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1 Introduction

In [23, 22] Thomas & Windle demonstrated by experiment that diffusion of a solvent
in a viscoelastic polymer substrate is highly non-Fickian with the solvent developing
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a steep travelling wave front. To model this behavior Cohen et al. in [10, 9] (see
also the references therein) noted that the solvent causes local stresses which, in
polymers, are viscoelastic and therefore described by either a hereditary constitutive
law (see [13]), or by an equivalent spatially-local stress-rate equation. As the solvent
moves into the substrate its concentration level can rise above a critical value, u,
say, which in turn causes a ‘phase change’ of the polymer from glass to rubber.
The viscoelastic relaxation time (y~! in the equations that follow) in the stress-law is
more or less constant in each of these phases, but changes abruptly and significantly
across the phase change boundary. This abrupt and significant step change is the
basic (nonlinear) mechanism for the development of the steep front. A description of
the molecular processes of non-Fickian polymer diffusion, and the requirements for
it to occur seems to have been first given in [17].

This article proposes five fully discrete schemes for the partial differential equations
that comprise Cohen et al.’s model. We employ the Galerkin finite element method
for the spatial discretisation, and a version of the Crank-Nicolson method for the
temporal discretisation. Special attention is paid to the nonlinear term in that of
the five discrete schemes given, three of this family are linear. This linearisation is
accomplished by extrapolating the value of the nonlinear term from previous time
levels, as in [7, 25], with a simpler treatment at the initial time step, as in [18] (see
also [28]). The other two schemes give nonlinear discrete equations and, curiously,
perform less well. Our a priori error estimates cover four of the five methods, although
we give a comprehensive set of numerical results that demonstrate all five have errors
of optimal order. Further details are given in [5].

The physical model proposed in, for example, [10] consists of the nonlinearly coupled
degenerate system,

Oc ~ ~ or

— = DV?c+ KV? and — + = ue,

o c T oy B(c)T = pe
where ¢ denotes the solvent’s concentration, 7 is a viscoelastic ‘stress’, D, K, p are
positive constants and V? = (9%/0i%,9%/073,...).

To keep the presentation below cleaner we prefer to scale out the three constants D,
K and p, and for this we define t = Mt, ¢ = Ez, ¢ = u and ¢ = Bt where B = K/D,
E = (uK)Y2?/D and M = uK/D. Lastly, setting v(u) := Df(c)/uK, defining J = (0,7,
and assuming the polymer occupies an open, bounded, connected domain Q C R?, we
consider the problem in the form: find v = u(x,t) and o = o(x, ¢) such that,

W—Viu=f+V% inQxJ, (1a)
d+y(wo=u+f in Qx J, (1b)
u=20 onI'p x J, (1c)

(Vu+Vo) n=gyg on'y x J, (1d)
u="1u att =0, (le)

oc=0 att =0. (1D

Here: the overdots denote partial time differentiation; we assume the initial data are
compatible with the boundary data att = 0; 92 = I'p UT'y; I'p is closed and has
positive (d — 1)-dimensional measure; and, I'p N 'y = @. Furthermore f = f(x,t),
f = f(z,t), g =g(x,t), i = i(x), and & = &(x) are given functions. Note that we have
allowed each equation to be ‘forced’ by f and f. These are not needed in the model and



are used only to generate artificial exact solutions that we use later to demonstrate
the error estimates. The term f is in fact purely artificial and so is not included in the
estimates that follow.

It is not yet necessary to give a specific form for the nonlinear coupling function ~
since all we need for the error analysis is contained in the following assumptions.
These are realistic in the context of the model we are working from.

Assumption 1.1 (Properties of 7). There are positive constants, 7, 7, C, and C’/ such
that v : R — R satisfies v € C%(R) and Yu € R:

0<y<y(w) <4, 0<9(w)<C) and  |'(u)| <CF.

The well-posedness of this problem appears to have been first established by Amann
in [1], who then generalised his results a couple of years later in [2]. Since then Hu
and Zhang gave an alternative proof of existence and uniqueness in [6] and, most re-
cently, Vorotnikov in [26] has examined the problem from the viewpoint of ‘dissipative’
solutions (an ‘ultra-weak’ concept of solution). Each of these results have dealt with
various generalisations of (1a) and (1b) with some or all coefficients allowed to depend
on u. Also, the right hand side of (1b) is sometimes taken in the form pju + ust, but
we will leave this for another time. Lastly here we note that by replacing — V2o with &
in and y(u)o — u with ko — kp(u) in (1b) we arrive at the porous medium system
considered in [4]. This similarity is at best only superficial though since their ¢ is less
well behaved than our ~, and the authors of [4] used deeper techniques of analysis to
consider well-posedness rather than just numerical analysis.

For more background on the underlying physics we refer to the original literature on
the experiments, [23, 22], and on the development of the mathematical model, [10, 9,
12]. Also, the article [15] gives a comprehensive study of the one-space dimensional
problem and illustrates the parameter regions governing the formation of steep wave
fronts, as well as whether or not these fronts are mobile.

Note also that solving (1b), assuming f = & = 0, and substituting into (1a) yields an
example of a nonlinear parabolic Volterra equation,

t
o — Vu=f+ V2 / e~ S v(u(€)) de u(s) ds. 2)
0

Although heat equations with memory, such as the one above, have an extensive
numerical analysis literature, we are not aware of any results that can be applied here.
For example, linear problems have been studied in [24, 21| 14,/16, 29], with particular
attention often being paid to sparse quadrature, weakly singular kernels and non-
smooth initial data, and nonlinear problems have been studied in [11, 19, 28, 7].
These results are all for problems written in divergence form where u; =V - F(t,u, Vu)
for some F, or for problems where the memory term contains only zero or first order
spatial derivatives of w.

Since (2) is not in divergence form we find it convenient to use the ‘inverse Laplacian’
(see later in (6) and (19)) and then the key technique in the error analysis is to examine
the errors in the quantities ¢ and u + o, rather than in v and o directly.

The plan of this paper is as follows. Section 2/ contains the weak formulation of
the problem, recalls some standard notation and sets the scene for the ‘u 4 ¢’ error
estimates that follow later. The numerical schemes are described in Section (3| and
some stability estimates for the discrete solution are given.
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The error analysis begins in Section |4 and, in an effort to make it easier to digest, this
is broken down into several subsections.

Subsection [4.1 gives some basic observations on the nonlinear function, 7. Subsec-
tion 4.2 outlines familiar tools such as the elliptic projection and some estimates from
Taylor’s series. The error in the ‘linear’ part of the equations is dealt with in Subsec-
tion and then Subsection 4.4 focusses specifically on the errors generated by the
nonlinearity. Eventually, Subsection synthesises these lemmas into the a priori
error estimate contained in Theorem 4.12.

We conclude with some numerical experiments in Section 5/and some brief concluding
remarks in Section 6.

2 Weak formulation and preliminaries

Our notation is standard. We use W;"(X;Y) to denote the Sobolev (Banach) space
of functions, v: X — Y, which together with their first m weak derivatives belong to
Ly(X;Y) (1 < p < o0). The target space, Y, is omitted when ¥ = R. When p = 2 we
obtain the Hilbert space H™ () = W3*(Q2) and write |- gm ) for the norm in H™(Q).
Also, because it is used so frequently below, we use the abbrevation ||[|o := |||z, (q)-

If X is a Banach space then notations such as L,(0,¢; X) denote the Banach space of
L,-maps from (0,¢) into X. The norm in L,(0,¢; X) is merely the L,(0,t) norm of ||| x.
This is standard, as also is our use of C to denote a generic positive constant that
may have different values in different places, and is often dependent on 7' through
Gronwall estimates. We also recall Young’s inequality: for a,b € R and any € > 0,

1
2ab < ea® + = b2, (3)
€
Noting the essential boundary condition (1c) we define the test space V for the varia-
tional formulation of and (1b) as
V::{UEHl(Q) :v=0o0onTp}.

