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Filtering for Networked Stochastic Time-Delay
Systems With Sector Nonlinearity

Guoliang Wei, Zidong Wang, Xiao He, and Huisheng Shu

Abstract—This paper is concerned with the filtering problem
for a class of discrete-time stochastic nonlinear networked control
systems with network-induced incomplete measurements. The
incomplete measurements include both the multiple random com-
munication delays and random packet losses, which are modeled
by a unified stochastic expression in terms of a set of indicator
functions that is dependent on certain stochastic variable. The
nonlinear functions are assumed to satisfy the sector nonlineari-
ties. The purpose of the addressed filtering problem is to design a
linear filter such that the filtering-error dynamics is exponentially
mean-square stable. By using the linear-matrix-inequality (LMI)
method and delay-dependent technique, sufficient conditions are
derived which are dependent on the occurrence probability of both
the random communication delays and missing measurement. The
filter gain is then characterized by the solution to a set of LMIs. A
simulation example is exploited to demonstrate the effectiveness
of the proposed design procedures.

Index Terms—Exponential mean-square stability, networked
control system (NCS), random communication delay, random
packet loss, sector nonlinearity, stochastic disturbance.

1. INTRODUCTION

ITH THE increasing application of networks in the
W complex dynamical processes such as advanced air-
craft, spacecraft, automotive, and manufacturing processes,
the networked control systems (NCSs) are currently receiving
considerable attention in the literature as illustrated by recent
articles (see, e.g., [8], [12] and references therein). Commu-
nication delays (or networked-induced delays) and missing
measurements (or packet losses) have become unavoidable
that constitute the main causes for degrading the achievable
performance of the networked systems. Therefore, in the past
decade, the filtering and control problems with communication
delays and/or missing measurements have been extensively
considered by many researchers (see, e.g., [14], [15]).

Unfortunately, in most of existing references, the communi-
cation delay and the data-missing problems have been studied
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separately by using different models, despite the fact that both
problems are caused by the limited bandwidth of communica-
tion networks and may be present simultaneously. Compared
to large amount of results for linear deterministic networked
systems, the nonlinear Itd-type stochastic NCSs have received
much less attention mainly due to the mathematical complexity
[11].

On the one hand, It6-type stochastic systems (also referred to
as stochastic systems with multiplicative noise) have come to
play an important role in practical applications such as chem-
istry, biology, ecology, control, and information systems [7].
On the other hand, the sectorlike nonlinearities usually occur
in practical systems that experience harsh environments such as
uncontrollable elements (e.g., variations in flow rates, temper-
ature, etc.) and aggressive conditions (e.g., corrosion, erosion,
fouling, etc.), which give rise to possible performance degrada-
tion (see, e.g., [1], [2]). It is well known that the filtering problem
is one of the fundamental problems in control and signal pro-
cessing that has attracted renewing research attention following
the celebrated Kalman filtering scheme [3]-[7], [10], [12], [14],
[15]. However, to the best of the authors’ knowledge, the fil-
tering problem for It6-type stochastic networked time-delay sys-
tems with simultaneous random occurrences of communication
delays and missing measurements has not been fully investi-
gated yet, which still remains as a challenging research issue.

In this paper, the filtering problem is addressed for a class
of discrete-time stochastic nonlinear networked systems with
multiple random communication delays and random packet
losses. The communication-delay and packet-loss problems,
which are frequently encountered in communication networks
with limited digital capacity, are modeled by a stochastic
mechanism that combines a certain set of indicator functions
dependent on the same stochastic variable. We first derive
sufficient conditions dependent on the occurrence probabilities
of both the random communication delay and missing mea-
surement, which ensure the desired filtering performance for
the networked system. Then, we characterize the filter gain
in terms of the solution to a set of linear matrix inequalities
(LMIs). A simulation example is exploited to demonstrate the
effectiveness of the proposed design procedures.

II. PROBLEM FORMULATION

Consider the following discrete-time stochastic nonlinear
NCS with multiple delays in the state:

(X) s 2(k+1) = Ax(k) + Z Bigi (x(k—di))+ Ex(k)w(k)

(D
k=—dg,—dg+1,...,0 (2
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where (k) € R™ is the state and d; € Z1(i = 1,...,q) are
known constant time delays that are assumed to satlsfy di <
dy < --- < dg for simplicity. w(k) is a 1-D Gaussian white
noise sequence satisfying E{w(k)} = 0 and E{w?(k)} = &2
¢:(+) is the sector nonlinearity, and (k) is the initial state of the
system.

