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Abstract

This paper is concerned with the recursive quadratic filtering problem for a class of linear discrete-time systems subject to
non-Gaussian noises. Considering its robustness against channel noises, the binary encoding scheme is utilized in the process
of data transmission from sensors to the filter. Under such a scheme, the original signal is first encoded into a bit string,
and then transmitted via memoryless binary symmetric channels (with certain crossover probabilities). Subsequently, the
received bit string is recovered by a decoder at the receiver end. The primary purpose of this paper is to design a recursive
quadratic filter for the underlying non-Gaussian systems with a minimized upper bound on the filtering error covariance. For
this purpose, an augmented system is first constructed by aggregating the original vectors and their second-order Kronecker
powers. Accordingly, an upper bound on the filtering error covariance is obtained in the form of solutions to certain Riccati-like
difference equations, and the obtained bound is then minimized by properly choosing the filter parameter. Moreover, sufficient
conditions are established to guarantee the boundedness of filtering error covariance. Finally, a numerical example is provided
to demonstrate the effectiveness of the proposed quadratic filtering algorithm.
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1 Introduction get plant based on the possibly corrupted measurements.
. Up to now, much research enthusiasm has been attract-
The past several decades have witnessed a surge of re- ed towards the development of filtering techniques un-

search interest devoted to the filtering problem for s- der various performance requirements, and some rep-
tochastic systems due to its successful applications in resentative approaches include the Kalman filter, the
many fields ranging from signal processing, target track- set-membership filter [19] and the H., filter algorithm-
ing, fault detection, to navigation, see e.g. [4,26,29,32,34, $[3,11,15,17,31,42]. Among others, the Kalman filter has
38,43,44]. The main objective of the filtering issue is to been well recognized as the optimal recursive minimum-
obtain the accurate/satisfactory state estimates of a tar- variance estimator for linear systems subject to Gaus-

sian noises with exactly known statistics [10,30, 33].
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ty has also been discussed. In [41], the error square con-
strained filtering issue has been addressed for system-
s with polytopic uncertainty and non-Gaussian noises.
Recently, by resorting to the variational Bayesian infer-
ence, a suboptimal filter has been proposed in [47] for
the target tracking system with non-Gaussian noises.

Owing to its distinctive advantages in handling non-
Gaussian noises (as compared to the existing methods),
the polynomial filtering approach has recently received
a rapidly growing research interest [1,2,5,8,14,23]. As
a special kind of the polynomial filters, the so-called
quadratic filter is capable of achieving a satisfactory
tradeoff between the computational complexity and the
filtering accuracy. In this regard, significant research ef-
fort has been directed towards the quadratic filtering
(QF) problem for non-Gaussian systems from various
perspectives [6,7,13,25,27,37,48]. For example, the least-
squares QF approach has been put forward in [9] for
discrete-time stochastic systems with random parame-
ter matrices. By introducing an output injection ter-
m, the feedback QF scheme has been presented in [6]
for linear discrete-time systems, in which the filtering
performance relies on the filter gain of the output ter-
m. In [21], a Kalman-like quadratic filter has been pro-
posed for linear discrete time-varying non-Gaussian sys-
tems with multiplicative noises, and an optimized upper
bound on the filtering error covariance (FEC) has also
been established.

On another research frontier, the binary encoding
scheme (BES), which is one of the popular signal trans-
mission strategies, has gained considerable research
attention for its distinctive advantages such as easy re-
alization, high reliability, and reduced consumption of
network resource [12,20, 28,35, 36]. Under the BES, the
signals are first encoded into a set of binary bits and
subsequently transmitted via binary symmetric chan-
nels. Nevertheless, due to unavoidable channel noises or
cyber-attacks, the binary bits might undergo random bit
errors which, if not properly addressed, would inevitably
result in the information distortion and even perfor-
mance deterioration. As such, some initial research
attention has been paid onto the filtering/estimation
problems under BESs, see [18, 33,39, 40, 46] and the
references therein. Among others, the moving-horizon
estimation issues have been considered in [20] for linear
discrete-time dynamic networks with BESs, in which
the stochastically ultimate boundedness of the estima-
tion errors has been analyzed as well. Unfortunately,
when it comes to the BES-based QF problem, the cor-
responding results have been very few (if not none),
and this constitutes the main motivation of our current
investigation.

In light of the aforementioned discussions, in this paper,
we endeavor to study the QF problem for non-Gaussian
systems under the BES, and this appears to be a rather
challenging research issue because of the following three
fundamental difficulties: 1) how to develop a quadrat-
ic filter in the presence of random bit errors and non-

Gaussian noises? 2) how to obtain the statistical proper-
ties of the augmented noises which are composed of the
original noises and their Kronecker products? and 3) how
to analyze the influence from the quantization/flipping
errors onto the filtering performance? It is, therefore,
the primary purpose of this paper to offer satisfactory
answers to these three questions.

The main contributions of this paper can be highlighted
as follows: 1) the QF problem is, for the first time, studied
for a class of time-varying non-Gaussian systems with
BESs; 2) the statistical properties (including the second-,
third- and fourth-order moments) of the quantization er-
rors, flipping errors, and augmented noises are obtained;
3) an effective quadratic filter is proposed with a locally
minimized upper bound on the FEC, which is suitable for
online implementations; and 4) sufficient conditions are
provided to ensure the boundedness of the FEC.