Furthermore, the norm |-||v := /(V:,V:) is equivalent (on V) to ||| z1(q), and we note
for use later that there is a constant Cy > 0 such that,

lvllo < Cyllvlly YveV and lvllv: < Cylvllo Vv € La(Q). 4)

Now, recall that in (1b) the term f is purely artificial in terms of the non-Fickian
physics, and is introduced only to aid in the construction of test problems later on.
Therefore, if we assume throughout that f|r, = #|r,, = 0 then, by (Ic), it follows that
o(t)lr, =0a.e. in J.

In conclusion, we write the problem, (1a) and (1b) with boundary data, in weak form
as: find (u,0): J — V x V such that,

(a(t), v) + (Vu(t), Vo) + (Vo (t), Vo) = (L(t),0) Vv eV, (5a)
(6(t),w) + (v(wo(t),w) = (ut),w) YweV, (5b)

with and (1), with &|r,, = 0 and where L: J — V' is defined by,



One of the difficulties in dealing with these equations, either to prove stability, discrete
stability or an error estimate, lies in combining the terms (Vo, Vv) in and (u,w)
in (5b) (and their discrete counterparts) in a way that yields useful estimates.

In [18] the simplification of replacing V(y(u)o) with a term like v(u)Vo was made,
and this led to a priori estimates. However this simplification does not represent the
non-Fickian problem which we deal with here.

Firstly, recall from [3] (for example) the ‘inverse Laplacian’ G: V' — V defined by,
(VGw, Vv) = (w,v) YoeV (6)

and for any w € V’. (This is no more than the Riesz representation theorem and so we
can immediately note that ||w||ys = ||Gw|v). Then, choosing v = Gu in and w = o
in (5b), and adding the equations we see that (Vo,VGu) — (u,0) = 0, and so these
problematic terms vanish. This can be used to derive stability estimates (see below in
Prop. 2.1) but the norm on v is apparently too weak for deriving error estimates.

Secondly, by adding (5a) to (5b) and working with the sum u + ¢ instead of only u we
get,
(W+0a,0)+ (V(u+o0), Vo) + (v(u)o,v) = (u,v) + (L,v) Yve V. (7)

It appears that for error estimation the pair v + ¢ and o are easier to work with than
the pair v and . Moreover, by the triangle inequality it is equivalent to have bounds
for either |ju|| and |o| or ||u 4+ o] and ||¢||. This technique also provides a stability
estimate (Prop. but in stronger norms.

Proposition 2.1 (Stability in weak norms).
w7+ Ie@F + 1l 000 T 29001006200y < N8I + 13115 + CHILIT 0,07

Proof. Choose v = 2Gu(t) in (5a) and w = 20(t) in (5b) and add. Estimate the duality
product; invoke Cy from the right-hand part of (4); integrate over (0,¢); kickback
|u||3 using Young’s inequality; use the initial data and the lower bound on ~v(u); and,
finally, remove G by replacing ||G - ||y with |- ||y-. O

Proposition 2.2 (Stability in stronger norms).

(IS + o @G + 1L 0L00) + 101000 + 18+ 0l 0.0

} 5 (8)
<O (I3 + 1513 + 1212, 0.)) -

Proof. Add (5a) and (5b) and choose v = w = 2u + 20. Then use (le) and (1), the
Cauchy-Schwarz inequality, several Young’s inequalities and (4), and we arrive at,

t t
Hu+d%+AHu+ﬂ%®+ﬁAHd%®

. t ; ©
oo w2 gl 2 2 2
<latol+ (LT vact) [lugas+2 [z as

0 0

To get a second inequality with which we can handle the term fot |lu||3 ds on the right-
hand side, we choose v = 20 in and follow the same pattern of estimation. This
yields,

t 5 1 t
w%+a£nﬂ&w<w%+génmw%@. (10)
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Now, by adding (9) and and then using the triangle inequality, the proof is com-
pleted by tidying up the constants, adding HuH%Q(O 1La(q) O both sides and using Gron-
wall’s lemma. O

The main point to take from these results is that while the inverse Laplacian removes
the ‘cross terms’ involving « and o, it is the use of u + ¢ which provides norms which
are strong enough to make all the steps of the proof possible. This observation carries
over to the error estimates that follow, and allows us to remove a bound on the time
step size for the linearized methods.

3 The numerical scheme

The spatial discretisation is a standard Galerkin finite element method using piece-
wise polynomials of degree » > 1. We assume for simplicity that Q is polygonal (in
2D) or polyhedral (in 3D) and that it can be discretised into a quasi-uniform family
of simplicial subdivisions &),, depending on a mesh size parameter h € (0,4] for some
h > 0. In the usual way the finite element space is then defined as,

Vh={vevnC®Q) | veP.(E) VE€&}.

We denote the Lagrange basis functions by ¢;, j = 1,..., N, and the Lagrange nodes
by z;, j = 1,...,Ns. We assume there is an interpolation operator I" : C(Q) — V" (i.e.
I"v = 3" v(z;)¢;) such that,

Hv—IthHm(Q) < Ch”“_mHvaH(Q) form=0,...,r (11)
For the time discretisation we divide the interval [0,7] into N subintervals with equi-

distant endpoints ¢, such that 0 = t;) < t; < --- < ty = T. We define the constant time
step by k =T/N.

To simplify notation, we set v, := v(t,,) and define,

Ovy, = (vy, — vp—1)/k, 8?vn = (vp — 2Up—1 + vn,g)/k:2, Up = (U + Vp—1)/2

and Apv =0y — Opvp, = 8ltn) +2v(tn_1) _ Yltn) _kv(t”_l).

Observe that d;v, is an approximation for the derivative v at t = (t,, +t,_1)/2, and 9?v,
is an approximation for the second time derivative ¢ at ¢t = ¢,,_;. Since we will need it
frequently later, we note that,

m 1 m—1 1 m
D llonl* < §HvoH2 + > llonll* + §vaH2 <D loall®. (12)
n=1 n=1 n=0

Next we need a few easy consequences of Taylor’s theorem for use later in the error
analysis (see e.g. [18]).



Lemma 3.1 (Taylor estimates). Let X be a Banach space. If v has the indicated regu-
larity, then

[0rvnllx < NN Lo (b1 ,t0:X)> (13)
10rvnllo < &2 0] Lyt msLa(2)): (14)
107 vl <Ol L (b2 003 (15)
107 vallo < k_l/QH@HLg(tn,Q,tn;LQ(Q))v (16)
ARl < CEY2(|0 || Ly b1t La(2))- (17)

Denoting the discrete approximations to « and o by «” and ¢" the fully discrete ap-
proximation to the weak form and is: forn =0,...,N find (u!, o) € Vi x V"
such that

L,v) NYveVh n=1,... N (18a)
hv)y YoeVth n=1,...,N (18b)
VoveVh, (18¢)
VoeVh (18d)

Here %% (ul, ™) is the discrete approximation of the term (u)o at time ¢,_; /2- To deal
with this term we consider five possibilities, indexed by @ € {1,2,3,4,5}. The first
three are based on linearly extrapolating u or @ in order to approximate v(u!) or
v(al) from the previous two time levels, and these lead to linear numerical schemes.
The last two, on the other hand, are the nonlinear numerical schemes that result from

using v(u") and ~(a") directly.

