൣ2(1 − 𝑣)𝑓ଵ,௬ − 𝑦𝑓ଵ,௬௬൧

        +𝐷௫
ଶൣ(1 − 2𝑣)𝑓ଶ,௫ − 𝑦𝑓ଶ,௫௬൧ + 𝐷௬

ଶൣ2(1 − 𝑣)𝑓ଶ,௬ − 𝑦𝑓ଶ,௬௬൧

𝜎௫௫ = 2𝐺𝐷௫
ଵൣ+2𝑓ଵ,௫௬ + 𝑦𝑓ଵ,௫௬௬൧ + 2𝐺𝐷௬

ଵൣ𝑓ଵ,௬௬ + 𝑦𝑓ଵ,௬௬௬൧

         +2𝐺𝐷௫
ଶൣ+2𝑓ଶ,௫௬ + 𝑦𝑓ଶ,௫௬௬൧ + 2𝐺𝐷௬

ଶൣ𝑓ଶ,௬௬ + 𝑦𝑓ଶ,௬௬௬൧

𝜎௬௬ = 2𝐺𝐷௫
ଵൣ−𝑦𝑓ଵ,௫௬௬൧ + 2𝐺𝐷௬

ଵൣ𝑓ଵ,௬௬ − 𝑦𝑓ଵ,௬௬௬൧

         +2𝐺𝐷௫
ଶൣ+2𝑓ଶ,௫௬ + 𝑦𝑓ଶ,௫௬௬൧ + 2𝐺𝐷௬

ଶൣ𝑓ଶ,௬௬ + 𝑦𝑓ଶ,௬௬௬൧

𝜎௫௬ = 2𝐺𝐷௫
ଵൣ𝑓ଵ,௬௬ + 𝑦𝑓ଵ,௬௬௬൧ + 2𝐺𝐷௬

ଵൣ−𝑦𝑓ଵ,௫௬௬൧

          +2𝐺𝐷௫
ଶൣ𝑓ଶ,௬௬ + 𝑦𝑓ଶ,௬௬௬൧ + 2𝐺𝐷௬

ଶൣ−𝑦𝑓ଶ,௫௬௬൧

                   (6) 173 

The derivatives of 𝑓ଵ(𝑥, 𝑦)  and 𝑓ଶ(𝑥, 𝑦)  are all derived from the linear integration of the 174 

corresponding derivatives of 𝑔(𝑥, 𝑦) [9] according to Eq. (5). Their integration results are shown 175 

in Appendix A1. 176 

Assuming that the boundary is discretized into N elements, the induced displacements and 177 

stresses of the ith element at its nodes can be calculated by superimposed individual contributions 178 
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of jth elements, namely: 179 

𝑢௫

௜
= ∑ 𝑈௫௫

௜௝

𝐷௫
ଵ

௝
ே
௝ୀଵ + ∑ 𝑈௫௬

௜௝

𝐷௬
ଵ

௝
ே
௝ୀଵ + ∑ 𝑈௫௫

௜௝

𝐷௫
ଶ

௝
ே
௝ୀଵ + ∑ 𝑈௫௬

௜௝

𝐷௬
ଶ

௝
ே
௝ୀଵ

𝑢௬

௜
= ∑ 𝑈௬௫

௜௝

𝐷௫
ଵ

௝
ே
௝ୀଵ + ∑ 𝑈௬௬

௜௝

𝐷௬
ଵ

௝
ே
௝ୀଵ + ∑ 𝑈௬௫

௜௝

𝐷௫
ଶ

௝
ே
௝ୀଵ + ∑ 𝑈௬௬

௜௝

𝐷௬
ଶ

௝
ே
௝ୀଵ

                           (7) 180 

𝜎௫௫ = ∑ 𝑆௫௫௫

௜௝

𝐷௫
ଵ

௝
ே
௝ୀଵ + ∑ 𝑆௫௫௬

௜௝

𝐷௬
ଵ

௝
ே
௝ୀଵ + ∑ 𝑆௫௫௫

௜௝

𝐷௫
ଶ

௝
ே
௝ୀଵ + ∑ 𝑆௫௫௬

௜௝

𝐷௬
ଶ

௝
ே
௝ୀଵ

𝜎௬௬ = ∑ 𝑆௬௬௫

௜௝

𝐷௫
ଵ

௝
ே
௝ୀଵ + ∑ 𝑆௬௬௬

௜௝

𝐷௬
ଵ

௝
ே
௝ୀଵ + ∑ 𝑆௬௬௫

௜௝

𝐷௫
ଶ

௝
ே
௝ୀଵ + ∑ 𝑆௬௬௬

௜௝

𝐷௬
ଶ

௝
ே
௝ୀଵ

𝜎௫௬ = ∑ 𝑆௫௬௫

௜௝

𝐷௫
ଵ

௝
ே
௝ୀଵ + ∑ 𝑆௫௬௬

௜௝

𝐷௬
ଵ

௝
ே
௝ୀଵ + ∑ 𝑆௫௬௫

௜௝

𝐷௫
ଶ

௝
ே
௝ୀଵ + ∑ 𝑆௫௬௬

௜௝

𝐷௬
ଶ

௝
ே
௝ୀଵ

                    (8) 181 

where, Uij and Sijk (i, j, k=x, y) are termed the influence coefficients, which can be calculated by 182 

substituting f for g in Eq. (6) and performing coordinate transformations. The assembles of Uij and 183 

Sijk form the influence coefficient matrix [U] and [S], so Eq. (7) and Eq. (8) can be written as 184 

follows: 185 

  u U D                                                                      (9) 186 