The organization of this paper is as follows. In Section 2,
the time-varying non-Gaussian systems under BESs are
introduced. The recursive QF problem is formulated in
Section 3. In Section 4, the QF algorithm is designed by
utilizing the statistical characteristics of involved flip-
ping errors as well as augmented noises, and the bound-
edness analysis of the FEC is conducted for the present-
ed filtering scheme. A numerical example is given in Sec-
tion 5 to demonstrate the effectiveness of the designed
filter, which is followed by the conclusion in Section 6.

Notation. R™ is the m-dimensional Euclidean s-
pace. P{x} denotes the occurrence probability of
the event * and E{x} stands for the expectation of
the random variable x. diag{A4;,As,---,A;,} de-
notes a block diagonal matrix with diagonal blocks
Ay, Agy - Ay col{aq,ag, -+ ,a,} means a column
vector [al,al,--- al]T. A < B(A < B) means that
B — A is positive semi-definite (positive definite), where
A and B are real symmetric matrices. For a vector y,
yl!l represents the ith-order Kronecker power. To be
specific, y© = 1 and yl! = y @ yli—1 (i > 1), where ®
is the Kronecker product. Moreover, the ith-order mo-
ment of yl! is defined as gog(f) 2 E{yl1}. vec(A) is the
vectorization of an m x [ matrix A, which is an ml x 1
column vector formed by stacking the columns of A on
top of one another. st(A) denotes the inverse operation
transferring vec(A) to A. Ky, is a commutative ma-
trix, i.e., Ky (z ®@y) =y ®@x with x € R™ and y € R
tr(A) means the trace of matrix A, and Sym{A} denotes
A+ AT,

2 Problem Statement

Consider the following class of discrete time-varying non-
Gaussian systems

Tz41 :szz + w,
{ 1)

where z, € R™ is the system state to be estimated,
1y, € R™ denotes the observation. The process noise
w, € R™ and the measurement noise v, € R™ are the

Yz :szz + v,



non-Gaussian sequences. I', and D, are known time-
varying matrices with compatible dimensions. The ini-
tial state xy and the random sequences w, and v, are as-
sumed to be zero-mean, uncorrelated, white and bound-
ed. Moreover, the 2nd, 3rd and 4th moments of all the
random variables are known.

In this paper, to cater for the engineering reality, the
BES is utilized during the process of signal transmission.
Specifically, the measured output y., is first encoded into
a set of binary bits and then forwarded to a remote filter
via binary symmetric channels. Let y; , be the ith ele-
ment of the measurement y, with its range being [— L, L],
where L € R is a known positive scalar determined by
the sensor specification. A binary encoder is employed to
transform the original signal y; . into a binary bit string
of length S, thereby resulting in 2° points denoted by
T £ {uy,ug, - ,uss}. These 2° points uniformly di-
vide the interval [~ L, L] into 2° — 1 small intervals with
length
2L
25 —1°

To begin with, the original signal y; . is pretreated by
a probabilistic uniform quantizer, ie., F, : y;, —
q(Yi,z, S). When u; < y;, < w1, the output ¢(y; 2, S)
is generated by the following probabilistic rule

h:

{ P{q(yi-,S) =ui} =1 — 0. )
]P){q(yi,za S) - uiJrl} - 5i,z
where

A Yi,z — Uj

5z,z - h

and 0 S 51'& S 1.
Defining the quantization error as e; . £ q(Yizy S) = Vi z,
we have
P{ei,z = _5i,zh} =1- 61,z (3)
]P’{ei,z = (1 — 5l7z)h} = 61',2-

It is notable that the output signal ¢(y; », S) can be de-
scribed by a basis of binary bits, i.e.,

4(yiz. S) ——L+zb“ 2771 (4)

which indicates that the 31gna1 Yi,» is encoded into the
following binary bit string

u _{bl 29 2z7”' 7bg,)z}7 by,)z

The converted binary bit string is then transmitted via
a memoryless binary symmetric channel, in which every
bit might undergo the random bit errors (i.e., flip with
a small probability). In this case, the received bit string
can be described as

£ (B Bk, D) B € {0,1)

) 7,2

€ {0,1}.

where

b = aj (1= 08 + (1 — 2 )b") (5)

with P{a;, = 1} = @ and P{ej, = 0} = 1 — a. The
random variables a; . are assumed to be uncorrelated
with o, w, and v,.

Based on the received bit string U., the signal y; . can
be recovered by

S
G(yiznS) = —L+ > b\)27 h, (6)
j=1

From Lemma 2 in [20], we know that

E[G(yi,2, )] = (1 = 28)q(yi,=, S). (7)

For the convenience of subsequent analysis, let g; . £
G(yi =, S) and A; , £ G4(Yi,z, S) —E[G(yi,z, S)]. Then, the
restored signal g; , can be represented as

y z :(1 - 2d)q(yi,zu S) + )\i,z
=(1—-2a)(yi,» + €i2) + Niz
:(1 - 2d)yi,z + (1 - 2d)ei,z + )\i,z- (8)

As a result, the considered system can be reformulated
as
Tz41 :I‘zwz + w,
Yz :szz + v, (9)
gz :Tyz + Tez + Az
where
T £ diag{1 — 2a,1 - 2a,--- ,1 —2a},
A £ COl{)\l,m )\2,Z7 T 7)\ny,z}7
€z = COl{el,Za €2 2, " aeny,z}-

Remark 1 [t is worth mentioning that the introduction
of the probabilistic uniform quantizer and the BES would
give rise to the quantization error e, and the flipping er-
ror A, which constitute the main sources of the trans-
mission errors and bring about some difficulties in the
design of QF algorithm. To this end, by resorting to the
term E[q(yi,», S)], we have established an explicit rela-
tionship among the restored signal ., the original signal
Y., the quantization error e, and the flipping error A, .