We'll discuss these methods a little more below, but first we give the details. Define
B via

B2 (u ") =y (&)
Ny Ny

B, o) =5 y(Enul (x)))oh (@) d; + 5D vy (x))oh_ i (x;),
J=1 J=1

By, o") = Sy(wh)oh + Sy(uh_y)on_,

B (", o) = y(a)) o))

where the ¢;’s are Lagrange basis functions and «; their nodes, i.e. ¢;(x;) = ¢;;. Here,
for methods @ = 2 and 5, we define
3,.h 1,h
£5uh = ﬂh and éoQUh = { 2%n-17 2%n—2 for n > 2
U

1 forn =1,

and so for Q € {2,5} we have %9 = v(&2u)s". Similarly, for methods Q = 1 and 4 we
define,

(oﬁ;bluh = ’U,Z and éﬁuh = "
h forn=1
n—1 )

2ub | —aul , forn>2,
U

giving, for Q € {1,4}, that #% = 1y(&2uM)ol + 1y(ul_,)ol_|. We can see that Q = 1 is a
linearised version of Q =4 and @ = 2 is a linearised version of () = 5.
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We note that a linear extrapolation of u? is not possible and so at the initial time
step we extrapolate as a constant from the initial condition. Optimal a priori error
estimates are given later for the schemes @ = 1,2,4,5. For method @ = 3 we have no
results at the moment, but we note that it is similar to the so-called product approxi-
mation described in [SH

The discrete inverse Laplacian G" is defined for any w € V' via,

(VG w, Vo) = (w,v) Yo eV (19)
It is clear that G” is linear. The next two lemmas are equally clear.
Lemma 3.2. |G w|y < [Jw|lyr Yw e V.

Lemma 3.3. 2k(0v,, G "0y,) = |G vn||2 — (G vp-1]13 Y, vn—1 € VI

The discrete schemes corresponding to ¢ = 1 and ) = 2 possess unique solutions as
shown by the following lemma. The situation for Q = 3 is, as yet, unclear, while for
@ = 4 and @ = 5 we can show, see [5], that non-uniqueness is possible (at least for
some choices of time step).

Proposition 3.4. The schemes @Q = 1 and () = 2 have unique solutions.

Proof. At each timestep ¢, the discrete solution (u”,o") is determined by a linear sys-

n»-n
tem of equations in a finite-dimensional space. Assume that there are (at least) two
solutions (u”, ") and (al*,5") at a certain timestep ¢,, for n > 0, with all previous so-
lutions being uniquely defined. Define z := u" — 4" and p := ¢! — 6". Subtracting (18a)

for the tilde-solution from the same equation for the non-tilde solution and repeating

this for (18b) gives
%(z,v) + %(Vz, Vo) + %(Vp, Vov)=0 and %(p,w) + (B9 — B9, w) = %(z,w).
Choosing v = G"z, w = p and adding the equations yields
NG 211 + 2lpl§ + 311115 + (72 — #2.p) = 0.

Observe that 89 — %9 is $7(&MM) pif @ =1 and is 1v(&2uM) p if Q = 2 and so, in both
cases, (%’S — B D) = %HpHg. Hence z = 0 and p = 0 and thus the two solutions are
identical. In fact, by subtracting the system for two solutions, we have obtained the
homogeneous linear system and have shown that this homogeneous system has only
the trivial solution z = p = 0. The system matrix is therefore invertible and there is
exactly one solution. O

The next step is to establish some stability estimates for the discrete solutions. First

we derive upper and lower bounds on the nonlinear term (method @ = 3 is not treated
here). First, the upper bound (the proof of which is straightforward).

Lemma 3.5 (Upper bound for %’7? ). For methods (Q = 1,2,4,5 we have
Y
18 W, ")l < 3 (Ilohllo + llo%_1 o)

And, secondly, the lower bound.

The authors are grateful to Andrew Wathen (COMLAB, Oxford University, UK) for pointing this out.
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Lemma 3.6 (Lower bounds for %’S ). For methods @ € {2,5}, we have

(B2,5)) > a3 (20)

n? Tl

For methods Q € {1,4}, and for any ¢ > 0, there is a constant C. such that

(#72,03) = Aonlls — ellon[l§ — Cellon 1 113- (21)

n TL

y 2
In fact, C. = 3 + 5.

Proof. For Q € {2,5} the assertion follows immediately from the definition of %%. Thus,
for the remainder, let ) € {1,4}. For both these methods, %4 has the following form:
14 1+

%SZE’Y”J”+ 57Tn0 n 1

with certain functions fyn and fyn, dependlng on u , such that ¥ < ’yn(w) < 4 and

¥ < fyn( ) < 4. For later use, we define G := ’Yn - fyn and observe that [|G||; (o) < 27
We can rearrange

14 1+ 14 4 h 1 4 Fyh
‘%7? = 2’7an + 2’771 n 1= 27n(0n +0—n71) - 5(’771 _Vn)anfl'

_'

_ i _ e
Thus (#7.5%) = (707, 5%) = (% — Y)t1,58) > A3 = 31(Gn — 7)o 1.5%)| and
using Young’s inequality we get for any ¢; > 0 that,

1 - = h _h
5 | ((’Yn - ’Yn)an—l’ Un) |

l\?I«Q>

h Y (€ n 1 h
(loh_yllo oo + llok_4118) < = ( 1l + (=— + Dllel_1 117 ) -
2 2 2€1

Choosing ¢; = z¢ finishes the proof. O

Proposition 3.7 (Discrete stability: inverse Laplacian). For each of the methods given
by Q € {1,2,4,5} we have, foranym € {1,...,N},

m m
Gt 3 + ot 13 + & S llahl3 + & S ok < € (a2, + 1513 + 113 o) -

n=1 n=1

Proof. Choosing v = G"a" in (18a), v = " in (18b), adding the results and using

n n

Lemma 3.3, multiplying by 2k and summing for n = 1, ..., m we have,

G g I+l h||0+2k2|| hHo+2k‘Z (#3,5%) = 16" g I} + oG 13 +2k Y (Ln, G"ar). (22)

n=1 n=1 n=1

agllo < l15llo. G ugllv < [Jillv: and 2(L,,G"al) < e MILIZ o, 1m +€CF lanl3.
Choosing ¢ := 1/C2 to obtain,

m m
Z nagh h C‘%THLH%OO(O,tm;V’) +k2||a2‘|%’

n=1

we can then insert these three bounds in to (22) and arrive at,

IIQhhHv+||0h||o+k‘ZHuhHo+2k‘Z 2oon) < lalf + 1615+ C3 TILIZ (0,6,17)- (23)

= n=1



For methods @Q = 2 or 5 the proof is concluded by using (20).

Now, for methods () = 1 or 4, we note that,

m m—1
2k Y (ellohll§ + Celloh_1113) < 2Tellof|lg +2(c + C) k D llonlls + 2T Ce|5 ][5,

n=1

and then choosing ¢ = 1/(47T) along with using (21) in (23) we obtain,

1 m m
h, h h _h . _h
1G" up, I3 + §||0m||§ + D llanlls + 29k > llonlls

n=1 n=1
m—1
o o h
< it + cllol3 + CETILIR o +c2k S llokI,
n=1

where ¢; = 1 +2TC, = 1 +4T +4*T?/2 and ¢y = 2¢ +2C. = 1/(2T) + 4 + 4*T/2. The proof
is then concluded for @ € {1,4} by using a discrete Gronwall lemma. O

Proposition 3.8 (Boundedness of discrete solutions using u + o-terms). For methods

Q =1,2,4,5 we have form € {1,...,N},

m
g 1§+ lom g + & >l +anlly < © (Hﬂll?) + 715 + HLH%OO(O,T;V’)> : (24)

n=1

Proof. Adding (18a) and (18b), choosing v = 2k(ua" + /) and then applying the Cauchy-
Schwarz inequality and Young’s inequality yields,

ot + oI = s + ok s I3 + Kllak + oh1E < 3k (18205 + ILal? + |@h13) . (25)
Also, choosing v = 2ké" in (18b) and estimating similarly gives,
lonld = loh_1 I3 < kI BL IS + 2klloh 17 + kllah 3. (26)

Now add 2 of (25) to 3 of (26), use (4), sum for n = 1,...,m, use the triangle inequality
first to see that 2||ul, + o 12+ 3||oh |12 > [Jul |13 + |loh,||2 and then again to split the term
|ult + 0|2, use the bound on %% from Lemma 3.5 and we obtain,

m
h h —h —h
13 + ot 13 + 26 > 1k + 5411

n=1

< Allugli§ + 7llo6 15 + 6T LIIZ . o7y + (6CF + 3)3°T/2]log I3 (27)

+(6CF +3)3%k Y _llonll§ + (6CF +3)k D _llan|IF + 6k Y _llonl3.

