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Abstract—In this paper, the problem of cubature Kalman fu-
sion filtering (CKFF) is addressed for multi-sensor systems under
amplify-and-forward (AaF) relays. For the purpose of facilitating
data transmission, AaF relays are utilized to regulate signal
communication between sensors and filters. Here, the randomly
varying channel parameters are represented by a set of stochastic
variables whose occurring probabilities are permitted to exhibit
bounded uncertainty. Employing the spherical-radial cubature
principle, a local filter under AaF relays is initially constructed.
This construction ensures and minimizes an upper bound of the
filtering error covariance by designing an appropriate filter gain.
Subsequently, the local filters are fused through the application of
the covariance intersection fusion rule. Furthermore, the uniform
boundedness of the filtering error covariance’s upper bound is
investigated through establishing certain sufficient conditions.
The effectiveness of the proposed CKFF scheme is ultimately
validated via a simulation experiment concentrating on a three-
phase induction machine.

Index Terms—Cubature Kalman filtering, amplify-and-
forward relays, covariance intersection fusion, multi-sensor sys-
tems, uniform boundedness.

I. INTRODUCTION

Accompanying the increasing popularity of multi-sensor
networks, research interest in multi-sensor fusion filtering has
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surged due primarily to its extensive applications in areas
such as inertial navigation, environmental monitoring, and
fault diagnosis [2], [15], [27], [38]. Multi-sensor fusion fil-
tering is generally categorized into centralized fusion filtering
and distributed fusion filtering. The centralized approach is
known for achieving optimal state estimation, albeit at the
cost of significant resource consumption [40]. In contrast,
the distributed fusion filtering scheme, which involves first
computing a local estimate before sending it to a fusion center
for further processing, offers notable advantages in reducing
network load and enhancing reliability [19], [43]. Considerable
efforts have been dedicated to exploring distributed fusion
filtering, particularly for linear systems [3], [4], [44]. However,
it is important to recognize that the practical systems often
exhibit nonlinearity due to complex external environments,
and the scarcity of research on distributed fusion filtering
algorithms for nonlinear systems serves as the impetus for
the current study.

Various filtering schemes have been proposed for estimat-
ing the state of dynamic systems in nonlinear contexts, see
e.g. extended Kalman filtering (EKF) [5], [12], [26], unscent-
ed Kalman filtering (UKF) [11], [24], [46], and cubature
Kalman filtering (CKF) methods [25], [29], [30]. The CKF,
in particular, seeks to approximate the posterior probability
distribution of the real state using a set of cubature points with
equal weights, which operates under the common assumption
that the predictive probability density functions of the system
variables conform to a Gaussian distribution. Compared to
other nonlinear filtering methods, CKF is seen as an effective
approach for addressing nonlinear state estimation problems.
Notably, CKF offers advantages over the popular EKF by
avoiding the computation of the Jacobian matrix, thereby im-
proving computational efficiency. Furthermore, CKF requires
fewer sampling points than the UKF scheme, effectively re-
ducing the computational load. Recent efforts in CKF research
for nonlinear systems have seen notable developments. For
instance, the CKF problem has been investigated in [20] within
the context of nonlinear systems under stochastic communi-
cation scheduling. Moreover, the event-based CKF issue has
been addressed in [22] for nonlinear dynamical systems.

The widespread deployment of wireless communication
networks in practical engineering can be attributed to their
notable advantages such as high scalability, low cost, and
straightforward installation [8], [13], [14], [16], [41], [47].
Nevertheless, it is crucial to acknowledge that network com-
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munication quality is significantly affected by the distance
between sensors and receivers [6], [9], [34], [42]. Due to
the limited transmission capabilities of sensors, directly de-
livering data signals to receivers often poses challenges. To
extend signal propagation distance and ensure transmission
quality, relays are employed to receive and process data from
source nodes before transmitting it to destination nodes [1],
[21], [32], [48]. Relays are generally classified into several
types, including amplify-and-forward (AaF) relays [17], [37],
compute-and-forward relays [35], filtering-and-forward relays
[36], and decode-and-forward relays [18], [33]. Notably, AaF
relays have garnered significant research interest due to their
clear engineering significance and ease of implementation.

It is noteworthy that filtering approaches involving AaF
relays have been developed based mainly on deterministic
channel parameters [39]. However, in practical engineering
scenarios, channel parameters are often stochastic due to vari-
ous external factors such as multi-path propagation, hardware
imperfections, and environmental influences [10], [23], [28].
Therefore, it is both valuable and urgent to devise a novel
filtering algorithm that incorporates AaF relays with stochastic
channel parameters so as to reflect real-world conditions more
accurately. Furthermore, it is crucial to acknowledge that much
of the existing literature on AaF relays assumes precise proba-
bilities for stochastic channel parameters. This assumption can
be overly restrictive since variations in statistical experiments
could influence the determination of these probabilities. A
potential solution to this challenge is to incorporate uncertain
probabilities into the characterization of stochastic channel
parameters. Despite its importance, the problem of filtering in
multi-sensor systems under relay scheduling, particularly when
dealing with stochastic channel parameters with uncertain
probabilities, remains underexplored, and this gives rise to
another key motivation for the current paper.

Inspired by the discussions outlined above, this paper
addresses the challenging task of cubature Kalman fusion
filtering (CKFF) under AaF relays by focusing on minimizing
the filtering error covariance (FEC). The key difficulties we
face include: 1) how to accurately represent the stochastic
nature of channel parameters? 2) how to develop a CKFF
algorithm for multi-sensor systems operating under AaF relays
with stochastic channel parameters? 3) how to theoretically
assess the performance of the developed CKFF scheme in
conjunction with AaF relays? In tackling these difficulties, the
paper makes significant contributions in the following areas.

1) AaF relays are introduced into the design of the cubature
Kalman fusion filter for multi-sensor systems, thereby
offering a representation closer to practical scenarios.

2) An innovative CKFF strategy is developed that ensures
enhanced filtering precision, which is achieved by de-
riving a minimum upper bound for the FEC, facilitated
through the construction of an appropriate filter gain.

3) Sufficient conditions are established for the uniform
boundedness of the proposed CKFF algorithm, ensuring
robustness and reliability in its application.

Overall, these contributions aim to advance the field of CKFF
under conditions involving AaF relays, addressing the unique

complexities presented by stochastic channel parameters in
multi-sensor systems.

Notations. Rm signifies the m-dimensional Euclidean space.
The symbol I represents the identity matrix of a suitable
dimension. Iζ is used to denote the ζ-th column of the identity
matrix. Prob{E} stands for the probability of an event E .
E{c} is the mathematical expectation of a stochastic variable
c. diag{·} refers to the block-diagonal matrix. For a real-
valued matrix U , U > 0 (U ≥ 0) indicates that U is positive
definite (positive semi-definite) and tr{U} is the trace of U .
Superscripts T and −1 signify the transpose and inverse of
matrices, respectively.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following class of nonlinear systems:

xs+1 =f(xs) + ωs, (1)
yi,s =gi(xs) + νi,s, (2)

where s is the time instant, xs ∈ Rnx is the system state,
the initial value x0 obeys the Gaussian distribution with mean
x̄0 and covariance P0, and yi,s ∈ Rny is the measurement of
the i-th node for i ∈ S , {1, 2, · · · ,M} with M being the
number of sensors. ωs is the zero-mean Gaussian white noise
(ZMGWN) in the process with covariance Rs and νi,s is the
ZMGWN in the measurement with covariance Qi,s. f(·) :
Rnx → Rnx and gi(·) : Rnx → Rny stand for known and
continuously differentiable nonlinear functions.