3 The Quadratic Filtering Problem

In this section, the QF problem is investigated for the
linear non-Gaussian systems described by (9). To begin
with, we shall construct an augmented system by using
the quadratic Kronecker powers of the state and mea-
surement vectors.

Based on the definition of a:ﬂl and the properties of

Kronecker algebra, we have

,[zJ]rl —F[le,[f] + (I + Ky, Mg Yoz, @ w,) + U’LQ]
=Tz 4 @ 4 () (10)
where

“7,(3) £ (I+ an,nm)(l—‘zxz ® MZ) + w,[z] 907(1;3



Similarly, we can obtain that

y,[z2] = D[z2]$[2] + (I + K, ,ny)(DZ‘TZ ® UZ) + ’U?] (11)

z v

and
I <Y 4 T+ AP 4 (14 K, )
X [T[Q] (y:®e.) + (Ty. @A) + (Te. @ A,)]
=YEDEE L pRIp@) 4 P4 52 (12)
where
ng) 202 (I + Knym,) (Do, @v,) + T[2]’UE]
+ YR 4 AL (1 + Koy, ) [YP (2 @ c2)
+ (Tyz & AZ) + (Tez & Az)],

52 2 _ YA _ 2

On the other hand, it follows from (9) that
Yz :Tyz +Te. + A,
=YDz, + ¥, (13)
where 7, £ Tv. + Ye, + A..

By aggregating the state/measurement vectors and the
corresponding quadratic Kronecker powers, we construc-
t the following augmented vectors

Xzélﬁ;],yzé y]yé[y] (14)
Tz

2] % |
Then, the dynamics of the corresponding augmented sys-
tem can be expressed as

Xerl :szz+Uz+Wz (15)
j}z :-DzXz'i_Tz'i_‘;tz
where

P L e ]
o ¥ o2

WA _wz N YD, 0

S i 0 TRpR|’

[ 0 . ¥

T. £ VAL G
T oD + cpf) ng)]

According to the available measurements Y., we design
the following quadratic filter:

{ ‘/’)E'z+1|z :fz')%z\z +U.

Xerl\erl =Azt1z + Fz-l—l[yz—i-l - Dz+1Xz+1|z - Tz+1]

(16)
where fz+1|z and QE'Z+1|Z+1 denote, respectively, the one-
step prediction and the state estimate at time instant

z+1,and F, 1, is the filter gain matrix to be determined.

Remark 2 [t should be pointed out that, based on the
augmented measurements Y., the QF algorithm can
achieve higher filtering accuracy than traditional fil-
ters with 3, only. Nevertheless, the co-existence of the
quantization errors and random bit errors as well as the
induced unknown term E[e[z2]] renders it really difficult to
design the optimal quadratic filter. As such, in this pa-
per, we turn to propose a suboptimal recursive quadratic
filter of the structure (16). It is clear that the innovation
term V.11 — DZ+12€2+1|Z — T.41 takes into account the
influence of the probabilistic uniform quantization as
well as the random bit errors. Meanwhile, according to
the relationship between x, and X, the estimate I,
of the original plant state can be easily obtained by ex-
tracting the first n, entries of the estimate )EZ‘Z, i.e.,
jz\z = [InIaO]Xz\z

To facilitate the subsequent developments, the predic-

tion error and filtering error as well as their correspond-
ing error covariances are, respectively, defined as

~ N N
Xz-i—l\z :Xz+1 - Xz-l—l\zv

~ N N

Xerl\erl —Az4+1 — Xerl\erlu
A v v

Oerl\z :E[Xz+1|z)(z+1|z]7

A 5T
Oz 11241 ZE[X 11201 X 1 4]

The primary objective of this paper is to propose a sub-
optimal quadratic filter of form (16) for augmented lin-
ear discrete-time systems (15) such that, in the presence
of non-Gaussian noises and BES, the following require-
ments are simultaneously satisfied:

1) the FEC has an upper bound @z+1|z+1, ie.,
Oz+1|z+1 S Oerl\erl;

2) the obtained upper bound @z+1‘z+1 is minimized by
properly designing the filter gain F.1; and

3) sufficient conditions are provided to ensure the bound-
edness of the FEC.

4 Main Results

In this section, some preliminary lemmas are first derived
on the statistics of e,, A,, W, and V,. Then, an upper
bound is given on the FEC O, .41 by resorting to
two Riccati-like difference equations, and such a bound
is subsequently minimized by selecting the gain matrix
F. ;. In addition, sufficient conditions are provided for
the boundedness of the FEC.

4.1 Preliminary Lemmas

Lemma 1 The second- and fourth-order moments of the
quantization error e; , satisfy the following relationships:

0,2

Ele;.] =[(1 - 6:.2)87. + (1= 6:.2)"0:: 0" < xah?,
(17)

Ele2.] =(5 — 57.)0° < 11,

where x1 £ max;ep,1)[(1 — )6 + (1 — §)*4].