18c 18d),
along with Proposition 3.7 gives,

ulllo < [[@]lo and [|ol]lo < [|7]lo- Using these in (27)

kZHahuo + kZHunuo T kZHUhHo C (Il + 1518 + I EIZ oz )
and using (4) then completes the proof. O

As a straightforward corollary we note that the sum of ||u/ |2 is also bounded.
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Corollary 3.9 (Boundedness of discrete solutions). For methods Q = 1,2,4,5, and for
anym € {1,...,N},

m m m
g I3+ Nlomlig + & D lunlld + & D _llonlis + &Yl + aplly
n=1 n=1 n=1 (28)

< C (3 + 1513 + 1213 0.z ) -

These stability estimates show that while v + o is controlled in V' by the data each
of these is only controlled individually in L.(£2). We now move on to give the error
analysis.

4 Error estimate

In this section we derive a priori error bounds for methods @ € {1,2,4,5}. The way the
error estimate is proved is based on the error analysis for the simplified model in [18].
Here, however, it seems necessary to combine the approaches of calculating with v+ o
and of using the inverse Laplacian to achieve similar estimates to those in [18].

This section contains many technical lemmas. In an effort to make the material easier
to digest we have broken it down into a sequence of subsections.

In Subsection [4.1] we outline some basic properties and inequalities relating to the
nonlinear function ~. This is followed, in Subsection 4.2, with bounds on some terms
involving an elliptic projection. These bounds will be needed throughout this section.
In Subsection 4.3 two inequalities are proven that deal just with the linear parts of the
system; these are general results that still apply to all five methods @ € {1,2,3,4,5}.
Then, in Subsection we restrict ourselves to the four methods @ € {1,2,4,5} and
give bounds for the nonlinearity error: the difference between the nonlinearity ~(u)o
and its approximation 7

Finally, in Subsection 4.5/ the error estimate is stated and proved by combining the
error inequalities from Section [4.3|with the nonlinearity errors from Section 4.4

4.1 Basic properties of «

In this subsection two small lemmas involving differences of function values of ~ are
given. These will be needed later for proving the error estimate. First, though, we get
from Assumption 1.1/the following.

Lemma 4.1. If1 < p < oo and v,w € Ly(Q) then |[y(v) — y(w)|z, ) < Cillv —wlz,@)-

Before we state the second result of this subsection, Lemma we need the following
lemma which is an easy consequence of Taylor’s theorem.

Lemma 4.2. If f: R — R is C?(R) with |f"(z)] < aVx € R then for all a,b € R,
[0
F(ba+ 56) — £(@) ~ 3FO) < & - al?

Lemma 4.3. Letv,w € L4(Q2). Then

i
h(gv+ 3w) = 37(0) = 7)o@ < - llv = w7, @)

Proof. Apply Lemma 4.2 to v and use Assumptions(1.1| O
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4.2 Preparations for the error estimate

For proving the error estimate we invoke the elliptic projections (see [27]), u*,0* € V",
of the exact solutions which are defined via (Vu*,Vv) = (Vu,Vv) and (Vo*,Vov) =
(Vo,Vv) each for all v € V", Define also x, := u? — u}, n, := ol — 0¥, £ .= u — u* and
f := o0 — o*. To render much of what follows a little more compact we introduce the
following notation as an expedient.

Definition 4.4 ('£, holds’). For ¢ = 0 or ¢ = 1 we will say that ‘€, holds’ whenever,
HCHHI_‘I(Q) < ChrJrquHHH‘I(Q) for the pair (Cv w) = (57 u) Orfor the pair (Cv w) = (07 U)' The
case g = 0 is a standard energy estimate while the case q = 1 requires elliptic regularity
of a dual problem.

What we have in mind here is that, because the ‘natural norm’ for the heat equation
involves temporally pointwise Ly(€2) norms and L»(0,7; V) norms, an error estimate
can easily turn out to be non-optimal in L,(2). The ‘£, notation will allow us to exploit
the ‘"4 superconvergence’ of the spatial error components, x and 7 (see later in (68)),
and quote an a priori error estimate that is optimal in V and also, elliptic regularity
permitting, in Ly(2).

Lemma 4.5 (Approximation error for elliptic projection). If &, holds and v* € V" is the
elliptic projection of v € V then, for any integers m >0 and 1 < s <r,

|00 = o)

< Oh* || o—u(t
Ch* || 5 v (®)

v

)

oo

provided 2-v(t) € HF1(Q).

Lemma 4.6 (Bounds involving &, and 6,)). If&, holds then, whenever the exact solutions
u and o have the indicated regularity, we have for (x,(,v) = (x,&,u) or (k,(, ) = (n,0,0)
that,

1Gnll -0 () < CH [ nll grre1 () (29)

kY NGalFn-aq) < CRP2UBIT o m i) (30)
n=1

I50llo < lldollo < CH 914 o1y (31)

kZHatCan < ChQT”qW||%oo(o,T,Hr+1(9))a
n=1

B Al < CEUY I, 0.1.L0)):
n=1

The proofs of these are straightforward applications of well known techniques. See,
for example, [18].

4.3 Error inequalities

In this section we establish two inequalities which will form the basis for the error
estimate. One inequality is derived by using the inverse Laplacian and the other by
using the u + o approach. In both cases we do not yet examine the term that contains
the nonlinearity and leave it as it is until the next section.

12



Lemma 4.7 (Error inequalities). If &, holds, u,oc € WL (0,T; H1(Q)) n H3(0,T; L2(Q))
and u,5 € H™1(Q) then, for any ¢ > 0 and forany m € {1,..., N},

m m
G Xm 5 + [17mll + & D> _1%nllg + 25> (8L = v(u)o,, )
n=1 n=1

. (32)

N4 o2 12

<O (14 2 )k 4+ B2420) + e Zl“”n”o-

Furthermore, for allm € {1,...,N},
X + 113+ & D 1%+ 7} + 2k Y (B2 3 (w)o,,, X + )
n=1 . n=1 (33)
SOk + R 20 + 6CTE Y [1Xnll3:
n=1

Proof. Subtract the average of (5a) between ¢, and t,_; from (18a) and then subtract
the average of (5b) between ¢, and ¢, ; from (18b). Observe that (V¢,, Vv) = 0 and
(V0,,Vv) =0 for any v € V" and each n. This gives us,
(Orxn,v) = (0tbn,v) + (Apu,v) — (VXn, VU) — (Vijn, V) Yo e Vh  (34a)
(O, v) = (O1n,v) + (Apo,v) + (Xn,v) — (fn,v) — (,%’7? —v(u)o,,v) Yve V. (34b)
In order to prove (32), choose v = 2kG"Y,, in (34a) and v = 2k7, in (34b), add the re-

sulting equations, take the sum over n = 1,...,m and then apply the Cauchy-Schwarz
and Young’s inequalities to get,

1G" Xom 13 + N1l + 28 Y 1%nll§ + 2k D (B2 = (w)o,,, 7n)

n=1 n=1

1. & 1. &
< NG"xollf + llmollg + =+ D 10:ullg + —k D [19:6u 3
1 n=1 2 n=1
1 < 1 < 1 <&
kD Nl + =k D Ao+ —k DI
n=1 n=1 n=1

+ (e )k Y G Xnll] + (62 + ea+ es)k D3
n=1 n=1
Since by (4), Lemma 3.2/ and (4) again [|[G"x, 0 < Cv[|G"Xallv < CvlXallv: < CFlXnllos
we can choose €] = €3 = 1/(20{4,) and e; = ¢4 = ¢5 = €¢/3, where ¢ > 0 is arbitrary. Then,
using Lemma 3.2 and (4), ||G"xo|lv < Cv|/xollo and applying &, and Lemma 4.6 yields
(32).