In this paper, the AaF relays are deployed in the com-
munication channels between sensors and filters to enlarge
the signal propagation distance. Specifically, there exist two
transmission channels between sensors and filters, i.e., the
sensor-relay-channel and the relay-filter-channel.

Let zi,s be the measurement obtained by the i-th relay
through the sensor-relay-channel, which satisfies

zi,s =
√
El

iγi,syi,s +mi,s, (3)

where El
i ∈ R is the average signal energy of the i-th sensor,

mi,s is the ZMGWN with covariance Qm
i,s > 0 in the sensor-

relay-channel, and γi,s is the channel parameter satisfying the
following probability distribution

Prob{γi,s = γ
(l)
i,s} = γ̄

(l)
i,s +∆γ̄

(l)
i,s , l = 1, 2, · · · , ϕ (4)

where γ
(l)
i,s is a scalar, ϕ is a positive integer, 0 ≤ γ̄

(l)
i,s +

∆γ̄
(l)
i,s ≤ 1,

∑ϕ
l=1(γ̄

(l)
i,s + ∆γ̄

(l)
i,s) = 1, and ∆γ̄

(l)
i,s is used to

characterize the uncertainty satisfying |∆γ̄
(l)
i,s | ≤ ρ

(l)
i,s with ρ

(l)
i,s

being a non-negative scalar.
After receiving the signal zi,s, the AaF relay retransmits

it to the filter side. Denote measurement received by the i-th
filter via the relay-filter-channel as y⃗i,s modeled by

y⃗i,s = αi,s

√
Er

i ξi,szi,s + ni,s, (5)

where Er
i ∈ R is the average signal energy of the i-th relay,

αi,s ∈ R is the amplification factor, ni,s is the ZMGWN with
covariance Qn

i,s > 0 from the relay to the filter channel, and
ξi,s is the channel parameter satisfying

Prob{ξi,s = ξ
(r)
i,s } = ξ̄

(r)
i,s +∆ξ̄

(r)
i,s , r = 1, 2, · · · , φ (6)
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where ξ
(r)
i,s is a scalar, φ is a positive integer, 0 ≤ ξ̄

(r)
i,s +

∆ξ̄
(r)
i,s ≤ 1,

∑φ
r=1(ξ̄

(r)
i,s + ∆ξ̄

(r)
i,s ) = 1, and ∆ξ̄

(r)
i,s is utilized

to describe the uncertainty satisfying |∆ξ̄
(r)
i,s | ≤ κ

(r)
i,s with κ

(r)
i,s

being a non-negative scalar. Furthermore, it is assumed that
stochastic variables x0, ωs, νi,s, γi,s, ξi,s, mi,s and ni,s are
mutually independent.

Remark 1: It is noted that when the distance between the
sensor and filter is exceedingly long, the difficulties in data
communication might be caused. In order to cope with such an
issue, the AaF relays are adopted in the transmission process.
To be specific, the deployment of AaF relays in transmission
channels serves two primary purposes: to extend the signal
propagation distance and to improve communication quality.
In this context, the channel parameters are characterized
by a collection of stochastic variables, each associated with
uncertain probabilities. Unfortunately, the introduction of AaF
relays into the system also introduces additional complexities
to the CKFF problem. These challenges stem mainly from the
stochastic nature of the channel parameters and the presence
of channel noises, which complicate the process of accurately
estimating and filtering the state of the system. Addressing
these challenges is crucial for the effective application of
CKFF in environments where AaF relays are utilized.

The local filter is designed as

x̂i,s+1|s+1 = x̂i,s+1|s +Ki,s+1ri,s+1, (7)

where ri,s+1 , y⃗i,s+1−αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1ŷi,s+1|s, γ̄i,s ,∑ϕ

l=1 γ
(l)
i,s γ̄

(l)
i,s , ξ̄i,s ,

∑φ
r=1 ξ

(r)
i,s ξ̄

(r)
i,s , Ei , El

iE
r
i , x̂i,s+1|s

denotes the one-step prediction, x̂i,s|s represents the state
estimate, ŷi,s+1|s is the measurement prediction, and Ki,s+1

denotes the filter gain to be designed.
To improve the estimation precision of the filtering algorith-

m, the covariance intersection (CI) fusion criterion is utilized
in this paper to fuse the obtained local filters. Let x̂c

s|s denote
the fusion filter and Ξ⃗s|s stand for the fusion covariance. Then,
the CI fusion rule can be described as

x̂c
s|s =Ξ⃗s|s

M∑
i=1

ςi,sΞ
−1
i,s|sx̂i,s|s,

Ξ⃗s|s ,
(

M∑
i=1

ςi,sΞ
−1
i,s|s

)−1

, (8)

where Ξi,s|s is an upper bound on the FEC, and ςi,s is the
weight parameter with 0 ≤ ςi,s ≤ 1 and

∑M
i=1 ςi,s = 1.

The objectives of this paper are threefold as described as
follows.

1) The first objective is to identify an upper bound of the
FEC for each local filter, which involves constructing an
appropriate filter gain with the aim of minimizing the
identified upper bound. This step is crucial for ensuring
that the local filters operate within an optimal error
range, enhancing the overall accuracy and reliability of
the system.

2) The second objective is to fuse all the local filters using
the CI fusion rule. This fusion process is essential for
combining the information from multiple filters, thereby

creating a more comprehensive and accurate estimation
of the system state.

3) The third objective is to investigate the uniform bound-
edness of the upper bound of the FEC. This analysis
is key to understanding and evaluating the performance
of the developed CKFF scheme. By ensuring that the
upper bound is uniformly bounded, the paper aims
to demonstrate the stability and effectiveness of the
CKFF scheme under the challenging conditions posed
by the presence of AaF relays and stochastic channel
parameters.

III. MAIN RESULTS

In this section, the focus is on proposing a CKFF scheme
incorporating AaF relays and the development of this scheme
involves several key steps: 1) computation of the upper bound
of the FEC; 2) derivation of local filter gain; 3) design of the
fusion filter; and 4) proof of the uniform boundedness of the
upper bound.

Before proceeding, we denote

∆γ̄i,s ,
ϕ∑

l=1

γ
(l)
i,s∆γ̄

(l)
i,s , ∆ξ̄i,s ,

φ∑
r=1

ξ
(r)
i,s ∆ξ̄

(r)
i,s ,

γ⃗i,s ,
ϕ∑

l=1

(γ
(l)
i,s)

2γ̄
(l)
i,s , ξ⃗i,s ,

φ∑
r=1

(ξ
(r)
i,s )

2ξ̄
(r)
i,s ,

∆γ⃗i,s ,
ϕ∑

l=1

(γ
(l)
i,s)

2∆γ̄
(l)
i,s , ∆ξ⃗i,s ,

φ∑
r=1

(ξ
(r)
i,s )

2∆ξ̄
(r)
i,s ,

ei,s|s ,xs − x̂i,s|s, Pi,s|s , E
{
ei,s|se

T
i,s|s
}
,

ei,s+1|s ,xs+1 − x̂i,s+1|s, Pi,s+1|s , E{ei,s+1|se
T
i,s+1|s},

eyi,s+1|s ,yi,s+1−ŷi,s+1|s, P
xy
i,s+1|s,E

{
ei,s+1|s(e

y
i,s+1|s)

T
}
,

P yy
i,s ,E

{
yi,sy

T
i,s

}
, P yy

i,s+1|s,E
{
eyi,s+1|s(e

y
i,s+1|s)

T
}
. (9)

The following lemmas are necessary in obtaining the main
results of this paper.