  S D                                                                     (10) 187 

Eq. (9) and Eq. (10) are the final linear equations for solving DDs. DDs on the boundary can be 188 

obtained by solving the equation, then the stress and displacements at any point in the domain can 189 

be obtained. 190 

2.2 Verification of the linear element of boundary element method program 191 

The validity of the algorithm and program was verified by considering the opening quantity 192 

and tip stress of the crack in infinite body. There exists a linear crack with its length 2b under 193 

pressure P in an infinite body, with zero stresses and displacements at infinity, the Young's modulus 194 

E and Poisson's ratio v. The problem is defined as follows 195 
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𝜎௫௬ = 0            −∝< 𝑥 <∝, 𝑦 = 0

𝜎௬௬ = −𝑝                |𝑥| < 𝑏, 𝑦 = 0

𝑢௬ = 0                     |𝑥| ≥ 𝑏, 𝑦 = 0

                                                 (11) 196 

The analytical solution of the crack opening quantity is 197 

𝑢ො௬(𝑥) = 𝑢௬(𝑥, 0ି) − 𝑢௬(𝑥, 0ା) = − 4(1 − 𝑣ଶ)𝑝𝑏(1 − 𝑥ଶ/𝑏ଶ)ଵ/ଶ 𝐸⁄         (12) 198 

this equation is known as the Snedden’s solution [35]. 199 

Used the self-developed LE-BEM code to calculate the opening quantity of a 4 m long but 200 

internally pressured by 100kPa crack that is within plane infinite elastic media with Poisson's ratio 201 

0.1 and Young's modulus 200 MPa. The crack was separated into 50 linear elements along the 202 

length direction, that compared with the constant element code with 50 and 250 elements [9] and 203 

the Snedden’s solution. The results of the linear element program were closer to the analytical 204 

solution, and the calculation accuracy was increased by 5 times nearly in Fig. 2. 205 

 206 

(a) The aperture of an opening crack simulated by different methods 207 
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 Analytical Solution
 50 Linear Elements      
 50 Constant Elements
 250 Constant Elements 

     Partial Enlargement Shown Below
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 208 

(b) Enlarged view of a portion  209 

Fig. 2 The normal displacements of an innerly pressured crack within a plane infinite elastic media 210 

The stresses in vicinity of crack-tip were verified by analytical solution and constant element 211 

type of BEM code. In order to further verify the accuracy of LE-BEM code, the computational 212 

results with the same numbers of divisions were compared between the linear element program and 213 

constant-element program. 214 

A certain inner pressure loaded onto the walls cause the opening of a crack, which belonged 215 

to fracture type I. The analytical solution was shown in the following equation [36], the formula 216 

applied for 𝑟 ≪ 2𝑏. The polar coordinates with the crack tip as their origin were introduced, as 217 

shown in Fig. 3. For the fracture type I, 𝜎௬௬ is the most remarkably concerned stress component, 218 

so we analyzed the values of 𝜎௬௬ when 𝜃 = 0° and 𝜃 = 90°. 219 
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 220 

Fig. 3 The polar coordinates (𝑟, 𝜃) originating from right crack tip 221 
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where, 𝐾ூ = 𝑃√𝜋𝑏. 223 

In order to compute the stress in vicinity of the crack tip, i.e., r≪2b, the boundary has been 224 

refined. As shown in Fig. 4, the simulated results of the LE-BEM code were consistent with the 225 

tendency of magnitudes with regarding to the analytical solution and the simulated results of the 226 

constant-element code, which proved that the developed source code was correct. The closer it was 227 

to the crack tip, the closer the calculation result of the linear element was to the analytical solution, 228 

which proved that the calculation accuracy of the linear element was higher near the crack tip than 229 

that of the constant-element code. As the distance from the tip get farther and farther, the results of 230 

LE-BEM code were closer to those of the analytical solution.  231 
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 232 

(a) 𝜎௬௬ in vicinity of crack tip along the x axis 233 

 234 

(b)  𝜎௬௬ in vicinity of crack tip along the y axis 235 

Fig. 4 Comparison of vertical normal stress in vicinity of crack tip computed by different methods 236 

3 Numerical solution to inverse problem 237 

3.1 Mathematical definition of linear elastic inverse problem 238 

The boundary of the isotropic homogeneous elastic domain B is indicated as 𝜕𝐵. The inverse 239 

problem is expressed by tensors as follows 240 
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𝜎௜௝,௝ = 0                                                                                            (𝑎)

𝜎௜௝ =
ா௩

(ଵା௩)(ଵିଶ௩)
𝜀௞௞𝛿௜௝ +

ா

(ଵା௩)
𝜀௜௝                                             (𝑏)

𝜀௜௝ =
ଵ

ଶ
൫𝑢௜,௝ + 𝑢௝,௜൯                                                                        (𝑐)

𝑢௜(𝑥̅௞) =෥ 𝑢ො௜
௞, 𝑥̅௞ ∈ (𝐵 − 𝜕𝐵), 𝑘 = 1, … , 𝑁                            (𝑑)

𝜏௜(𝑥̅) =෥ 𝜏̂௜(𝑥̅), 𝑥̅ ∈ 𝜕𝐵௜ଵ                                                              (𝑒)

𝑢௜(𝑥̅) =෥ 𝑢ො௜
஻(𝑥̅), 𝑥̅ ∈ 𝜕𝐵௜ଶ                                                            (𝑓)

             (14) 241 

where, i, j=1, 2; 𝐸 is Young's modulus; 𝑣 is Poisson's ratio. Equations (a), (b), (c) are equilibrium 242 

differential equations, physical equations, and geometrical equations, respectively. Equation (d) 243 

represents the measured displacements at the monitoring points. Equations (e) and (f) are known 244 

stress type and known displacement type boundary conditions, respectively. The rest of the 245 

unknown boundary conditions ∂B୧ଷ（∂B୧ଷ = ∂B୧ − ∂B୧ଵ − ∂B୧ଶ）can be solved by the inverse 246 

problem.  247 

The inverse problem equations in engineering are often rank deficit and ill-posed. By means 248 

of space regularization, ill-posed problem is transformed into well-posed problem to find the 249 

approximate solution, and then the stable solution of the equation will be obtained. 250 