To prove the second inequality (33), add (34a) and (34b) and choose v = 2k(X,, + 7n)-
Using the Cauchy-Schwarz inequality, |[v|lo < Cy|jv|v, and then a Young’s inequality
with € = 1/6 to eliminate the term |y, + 7,||} that arises on the right hand side, we
sum over n = 1,...,m to obtain,

m m
X+ 71 = 10 + 10118 + & > _l1%Xn + Ty + 26> (BE = v(w)a,,, X + )
n=1 n=1

m (35)
2 2 2 2 2 - 2 £ 112
<6CEk > (1008all3 + 10:0al13 + 112wl + 12003 + 1all3 + 1€013)-
n=1
To complete the proof of the second inequality we use the bounds for the terms in-
volving &, 0,,, Ayu, Ao, xo and 7y from Lemma 4.6/and &,. O
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4.4 Nonlinearity errrors

The error inequalities which were derived in Lemma in the previous section con-
tain terms with the nonlinearity and its approximation. These terms have the follow-
ing form

2k > (B —v(u)o,, vn) (36)

where v, = 7, in the case of (32) or v, = x, + 7, in the case of (33). In this section we
give bounds for these terms and have to distinguish between the various methods.

Since the terms (36) appear on the left-hand side of (32) and (33) we bound them from
below instead of taking the absolute value and bounding them from above. Another
reason for bounding below is that for (63), later, contains helpful terms.

This section contains several lemmas. Lemma 4.8 gives a bound for the term (36) for
methods @ € {2,5}, going as far as possible without distinguishing between @ = 2 and
Q = 5. Then Lemma 4.9 does the same but for methods Q € {1,4}. Next, Lemma 4.10
has bounds for the remaining terms from the previous lemmas. These terms contain
the extrapolation errors. As opposed to the previous lemmas, here, the linearized
methods @ € {1,2} can be dealt with simultaneously, as can the nonlinear methods
Q € {4,5} (which do not use extrapolation). Lastly, Lemma/4.11 combines the previous
three lemmas and presents a unified nonlinearity error. This result will be used in
Section 4.5.

For the next three lemmas, we make no specific choice for v, in and just assume
that v, € Ly(2) for n = 0,..., N. We will make the choice of either v,, = n, or v,, = X+,
only in Lemma 4.11

Lemma 4.8 (Intermediate nonlinearity error for methods @ € {2,5}). Suppose that &,
holds and that we have uw € WL (0,T; L4(Q)) and o € Lo (0,T; H™1(Q)) N WL (0, T; Ly(2)).
Let v, € Ly(2) forn=0,...,N and Q € {2,5}, then forany e >0 and anym € {1,...,N},

m ) m o m ) C :
2% > (B2 — 37, T0) > 2 Y (HEL i, T0) — ek S [5allf = = (4 + 52 2)
n=1 n=1 n=1 (37)
- ZClkZng?uh —tnllo - [[Vnllo
n=1

where ¢; = Cl||o]| . (0,700 () -

Proof. For Q € {2,5}, setting 7, = y(&%uM),

YnGp — YnOn) + (In0n — Wnan) + (’y(u)nﬁn - 'Y(U)O'n)
= Ynlln — :)/nén + (ﬁ’n - Wn) On — i(')/(un) - 'Y(un—l)) (On — on-1),

where we have used the fact that for any real numbers a, b, ¢, d,
Ha+0b)-L(c+d) —i(ac+bd) = —1(a—1b)(c—d).

Thus, if for convenience of notation we put,

A= :Ynén - (:Yn - V(U)n) On + %(fy(u”) B W(Un_l))(o—n o Un_l)’
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then 2% — v(u)o, = Ynin — A, and taking the scalar product with ©,,, summing over n
and multiplying by 2k gives us,

2k Z(‘%g - V(U)Jnv En) = 2k Z(:Ynﬁnv 'Dn) -2k ZHAHOH'DnHOv (38)
n=1 n=1 n=1

and for the norm of A we get

1Allo < A10nllo + 190 = () llo - [17all Lo (@) + 37 (n) = v(wn-1)llLs@) - llon = Tn-illLy()- (39)

) S 01l Loe (0,710 (02))- Next,

by (13), — 0n-1llLy@) < ElloLe (s tn;La()) and, similarly, using Lemma 4.1 and
13), [|7(un) = Y(tn-1)|lLy) < C4 klltll Loyt tnsLa(02))- AlsO, using Lemmas 4.1/and (4.3,

IV (E2u") =), llo < v (E2u™) = y(@n)llo + l1y(@n) — (), lo,

"

< CLEQU — a0 + ?szHuH%oo(tn,l,tn;L4(Q))'

Combining all these and inserting them in (39), we get

14llo < A8ullo + crll&2u" — anllo + 2 k2, (40)
where ¢y = HUHLOO o7:Ls@ 17l Lo 0,752 ()) + 5 HUHLOO 0752410l oo (0,73 L4(02)) - InseTt-
ing (40) in @ gives

m m m B
Z (#2 —(u > 2k Y (Fnins ) — 2k Y (A110nllo + crl|E2u" = tnllo + c2 ) [[0all0,
n=1 n=1 n=1

and using Young’s inequality and rearranging finally gives us

LN — 292 a2 2631 4
QkZ(%’n —v(u)o,, ka Vnﬁn,vn)—TkZHHnHO—Tk
n=1 n=1

m
— ¢k ZH%H% —2c1k Y _[|62u" — anllo - a0,
n=1 n=1

and an application of (30) from Lemma 4.6/ now yields inequality (37). To conclude
we read off the regularity requirements on v and ¢ from the norms appearing in
(30) and in the definitions of ¢; and c2. Note that o € Lo (0,T; H™1(2)) implies o €
Loo(0,T; Loo(R2)), since r > 1 and d < O

Lemma 4.9 (Intermediate nonlinearity error for methods @ € {1,4}). Suppose that
&, holds and also that we have i,5 € H™(Q) and u,0 € Ly(0,T; H1(Q)). Let also
vy € La(Q) forn=0,...,N and Q € {1,4}. Then forany ¢ > 0 and foranym € {1,...,N},

QkZ ZkZ MYy Tp) — €k ZanHz h2’"+2q

2c 442
1k2HXnHo kZHnnHO —ClkZH@@Quh—unHo 1nlo, 41)

where ¢; = CL||0]| .. (0,700 () -
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Proof. For @ € {1,4} we have, setting 7,, := fy(é”nQuh),

’@g —(uwo, = %~n‘72 + %V(UL)UL - %’Y(Un)ﬁn - %’Y(Unfl)anfl
= 3n(on = on) + 37(up 1) (01 — on1)
5 (n = ¥(un)) o + 5 (v(up 1) = 7 (tn-1))on1. (42)
We can further rearrange,
(ol — o) + 3y(ul_ )08y = 0n1) = Fn(iin — 0n) — 2 (G — Y(Wl_1)) (1 — On1).