Lemma 1: [24] For any positive scalar β and vectors a, b ∈
Rm, we have

abT + baT ≤ βaaT + β−1bbT .

Lemma 2: [7] For matrices X ,Y,Z and O of suitable
dimensions, one has

∂tr
{
XYZ

}
∂Y

=X TZT ,
∂tr
{
XYTZ

}
∂Y

= ZX ,

∂tr
{
XYZYTO

}
∂Y

=X TOTYZT +OXYZ.

A. Local Filter Design

An upper bound of the local FEC is computed in the
following theorem.

Theorem 1: For given scalars β1 > 0 and β2 > 0, an upper
bound of the FEC Ξi,s+1|s+1 is computed as

Ξi,s+1|s+1

=(1 + β1)Pi,s+1|s + α2
i,s+1Eiξ̆i,s+1(γ⃗i,s+1 + ρ⃗i,s+1)
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×Ki,s+1P
yy
i,s+1K

T
i,s+1 + α2

i,s+1Ei(ξ̄i,s+1 + κ̄i,s+1)
2

× γ̆i,s+1Ki,s+1P
yy
i,s+1K

T
i,s+1 + (1 + β2)α

2
i,s+1Eiξ̄

2
i,s+1

× γ̄2
i,s+1Ki,s+1P

yy
i,s+1|sK

T
i,s+1 + (1 + β−1

1 + β−1
2 )

× α2
i,s+1Eiλ̌

2
i,s+1Ki,s+1P

yy
i,s+1K

T
i,s+1 + α2

i,s+1E
r
i

× (ξ⃗i,s+1 + κ⃗i,s+1)Ki,s+1Q
m
i,s+1K

T
i,s+1 +Ki,s+1

×Qn
i,s+1K

T
i,s+1 − αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1

×
(
P xy
i,s+1|sK

T
i,s+1 +Ki,s+1(P

xy
i,s+1|s)

T
)
, (10)

under the initial condition Pi,0|0 ≤ Ξi,0|0, where

ρ̄i,s ,
ϕ∑

l=1

|γ(l)
i,s |ρ

(l)
i,s, κ̄i,s ,

φ∑
r=1

|ξ(r)i,s |κ
(r)
i,s ,

ρ⃗i,s ,
ϕ∑

l=1

(γ
(l)
i,s)

2ρ
(l)
i,s, κ⃗i,s ,

φ∑
r=1

(ξ
(r)
i,s )

2κ
(r)
i,s ,

λ̌i,s ,ξ̄i,sρ̄i,s + κ̄i,sγ̄i,s + κ̄i,sρ̄i,s,

ξ̆i,s ,(ξ⃗i,s + κ⃗i,s) + (ξ̄i,s − κ̄i,s)
2,

γ̆i,s ,(γ⃗i,s + ρ⃗i,s) + (γ̄i,s − ρ̄i,s)
2. (11)

Proof: According to (7) and (9), the filtering error is
computed as

ei,s+1|s+1

=ei,s+1|s −Ki,s+1

(
αi,s+1

√
Eiξi,s+1γi,s+1yi,s+1

+ αi,s+1

√
Er

i ξi,s+1mi,s+1 + ni,s+1

− αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1ŷi,s+1|s

)
. (12)

Adding the following term

αi,s+1

√
Ei(ξ̄i,s+1 +∆ξ̄i,s+1)γi,s+1Ki,s+1yi,s+1

− αi,s+1

√
Ei(ξ̄i,s+1 +∆ξ̄i,s+1)γi,s+1Ki,s+1yi,s+1

+ αi,s+1

√
Ei(ξ̄i,s+1 +∆ξ̄i,s+1)(γ̄i,s+1 +∆γ̄i,s+1)

×Ki,s+1yi,s+1 − αi,s+1

√
Ei(ξ̄i,s+1 +∆ξ̄i,s+1)

× (γ̄i,s+1 +∆γ̄i,s+1)Ki,s+1yi,s+1 (13)

into the right-hand side of (12), it follows from (9) that

ei,s+1|s+1

=ei,s+1|s − αi,s+1

√
Eiξ̃i,s+1γi,s+1Ki,s+1yi,s+1

− αi,s+1

√
Ei(ξ̄i,s+1 +∆ξ̄i,s+1)γ̃i,s+1Ki,s+1yi,s+1

− αi,s+1

√
Eiλi,s+1Ki,s+1yi,s+1 −Ki,s+1ni,s+1

− αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1Ki,s+1e

y
i,s+1|s

− αi,s+1

√
Er

i ξi,s+1Ki,s+1mi,s+1, (14)

where

ξ̃i,s ,ξi,s − (ξ̄i,s +∆ξ̄i,s),

γ̃i,s ,γi,s − (γ̄i,s +∆γ̄i,s),

λi,s ,ξ̄i,s∆γ̄i,s +∆ξ̄i,sγ̄i,s +∆ξ̄i,s∆γ̄i,s. (15)

In light of (9) and (14), it is clear that

Pi,s+1|s+1

=E
{
ei,s+1|se

T
i,s+1|s

}
+ E

{
α2
i,s+1Eiξ̃

2
i,s+1γ

2
i,s+1

×Ki,s+1yi,s+1y
T
i,s+1K

T
i,s+1

}
+ E

{
α2
i,s+1Ei

× (ξ̄i,s+1 +∆ξ̄i,s+1)
2γ̃2

i,s+1Ki,s+1yi,s+1

× yTi,s+1K
T
i,s+1

}
+ E

{
α2
i,s+1Eiξ̄

2
i,s+1γ̄

2
i,s+1

×Ki,s+1e
y
i,s+1|s(e

y
i,s+1|s)

TKT
i,s+1

}
+ E

{
α2
i,s+1Eiλ

2
i,s+1Ki,s+1yi,s+1y

T
i,s+1K

T
i,s+1

}
+ E

{
α2
i,s+1E

r
i ξ

2
i,s+1Ki,s+1mi,s+1m

T
i,s+1K

T
i,s+1

}
+ E

{
Ki,s+1ni,s+1n

T
i,s+1K

T
i,s+1

}
+

21∑
ℓ=1

(
ℑiℓ,s+1 + ℑT

iℓ,s+1

)
, (16)

where

ℑi1,s+1 ,− E
{
αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1ei,s+1|s

× (eyi,s+1|s)
TKT

i,s+1

}
,

ℑi2,s+1 ,− E
{
αi,s+1

√
Eiλi,s+1ei,s+1|sy

T
i,s+1K

T
i,s+1

}
,

ℑi3,s+1 ,E
{
α2
i,s+1Eiλi,s+1ξ̄i,s+1γ̄i,s+1Ki,s+1e

y
i,s+1|s

× yTi,s+1K
T
i,s+1

}
,

ℑi4,s+1 ,− E
{
αi,s+1

√
Eiξ̃i,s+1γi,s+1ei,s+1|s

× yTi,s+1K
T
i,s+1

}
,

ℑi5,s+1 ,− E
{
αi,s+1

√
Ei(ξ̄i,s+1 +∆ξ̄i,s+1)γ̃i,s+1

× ei,s+1|sy
T
i,s+1K

T
i,s+1

}
,

ℑi6,s+1 ,− E
{
αi,s+1

√
Er

i ξi,s+1ei,s+1|sm
T
i,s+1K

T
i,s+1

}
,

ℑi7,s+1 ,− E
{
ei,s+1|sn

T
i,s+1K

T
i,s+1

}
,

ℑi8,s+1 ,E
{
α2
i,s+1Eiξ̃i,s+1γi,s+1(ξ̄i,s+1 +∆ξ̄i,s+1)