The measurement with random communication delays and
random data missing is described as

q
y(k) = Iir—oyCx(k) + Y Iire—ay Dibi (z(k — d;))

i=1

+ Fa(k)w(k) Q)

where y(k) € RP is the measured output vector. For
the indicator functions I{, —oy and I, —4,), we as-
sume that E{I{;,—oy} = Pr{m = 0} = po and
[E{I{T]\ZL}} = Pr{Tk = dz} = p;, where p; (L =0,1,2,..., q)
are known positive scalars and Z?:o p; < 1.7 is a mutually
independent stochastic variable sequence used to describe, at
time k, the occurred delays and data missing of the measured
output information. 6;(-) represents the sector nonlinearity. A,
C,E,F,B;,and D, (i = 1,...,q) are constant matrices with
appropriate dimensions.

Remark 1: The indicator functions in (3) dependent on a
stochastic variable sequence 7, are utilized to describe the two
kinds of incomplete measurements (random communication
delays and random data missing) simultaneously. That is, if

_oPj = 1, then no data missing occurs in the system; and
if Z J=0 p; < 1, the data-missing occurrence probability is
1— ] _oPj» Where pg and p; (i = 1,..., ¢) denote the occur-
rence probability of the data missing and the communication
delay d; in the networked system, respectively. These two kinds
of incomplete measurements are induced by the limited band-
width of communication networks, and therefore, they should
be considered at the same time as done in (3). This model can
be regarded as an extension of those adopted in [14] and [15]
and has been used to deal with a robust filtering problem for a
class of linear deterministic discrete-time NCSs in [3].

Assumption 1: The nonlinear functions ¢;s(-) (the sth el-
ement of ¢;(-)) and 6;5(-) (the sth element of ¢;(-)) in sto-
chastic system (1)—(3) satisfy the following sector conditions

forVz, e R,z #0,i=1,...,q,s=1,...,n
0 S wis(fﬂs) = ¢7<(x9) S kis
Ts
H/LS El
0 < Do) o= 22 g 4)
Ts

which are equivalent to the following matrix inequalities:

pi(z) (pi(z) — Kiz) <0
where ¢i(z) = [¢i(z1) bin(zn) |, bi(x) =
[gil(xl) gin(:’:n) ]T, Ki = diag{kLh k12/ m} > 0’
and L; = diag{lih ligy o, lin} > 0.

Remark 2: The sector nonlinearities resulting from the com-
plex environments exist widely in practical systems and often
lead to the poor performance of the controlled system. Many
researchers have investigated the analysis and synthesis prob-

lems for various systems with sectorlike nonlinearities (see [1],
[2D.

In this paper, we are interested in designing a filter of the
following structure:

(Zp) (6)

where Z(t) € R™ is the state estimate and G and H are filter
parameters to be determined.
By augmenting the state variables

)= [28] =P [fr 2= ]

#(k+ 1) = Gi(k) + Hy(k)

and combining () and (X7), we obtain the filtering-error dy-
namics as follows:

(kb +1) = A¢(k) + iB- ai(k) + I, CZ¢ (k)
+ZF Dioai(k) + EZE(k)w(k)  (7)
where IX = I, i —p; (i=0,1,...,¢) and
A= ;poflc g} Bi = [B;) piI-(I)DJ
= HOC} D= [8 Hg)i]
E:FfF} Z=[I ol
It follows fro_m(l) (3), (4), and (7) that
£k +1) )+ Z Bicai(k) Z&ai(k) + I7, CZE(k)
ZI Dioai(k) + EZE(k)w(k)  (8)
where
ailk) = {“’”EZ . Zﬂ
wlh) = [t ) iG] o

with @d”(k‘) = g@ij(x(k - dl) and 19,11']'(]{7) = ’1923(13(16 —
4) (G = 1,-..,m).

Observe the system (7) and let £(k; ) denote the state tra-
jectory from the initial data £(f) = v(s) on —dj, < s < 0.
Obviously, £(k,0) = 0 is the trivial solution of system (7), cor-
responding to the initial data v = 0.