Inserting this in (42) gives

ggg _’V(U)Un ::ﬁh(ﬁn _’9ﬁ)'_ %(ﬁh _’V(UZAl))(nnAJ _’Hn—l)
+>%(ﬁh _>7(u"))0"'+>%(7(uﬁ—4) _’V(Unfl))anfl-

Thus, taking the inner product with ,,, multiplying by 2k, summing up this equation

forn =1,...,m and using the Cauchy-Schwarz inequality gives,
2k (B 307 0) > 2 S Cinas5a) — 26 S bl - [l
n=1 n=1 n=
—k i\l(% —y(up 1)) (-1 = On—1)]lo - [Znllo 43)
- kZH on + (1w 1) = Y(wa-1)on1]lo - [7ulo-

We bound some of the terms in this inequality now. Firstly,

1G5 = (i) (=1 = n-1)llo < 25(l11-1llo + 10n—1lo)- (44)
Secondly,
G = Y(wn))on + (Y(un 1) = Y(wn-1))on-1ll
1 = v(wn)llo - llowllzoc @) + I7(ui—1) = Y(wn-1)llo - o1l (0

<
X 10| Loo (0,T, Lo (Q)) n - n )10 n—1) — n—1)110
< lol y (v (E2u™) = (un)llo + 17 (un—1) = (un—1)llo)
< N0 b 01,0 (120" = unllo + [l 1 — wn—1llo),

where we have used Lemma 4.1. Defining ¢; = C/, [|o || (0,7,L..(2))» We obtain
1 =)o+ (7 (1) =¥ (wn-1))on-1llo < er|E2u" = ugllo+er (Ixn-1llo+ [€n-1ll0)- (45)

Using (44) and (45) in and applying several Young’s inequalities yields

QkZ

m m
u)o,,,Un) = 2k2('~7nﬁnv'l_)n) —(ate+ 63)kZH@an

= n=1
&2 m 4 m
— k316113 - —kZ n—1llo + 16-1]l0)?
n=1 n=1
2 m i
: ,
= LD el + a-110)? = 1k D626~ unllo - [oull-
n=1 n=1

Let ¢ > 0 be arbitrary and choose ¢; = €3 = ¢/4 and ez = ¢/2, and then an application
of (30) and (31) from Lemma 4.6/ finishes the proof. This last step also requires the
regularity assumptions on u, o, @ and &. O
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Lemma 4.10 (Extrapolation errors). Let £, hold and assume that i,6 € H(Q) and
u € Loo(0,T; H'T1(Q)). For methods Q € {1,2} we also suppose that v € H?(0,T; Ly(2)).
Let also v, € Ly(Y) forn = 0,..., N such that for the first element ||v||3 < Ch* 24, Then
there is a constant C' > 0 such that for all ¢,e3,¢e4 > 0 and for all m € {1,...,N} these
inequalities hold:

Jor methods Q =1 and Q = 2,

m
kY Il = o |7nllo

=1
" SC-(I+5+5) - K+ feforf  (46)
2k Y I162u" = @nllo - [allo m TR
= ek D l5alli + 2k > Ixall,
n=2 n=1

and for methods Q =4 and Q = 5,

m
EY N6 — unllo - [7allo . . .

i < ek Dl + T 28 S Il 4 SHl 47)
23 N6 o ol | " e

n=1

Proof. To have a common notation for all methods, we define for this proof,

ELul — g if 1,4
EQ.:{H W gy i Q € {1,4), as)

T 21ERuh — ayle if Q € {2,5).

To start, we examine EY for each method separately. Firstly, for Q = 1 and n > 2,
using the Taylor estimate (16):

& u® = unllo = H2un L= un_y — o
= 12wy = un—1) — (U5 — tn—2) = (un — 2up_1 + un—2)llo (49)
<2y —un—1llo+ [[uf—s = un—allo + l[un — 2un—1 + un—2llo
< 2lxn-1llo + 2ln-1llo + Ixn—2llo + |én—2llo + CE*|[iill Lyt o t0i22(2)):
while for Q =1 and n = 1, using the Taylor estimate (13) and (31),
&1 —ullo = llug — wllo = I|(uf — uo) — (u1r — uo)llo = [I(xo — &) — (u1 — uo)llo (50)

< Ilxollo + lgollo + EllGrur |l < 2[l€ollo + Ellill o 0,t1:22(2))-
Secondly, for Q = 2 and n > 2, using the Taylor estimate (16),
h 1

||£r?uh — Upllo = ||%U -1 %U —2 — 3Un — %Unleo

= ||%( —Up—1) — %(UZ—Q — Up—2) — %(un = 2Up—1 + up—2)lo
< ||%(Xn 1= én-1) — 3(Xn—2 — &n—2)llo + llun — 2un—1 + un_2llo (51)
< 3lxn-1llo + 3lxn—2llo + 3ln-1llo

+ $1€n—2llo + CE2|liill Lyt s tmiLa(2))

while for @ = 2 and n = 1, using the Taylor estimate (13) and (31),

l67u" —allo = llug — a1llo = lluf — uo — 5(ur = uo)llo = o — &0 — 5kdu1 o

1 1 (52)
< Ixollo + [éollo + skllOwurllo < 2([€ollo + 3K Lo (0,1522(2))-
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For Q = 4, we obtain

160" = unllo = l[uts = unllo = lIxn = &nllo < xallo + € llo- (53)
Finally, for @ = 5, we obtain

670" = tnllo = @, — @nllo = IXn — &nllo < Xnllo + I llo- (54)

In order to prove the first inequality, (46), we observe that for Q = 1 and Q = 2, from
(49), (50), (51) and (52),

{3H><n—1Ho + [Ixn—2llo + Ch™+9 + CE¥2|[iil| 1y 1,5 tmita)) i1 =2,
Ch™ + kil 1 (0,01 L(0)) ifn=1,

EC <

n X

(55)

where the bounds for &, from (29) have also been used. Now we form the term on the
left-hand side of (46), split the sum, and use the fact that ||o1(12 < 3(||o1[3 + [[vol13),

m m
_ _ k
kY ER|Uallo < kD ER|[Oallo + §E?(HMHO + [lvollo)-
n=1 n=2

Using Young’s inequality gives us
m 1 m
k3 BRIl < gk D (BEY + cak Zuvnuo + (5 2 ) GED? + aallld + ol
Inserting the bounds for ES from (55), we get, using norm equivalence in R”,

m m
_ 1
R3S BD oo < k3 (36||xn1u3 +4lpxn-all} + Ch2r+2s

+ C’f3||ﬂ\|%2<tnQ,tn;m(m)) +esk Y [1onllS
n=2

+ O+ LR (CHT 20+ 2820 lT 0,411 102)) T €alloallg + Ilvoll5.

Now since ;" 2||u||L2(tn o tniL2(Q) S 2H“HL2 (0,T;L2(R))°

kZES Nonllo < C(1 + é + <, LG C]‘34HU||L2(0TL2(Q)) +C(1+ )k4||UHLOO(0 t1;L2(Q))

10
k Z Ixnll§ + €3k Z\Ivn\lo +eallorl§ + flvoll3-
n=2

To conclude the proof of (46) note that by assumption ||v[|3 < Ch?"+2¢ and that by (31)
the summation of ||, 2 can start at n = 1, thus we arrive at (46).