× γ̃i,s+1Ki,s+1yi,s+1y
T
i,s+1K

T
i,s+1

}
,

ℑi9,s+1 ,E
{
α2
i,s+1Eiξ̃i,s+1γi,s+1ξ̄i,s+1γ̄i,s+1Ki,s+1

× yi,s+1(e
y
i,s+1|s)

TKT
i,s+1

}
,

ℑi10,s+1 ,E
{
α2
i,s+1Eiξ̃i,s+1γi,s+1λi,s+1Ki,s+1yi,s+1

× yTi,s+1K
T
i,s+1

}
,

ℑi11,s+1 ,E
{
α2
i,s+1

√
Ei

√
Er

i ξ̃i,s+1γi,s+1ξi,s+1Ki,s+1

× yi,s+1m
T
i,s+1K

T
i,s+1

}
,

ℑi12,s+1 ,E
{
αi,s+1

√
Eiξ̃i,s+1γi,s+1Ki,s+1yi,s+1

× nT
i,s+1K

T
i,s+1

}
,

ℑi13,s+1 ,E
{
α2
i,s+1Ei(ξ̄i,s+1 +∆ξ̄i,s+1)γ̃i,s+1ξ̄i,s+1

× γ̄i,s+1Ki,s+1yi,s+1(e
y
i,s+1|s)

TKT
i,s+1

}
,

ℑi14,s+1 ,E
{
α2
i,s+1Ei(ξ̄i,s+1 +∆ξ̄i,s+1)γ̃i,s+1λi,s+1
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×Ki,s+1yi,s+1y
T
i,s+1K

T
i,s+1

}
,

ℑi15,s+1 ,E
{
α2
i,s+1

√
Ei

√
Er

i (ξ̄i,s+1 +∆ξ̄i,s+1)γ̃i,s+1

× ξi,s+1Ki,s+1yi,s+1m
T
i,s+1K

T
i,s+1

}
,

ℑi16,s+1 ,E
{
αi,s+1

√
Ei(ξ̄i,s+1 +∆ξ̄i,s+1)γ̃i,s+1

×Ki,s+1yi,s+1n
T
i,s+1K

T
i,s+1

}
,

ℑi17,s+1 ,E
{
α2
i,s+1

√
Ei

√
Er

i ξ̄i,s+1γ̄i,s+1ξi,s+1Ki,s+1

× eyi,s+1|sm
T
i,s+1K

T
i,s+1

}
,

ℑi18,s+1 ,E
{
αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1Ki,s+1e

y
i,s+1|s

× nT
i,s+1K

T
i,s+1

}
,

ℑi19,s+1 ,E
{
α2
i,s+1

√
Ei

√
Er

i λi,s+1ξi,s+1Ki,s+1yi,s+1

×mT
i,s+1K

T
i,s+1

}
,

ℑi20,s+1 ,E
{
αi,s+1

√
Eiλi,s+1Ki,s+1yi,s+1n

T
i,s+1

×KT
i,s+1

}
,

ℑi21,s+1 ,E
{
αi,s+1

√
Er

i ξi,s+1Ki,s+1mi,s+1n
T
i,s+1

×KT
i,s+1

}
.

Considering the statistical properties of stochastic variables
ξi,s, γi,s, mi,s and ni,s, we can see easily that ℑiℓ,s and ℑT

iℓ,s

are zero matrices for ℓ = 4, 5, · · · , 21. As such, according to
(9), the FEC (16) is rewritten as

Pi,s+1|s+1

=Pi,s+1|s + α2
i,s+1EiE{ξ̃2i,s+1γ

2
i,s+1}Ki,s+1P

yy
i,s+1

×KT
i,s+1 + α2

i,s+1Ei(ξ̄i,s+1 +∆ξ̄i,s+1)
2E{γ̃2

i,s+1}
×Ki,s+1P

yy
i,s+1K

T
i,s+1 + α2

i,s+1Eiξ̄
2
i,s+1γ̄

2
i,s+1

×Ki,s+1P
yy
i,s+1|sK

T
i,s+1 + α2

i,s+1Eiλ
2
i,s+1Ki,s+1

× P yy
i,s+1K

T
i,s+1 + α2

i,s+1E
r
i E{ξ2i,s+1Ki,s+1mi,s+1

×mT
i,s+1K

T
i,s+1}+ E{Ki,s+1ni,s+1n

T
i,s+1K

T
i,s+1}

+
3∑

ℓ=1

(
ℑiℓ,s+1 + ℑT

iℓ,s+1

)
. (17)

It is worth pointing out that the accurate FEC is unattain-
able. Consequently, we are dedicated to finding an upper
bound of the FEC as a suboptimal solution to facilitate the
design of the CKFF scheme. Firstly, it follows from (9),
|∆γ̄

(l)
i,s | ≤ ρ

(l)
i,s, and |∆ξ̄

(r)
i,s | ≤ κ

(r)
i,s that

|∆γ̄i,s| ≤
ϕ∑

l=1

|γ(l)
i,s |ρ

(l)
i,s = ρ̄i,s,

|∆ξ̄i,s| ≤
φ∑

r=1

|ξ(r)i,s |κ
(r)
i,s = κ̄i,s,

|∆γ⃗i,s| ≤
ϕ∑

l=1

(γ
(l)
i,s)

2ρ
(l)
i,s = ρ⃗i,s,

|∆ξ⃗i,s| ≤
φ∑

r=1

(ξ
(r)
i,s )

2κ
(r)
i,s = κ⃗i,s, (18)

where ρ̄i,s, κ̄i,s, ρ⃗i,s and κ⃗i,s are denoted in (11). With the
help of (9), (15) and (18), we have

E{ξ̃2i,s+1} =E
{
ξ2i,s+1 − (ξ̄i,s+1 +∆ξ̄i,s+1)

2
}

≤(ξ⃗i,s+1 + κ⃗i,s+1) + (ξ̄i,s+1 − κ̄i,s+1)
2

=ξ̆i,s+1, (19)

where ξ̆i,s+1 is defined in (11). Similarly, one has

E{γ̃2
i,s+1} ≤(γ⃗i,s+1 + ρ⃗i,s+1) + (γ̄i,s+1 − ρ̄i,s+1)

2

=γ̆i,s+1, (20)

where γ̆i,s+1 is defined in (11).
From (9), (18) and (19), we obtain

α2
i,s+1EiE{ξ̃2i,s+1γ

2
i,s+1}Ki,s+1P

yy
i,s+1K

T
i,s+1

≤α2
i,s+1Eiξ̆i,s+1(γ⃗i,s+1 + ρ⃗i,s+1)

×Ki,s+1P
yy
i,s+1K

T
i,s+1. (21)

In view of (18) and (20), it is clear that

α2
i,s+1Ei(ξ̄i,s+1 +∆ξ̄i,s+1)