Proof: The proof follows directly from (3) and the defi-
nition of mathematical expectation, and is thus omitted
here for conciseness. |

Lemma 2 Define &;. = a;.
following results:

— &. Then, we have the

El&;..] =0,

Ela; ] =a — &,

E[diz] =a — 3a® + 2a°,

Eld].] =a — 4a° + 6a° — 3a”. (18)

Proof: The proof follows directly from the properties
of the random variables o; ., and is thus omitted here
for simplicity. |

Lemma 3 The second-, third- and fourth-order mo-
ments of the random variables \; , are given as follows:

2251 ,
B[] =a(l = a)h*=——— 2 xa,
s
E[)\iz] =(a — 3a* 4+ 2a%) Z 23(J DR3 Ly,
j=1
45 —1
E\.] =(a — 4a* + 6a° — 3@4)h4T
+6a%(1—a)ht Y 220t L
1<j<s<S
(19)
Proof: See Appendix A. n

So far, we have obtained the second- and fourth-order
moments of e; ., and \; . via Lemmas 1-3. In what fol-

lows, the statistics of the augmented noises W, and f/z
are summarized in Lemma 4.

Lemma 4 Let Qw, £ E[W.WT], Q; = V.V, and
Q(/z be an upper bound of Qy;_ . Then, it follows that

QW_[ st(pl)) st @55»3)]
T L) QR |
0. — | T€ ter?) + xaln, ) YT b, Q0|
: @y")" Qy”
(20)
where

X (I+an,nz)T + st(ep 7(;12)) (2)(<sz)) )
NG ) e
X5 :Zny +nyx1h" +ny(ny — 1)%7

QY 27t (o) (0T + stlf),
QU LTI 4 K, ) (Dast(f?) DT @ st(p?))

YNy

X (I +Kp,n,)" (CENT + 2 Rlst(pl0) (Y EHT
(I + Koy, ) { T (Dast(62) DT + st(2))
1
® thy} (TN 4 [T(D st(0?) DT + st ("
1
® leny} + (17020, Y7 @ xal, )}(I K,

— TGP (T (YT — o (T,
QU 2QEY +st(p})) + x5 TP, (TP

ys Ty

(21)

z

Proof: See Appendix B. |

Remark 3 It should be emphasized that, by using the
augmentation technique, the QF problem for the system
(9) has been transformed into a recursive linear filtering
problem for the augmented system (15). Therefore, the
statistical characteristics (e.g. covariances) of the aug-
mented noises would play a crucial role in the filter de-
sign. Nevertheless, due to the fact that the exact values
of E[e.€l] and E[e,[z]( L])T] are unknown, it is literally
impossible to establish an explicit expression for the co-
variance matriz Qy, . As such, by utilizing the elemen-
tary inequality E[B.BT] < E[BT B.I for any 3. € R™, we
have derived an upper bound for Qy, in Lemma 4.

Lemma 5 The state covariance matrix
L1 2 E[X. 1 X ]
satisfies the following recursion:

I, =CILTY + U.UT + Quw.

+T.H.U + U.HITT (22)
where
H, £EX,] = ?’]
P
Proof: See Appendix C. |

Remark 4 [t s worth mentioning that the state covari-
ance matriz 1,11 can be partitioned by

Herl -

11,241 H12,z+1‘|
i .1 Haooqa

where each block is specified as follows:

| EE) é]E[UCerIUCzTJrl] St(‘sz)H)

M2 241 LRz, (x [ZQJ]rl)T] (S%ZH)
2 2

Mo .41 2E[e], (2 )T] = st(e?), ).

Therefore, the terms wggi)ﬂ, cpgc?;)ﬂ, and cpgi)ﬂ can be ob-

tained via Lemma 5.

D)k

)T



4.2 Analysis on Filtering Error Covariance Matrices

In the subsection, an upper bound is first derived on
the FEC, and the obtained bound is then minimized by
appropriately choosing the filter gain matrix. To begin
with, let us introduce the following notation:

Qi/??l ATE (st ) — @) (@ T)(plhT

s0'Uz+1 s0'Uz+1 wUerl
4
+st(eh) ) — e @ )T

4
+ (nyth4 + ny(ny — 1)1_6)(T[2])T7

@ _|0 0

Vz+1 Q(2 2)

Vet

Theorem 1 For a given positive scalar H1,z+41, assume
that there exist two solutions O 1|, and O 1.1 to the
following recursions:

@erl\z = l:‘z(,jz|zf‘z + QWz (23)
and

=1+ p1,241) — Fz+1Dz+1)@z+1\z
x (I — Fz+1Dz+1)T +F.Qp.  F1

+ z+1 z+1Q ZT+1 (24)

Oz-l—l\z-i—l

with the initial condition Ogg = (’)0‘0 > 0. Then, @z+1|z
and O,y 1,41 are, respectively, the upper bounds of
Oz+1|z and Oz-l—l\z-i—l; i'e'a

Oz-i—l\z S Oz+l|za Oz-l—l\z-i—l S Oz+1|z+l'

Proof: Let us prove this theorem by mathematical in-
duction. From the initial condition, it follows that Op <
Op|o- Suppose that O, < O.,.. In what follows, we will
prove Oz+1\z+1 < @z+1|z+1'