To prove the second inequality, (47) for Q = 4 and Q = 5, we also form the term on the
left-hand side of (47) and use Young’s inequality (3) to get

m

m ) 1 m )
BB llonllo < kS (B? + ek > lonll. (56)
n=1 n=1 n=1

Now for @ = 4 from (53) we have E, < |[xallo + [|x]lo and since xm = 2Xm — Xm-1 We
have,

m
D (B <2 Z\Ixnllo +2 lefnllo 16([Xml[5 + 6 Z a3 +2 lefnllo~
n=1
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For Q = 5 we have from that E2 < 2(||Xxllo + [[£2]l0), and so, using (12)

m m m m—1
D (B <8 IIxnlls + 8D _Enllg < 8llxmlld +8 Y Ixnlld + 4lxollg + 8 ZHfEnHo-
n=1 n=1 n=1 n=1 n=1

To combine methods @ = 4 and Q = 5 we observe that for both these methods, after
multiplying by k£ and using and

m m—1
kY (ER)? < 16k|Xml5 + 8% D lIxall§ + CR* 2,
n=1 n=1

and inserting this into (56) gives (47). The regularity assumptions arise because we
have used (31) and (29), as well as (13) and for Q =1 and Q = 2. We also recalled
the embedding H?(0,T; Ly(Q2)) — WL (0,T; La2(f)). O

Now the results from the previous lemmas can be combined to get the lower bounds
on the term (36). Note that in the next lemma the nonlinear methods Q =4and Q =5
require one extra term in the bound (57), as compared to the linearized methods. This
term will later give a maximum value for the timestep size k for Q =4 and Q = 5.

Lemma 4.11 (Nonlinearity errors for methods Q € {1,2,4,5}). Ifi,5 € H™"(Q) and u €
Loo(0, T H'1(Q)) N WL (0,T; Ly(Q)) N H2(0,T; Ly () along with o € Loo(0,T; H™+1(Q)) N
WL (0,T;Ls(2)) then, if & holds, for any method Q € {1,2,4,5} there are constants

C, 03,C4,c§2,06,C7,08,09 such that for any m € {1,..., N} we have,
m m—1
2 ) (#2 =)o, ) > Tk Zunnuo OO + W20 — 3k Y Ixalld
n=1 n=1 (57)

1
—cak Z Il = ¢ Flbxom 15 = 5 Im 5,

and also
m m—1
Z )0 X+ in) = —C (k* + h2r+20) — ||><1 +mld—cek Y lIxnll3
i m—1 " (58)
—crk Y |Inalls — cs kI XmI§ — co kllm I3,
n=1

where the constants depend on u and o, but are independent of h and k. In fact ¢; =
CUlo Lo 0.1:L0())s €3 = 28¢1/F, ca = 85%/7, co = 4+ 24c, 7 = 4+ 957, cs = 4 + 81,
co=4+4%and ¥ =0ifQ e {1,2} or § = % ) Q€ {4,5).

Proof. To combine the bounds for all methods, we firstly compare (37) and (41) and
thus obtain for any @ € {1,2,4,5} and any ¢ > 0,

m o m C
2k Z(‘%T? - V(U)er En) 2 2k Z( (@@Q h)nnv vn - €1k ZHUTLHO k4 + h2T+2q)
n=1 n=1 n=1

(59)

20 4’y
1kZH nllg — kZHnnHo—quEQanHm
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where EY is defined as in (48). Secondly, by comparing and (47) we get

m
kY ED [tallo < C- (14 5+ 1) - (K + B2 - eqfjor |

+631€Z\|vnllo+ kZ\Ixnllo+ k‘llxm\lo,

where I€ is an indicator for the method, which we define as I? =1 for Q € {4,5} and
I9 =0 for Q € {1,2}. Inserting this in (59) gives

zkz 2kZ (&2, ) — (€1 + cres)k > _||0nl[3

n=1
—C(1+ 2+ L+ L)+ 7+
AQ m—1

22 10y e 4011
(T )E Y el = kZu mlld = ——klXml§ — creallvall3
n=1

€1

Let € > 0 be arbitrary and choose ¢; = ¢/2, €3 = ¢/(2¢;) and ¢4 = 1/(2¢;). This yields

2k (B —1(W)o,, ) = 2k Y (V(EFUP ), 0n) — ek ZH%II% — C(1+ L)(k* + n?+20)
n=1 n=1 =

2403 42 ] 821
1k‘ZIIXnHo k‘ZIInnHo L k‘llxm\lo Hv1||%. (60)

To prove (57) choose v, = 7, in (60) and use (v (£Q MY, n) = |72 At the same
time, to get a term with ||x, |3 instead of ||x,,[|2, we also notice that ||x:m |13 < & (|[xm|2 +
[ Xm—1]|3) and hide the new ||x,,—1]|? in the sum of ||x,||3. Choosing ¢ = ¥ gives (57).

Next, choose v, = x, + 7, and € = 1 in and obtain, since (fy(éa,?uh)ﬁn,gn + 1) =

m m
2k2 B — (W), Xn + ) = —27k > _Nnllo - [1Xn + 7inllo — k> _ %0 + 7l
n=1 n=1
m—1 m—1
—C(k*+ h¥ ) — 2463k xnlld — 852k D llnnlld — 83 T2k |xm 1 — —HX1 +ml3 61)

Now using Young's inequality (3) gives 24{liallol[ X + finllo < 42/ 3 + %0 + 7. s0 we
can write for the first two terms on the right-hand side of (61), using also (12),

m m m m
29k Y [17nllo - 1% + allo + & DX + i <2k D175 + 2k l[%n + 713

n=1 n=1
m—1 m—1
< G2+ Ok (1l + S a3+ lmoll3) + 4k (Ixml3 + 3 lnll3 + 3l1x0l3)-
n=1 n=1

Inserting this into and using we finally obtain (58), the second inequality we
wanted to prove. The regularity requirements are obtained from those in Lemmas|4.8,
4.9 and 4.10, but from now on we do not distinguish between the methods anymore
and just take the maximum requirements. O
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4.5 Error estimate

In this section we combine the error inequalities in Lemma 4.7 from Section with
the nonlinearity errors in Lemma from Section As it turns out, a combined
approach that uses both the inverse Laplacian and the u + ¢ arguments will remove
the condition on the timestep size k for the linearized methods.

Theorem 4.12 (a priori error estimate). Suppose that &, holds, that it,5 € H™(Q), and
that the exact solution satisfies u,c € WL (0,T; H'1(Q)) N H3(0,T; Ly(Q)) with 5|r, = 0.
For the nonlinear methods Q = 4 and Q = 5, we also suppose that k is sufficiently small:

“ —1
k<k=74- (128 max{2+ 4} + 3CE, (4+49)/4})

where ¢ = C.||o| 0,1:..(2))- Then for methods @ € {1,2,4,5}, we have the following
error estimate,

max {[|u(tm) = uppllo + [|o(tn) — omllo}

1<m<N
N 1/2 (62)
+ he <k2”an + G, — Al — 52\\%,) < CO(K? + nmta).
n=1
Proof. Firstly, use (57) in (32), omit the ||G"x,,|v-term and choose ¢ = /2 to get,
m ’S/ m
11§+ D W13 + 5 Dl
n=1 n=1
m—1 m—1 1 (63)
SOK* + 27020 + sk > xallg + cak Y Inallf + S klxmlI3 + Sl s.
n=1 n=1

For m = 1, the term %HmHg in (63) can be absorbed into the left-hand side, and,
omitting the other terms on the left-hand side, we obtain

1
slmls < O+ n*+20) + 2kl 3.