2E{γ̃2
i,s+1}

×Ki,s+1P
yy
i,s+1K

T
i,s+1

≤α2
i,s+1Ei(ξ̄i,s+1 + κ̄i,s+1)

2γ̆i,s+1

×Ki,s+1P
yy
i,s+1K

T
i,s+1. (22)

Noting (15) and (18), we have

λ2
i,s+1 ≤(ξ̄i,s+1ρ̄i,s+1 + κ̄i,s+1γ̄i,s+1 + κ̄i,s+1ρ̄i,s+1)

2

=λ̌2
i,s+1, (23)

where λ̌i,s+1 is defined in (11). According to (23), one has

α2
i,s+1Eiλ

2
i,s+1Ki,s+1P

yy
i,s+1K

T
i,s+1

≤α2
i,s+1Eiλ̌

2
i,s+1Ki,s+1P

yy
i,s+1K

T
i,s+1. (24)

Considering (9), (18) and the statistical properties of the
channel noise sequences, one obtains

α2
i,s+1E

r
i E
{
ξ2i,s+1Ki,s+1mi,s+1m

T
i,s+1K

T
i,s+1

}
+ E

{
Ki,s+1ni,s+1n

T
i,s+1K

T
i,s+1

}
≤α2

i,s+1E
r
i (ξ⃗i,s+1 + κ⃗i,s+1)Ki,s+1Q

m
i,s+1K

T
i,s+1

+Ki,s+1Q
n
i,s+1K

T
i,s+1. (25)

By virtue of (9), we have

ℑi1,s+1 + ℑT
i1,s+1

=− αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1

(
P xy
i,s+1|sK

T
i,s+1

+Ki,s+1(P
xy
i,s+1|s)

T
)
. (26)

Using Lemma 1, other cross terms in the right-hand side of
(17) can be handled as

ℑi2,s+1 + ℑT
i2,s+1

≤β1Pi,s+1|s + β−1
1 α2

i,s+1Eiλ̌
2
i,s+1Ki,s+1P

yy
i,s+1K

T
i,s+1,

ℑi3,s+1 + ℑT
i3,s+1
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≤β2α
2
i,s+1Eiξ̄

2
i,s+1γ̄

2
i,s+1Ki,s+1P

yy
i,s+1|sK

T
i,s+1

+ β−1
2 α2

i,s+1Eiλ̌
2
i,s+1Ki,s+1P

yy
i,s+1K

T
i,s+1, (27)

where β1 and β2 are positive scalars.
Substituting (21), (22) and (24)–(27) into (17) yields

Pi,s+1|s+1

≤(1 + β1)Pi,s+1|s + α2
i,s+1Eiξ̆i,s+1(γ⃗i,s+1 + ρ⃗i,s+1)

×Ki,s+1P
yy
i,s+1K

T
i,s+1 + α2

i,s+1Ei(ξ̄i,s+1 + κ̄i,s+1)
2

× γ̆i,s+1Ki,s+1P
yy
i,s+1K

T
i,s+1+(1+β2)α

2
i,s+1Eiξ̄

2
i,s+1

× γ̄2
i,s+1Ki,s+1P

yy
i,s+1|sK

T
i,s+1 + (1 + β−1

1 + β−1
2 )

× α2
i,s+1Eiλ̌

2
i,s+1Ki,s+1P

yy
i,s+1K

T
i,s+1 + α2

i,s+1E
r
i

× (ξ⃗i,s+1 + κ⃗i,s+1)Ki,s+1Q
m
i,s+1K

T
i,s+1 +Ki,s+1

×Qn
i,s+1K

T
i,s+1 − αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1

×
(
P xy
i,s+1|sK

T
i,s+1 +Ki,s+1(P

xy
i,s+1|s)

T
)
. (28)

Consequently, it follows from (10) and (28) that Ξi,s+1|s+1 is
an upper bound of Pi,s+1|s+1, and the proof of this theorem
is complete.

In Theorem 1, the upper bound of the FEC is computed
via solving matrix equations. Next, we aim to derive a proper
filter gain, which is achieved through minimizing the trace of
the obtained upper bound matrix.

Theorem 2: Let the filter gain Ki,s+1 be calculated as

Ki,s+1 = αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1P

xy
i,s+1|sΩ

−1
i,s+1, (29)

where

Ωi,s+1

,α2
i,s+1Eiξ̆i,s+1(γ⃗i,s+1 + ρ⃗i,s+1)P

yy
i,s+1

+ α2
i,s+1Ei(ξ̄i,s+1 + κ̄i,s+1)

2γ̆i,s+1P
yy
i,s+1

+ (1 + β2)α
2
i,s+1Eiξ̄

2
i,s+1γ̄

2
i,s+1P

yy
i,s+1|s

+ α2
i,s+1E

r
i (ξ⃗i,s+1 + κ⃗i,s+1)Q

m
i,s+1 +Qn

i,s+1

+ (1 + β−1
1 + β−1

2 )α2
i,s+1Eiλ̌

2
i,s+1P

yy
i,s+1. (30)

Then, tr{Ξi,s+1|s+1} is minimized, and the minimum upper
bound Ξi,s+1|s+1 is computed as

Ξi,s+1|s+1 =(1 + β1)Pi,s+1|s − α2
i,s+1Eiξ̄

2
i,s+1γ̄

2
i,s+1

× P xy
i,s+1|sΩ

−1
i,s+1(P

xy
i,s+1|s)

T . (31)

Proof: Taking the partial derivative of tr{Ξi,s+1|s+1} (as
shown in (10)) regarding Ki,s+1 and using Lemma 2, one
obtains

∂tr{Ξi,s+1|s+1}
∂Ki,s+1

=2α2
i,s+1Eiξ̆i,s+1(γ⃗i,s+1 + ρ⃗i,s+1)Ki,s+1P

yy
i,s+1

+ 2α2
i,s+1Ei(ξ̄i,s+1 + κ̄i,s+1)

2γ̆i,s+1Ki,s+1P
yy
i,s+1

+ 2(1 + β2)α
2
i,s+1Eiξ̄

2
i,s+1γ̄

2
i,s+1Ki,s+1P

yy
i,s+1|s

+ 2(1 + β−1
1 + β−1

2 )α2
i,s+1Eiλ̌

2
i,s+1Ki,s+1P

yy
i,s+1

+ 2α2
i,s+1E

r
i (ξ⃗i,s+1 + κ⃗i,s+1)Ki,s+1Q

m
i,s+1

+ 2Ki,s+1Q
n
i,s+1 − 2αi,s+1

√
Eiξ̄i,s+1

× γ̄i,s+1P
xy
i,s+1|s. (32)

Letting
∂tr{Ξi,s+1|s+1}

∂Ki,s+1
= 0,

the filter gain Ki,s+1 can be determined as in (29).
Next, substituting (29) into (10), one has

Ξi,s+1|s+1

=(1 + β1)Pi,s+1|s +Ki,s+1Ωi,s+1K
T
i,s+1 − αi,s+1

√
Ei

× ξ̄i,s+1γ̄i,s+1P
xy
i,s+1|sK

T
i,s+1 − αi,s+1

√
Eiξ̄i,s+1

× γ̄i,s+1Ki,s+1(P
xy
i,s+1|s)

T

=(1 + β1)Pi,s+1|s − α2
i,s+1Eiξ̄

2
i,s+1γ̄

2
i,s+1P

xy
i,s+1|s

× Ω−1
i,s+1(P

xy
i,s+1|s)

T , (33)

and the proof of this theorem is complete.