First, it is obtained from (15) and (16) that

‘/’)E'z+1|z :fz')?z\z + W, (25)

which, together with the definition of prediction error
covariance, yields

0,1, =1.0,.IT + EW. W]

+E[L.A, W+ EW. XL TT].  (26)

|z
Defining G . £ E[T". XZ‘ZW ], the recursion of O, .
satisfies:

Oerl\z :f‘zoz\zf‘z + QWz + Gl,z + G,{z (27)
Bearing in mind that the initial state xg, w, and v, are

uncorrelated with zero mean, we can obtain that G ; is
zero, which further indicates that

Oz-i—l\z :fzoz\zfz + QWZ (28)

Then, it follows from the condition O, < @Z‘Z that
Oz+1|z S Oz-{-l\z-

Similarly, the filtering error )Ez+1\z+1 and the FEC
O.41).41 are, respectively, calculated as follows:
X‘z+1|z+1 = ~z+1\z - Fz+1(1~)z+1)ez+1\z + Vz+1)
=(I = Fo1Doq1)Xoqn)e — Foa Ve (29)
and
:(I - Fz+1ﬁz+1)0z+1\z(1 - Fz—i—lﬁz-i-l)T
—E[(I - Fz+1Dz+1)Xz+1|sz+1Fz+1]
_E[FZ-i-le+1X+1\z(I Fz+1Dz+1) ]
+ P B[V VL FL . (30)

Oz+1|z+1

Next, we define G .41 2 E[—(I—F.41D.41) X, 1,V FL,
and obtain the recursion of O, 1.4 as follows:
(I Fz+1Dz+1)Oz+l\z(I - Fz-i—lﬁz-i-l)T

+ FZ+1QV 41 z+1 + G27Z+1 + G;z+1'
(31)

Oz+1|z+1

Now, by means of the recursion of O, 11|41, we are going
to prove that O, < O.4q)..

Let us define

z(2 2
U£+)1 2yl (U 805;z+1) + Az+l @5& )+1 + T[Q]e[z—]i-l

Then, the term GQ_’ZJFl can be rewritten as

— B{—(I — Foy1D.11) X, 1[0, 3 TIFL L ).
(32)

G2,2+1
Moreover, there exists a positive number fq .41 > 0 such
that
1 ~ ~
E{ (:LL1272+1(I - FZ+1Dz+1)XZ+1|z
_1 T
e [0 G2)T] )
1
X (:u’lz,erl(I - FZ+1Dz+1)XZ+1|z
_1 -(2) T\T
i [0 G2)T] )
=p1,z41(1 — Fz+1bz+1)(’)z+1‘z([ —Fop1D. )T

G3.41>0.
(33)

- 2 (2
+ #1,i+1Fz+1QE~,z)+ng+1 —Gaaq1 —
Rearranging the above inequality, we have
G272+1 + G2T7z+1
SMl,z-ﬁ-l (I - Fz+1Dz+1)Oz+1\z(I - Fz+1DZ+1)T
+ ”iiHFHlQQ FzT+1 (34)

Substituting (34) into (31) yields

Ozptot1 (1 + p1241)(I — Fz+1Dz+1)Oz+1\z
X (I = FoaD.)" + Fz+1QVz+1FZT+1

)



2
+M1z+1Fz+1Q) Fl. (35)

By using the mathematical induction method, we arrive
at the conclusion that O, 1).41 < O, 41241 |

Theorem 2 If the filter gain matriz is chosen as
Fz+1 = (1 + Ml,z+1)02+1|zDz+1Ez+1 (36)
then the minimal upper bound matrix Oz+1\z+1 satisfies
@z+1|z+1 :(1 + Nl,z+l)@z+1|z - (1 + Ml,z+1)2
X Oz+l|szzT+12z7i1Dz+1Oz+l|z (37)
where
(1 + M1, z+1) ~z-i-l(,quLHzﬁerl
+ QVZ+1 +u z+1 QV e

Ez-l—l
(38)

Proof: The upper bound matrix @Z+1|Z+1 in (24) can
be reformulated as

Ouv1jor1 =(1 4 p1,241)0z1)2 + Foa B FLy
-1+ Ml,z+1)@z+1|zbz+1Fz+1
- (14 ,Lbl,z+1)Fz+1Dz+1@z+1\z
=(1+ p1,241) 0112
+ [Fopr — (1 + Nl,z+1)@z+1lz[73+12;i1]22+1
X [Foyr — (14 p1,241)0.41: DI 204 )T

- (1 + Ml,z-{-l)2(§z+1\zﬁz+1zzi1ﬁz+l@z+l|z'
(39)

Obviously, the upper bound @z+1|z+1 is minimized by

choosing F.i1 = (1 + p1,241)0,41. DL, 2], The
proof is now complete. |

Remark 5 Note that the dynamics of the prediction and
filtering error covariances have been established in (23)
and (24), which are dependent on the statistical charac-
teristics of the quantization errors, random bit errors as
well as the augmented noises. Nevertheless, owing main-
ly to the occurrence of the cross-term Gg 41, it would be
really hard to get the accurate value of the covariance ma-
triz. As such, we have resorted to the elementary inequali-
ty (as shown in (38)) and obtained the upper bound on the
FEC. Subsequently, the obtained upper bound O, q.41
is minimized by choosing the proper F.1 in Theorem 2.