3.2 Space regularization method 251 

In order to solve the inverse elasticity problem for tractions, the boundary is divided into M 252 

straight line segments, and the stress at any point can be taken as the response caused by the 253 

displacement on the boundary elements as follows 254 

{𝐹} = {𝐾}{𝑢}                                                                 (15) 255 

where, {𝐹} is the vector of nodal forces applied on the boundary, {𝐾} is the matrix of influence 256 

coefficients, {𝑢} is the vector of nodal displacement. In the forward problem, {𝐹} is known and {𝑢} 257 

can be calculated by Equation 15. In the inverse problem, the vector {𝜏∗} is unknown, which is 258 
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related to the displacement {𝑢௜௡} of the sensor position and the sensitivity matrix {𝑆}, the equation 259 

is reconstructed as 260 

{𝑢௜௡} = {𝑆}{𝜏∗}                                                               (16) 261 

The sensitivity matrix {𝑆} is the displacement component caused by the unit change in each 262 

traction component at each sensor position. To calculate {𝑆}, a unit stress variable is applied to the 263 

traction boundary elements once at a time while keeping the remaining boundary’s tractions zero, 264 

and Equation 15 is used repeatedly to solve the displacements at the sensor positions. 265 

To determine the {𝜏∗}, minimizing the error between the calculated displacements {𝑢௜௡} and 266 

the experimentally measured displacements {𝑢ො} needs to be solved as follows 267 

min
{ఛ∗}

𝐸 = min
{ఛ∗}

ଵ

ଶ
({𝑢௜௡} − {𝑢ො})்({𝑢௜௡} − {𝑢ො})                                      (17) 268 

In order to solve the ill-posed problem of the coefficient matrix, the constraint of minimizing 269 

R is introduced: 270 

𝑅 =
ଵ

ଶ
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ଵ ∫ (𝜏௫)ଶ
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ଶ

డ஻భయ
𝑑𝑠 +
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ଶ
𝛼଴

ଵ ∫ ൫𝜏௬൯
ଶ

డ஻భయ
𝑑𝑠 +

ଵ

ଶ
𝛼ଵ

ଵ ∫ ቀ
ఛ೤

డ௦
ቁ

ଶ

డ஻భయ
𝑑𝑠        (18) 271 

The above Equation defines the first-order regularization of the unknown stress condition, 272 

where the regularization parameters α଴
୧  and αଵ

୧ (i=1,2) control the type and degree of the continuity 273 

and smoothness, which should be able to eliminate the singularity of the problem without affecting 274 

the least squares solution. The relative size of equation system can be selected by referring to the 275 

existing measured data. Parts 1 and 2 of Equation (18) will make the change rates of τ୶ and τ୶ 276 

tending to 0, and parts 3 and 4 will make the change rates of τ୷ and τ୷ tending to 0. Strive for the 277 

partial derivatives of {τ∗}  after adding Equation (18) into Equation (17). When the partial 278 



17 / 39 

 

derivative is equal to 0, the calculation expression about {τ∗} is obtained as 279 

([𝑆]்[𝑆] + [𝐹]){𝜏∗} = [𝑆]்{𝑢ො}                                                (19) 280 

where, 281 

[𝐹] = ቈ
𝛼଴

ଵ[𝐹଴] + 𝛼ଵ
ଵ[𝐹ଵ] [0]

[0] 𝛼଴
ଶ[𝐹଴

ᇱ] + 𝛼ଵ
ଶ[𝐹ଵ

ᇱ]
቉                                    (20) 282 

[𝐹଴]  and [𝐹ଵ]  are zero- and first-order regularization terms defined on 𝜕𝐵ଵଷ  (𝜕𝐵ଵଷ  were divided 283 

into 𝐽ଵ linear units of length of ∆𝑆௜), [𝐹଴
ᇱ] and [𝐹ଵ

ᇱ] are expressions similar to (21) and (22) defined 284 

on 𝜕𝐵ଶଷ. 285 
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                                                (21) 286 

[𝐹ଵ] =
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ଵ
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                                            (22) 287 

This equation can be used to transform the primitive mathematical definition of inverse 288 

problem into a well-posed one. 289 

4 Verification through a computational example  290 

As shown in Fig. 5, a square thin plate with a centered square hole is an elastic body whose 291 

top is loaded by linearly distributed pressures symmetrical by the middle line. The self-developed 292 

LE-BEM code was used to carry out forward modeling to calculate the displacements at the 293 

monitoring points, which was taken as the known condition being used to calculate the boundary 294 
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stress by inversion program. The correctness and precision of the self-developed LE-BEM code 295 

were proved compared to the calculation results of constant element BEM code.  296 

4.1 Forwarding simulation using linear element of boundary element method  297 

The 2D model for a 20 m×20 m size of media with a 2 m×2 m square hole at the center is 298 

established. The elastic media is with its Young's modulus E=3.0×104 kPa and Poisson's ratio ν=0.3. 299 

As shown in Fig. 5, the load was applied on the model top. Nine sensors are set at the positions of 300 

x=-8 m, -6 m, -4 m, -2 m, 0 m, 2 m, 4 m, 6 m, 8 m and y=9, successively. The upper boundary and 301 

the square hole boundaries were discretized into 20 and 40 elements, respectively. 302 