B. Fusion Filter Design

For the obtained local filters x̂i,s|s (i ∈ S) and the minimum
upper bound matrices Ξi,s|s (i ∈ S), we employ the CI fusion
principle of the form (8) to realize the fusion estimation, in
which the weight parameters are determined by the solutions
to the following optimization issue

min
ς1,s,ς2,s,··· ,ςM,s

tr{Ξ⃗s|s},

s.t.
M∑
i=1

ςi,s = 1, 0 ≤ ςi,s ≤ 1. (34)

It is significant to observe that the nonlinearity leads to
certain difficulties in calculating the error covariances. With
the purpose of coping with such a problem, the CKF approach
is utilized to approximate the one-step prediction and the re-
lated error covariances. Specifically, the steps of the developed
CKFF algorithm are outlined in Algorithm 1. Next, we shall
analyze the performance of the developed CKFF algorithm
from a theoretical viewpoint.

C. Boundedness Analysis

The primary purpose of this section is to analyze the
boundedness of the upper bound of the FEC to evaluate the
performance of the developed CKFF algorithm.

Employing the Taylor expansion method, by resorting to the
result in [45] and (9), we expand xs+1 and x̂i,s+1|s around
x̂i,s|s to obtain

ei,s+1|s = Φi,sei,s|s + o(|ei,s|s|) + ωs, (35)

where

Φi,s ,
∂f(xs)

∂xs

∣∣∣
xs=x̂i,s|s

,

o(|ei,s|s|) ,Mi,sΠi,sNi,sei,s|s,

Mi,s and Ni,s are given matrices of suitable dimensions, and
Πi,s is an unknown matrix describing the linearization error
with Πi,sΠ

T
i,s ≤ I . To this end, (35) can be rewritten as

ei,s+1|s = (Φi,s +Mi,sΠi,sNi,s)ei,s|s + ωs. (36)
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Algorithm 1: The CKFF Algorithm Under AaF Relays

Step 1. Initialize the parameters x̂i,0|0 and Ξ̂i,0|0, and set s = 0.

Step 2. Select 2nx cubature points

χ̂ζ
i,s|s =x̂i,s|s +

√
nxΞ̂i,s|sIζ , ζ = 1, 2, · · · , nx,

χ̂ζ+nx
i,s|s =x̂i,s|s −

√
nxΞ̂i,s|sIζ , ζ = 1, 2, · · · , nx.

Step 3. Prediction

χ̂ζ
i,s+1|s =f

(
χ̂ζ
i,s|s

)
, ζ = 1, 2, · · · , 2nx,

x̂i,s+1|s =
1

2nx

2nx∑
ζ=1

χ̂ζ
i,s+1|s,

P̂i,s+1|s =
1

2nx

2nx∑
ζ=1

χ̂ζ
i,s+1|s

(
χ̂ζ
i,s+1|s

)T
−x̂i,s+1|sx̂

T
i,s+1|s

+Rs,

(χ̂ζ
i,s+1|s)

∗ =x̂i,s+1|s +
√

nxP̂i,s+1|sIζ , ζ = 1, 2, · · · , nx,

(χ̂ζ+nx
i,s+1|s)

∗ =x̂i,s+1|s −
√

nxP̂i,s+1|sIζ , ζ = 1, 2, · · · , nx,

ŷζ
i,s+1|s =gi

(
(χ̂ζ

i,s+1|s)
∗
)
, ζ = 1, 2, · · · , 2nx,

ŷi,s+1|s =
1

2nx

2nx∑
ζ=1

ŷζ
i,s+1|s,

P̂ yy
i,s+1|s =

1

2nx

2nx∑
ζ=1

ŷζ
i,s+1|s

(
ŷζ
i,s+1|s

)T
−ŷi,s+1|sŷ

T
i,s+1|s

+Qi,s+1,

P̂xy
i,s+1|s =

1

2nx

2nx∑
ζ=1

χ̂ζ
i,s+1|s

(
ŷζ
i,s+1|s

)T
−x̂i,s+1|sŷ

T
i,s+1|s,

P̂ yy
i,s+1 =

1

2nx

2nx∑
ζ=1

ŷζ
i,s+1|s

(
ŷζ
i,s+1|s

)T
+Qi,s+1.

Step 4. Calculate the filter gain

K̂i,s+1 = αi,s+1

√
Eiξ̄i,s+1γ̄i,s+1P̂

xy
i,s+1|sΩ̂

−1
i,s+1,

where
Ω̂i,s+1 ,α2

i,s+1Eiξ̆i,s+1(γ⃗i,s+1+ρ⃗i,s+1)P̂
yy
i,s+1+α2

i,s+1Ei

× (ξ̄i,s+1 +κ̄i,s+1)
2γ̆i,s+1P̂

yy
i,s+1 + (1 + β2)α

2
i,s+1

× Eiξ̄
2
i,s+1γ̄

2
i,s+1P̂

yy
i,s+1|s + α2

i,s+1E
r
i

× (ξ⃗i,s+1 + κ⃗i,s+1)Q
m
i,s+1 +Qn

i,s+1

+ (1 + β−1
1 + β−1

2 )α2
i,s+1Eiλ̌

2
i,s+1P̂

yy
i,s+1.

Step 5. Update the local filter x̂i,s+1|s+1 using (7) and compute the

minimum upper bound
Ξ̂i,s+1|s+1 =(1 + β1)P̂i,s+1|s − α2

i,s+1Eiξ̄
2
i,s+1γ̄

2
i,s+1

× P̂xy
i,s+1|sΩ̂

−1
i,s+1(P̂

xy
i,s+1|s)

T .

Step 6. Conduct the CI fusion operation

x̂c
s+1|s+1 =

ˆ⃗
Ξs+1|s+1

M∑
i=1

ςi,s+1Ξ̂
−1
i,s+1|s+1

x̂i,s+1|s+1,

ˆ⃗
Ξs+1|s+1 ,

(
M∑
i=1

ςi,s+1Ξ̂
−1
i,s+1|s+1

)−1

,

where the weight parameter is optimized as

min
ς1,s+1,ς2,s+1,··· ,ςM,s+1

tr{ ˆ⃗Ξs+1|s+1},

s.t.
∑M

i=1 ςi,s+1 = 1, 0 ≤ ςi,s+1 ≤ 1.

Step 7. Repeat the related steps if not stopped.

Noting the statistical property of process noise ωs, (9) and
(36), we have

Pi,s+1|s

=E
{
(Φi,s+Mi,sΠi,sNi,s)ei,s|se

T
i,s|s(Φi,s+Mi,sΠi,s

×Ni,s)
T
}
+ E{ωsω

T
s }+ E

{
(Φi,s +Mi,sΠi,sNi,s)

× ei,s|sω
T
s

}
+ E

{
ωse

T
i,s|s(Φi,s +Mi,sΠi,sNi,s)

T
}

=(Φi,s +Mi,sΠi,sNi,s)Pi,s|s(Φi,s +Mi,sΠi,sNi,s)
T

+Rs. (37)

Next, it follows from Lemma 1 that

Pi,s+1|s ≤(1 + ϵ−1)tr{Ni,sPi,s|sN
T
i,s}Mi,sM

T
i,s

+ (1 + ϵ)Φi,sPi,s|sΦ
T
i,s +Rs, (38)

where ϵ is a positive scalar.
For simplicity, we denote

P̃i,s+1|s ,P̂i,s+1|s − Pi,s+1|s,

ℵi,s+1 ,(1 + ϵ−1)tr{Ni,s(Ξi,s|s − Ξ̂i,s|s)N
T
i,s}

×Mi,sM
T
i,s + (1 + ϵ)Φi,s(Ξi,s|s − Ξ̂i,s|s)

× ΦT
i,s + P̃i,s+1|s +Rs. (39)

To proceed, the following assumption is useful in obtaining
the uniform bound.