Inserting this again into (63) yields

m . m
_ vy _
7l + & lIxnllf + 5k > limnlls
n=1 n=1

m—1 m—1
<Ok + 1720+ esk > lxnlld + cak S Imalld + 2 klxmll3 + cZklIx 12
n=1 n=1

Depending on whether m = 1 or m > 1, this last term can either be combined with the
| xm ||3-term or with the sum of ||x,||3. Hence for any m > 1 we can write:

m . m
_ Y _
713 + %Y lIxnllf + ok > Nl
n=1 n=1
m—1 m—1 (64)
< C(K* + 17 729) 4 (es + ¢k > Ixnlld + cak D [mnllf + 268k xmlI3-
n=1 n=1
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To get a second inequality that can be combined with this one we use (58) and in
(33) to get,

m m—1 m—1
X + 15+ & Y [1Xn + 7alle < C(R* + B2 20) + ciok D Ixallg + erk Y Imall
n=1 n=1 n=1 (65)

_ _ 1
+ enkl[Xmll6 + cokl17m 6 + 5l +m 6,

where the ||y, |[o-term from has been split up and added to the other terms, giving
Cc10 = Cg + 60‘2/ and c¢;; = cg + 60‘2/

For m = 1, the term 1|/x1 + m||? in (65) cancels with the left-hand side, and, omitting
the other term on the left-hand side, we obtain

1
sl +mlls < C(E + h220) + enk[xallg + cokl|mn 5.

Inserting this into (65) and adding extra terms (for convenience of writing) to the right
hand side gives,

m m—1 m—1
xm + 1§+ & Y [1Xn + 7alle < C(R* + B2 - ciok D Ixallg + erk Y llmnll§
m m
+2e0k Y _|[Xnll§ + 2c0k Y |13

n=1 n=1

Now we define cj5 = max{2c11,4c9/%}. Multiplying by c12 and adding it to (66) gives,
after noting that 2¢1; < ¢12 and 2¢g < ¢19/2:

m
Ixm + 115 + cr2llmmlI3 + & D [1Xn + 715

n=1 (67)

m—1
<O + 220 4+ Ck Y (IIxnllg + 1m0 13) + 2e12¢2 Kl ximI3-

n=1

If we set ¢13 = max{4,5/c12}, then

20xm 13 + lmllg < 2(l1xm + nmllo + 1nmallo)* + 17mI3 < 4llxm + 7§ + 5l 15

5
< A xm + 1l + aclean% < eis(Ixm + mnll + cr2]mm[3),

and hence |[xm + 7m|§ + ci2llmmllg = ci5 @lxm I3 + [I7ml3)- Using this in (67) and multi-
plying by c;3 gives

m
20 xm 1§ + 10m I + 13k > [1Xn + Tl

n=1
m—1

S CHE A+ 172 4 Ck Y~ (Ixnllf + Imal13) + 2c131268 Rl 5.

n=1

For the methods @) = 4 and @ = 5, where c§3 > 0, we now need that k < k = 1/(201301205?),
so that the term |[|x,,||3 on the right-hand side can be absorbed into the left-hand side.
Hence, for all @Q = 1,2,4,5 we get

m m—1
XI5 + I9ml§ + c13k > _1%n + T} < CE* + 12229+ Ck > (xalls + nal13)-
n=1 n=1
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Figure 1: Convergence curves showing the value of the error on the right in Theo-
rem 4.12/with the temporal (left) and spatial (right) discretisation parameters. Those
curves on the left are based on Tables 7.11, 7.13, 7.15, 7.17, 7.19 in [5] and those on
the right on Tables 7.55, 7.57, 7.59, 7.61, 7.63.

Using the discrete Gronwall lemma, and multiplying by a suitable constant, we get

1§ + ImmnlI + % Dl + il < C(K* + 127+29). (68)

n=1

Finally since u, — u! = &, — x, and o, — o = 6,, — n, we use the triangle inequality,

(68), &, and Lemma and arrive at the error estimate. Tracking the constants in k
results in the expression given in the theorem and this completes the proof. O

5 Numerical results

In this section we give some numerical evidence for the convergence rates claimed
in Theorem 4.12, and also some computed solutions indicating why « + ¢ is a well-
behaved quantity as compared with v and ¢ individually. All results have been ob-
tained with code based on the Alberta library, [20].

These numerical experiments are confined to two spatial dimensions and piecewise
linear finite element approximation. Our numerics are a sampling of the extensive set
of results given in [5], which contains results in one, two and three spatial dimensions,
for polynomial degrees up to and including four, for two forms of v and for imposed
and non-imposed boundary conditions on ¢. Following [9, 10] we take v as

) = 56+9)+ 3~ 7t (5. ©9)

with ¥ = 1, 4 = 100, u, = 0.5 and A = 0.05. It is easy to see that Assumption is
satisfied.

For the first set of results we take Q = (0,1)2 and T = 1 so that the time step is
given by £ = N~!. The mesh on (2 was generated by subdividing each coordinate
direction into M equal intervals along each axis to form a mesh of M? squares of side-
length h = M~!. The triangulation was produced by partitioning each square into four
triangles, as illustrated by [X.
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Figure 2: Sharp front in 2D: Numerical solution « at t = 1.8 (left) and ¢ = 3.6 (right)

Figure 3: Sharp front in 2D: Numerical solution u at ¢t = 15 (left) and ¢ = 30 (right).

Figure 4: Sharp front in 2D: Numerical solution v+ o at ¢t = 1.8 (left) and ¢ = 3.6 (right).

Figure 5: Sharp front in 2D: Numerical solution u + o at t = 15 (left) and ¢ = 30 (right).
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To demonstrate the convergence rates we add a term f as in and then substitute
an exact solution into the differential equations to find f, f and the values of the
boundary and initial data. In these convergence tests Dirichlet boundary data are
specified on {(z,y) € 9Q: x = 0} with the remainder of the boundary having Neumann
data.

For the methods @ € {1,2,4,5} the approximation of the exact solution given by u =
(r + y)cos(t) and o = (22 + y)t3 has no spatial discretisation error and is used to
illustrate the temporal convergence rate. For Q = 3 we use the simpler form for «
given by u = cos(t).

On the other hand, the exact solution u = sin(7x) sin(7ry) and o = (1 — ¢)exp(xz + y) is
used to demonstrate the spatial convergence rate.

The error plots are shown in Figure 1, with the inscribed triangles showing the slope
corresponding to a convergence rate of k2 oc N~2 (left) and h? o« M2 (right). For the k
convergence we took M = 1 while for the i convergence k was taken as 1 for methods
Q € {1,2,3} and k£ = 0.0001 for ) € {4,5}. This is because the nonlinear systems appear
to require a very small value of k/h in order to become meaningfully solvable. (The
nonlinear system was solved by a fixed point iteration until either 1000 iterations were
reached or the Euclidean norm of the residual fell below 10~13, see [5] for more on
this.) It is clear that in all cases there is good agreement with Theorem 4.12/and that,
as expected, the h-convergence is independent of the method chosen.

The second set of results is included only to illustrate the possibility of very sharp
fronts evolving in both v and ¢ while the sum, u + o, apparently remains smooth.
Note that we have no exact solution in this case and so impose no Dirichlet boundary
conditions on o (strictly, therefore, the foregoing error analysis does not apply). The
domain ) remains as (0, 1)2 but now the Dirichlet boundary is {(z,y) € 9Q2: z =0 or z =
1}. The function up = (1 — e~%/?)y is prescribed on {z = 0} and up = 0 on {z = 1}, the
remainder of the boundary has homogeneous Neumann data.

The numerical solution is computed up to 7' = 30 with method @ = 3. Snapshots of
the computed u are shown in Figures|2 and (3, and of the computed u + ¢ in Figures
and|5. Although we do not show it, it is apparent that o must also have a sharp front
that additively cancels the one in u.

6 Conclusion

For the non-Fickian polymer diffusion problem as described in [9, 10] we have pre-
sented five fully discrete approximations, derived a priori stability and error estimates
for four of them and given numerical results for all five.

Three of these schemes are particularly attractive in that the discrete problems are
linear. This is achieved through extrapolation. The numerical evidence suggests that
these extrapolation schemes are superior to the nonlinear discrete schemes that arise
from the intuitively ‘more accurate’ non-extrapolated schemes.
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