  303 

Fig. 5 The model geometry (unit: m) and loading condition (Max: 100 kPa)  304 

The forward numerical simulation was carried out using the linear and constant element of 305 

boundary element programs, respectively. The boundaries for constant element program modelling 306 

were discretized as both the same and 5 times as those for the linear element. The displacements of 307 

monitoring points (x=0 m, 2 m, 4 m, 6 m, 8 m and y=9) were listed in Tab. 1. 308 
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Tab. 1 Displacements at the sensors 310 

Sensor positions 

x/m 

Linear elements Constant elements 5 times constant elements 

Ux/mm Uy/mm Ux/mm Uy/mm Ux/mm Uy/mm 

0 0 -5.42 0 -5.41 0 -5.44 

2 1.98 -7.09 1.88 -7.09 1.89 -7.10 

4 3.91 -10.73 3.88 -10.74 3.90 -10.73 

6 5.94 -15.11 5.88 -15.13 5.92 -15.10 

8 8.04 -19.59 7.95 -19.59 8.02 -19.51 

The figure showed that the result of the linear element code was between the two discrete 311 

cases of the constant element code, which indicated that the linear element program was correct 312 

and with higher accuracy than the constant element program with the same discretization. Then, 313 

the linear element program was used for looping simulation to obtain the {𝑆} matrix of the inverse 314 

problem, which will lay the foundation to solve the inverse problem. 315 

4.2 Numerical solution to inverse problem  316 

The displacements of the monitoring points and the {𝑆}  matrix obtained built from 317 

successively but loop-wisely calling the linear element code were input into the inverse problem 318 

program to solve the loads on the boundary ∂Bଵଷ. In order to ensure the stability and accuracy of 319 

solution, different regularization parameters 𝛼଴
௜   and  𝛼ଵ

௜ (𝑖 = 1, 2)  were selected, their 320 

corresponding results were shown in Fig. 6. It can be seen that the results are acceptably stable and 321 

accurate with little number of monitoring points, and the regularization parameters impact the 322 

stability of the solution significantly. When 𝛼଴
௜ = 10ିଵ଼ , 𝛼ଵ

௜ = 10ିଵହ(𝑖 = 1,2)  the stability and 323 
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accuracy of the obtained solution are the best among these three choices. 324 

The influence of monitoring error on inversion results was discussed. Fig. 7 showed the 325 

inversion results of the top boundary normal forces under different monitoring errors. The results 326 

manifest that in the presence of 5% measurement error, the inversion results were still stable 327 

relatively which are not much different from the accurate measurement results, indicating that this 328 

method was anti-interference to measurement errors, and adaptable to keep robust from 329 

unavoidable measurement errors in practical applications. 330 

 331 

Fig. 6 The loads on the top modelled by inverse solution corresponding to different regularization parameters 332 

 333 

Fig. 7 The loads on the top modelled by inverse solution corresponding to different monitoring deviations 334 
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In general, even with a small number of monitoring points, a stable and accuracy solution can 335 

also be obtained inversely using spatial regularization. Meanwhile, this method has a certain 336 

immunity from the inaccuracy of monitoring data, which implies the inverse problem numerical 337 

solution will be robustly further applicable in the engineering. 338 

5 An application example during a field project 339 

Tiltmeters are widely used in reservoirs sensitive to small deforming tilting angles with 340 

nanometer radian precision. It can monitor not only the deformation on ground surface, but also 341 

that along wellbore. In the latter case, the tiltmeter array is placed inside the well. During the 342 

fracturing implementation to stimulate a relatively shallow coal seam in Alberta, Canada, a tiltmeter 343 

array was installed on the surface near the injection well, as shown in Fig. 8. The position and shape 344 

of the fracture were determined by analyzing the monitoring data during the stable re-opening stage. 345 

By analyzing the monitoring data of the surface tiltmeters, it can be seen that the surface 346 

displacement caused by fracturing of the reservoir exhibits as a hump-like shape, and the maximum 347 

displacement was interpreted as 0.049 mm, as shown in Fig. 9. 348 

 349 

(a) Sectional view                                                                         (b) Floor plane 350 

Fig. 8 Schematic diagram of the surface installation of tiltmeter array 351 
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 352 

Fig. 9 The tiltmeter array monitored surface displacements 353 

5.1 Forward model to simulate surface deformation 354 

The fracture was caused to open by a net pressure, which yields by subtracting the initial 355 

minimum principal stress from the fluid pressure on the fracture wall, resulting in the surface 356 

deformation. 357 

This process is simplified to apply a uniform pressure to a strip-shaped crack inside a half 358 

infinite elastic media, and simulate the induced surface deformation in a forwarding way, in order 359 

to fit the deformation data monitored by the tiltmeter array. The assumptions had been adopted in 360 

the calculation process as follows: 361 

(1) The formations were assumed to be a unified homogeneous isotropic elastic continuum 362 

with its average Young's modulus and Poisson's ratio. 363 

(2) The length of the crack about 300 m was much larger than the height about 40 m and 364 

centimeter-grade opening, which roughly conformed to plane-strain problem hypothesis. Therefore, 365 

the cross-section with the largest surface displacement was selected to establish the plane model 366 
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corresponding to the high-width cross-section of the crack. 367 

(3) Considering that the liquid injection process time was short and the injection amount was 368 

large, the portion of the liquid percolating out of the crack walls and into the surroundings would 369 

be neglected, and the pore pressure acting on crack deformation were simplified as a process of 370 

applying quasi-static loading on the fracture walls. 371 

As shown in Fig. 10, the LE-BEM code was used to simulate vertical fracture with an 372 

inclination angle of 86°. The fracture at depth with the length of 40 m was divided into 60 elements, 373 

in which the first and last elements are tip elements [37], and the rest are linear elements. The 374 

surface boundary simulated by an enough long crack with the length of 2000 m and a free boundary 375 

was divided into 400 elements to ensure the calculation accuracy. The model parameters used in 376 

the numerical simulation are shown in Tab. 2, and the surface deformation results calculated by the 377 

numerical simulation are shown in Fig. 11. 378 

 379 

Fig. 10 The model for a pressured deep fracture inducing ground minute displacements 380 