Assumption 1: There are positive constants āi, n̄i, m̄i and
χ̄i such that

Φi,sΦ
T
i,s ≤āiI, Ni,sN

T
i,s ≤ n̄iI,

Mi,sM
T
i,s ≤m̄iI, ℵi,s ≤ χ̄iI.

Theorem 3: Under Assumption 1 and the initial value
Ξ̂i,0|0 ≤ ϑiI , let θi ≤ ϑi be satisfied with

θi ,(1 + β1)
(
(1 + ϵ)āiϑi+(1 + ϵ−1)nxn̄iϑim̄i + χ̄i

)
. (40)

Then, one has Ξ̂i,s|s ≤ ϑiI for any time instant s ≥ 1.
Proof: The proof is performed by using the mathematical

inductive method. Supposing Ξ̂i,s|s ≤ ϑiI , we aim to prove
that Ξ̂i,s+1|s+1 ≤ ϑiI holds.

In view of Assumption 1, (38), (39) and Pi,s|s ≤ Ξi,s|s, we
obtain

P̂i,s+1|s

≤(1 + ϵ−1)tr{Ni,sΞ̂i,s|sN
T
i,s}Mi,sM

T
i,s

+ (1 + ϵ)Φi,sΞ̂i,s|sΦ
T
i,s + ℵi,s+1

≤
(
(1 + ϵ)āiϑi + (1 + ϵ−1)tr{n̄iϑiI}m̄i + χ̄i

)
I

=
(
(1 + ϵ)āiϑi + (1 + ϵ−1)nxn̄iϑim̄i + χ̄i

)
I. (41)

It is not difficult to observe that Ω̂i,s+1 (shown in Step 4 in
Algorithm 1) is positive definite. As a result, combining the
expression of Ξ̂i,s+1|s+1 given in Step 5 in Algorithm 1 with
(41), one obtains

Ξ̂i,s+1|s+1

=− α2
i,s+1Eiξ̄

2
i,s+1γ̄

2
i,s+1P̂

xy
i,s+1|sΩ̂

−1
i,s+1(P̂

xy
i,s+1|s)

T

+ (1 + β1)P̂i,s+1|s

≤(1 + β1)P̂i,s+1|s
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≤θiI, (42)

where θi is defined in (40). It follows from (42) and θi ≤ ϑi

that Ξ̂i,s+1|s+1 ≤ ϑiI holds, which ends the proof.
By virtue of the CI fusion rule and Theorem 3, there is

an upper bound such that the fused upper bound of the FEC
satisfies

ˆ⃗
Ξs|s ≤

(
M∑
i=1

ςi,sϑ
−1
i

)−1

I.

Remark 2: In this paper, a fusion filter for multi-sensor
systems with AaF relays is designed within the framework
of the CKF based on the CI fusion principle. Key theoretical
developments in this paper are presented through several
theorems. Theorem 1 deals with the computation of the upper
bound of the FEC using matrix theory. Establishing this upper
bound is crucial for assessing the potential error range of the
filter’s estimations. In Theorem 2, the optimal filter gain is
determined by minimizing the upper bound matrix identified
in Theorem 1. The derivation of an appropriate filter gain
is essential for enhancing the accuracy and efficiency of the
filter. Theorem 3 extensively discusses the boundedness of the
upper bound of the FEC. Proving the boundedness is important
for validating the theoretical robustness and reliability of the
CKFF scheme. The paper also includes Algorithm 1, which
outlines the specific implementation strategy of the proposed
method. This algorithm is a step-by-step guide to applying the
developed CKFF scheme in practical scenarios. In particular,
due to the presence of the nonlinearity, a sequence of cubature
points with equal weights is firstly selected in Step 2, and
then in light of the spherical-radial cubature rule, the one-
step prediction and its related error covariances are calculated
in Step 3. An important aspect of the designed filter gain is
its incorporation of various significant factors, such as time-
varying system parameters, channel parameters, and channel
noise covariances. The consideration of these factors ensures
that the filter gain is dynamically adapted to the specific con-
ditions of the multi-sensor systems with AaF relays, thereby
improving the overall performance and applicability of the
CKFF scheme in real-world scenarios.

Remark 3: As is well recognized, the traditional Kalman
filtering can be viewed as an optimal estimation strategy within
the context of linear systems subjected to Gaussian noise.
Nevertheless, when the nonlinear systems are concerned, the
traditional Kalman filtering method will be no longer effective.
Compared with the traditional Kalman filtering scheme, the
advantages of the designed filtering scheme can be highlighted
as follows: 1) the CKF is adopted in this paper to provide an
effective estimation algorithm for dealing with the nonlinear
state estimation problems; 2) the local filters are fused based
on the CI fusion rule to enhance the estimation accuracy; and
3) the AaF relays are deployed in the transmission channels
to enlarge the transmission distance of data signals and ensure
the communication quality.

Remark 4: In this paper, a comprehensive and systematic
investigation is conducted on the CKFF problem for nonlinear
systems equipped with AaF relays. The study stands out for
its novel contributions in several key areas given as follows.

1) Novelty of the CKFF Problem: The CKFF problem as
proposed in this study is a new exploration for the
specified multi-sensor systems that are influenced by
AaF relays. This introduces a unique perspective to the
field, considering the specific challenges and dynamics
introduced by the inclusion of AaF relays in multi-sensor
systems.

2) Integration of AaF Relays with Stochastic Channel Pa-
rameters: A significant novelty of this study is the
arrangement of AaF relays with stochastic channel
parameters within the transmission channels. This ar-
rangement is designed to enhance signal communica-
tion quality. The consideration of stochastic channel
parameters in the design and operation of AaF relays
represents a forward-thinking approach, acknowledging
and addressing the inherent uncertainties in real-world
communication environments.

3) Examination of Boundedness in the CKFF Scheme:
Another notable contribution of this research is the
thorough examination of the boundedness of the CKFF
scheme. By providing sufficient conditions for bounded-
ness, the study ensures that the CKFF algorithm remains
robust and reliable under various operating conditions.
This aspect is crucial for practical applications, where
stability and predictability of the filtering process are
essential.

IV. SIMULATION RESULTS

In this section, a simulation example is adopted to validate
the efficacy and superiority of the proposed CKFF algorithm.
The objective is to remotely monitor/estimate the flux and the
angular velocity of an induction machine through a commu-
nication network subject to AaF relay mechanism.

As given in [31], the state nonlinear function is described
as

f(xs) =



x
[1]
s + h

(
b1x

[1]
s + k1x

[2]
s + b2x

[3]
s + k2

)
x
[2]
s + h

(
−k1x

[1]
s + b1x

[2]
s + b2x

[4]
s

)
x
[3]
s + h

(
b3x

[1]
s + b4x

[3]
s + (k1 − x

[5]
s )x

[4]
s

)
x
[4]
s + h

(
b3x

[2]
s − (k1 − x

[5]
s )x

[3]
s + b4x

[4]
s

)
x
[5]
s + h

(
b5(x

[1]
s x

[4]
s − x

[2]
s x

[3]
s ) + b6k3

)


,

where xs =
[
x
[1]
s x

[2]
s x

[3]
s x

[4]
s x

[5]
s

]T
with x

[1]
s , x[2]

s , x[3]
s and

x
[4]
s representing the components of the stator and the rotor

flux in order, and x
[5]
s being the angular velocity. k1 denotes

the frequency, k2 refers to the amplitude of the stator voltage,
and k3 stands for the load torque.