Remark 6 In comparison to most exvisting QF results
(see e.qg. [37]), the consideration of the BESs in this paper
brings some challenges in designing the QF algorithm, in
which the impacts from quantization error, flipping error
and non-Gaussian noises on the filtering design have been
analyzed. Note that the main contributions of [37] are to
propose a quadratic filter for the linear non- Gaussian sys-
tems with the time-correlated fading channels, and dis-
cuss the relationships between the high-order moments of
the fading channel coefficients and the locally minimized
upper bound on the estimation error covariance.

4.8  Boundedness Analysis

In this subsection, the boundedness of the QF error co-
variance is analyzed for the proposed quadratic filter. Be-
fore proceeding further, we need the following assump-
tion:

Assumption 1 There exist positive real numbers r, T,
Hys M, d,d, 4, Qw455 9o and @y, such that the following
inequalities hold

rl <TIT. T.TT <7lp <. <
dI <DI'D.<dl,qI<Qw. < qul,
.. =7 0O ~
251 < QVZ < gsl, Q‘}z+1 < gsl.
Theorem 3 Consider the stochastic augmented system

(15) with the quadratic filter (16) and filter gain (36).
Under Assumption 1, if

Q+p)r<1 (40)
then the upper bound matrix @z+1|z+1 satisfies
0T < O.q1)oqq <01 (41)
where
0 =(q," +dg; "), 00 = Anax(Oopo),

G201+ i) Bor + —— 20 .

(U )l + =]
Proof: Utilizing the matrix inverse lemma and (37), it
is not difficult to verify that

O, i1)a41 = {(1 + Ml,z+1)_1oz+1\z + Dz+1(QVz+l

17

2y .
+ 1 z+1Q§/+1) Dz+1:|

-1
Z{(l +/L1,z+1)_1(9;i1‘z z+1Q z+1}
(42)
which implies that
qu&1|z+1 <1+ M1, 241)” 1@;3”,2 z+1Q z+1
(43)
Noting that
@z+1|z Z QWZ Z gwI (44)
it then follows from (43)-(44) and Assumption 1 that
O tierr S g, T +de; T (45)

thus we immediately obtain @z+1|z+1 >0I.

In order to prove the conclusion that @z+1\z+1 < 01,

we first show @z+1\z+1 < 0.411 by the mathematical
induction method, where

z

0-41 2 00[(1+ )P + (14 )G > _[(1+ )7
1=0



Obviously, one has
@O|0 < )\max(@mo)l (46)
Assume that @z|z < 6, holds, we are now ready to obtain
Oz+1|z+1 < 9z+1'
Based on (23) and (37

@z+1|z+1 S(l + ﬂl)[f‘z@ﬂzf‘f + QWZ]
<1+ f1)[0-71 + Gl
=0,.1. (47)

), we can see that

It is clear that if (1 + f1)7 < 1, then @z+1\z+1 < 01
holds, which completes this proof. |
If (1 + f11)7 > 1, a sufficient condition is provided in
the following theorem to ensure the boundedness of the
error covariance matrix.

Theorem 4 Under Assumption 1, suppose that there
exist two positive scalars 0. andl such that the following
imequalities:

z+1

> R (2 + Dra®(i, 2+ 1) 207 2> 1 1
i=z—1+1

0.01<0.,0<z<l—1 (49)

hold for all z > 0, then the upper bound matriz @z+1|z+1
satisfies

01 < @z+1|z+l < 0_51 (50)
where ®(i, 2 +1) £ T 1F1_+1 STIMNi < 2), P2+ 1,2+
)21 and

2L+ ) (e gl

ko 2d(Gs + py 'Go)
Proof: In light of (23), we have
@z+1|z :fz (Oz|z + F 1QWZ P )FT

sz (@z|z + f_lqwgi @z|z)fz

<(1+r'q.0 "HI.0,.I'T. (51)
Combining (42) and (51) yields
@;il\erl =1+ Ml,zﬂ)_l@;uz z+1(Qv
+ “177»12+1Q§723+1)71D2+1
Zﬁlf‘z_T(’jz_lif‘z_l + K2
e (2 — L2+ DO (= 1,2+ 1)

z+1

p>

i=z—Il+1

RITITOT (i 2 + 1) ko ®(i, 2 + 1)

z+1

=3

i=z—Il+1
>0 (52)

KITTOT (i 2 + 1)k ® (i, 2 + 1)

which indicates @z+1\z+1 < 6.1. The proof is complete.
[ |

Remark 7 Up to now, we have made one of the first
attempts to cope with the QF problem for linear non-
Gaussian systems with the BESs. It should be emphasized
that, during the design of quadratic filter, we have taken
into consideration all important aspects including higher-
order moments of the quantization errors, random bit
errors and non-Gaussian noises, the flip probability and
the second-order Kronecker power of state/measurement
matrices. Compared with the available results on the QF
problem, the main results obtained in this paper have the
following features: 1) a unified framework is established
to simultaneously handle the effects of the quantization
errors, random bit errors and non-Gaussian noises; 2) a
new QF approach is presented with the ability to improve
the filtering accuracy when compared with the traditional
linear filter; and 3) sufficient conditions are provided to
ensure the boundedness of the QF error covariance.