 381 

 382 
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Tab. 2 Model parameters 383 

Parameter Type Unit Quantity 

Length of surface boundary  m 2000 

Depth of crack top m 410 

Depth of crack bottom m 450 

Crack inclination º 86 

Average Young's modulus GPa 25 

Average Poisson's ratio - 0.25 

Net pressure of fracturing MPa 3.5 

 384 

Fig. 11 Simulation results of surface deformation caused by a fracture 385 

The surface displacements calculated by the LE-BEM code were roughly consistent with the 386 

surface displacements obtained according to the tiltmeter array monitored data interpretation, that 387 

shown double-hump shape, and the left and right peak values were different. The maximum surface 388 

uplift displacement obtained by the linear elements program was 0.093 mm, which was larger than 389 

the measured data 0.049 mm. Since the model adopted the assumption of plane strain, and the range 390 
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of fracture length and fracture net pressure in the third direction of the actual project might not be 391 

connected, the calculation result was larger. However, the deformation morphology is consistent 392 

with the actual monitoring results, and the value is in the same order of magnitude, which proves 393 

the correctness of the results.  394 

5.2 Influence of fracture dip on induced surface deformation 395 

In order to analyze the influence of fracture dip angle on surface deformation, the surface 396 

deformation was simulated by changing only fracture dip angle and keeping other parameters 397 

unchanged. The model size, unit division, pressure and boundary conditions were the same as those 398 

in section 5.1. Only the fracture inclination angles were changed, which were 0º and 274º 399 

respectively, as shown in Fig. 12. 400 

 401 

Fig. 12 Different leaning fracture models 402 

The results shown that when the fracture was vertical, the surface deformation was hump 403 

symmetrically. When the fracture inclined to the right, the left hump was higher than the right hump, 404 

as shown in Fig. 13. The reason for this phenomenon was that: the strain caused by ground stress 405 

on the upper side of the fracture was directly transmitted to the surface, while part of the strain on 406 
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the lower side of the fracture was transmitted to the deep, so the upward transmission as dispersed, 407 

showing the phenomenon of unequal peak values of the humps on both sides. While in vertical 408 

fractures, the pressure transfers were the same on the left and right sides, so the humps on the 409 

surface were symmetrical. The results showed that the oblique reservoir fracture affected the trend 410 

of formation deformation. 411 

 412 

Fig. 13 Surface deformations caused by fractures with different inclinations 413 

5.3 Inverse solution to the net pressure onto fracture walls 414 

Taking the surface just above the fracture center as the coordinate origin, a line of monitoring 415 

points was arranged on the surface. 15 monitoring points with the depth of 5 meters below the 416 

surface were arranged within a radius of 500 meters around the injected well. Considering that the 417 

closer to the fracture horizontal position, the more obvious the corresponding deformation for the 418 

ground surface. Within the radius of 200 meters, a monitoring point was set every 50 meters, and 419 

within the radius of 200-500 meters, a monitoring point was set every 100 meter, with a total of 15 420 

monitoring points. Fig. 14 shows half of the monitoring diagram. 421 

-1000 -500 0 500 1000

-0.06

-0.04

-0.02

0.02

0.04

0.06

0.08

0.1
Uy (mm)

x (m)

 Left-leaning fracture
 Right-leaning fracture
 Vertical fracture



27 / 39 

 

 422 

Fig. 14 The layout of monitoring points 423 

Taking the displacement of the monitoring point as the known information, the LE-BEM code 424 

was cyclically called to obtain the {𝑆} matrix, which was used as the input condition of the inverse 425 

problem program. The regularization parameters were adjusted to solve the inverse problem, and 426 

the normal pressure at the fracture was obtained as shown in Fig. 15.  427 

 428 

Fig. 15 The inversely solved net pressure applicable onto the fracture walls 429 

The results show that the reservoir fracture pressure can be calculated inversely by only 15 430 

monitoring points, when 𝛼଴
௜ = 10ିଵ଻ , 𝛼ଵ

௜ = 10ିଵଵ(𝑖 = 1,2)  the stability and accuracy of the 431 

obtained solution are the best to assumption pressure. The pressure value of the left part of the 432 

curve, namely the lower part of the fracture, is larger than the right part, which confirms that after 433 

the fluid injected into the well, the lower part of the fracture is larger than the injection pressure of 434 

3.5 MPa under the action of gravity; while the pressure of the upper part of the fracture is almost 435 
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equal to the injection pressure; meanwhile, the pressure at both ends of the fracture is small. This 436 

indicates that the injected fluid did not reach the crack tip completely. As known from experience 437 

that in the short-term hydraulic fracturing process, the pressure injected into the bottom of the well 438 

must be greater than the pressure at both ends of the fracture, so the result obtained by inverse 439 

calculation is consistent with the actual situation. It can be seen that inversion of reservoir pressure 440 

based on surface displacements can better reflect the real situation of fluid spreading due to its 441 

pressure effect within reservoir.  442 

6 Discussion 443 

Based on an open source-code of constant-element boundary element method, a 444 

corresponding LE-BEM code was developed. Combining LE-BEM code with space regularization 445 

method, the algorithm for solving inverse problem was developed to figure out the boundary 446 

loading of near-field structure from far field response measurements. Examples were used to verify 447 

the correctness and demonstrate the accuracy of the LE-BEM code by being compared with 448 

analytical solution, constant-element boundary element method and known monitoring data. 449 