The output equations are described as

g1(xs) =

[
b7x

[1]
s + b8x

[3]
s

b7x
[2]
s + b8x

[4]
s

]
,

g2(xs) =

[
b9x

[1]
s + b10x

[3]
s

b9x
[2]
s + b10x

[4]
s

]
,
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g3(xs) =

[
b11x

[1]
s + b12x

[3]
s

b11x
[2]
s + b12x

[4]
s

]
,

g4(xs) =

[
b13x

[1]
s + b14x

[3]
s

b13x
[2]
s + b14x

[4]
s

]
.

The initial values are selected as (i = 1, 2, 3, 4)

P0 =0.0001I, Ξ̂i,0|0 = 1.25I,

x̄0 =
[
0.25 −0.55 −0.4 0.2 0.15

]T
,

x̂1,0|0 =
[
0.22 −0.45 −0.54 0.23 0.22

]T
,

x̂2,0|0 =
[
0.21 −0.38 −0.54 0.32 0.19

]T
,

x̂3,0|0 =
[
0.42 −0.55 −0.51 0.31 0.21

]T
,

x̂4,0|0 =
[
0.09 −0.62 −0.52 0.33 0.21

]T
.

The related parameters with respect to the induction ma-
chine are chosen as b1 = −0.186, b2 = −1.778, b3 = 6.125,
b4 = −6.234, b5 = 0.081, b6 = 4.643, b7 = −4.448, b8 =
1.11, b9 = −4.428, b10 = 1.21, b11 = −4.435, b12 = 1.05,
b13 = −4.441, b14 = 1.14, h = 0.1, k1 = 2, k2 = 0.1
and k3 = 0.55. The noise covariance matrices are set as
Rs = 1×10−6I , Qi,s = 0.25I , Qm

i,s = 0.2I and Qn
i,s = 0.1I .

The amplification factor is selected as αi,s = 0.25. The aver-
age signal energy is set as El

i = Er
i = 0.05. The uncertainties

∆γ̄
(1)
i,s , ∆γ̄

(2)
i,s , ∆γ̄

(3)
i,s , ∆ξ̄

(1)
i,s , ∆ξ̄

(2)
i,s and ∆ξ̄

(3)
i,s are uniformly

distributed over [−0.01, 0.01]. Other parameters are selected
as ξ

(1)
i,s = γ

(1)
i,s = 0.1, ξ(2)i,s = γ

(2)
i,s = 0.5, ξ(3)i,s = γ

(3)
i,s = 1,

ξ̄
(1)
i,s = 0.2, ξ̄(2)i,s = 0.3, ξ̄(3)i,s = 0.5, γ̄(1)

i,s = 0.4, γ̄(2)
i,s = 0.3,

γ̄
(3)
i,s = 0.3, κ(1)

i,s = κ
(2)
i,s = κ

(3)
i,s = ρ

(1)
i,s = ρ

(2)
i,s = ρ

(3)
i,s = 0.01,

β1 = 1× 10−6 and β2 = 1× 10−4.
For the sake of evaluating the performance of the developed

CKFF algorithm, the root mean square error (RMSE) is
adopted in this paper, which is defined as follows:

RMSEi,s ,

√√√√ 1

Υ

Υ∑
j=1

5∑
ι=1

(x
[ι],j
s − x̂

[ι],j
i,s|s)

2,

where Υ denotes the number of the Monte Carlo experiment
runs with Υ = 50 in this paper, x[ι],j

s and x̂
[ι],j
i,s|s denote the

ι-th element of the real state and its estimate at the j-th Monte
Carlo experiment, respectively.

Building on the theoretical foundations, the CKFF scheme
can be implemented to deal with the proposed issue, and the
related experiment results are depicted in Figs. 1–12. Specifi-
cally, the trajectories of the real states and their estimates are
displayed in Figs. 1–5. These figures obviously demonstrate
that the developed CKFF algorithm can reliably estimate the
system states, even taking into consideration the effects of AaF
relays. The trajectories of the trace of the minimum upper
bound under local filters and the fusion filter are portrayed in
Fig. 6. It is clear from this figure that the minimum upper
bound under the fusion filter significantly stays below the
local filters. The curves of the RMSE and its upper bound
are exhibited in Fig. 7, in which the RMSE definitely remains
below the upper bound, thus demonstrating the effectiveness
of the CKFF scheme in practical scenarios.

It is well known that the EKF is based on the linearization
technique and therefore works well for systems with rela-
tively weak nonlinearities. In this example, the nonlinearities
addressed are relatively strong (described by 2nd-order poly-
nomials) and therefore the CKF is expected to outperform the
corresponding EKF, which is indeed the case as confirmed
by the simulation. It is seen from Figs. 8–11 that the RMSE
calculated by the local CKF always keeps below the local EKF.
Moreover, with the purpose of exhibiting the superiority of the
developed CKFF algorithm, the curves of RMSE regarding the
CKFF and the local CKF are given in Fig. 12, from which we
observe that the RMSE of the CKFF stays below the CKF. All
these experiment results confirm that the effectiveness of the
designed CKFF algorithm can be well ensured in handling the
state estimation problem in relation to the induction machine.
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Fig. 1. Trajectories of x[1]
s and its estimates.
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-0.6

-0.4

-0.2

0

0.2

0.4

Fig. 2. Trajectories of x[2]
s and its estimates.

V. CONCLUSION

In this paper, the CKFF issue has been handled for multi-
sensor systems with AaF relays. To enhance communication
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Fig. 3. Trajectories of x[3]
s and its estimates.
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Fig. 4. Trajectories of x[4]
s and its estimates.

0 5 10 15 20 25 30 35 40

0

5

10

15

Fig. 5. Trajectories of x[5]
s and its estimates.
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Fig. 6. Trace of the upper bounds.
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Fig. 7. The RMSE and the trace of upper bound.
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Fig. 8. Comparisons of RMSE with CKF and EKF for node 1.
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Fig. 9. Comparisons of RMSE with CKF and EKF for node 2.
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Fig. 10. Comparisons of RMSE with CKF and EKF for node 3.
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Fig. 11. Comparisons of RMSE with CKF and EKF for node 4.
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Fig. 12. Comparisons of RMSE with fusion filter and local filters.

quality, AaF relays have been deployed in transmission chan-
nels to prolong the signal communication distance. Specifi-
cally, the local filters have been firstly constructed such that,
in the presence of AaF relays, an upper bound of the FEC
has been ensured and minimized by selecting an expected
filter gain. After that, the fusion filter has been designed
according to the obtained local filters and CI fusion rule.
Moreover, the boundedness of the upper bound of the FEC has
been examined in light of some sufficient conditions. Finally,
a simulation experiment concerning a three-phase induction
machine system has been utilized to validate the effectiveness
of the developed CKFF algorithm.
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MMSE filter design for full-duplex filter-and-forward MIMO relays
under limited dynamic range, Signal Processing, vol. 156, pp. 208–219,
2019.
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