5 An Illustrative Example

In this section, we provide a numerical example to
demonstrate the usefulness of the designed QF scheme.

The parameters of a linear discrete time-varying system
are given by:

0.45 0.3+ 0.4sin(0.12)
0.15 0.29 + 0.3cos(0.1%)

D.

0.20 0.95
—0.10 0.20

In the simulation, we assume that zy obeys the Gaussian
distribution with E(zg) = 0 and Cov(zg) = 1072l5.
Other parameters are chosenas h = 0.2, S =5, L = 3.1,
t1,> = 0.5, and @ = 0.001. Meanwhile, the non-Gaussian
noises w, = [wy1, wzﬁg]T and v, = [vs1, Uzﬁg]T are
generated by the following sequences:

W1,z = _1'4<w1,z + 06(1 - Cwl,z>’

w2 2 = 0-1<w2,z - 0-1(1 - <w2,z)v

U1,z = 1-5<v1,z - 0-5(1 - C'Ul,z)5

V2,2 = _2<v2,z + 0-5(1 - Cvz,z)a
where Cu, ., Cuws.> Gu. and (,,, are independent
Bernoulli random variables satisfying

P(Cuw, . =1) = 0.3, P(Cu,, = 1) = 0.5,

P(Cv,, = 1) =0.25, P(Cy,, = 1) =0.2.

The corresponding high-order moments of the non-
Gaussian noises are given in Table 1.

The trajectories of the actual states, quadratic filter and
the recursive filter (that only utilizes the information of



Table 1
The 2nd, 3rd and 4th-order moments of w; . and v;. (i =
1,2).

E{()’} E{()’} E{OY
wr,. | 0.8400 —0.6720  1.2432
wa | 0.0100  0.0000 107*
vi. | 0.7500  0.7500  1.3125
va. | 1.0000 —1.5000  3.2500

7.) are depicted in Figs. 1-2, which illustrate that the
presented quadratic filter has a good tracking perfor-
mance. To evaluate the QF performance, the trajecto-
ries of the mean square errors (MSEs) and the upper
bounds of the FEC are displayed in Figs. 3-4. It can be
seen that, the curves of MSEs always stay below those of
their corresponding upper bounds, thereby demonstrat-
ing the correctness of our theoretical results.
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and its estimate
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Fig. 1. The trajectories of 1. and Z1,..
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Fig. 2. The trajectories of x2 . and Z2,..

To further show the superiority of the proposed QF
method in improving the filtering accuracy, we depict
the MSE curves of the quadratic filter and the recursive
filter in Figs. 5-6. It is obvious that the filtering accura-
cy of the developed quadratic filter is higher than that
of the latter.

—— Upper bound
——MSE

. . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
Upper bound of X, and its MSE

Fig. 3. The MSE of z; . and its upper bound.

0.12 T T

—— Upper bound
——MSE

. . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
Upper bound of X, and its MSE

Fig. 4. The MSE of z3 . and its upper bound.

Quadratic Filter
Recursive filter

0 L L L L
0 10 20 30 40 50 60 70 80 90 100

The first state component

Fig. 5. The MSEs of the quadratic filter and the recursive
filter.

6 Conclusions

In this paper, the QF problem has been studied for an
array of linear discrete-time systems with non-Gaussian
noises and BESs. A new measurement model has been
constructed to take into account the probabilistic quan-
tization errors as well as the random bit errors. By
means of the augmentation method, the original non-
Gaussian system has been converted into a linear one,
which is composed of the quadratic functions of the



0 10 20 30 40 50 60 70 80 90 100
t/step
The second state component
Fig. 6. The MSEs of the quadratic filter and the recursive
filter.

state and measurement vectors. Accordingly, the statis-
tical properties of the quantization errors, random bit
errors and augmented non-Gaussian noises have been
analyzed, based on which an upper bound of the FEC
has been established in terms of the solutions to two
Riccati-like difference equations. The filter gain is then
determined by minimizing the obtained upper bound.
Moreover, sufficient conditions have been derived to
guarantee the boundedness of the QF error covariance.
Finally, a numerical simulation has been conducted to
show the effectiveness of the designed QF algorithm.
Our future work would include the extension of our de-
veloped results to more general systems, such as sensor
networks and complex networks.

7 Appendix
7.1  Proof of Lemma 3
Proof: From (7), it is easy to verify that

)\i,z =q. (yi,zu S) - E[(jz (yi,za S)]
S
="V —E@G))27 h

j=1

(1 —204))29 1, (53)

Mﬂ

I
-

J
Noting that E(&; .) = 0, one has E(); ) = 0.

From (53) and the fact that E(&s .&;.) =0 (s # j), we
have

S
E[)\iz] = ZE(&?)Z)(l - 2(%_2)222(3‘71%2
j=1
S ] .
:64(1 — @)h2 Z(l _ 2b§-2)222(3_1)' (54)
j=1

Since the value of b")
Then, it follows that

. is 0 or 1, we have (1—2b(1)) =1.