Meanwhile the algorithm of inversion strategy was applied to analyzing the hydraulic fracturing 450 

treatment targeted at a coal seam in Canada, and the fracture pressure in coal seam was inversed, 451 

and the internal pressure mechanism was analyzed.  452 

The inversion strategy combined with LE-BEM was applied to hydraulic fracturing 453 

engineering to effectively infer the inner pressure of a fracture from induced far-field deformation 454 

of the reservoir. The forward simulation of LE-BEM showed that the oblique reservoir fracture 455 

opened by a net pressure would introduce double humps with unequal height to ground surface. 456 
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Since the fracture was nearly vertical, considering that the elastic deformation was a free boundary, 457 

the fracture opened to both sides under the action of net pressure, the left and right swelling should 458 

be mainly upward deformation, while the fracture tip was located in the middle, and the 459 

deformation was offset or even subsidence due to the uplift of the twin peaks. In addition, because 460 

of the existence of angle, the differences in both sides of the deformation tendency of the fracture, 461 

the upper side medium mainly extruded to the upward, the other side of the medium extruded to 462 

the downward slightly. Compared with the infinite depth of the medium encountered by downward 463 

extrusion, the medium encountered by upward extrusion was limited to the surface, so the 464 

phenomenon of double peaks with unequal heights was presented.  465 

Cai [24] used constant element BEM by setting 120 monitoring points to invert reservoir 466 

pressure. However, using LE-BEM code, only 15 monitoring points were required to reverse the 467 

higher-precision results, which indicates that this method is of great significance to improving 468 

inversion accuracy and engineering application. 469 

At present, this strategy was developed by two-dimensional version developed on the 470 

fundamental solution of the infinite plane. In fact, three-dimensional analysis can calculate the 471 

pressure underground more accurately. The inverse problem solving strategy using the linear 472 

boundary element based on infinite plane fundamental solutions is proven to be feasible, and the 473 

extension of 3D researches based on the full-space and semi-space fundamental solutions are being 474 

planned as the near future work which can be expected to better facilitate the field application of 475 

this technique. 476 

7 Conclusion 477 
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In order to reveal the geo-mechanical effects of geological storage process, a novel strategy 478 

of numerical solution was proposed to inverse the monitoring data of induced surface 479 

displacements using the linear-element boundary element method. The following conclusions are 480 

drawn: 481 

The source code of two-dimensional LE-BEM was developed. The development as well as its 482 

validation with regards to planar elastic problems lays a solid foundation for its potential 483 

application and further extension to 3D analysis. The correctness and accuracy of the self-484 

developed LE-BEM code were verified and demonstrated by comparing with the analytical 485 

solution and the constant element BEM code when these three had been used to solve the same 486 

problems. It was proved that the LE-BEM code was efficient and can further improve the 487 

simulation accuracy than the constant element BEM code. 488 

The effectiveness of solution to inverse problem using LE-BEM was verified by a 489 

computational example: The model was a square plate with a square hole at its center whose bottom 490 

is fixed. The mid-symmetrically linearly distributed pressures which is loaded on the top boundary 491 

can be inversely figured out by just measuring the displacements at a few sampling positions within 492 

the plate. 493 

The oblique reservoir fracture affected the trends of formation deformation. Under a net 494 

pressure on the walls, an absolutely vertical fracture underground causes the ground to deform as 495 

double humps with equal height, while a fracture with a certain dip angle causes surface to deform 496 

as double humps with unequal height, where the taller hump corresponded to the dip pointing side, 497 

and vice versa.  498 
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In engineering applications, it would be a novel attempt to infer equivalent reservoir boundary 499 

mechanical effects according to their induced surface displacements. The inverse solution strategy 500 

will improve our understanding on the mechanical aspect of the process during geological storage 501 

and lay a solid foundation for rationally analyzing the state of underground reservoirs. 502 
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Appendix A 606 

Kernel function 𝑓(𝑥, 𝑦) is linear integral of  (𝐷௜ ∗ 𝑔), expressed as: 607 

𝑓(𝑥, 𝑦) = ∫ 𝑁ଵ𝐷௜
ଵ ∗ 𝑔(𝑥 − 𝜉, 𝑦)𝑑𝜉

௫೔శభ

௫೔
+ ∫ 𝑁ଶ𝐷௜

ଶ ∗ 𝑔(𝑥 − 𝜉, 𝑦)𝑑𝜉
௫೔శభ

௫೔

= 𝐷௜
ଵ ∗ 𝑓ଵ(𝑥, 𝑦) + 𝐷௜

ଶ ∗ 𝑓ଶ(𝑥, 𝑦)
                (A.1) 608 

Substitute N1 and N2 into the above equation to get: 609 

𝑓ଵ(𝑥, 𝑦) = ∫ ቀ
కି௫೔శభ

௫೔ି௫೔శభ
ቁ 𝑔(𝑥 − 𝜉, 𝑦)𝑑𝜉

௫೔శభ

௫೔
                                       (A.2) 610 

𝑓ଶ(𝑥, 𝑦) = ∫ ቀ
కି௫೔

௫೔శభି௫೔
ቁ 𝑔(𝑥 − 𝜉, 𝑦)𝑑𝜉

௫೔శభ

௫೔
                                       (A.3) 611 

For odd nodes on the element, xi and xi+1 are -1/2a and 3/2a, respectively. For even-numbered 612 

nodes xi and xi+1 are -3/2a and 1/2a, respectively.  613 

By the calculation,  𝑓ଵ(𝑥, 𝑦) and 𝑓ଶ(𝑥, 𝑦) on the odd-numbered nodes are expressed as:  614 

𝑓ଵ(𝑥, 𝑦) = −𝐶ଵ{[(𝑥 − 1.5𝑎)ଶ − 𝑦ଶ] ln[(𝑥 − 1.5𝑎)ଶ + 𝑦ଶ] − [(𝑥 + 0.5𝑎)(𝑥 − 3.5𝑎) − 𝑦ଶ]

ln[(𝑥 + 0.5𝑎)ଶ + 𝑦ଶ] − 4𝑦(𝑥 − 1.5𝑎)𝑇ଵ + 4𝑎(𝑥 − 2.5𝑎)}
 615 

                                                                                                                                 (A.4) 616 

𝑓ଶ(𝑥, 𝑦) = 𝐶ଵ{[(𝑥 + 2.5𝑎)(𝑥 − 1.5𝑎) − 𝑦ଶ] ln[(𝑥 − 1.5𝑎)ଶ + 𝑦ଶ] − [(𝑥 + 0.5𝑎)ଶ − 𝑦ଶ]

ln[(𝑥 + 0.5𝑎)ଶ + 𝑦ଶ] − 4𝑦(𝑥 + 0.5𝑎)𝑇ଵ + 4𝑎(𝑥 + 1.5𝑎)}
 617 

                                                                                                                                 (A.5) 618 

𝑓ଵ(𝑥, 𝑦) and 𝑓ଶ(𝑥, 𝑦) on the even-numbered nodes are expressed as: 619 

𝑓ଵ(𝑥, 𝑦) = −𝐶ଵ{[(𝑥 − 0.5𝑎)ଶ − 𝑦ଶ] ln[(𝑥 − 0.5𝑎)ଶ + 𝑦ଶ] − [(𝑥 + 1.5𝑎)(𝑥 − 2.5𝑎) − 𝑦ଶ]

ln[(𝑥 + 1.5𝑎)ଶ + 𝑦ଶ] − 4𝑦(𝑥 − 0.5𝑎)𝑇ଶ + 4𝑎(𝑥 − 1.5𝑎)}
 620 

                                                                                                                                 (A.6) 621 

𝑓ଶ(𝑥, 𝑦) = 𝐶ଵ{[(𝑥 + 3.5𝑎)(𝑥 − 0.5𝑎) − 𝑦ଶ] ln[(𝑥 − 0.5𝑎)ଶ + 𝑦ଶ] − [(𝑥 + 1.5𝑎)ଶ − 𝑦ଶ]

ln[(𝑥 + 1.5𝑎)ଶ + 𝑦ଶ] − 4𝑦(𝑥 + 1.5𝑎)𝑇ଶ + 4𝑎(𝑥 + 2.5𝑎)}
 622 

                                                                                                                                (A.7) 623 
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where, 𝐶ଵ = [32𝜋(1 − 𝑣)𝑎]ିଵ, 𝑇ଵ = tanିଵ[y (𝑥 − 1.5𝑎)⁄ ] − tanିଵ[y (𝑥 + 0.5𝑎)⁄ ], 𝑇ଶ =624 

tanିଵ[y (𝑥 − 0.5𝑎)⁄ ] − tanିଵ[y (𝑥 + 1.5𝑎)⁄ ]. 625 

Similarly, integrate every derivative of 𝑔(𝑥, 𝑦)  to the derivatives of 626 

𝑓ଵ(𝑥, 𝑦): 𝑓ଵ,௫, 𝑓ଵ,௬, 𝑓ଵ,௫௫ , 𝑓ଵ,௫௬, 𝑓ଵ,௬௬, 𝑓ଵ,௫௫௫ , 𝑓ଵ,௫௫௬ , 𝑓ଵ,௫௬௬, 𝑓ଵ,௬௬௬ and the derivatives of 627 

𝑓ଶ(𝑥, 𝑦): 𝑓ଶ,௫, 𝑓ଶ,௬, 𝑓ଶ,௫௫ , 𝑓ଶ,௫௬, 𝑓ଶ,௬௬, 𝑓ଶ,௫௫௫ , 𝑓ଶ,௫௫௬ , 𝑓ଶ,௫௬௬, 𝑓ଶ,௬௬௬. 628 

For odd-numbered nodes, the derivatives of  𝑓ଵ(𝑥, 𝑦) and 𝑓ଶ(𝑥, 𝑦) are expressed as:  629 

𝑓ଵ,௫ = −4𝐶ଵ[(𝑥 − 1.5𝑎)𝐿ଵ − 𝑦𝑇ଵ + 2𝑎]                                           (A.8) 630 

𝑓ଶ,௫ = 4𝐶ଵ[(𝑥 + 0.5𝑎)𝐿ଵ − 𝑦𝑇ଵ + 2𝑎]                                             (A.9) 631 

𝑓ଵ,௬ = 4𝐶ଵ[𝑦𝐿ଵ + (𝑥 − 1.5𝑎)𝑇ଵ]                                                    (A.10) 632 

𝑓ଶ,௬ = −4𝐶ଵ[𝑦𝐿ଵ + (𝑥 + 0.5𝑎)𝑇ଵ]                                                 (A.11) 633 

𝑓ଵ,௫௬ = 4𝐶ଵ(𝑇ଵ − 2𝑎𝑦𝐴ଵ)                                                         (A.12) 634 

𝑓ଶ,௫௬ = −4𝐶ଵ(𝑇ଵ − 2𝑎𝑦𝐵ଵ)                                                      (A.13) 635 

𝑓ଵ,௬௬ = −𝑓ଵ,௫௫ = 4𝐶ଵ[𝐿ଵ + 2𝑎(𝑥 + 0.5𝑎)𝐴ଵ]                                     (A.14) 636 