E[N?,] =a(l e T (515)

HMUJ

10

Noticing that E(&7 ,&;,.) =

L) =3 EGEL)

=1

0(i # 7), one has

(1)\303(j—1) 1,3
—2b}))3230 =D,

<.

s
=(a —3a” +2a°) ) (1 —2b]"))%280-1p3
j=1
23 (56)
and
s
:ZE )(1 —2b(1 ) d94(j—1) p4
j=1
+6 Z E(a2,62.)(1 — 2b"))?
1<j<s<S
x (1 —2p(1))2220—D)2(s=1) 4
s
=(a—4a” + 6a° — 3a*)h* Y 21071
j=1
+66%(1—a)?ht Y 22imhgemh)
1<j<s<S
S (57)
The proof is now complete. ]

7.2 Proof of Lemma 4

Proof: Recalling the expression of W, we know that

Elw.w!] Efw.(@)7]

Qw. =1 @) 7w (2), (27 (58)
Elwz" w; ] Elw:" (@) ]

It then follows from the properties of w, that
Elw.w!] =st(p())
E[wz ('LD,(ZQ)) ] E{wz[(I + Kn nz)(rzxz ® wz)
+wl — st(pP))"}

=st(l)). (59)

For the term E[wgz)( 22))T] in
QY LR[S (1)
=(I + Kp, n, ) (Dast(@2)IT @ st(02)))
x (I + Ky, nz)T +st(p @ )) gz)(wgz))
— Ew? (¢3)"] — B[ (wl?)7]
=(I + Kpy 0, ) (Dast(IT @st(02)))
X (I+ Ky n,)" +st(ol) — 0@ (027

(58), we can obtain that

(60)

Similarly, based on the expression of V., we get
B5:07]  E[6:(58)"]
B[o”of) B (027)7] |

Z

QVZ = (61)



It is not difficult to see that
E[o,57]
=TE[v,v]|YT + TE[e.el YT + E[A.AT]
+ Sym{E[Yv, el TT] + E[Yv, AL] + E[Ye,AL]}
=Tst(pP) YT + TE[e.el]TT + E[A,AT]. (62)

Since A, is uncorrelated with random variables xzq, e,
and v,, we have

E[(Yv, + Ye, + A, )(D z. ®v,)T] =0,
E[(Tv. + Te. + A.) (YR (y. © ez>
+ (Ty, @A)+ (Ye, @A, ))] =
E[(Tv. + Te. + A.)(TEP)T] = 0.
Accordingly, we can obtain that
)71 =E{ (Tv. + Te. + A.) [T[Q] (I + Knyn,)
X (Do, ®v,) + TR 4 vl AR
+ (I + Kny7ny)(T[2] (yz ® ez)
+(Te. @A) = TP — so(fz)r}
=Tst(p(P) (TE)T + TE[e. (e2)T)(TE)T
+E[A(AP)T]. (63)

I EAGIS)

On the other hand, we get

E[v® (v®)"]
T
=YL + Ko, n,) (Dast(082) DT @st(p(?))
X (I + Ky p,) " (CENT 4 YBst(ol0) (T

+ B[ ()T (11)T] 1 BAL (AL
U Koy ) [T (gt © 2T (12T
+ (TP YT @ AAT) + (Terel TT @ AZAZT)}

x (I+ Kn )T+sym{ (T 121p02) (el2))T (7 121)7]

+ TEE(AR)T + BT (A7)} (64)
and
E[5® (57)7]
=E[u{ ()T] — (Tp@ + o) (TR + )T
—Sym{E[T[Q]e[ZQ](TH @ 1 T ]} (65)

Moreover, it is not hard to verify that

Ele.(e.)") =diag{E[e? ],--- ,Ele} ]} < —h2 L,,,
E[A.AT] =diag{E[\] ],--- ,E[X} ]} = Xzfny,
Ely.y!] :Dzst(wézz))Df +St( ). (66)

Then, substituting (66) into (65) yields
E[53) (53)")

(Tyz ®A)

11

<QP? + E[TPel ()T (xE)T) 4+ E[AL AT,
(67)
As a result, combining (61)-(67), one has
Tst(ph?) (1127
Qy”
Elezel] Ele.(eP)7]
Efeflel] Ele!” <eE]>T1]

Q‘ < TSt(SO'Uz )TT
| TR ()T
[t 0o
0 Yl
[yT o

0 (T[2])T
E[A-AT] E[A-(AZ)7)
EAPAT] EAP (AP)T]

For the second term in (68), we can see that

if :[z;]] [er ()]}

<{Elele.] + El(e) el } y, n, 1)
h? h4
S(Inu + ”yth4 + ny(ny — 1)1_6)Iny(ny+1)

(69)

+

+

éXE’)Iny(n,&,qu)-
Recalling (19) and the expression of A, we obtain
EAAT] EA-AZ)TT] [ xola,  st(eR)
ENZAT] EAPAPYTT ] [ stT (o)) st(e)))

(70)
Substituting (69)-(70) into (68) yields
Tst(pi?) YT +xala, QU7
‘72
QU QB sl
T I T 0 (71)
0 T X5y (ny+1) 0 (YEHT
Reorganizing the above formula, we can arrive at (20).
The proof is now complete. |

7.8 Proof of Lemma 5

Proof: Utilizing (15), we can obtain that

.. =0ILTT + U.UT + E[W. W] + sym{sz[XzUzT ]
+ DLEX. W] + EU.W] ]}, (72)

Noticing that E(W,) = 0 and U, is uncorrelated with
W, and X, we have

EX. U] = H.UT, Blx.W1] =0, E[U.WI] =0.
(73)
Substituting (73) into (72) yields (22), which completes
the proof. |
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