𝑓ଶ,௬௬ = −𝑓ଶ,௫௫ = −4𝐶ଵ[𝐿ଵ + 2𝑎(𝑥 − 1.5𝑎)𝐵ଵ]                                   (A.15) 637 

𝑓ଵ,௫௬௬ = −𝑓ଵ,௫௫௫ = −4𝐶ଵ{[(𝑥 + 2.5𝑎)(𝑥 + 0.5𝑎)ଶ + (𝑥 − 1.5𝑎)𝑦ଶ]𝐴ଵ
ଶ − (𝑥 − 1.5𝑎)𝐵ଵ}    (A.16) 638 

𝑓ଶ,௫௬௬ = −𝑓ଶ,௫௫௫ = −4𝐶ଵ{[(𝑥 − 3.5𝑎)(𝑥 − 1.5𝑎)ଶ + (𝑥 + 0.5𝑎)𝑦ଶ]𝐴ଵ
ଶ − (𝑥 + 0.5𝑎)𝐵ଵ}   (A.17) 639 

𝑓ଵ,௬௬௬ = −𝑓ଵ,௫௫௬ = −4𝐶ଵ{[(𝑥 + 0.5𝑎)(𝑥 + 4.5𝑎) + 𝑦ଶ]𝐴ଵ
ଶ − 𝐵ଵ}                     (A.18) 640 

𝑓ଶ,௬௬௬ = −𝑓ଶ,௫௫௬ = −4𝐶ଵ{[(𝑥 − 1.5𝑎)(𝑥 − 5.5𝑎) + 𝑦ଶ]𝐴ଵ
ଶ − 𝐵ଵ}                     (A.19) 641 
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For even-numbered nodes, the derivatives of 𝑓ଵ(𝑥, 𝑦) and 𝑓ଶ(𝑥, 𝑦) are expressed as: 642 

𝑓ଵ,௫ = −4𝐶ଵ[(𝑥 − 0.5𝑎)𝐿ଶ − 𝑦𝑇ଶ + 2𝑎]                                          (A.20) 643 

𝑓ଶ,௫ = 4𝐶ଵ[(𝑥 + 1.5𝑎)𝐿ଶ − 𝑦𝑇ଶ + 2𝑎]                                         (A.21) 644 

𝑓ଵ,௬ = 4𝐶ଵ[𝑦𝐿ଶ + (𝑥 − 0.5𝑎)𝑇ଶ]                                                (A.22) 645 

𝑓ଶ,௬ = −4𝐶ଵ[𝑦𝐿ଶ − (𝑥 + 1.5𝑎)𝑇ଶ]                                             (A.23) 646 

𝑓ଵ,௫௬ = 4𝐶ଵ(𝑇ଶ − 2𝑎𝑦𝐴ଶ)                                                    (A.24) 647 

𝑓ଶ,௫௬ = −4𝐶ଵ(𝑇ଶ − 2𝑎𝑦𝐵ଶ)                                                 (A.25) 648 

𝑓ଵ,௬௬ = −𝑓ଵ,௫௫ = 4𝐶ଵ[𝐿ଶ + 2𝑎(𝑥 + 1.5𝑎)𝐴ଶ]                                (A.26) 649 

𝑓ଶ,௬௬ = −𝑓ଶ,௫௫ = −4𝐶ଵ[𝐿ଶ + 2𝑎(𝑥 − 0.5𝑎)𝐵ଶ]                             (A.27) 650 

𝑓ଵ,௫௬௬ = −𝑓ଵ,௫௫௫ = −4𝐶ଵ{[(𝑥 + 3.5𝑎)(𝑥 + 1.5𝑎)ଶ + (𝑥 − 0.5𝑎)𝑦ଶ]𝐴ଶ
ଶ − (𝑥 − 0.5𝑎)𝐵ଶ}   (A.28) 651 

𝑓ଶ,௫௬௬ = −𝑓ଶ,௫௫௫ = −4𝐶ଵ{[(𝑥 − 2.5𝑎)(𝑥 − 0.5𝑎)ଶ + (𝑥 + 1.5𝑎)𝑦ଶ]𝐴ଶ
ଶ − (𝑥 + 1.5𝑎)𝐵ଶ}   (A.29) 652 

𝑓ଵ,௬௬௬ = −𝑓ଵ,௫௫௬ = −4𝐶ଵ{[(𝑥 + 1.5𝑎)(𝑥 + 5.5𝑎) + 𝑦ଶ]𝐴ଶ
ଶ − 𝐵ଶ}                (A.30) 653 

𝑓ଶ,௬௬௬ = −𝑓ଶ,௫௫௬ = −4𝐶ଵ{[(𝑥 − 0.5𝑎)(𝑥 − 4.5𝑎) + 𝑦ଶ]𝐴ଶ
ଶ − 𝐵ଶ}                (A.31) 654 

where, 𝐿ଵ = log ඥ(𝑥 − 1.5𝑎)ଶ + 𝑦ଶ − log ඥ(𝑥 + 0.5𝑎)ଶ + 𝑦ଶ , 𝐿ଶ = log ඥ(𝑥 − 0.5𝑎)ଶ + 𝑦ଶ −655 

log ඥ(𝑥 + 1.5𝑎)ଶ + 𝑦ଶ ,  𝐴ଵ = [(𝑥 + 0.5𝑎)ଶ + 𝑦ଶ]ିଵ , 𝐵ଵ = [(𝑥 − 1.5𝑎)ଶ + 𝑦ଶ]ିଵ ,  𝐴ଶ = [(𝑥 +656 

1.5𝑎)ଶ + 𝑦ଶ]ିଵ， 𝐵ଶ = [(𝑥 − 0.5𝑎)ଶ + 𝑦ଶ]ିଵ. 657 