Definition 1: For the system (7) and every initial conditions
v, the trivial solution is said to be exponentially mean-square
stable if there exist scalars « (o > 0) and 8 (0 < 8 < 1) such
that

sup  E|v(s)|’.
—d,<s<0

E|é(k,v)|* < af (10)

The purpose of this paper is to design a filter of the form (6)
for the system (1)—(3) such that, for all admissible random com-
munication time delays, random data missing, and exogenous
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stochastic disturbances, the filtering-error system (7) is expo-
nentially mean-square stable.

III. MAIN RESULTS

Theorem 1: Consider the filtering-error system (7) with given
filter parameters. If there exist positive-definite matrices P > 0,
@;>0,8>0,M; >0,andT; >0 (j =1,...,q) such that
the following matrix inequalities:

rQ, —M, 0 Qs 0

1

b}
x —Q4 KF 0 0 0
* * —Id Qg Q4 0
* * * —A\; 0 0 <0 b
* * * * —Py 0
L * * * * * —As
[S; M, P
B Tj}>0 Vi=1,...,q (12)
hold, where
a a a
O =—P+> Z7Q;Z+Y (Z"MI+M;Z)+) _d;S;
7j=1 =1 7=1
Qo = [(AT — I)ZTHATP]
Qs == [BYZ BI P
Qy = pdDgP
Qs :=[6ZTET Z py 2T CT P6 ZTET PAT P]
Py :=diag, {P}
q
II:= Z djTj
7=1
I; :=diag, {I}
Md = []\417 N 7]\4,11
Qa :=diag{Q1.....Q,}
K, ::diag{f(lT,...,KqT
K] =[K;L)
By :=[Bu,...,B]
Dd = diag{Dl, N 7Dq}
pj =+/Pj; pa:= diag{p1,....pe}; po:= \/po
Ay :=diag{Il, P}; A, := diag{II, P, P, P} (13)
then the system (7) is exponentially mean-square stable.
Proof: Recalling (7), we can write
k—1
5(11 — m + 1 f(m))
m= —dz
k—1
=&(k) - ¢(m) (14)
m=k—d;
where
((m) := (A +ZB oai(m) + 19 CZ¢(m)
+ZI Dioai(m) + EZE(m)w(m). (15)

By substituting (14) into (8), we can obtain

zq: Bﬂdb ) k)

-1

Ek+1) = (

Bicaj(k) Z¢(m) + I7, CZ& (k)

'Plﬂ@

j=1m=k—d;

+ ) I Diogi(k) + EZE(k)w(k). (16)

-

Il
-

2

Define the following Lyapunov functional candidate for the
system (16):

=& (R)PE(R) + ) ¢ (m)Z7Q;Z&(m)
j=1m=k—d;
q —1 k—1
+>0> ¢Hm)ZTT3Z¢(m) (A7)
j=1r=—d; m=k+r
where (k) := [¢T(k) €¢T(k—1) O

Calculating the difference of the Lyapunov functional candi-
date for the system (17) according to (7) gives

AV (é(k),k) —E {V (é(k+1), k+1) |§(k)}—v (é(k),k) :
(13)

First, we obtain

AV, (é(k) )
cufo-rend]
+

» <A ZBicdi(MZ) E(k) - €7 (1) PECH)
=1

Bjcj(k)Z¢{(m)| P

el
|

+
M=

Il
el

1m —dj

<.
Il

Bjcaj(k)Z{(m)

1m 7dj

Y €T (k) (A +y Biqdi(k)Z>
k—d;

i=1

Bl
|

X
TM»&:
lL

_Q
B
[y

-2

J
x P

1m

Il

jsaj (k) Z¢(m)

+ES |12 CZE(k

ZI Dioai(k

—

10 CZ¢(k

ZI Djoqi(k

(k)ZTETPEzg( Jw(k)} .

+E {wT(k)¢T (19)
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From Moon’s inequality [9], we have

— 267 (k) <A+ZBL<(1L ) PBjsai(k)Z(¢(m)
< ET(K)SjE(k) + 2¢T (m) ZT M (k)
— 2T (m) ZT ¢y (k) TBTP< zq:B sai(k ) (k)

+(H(m) 21T 7 (m) (20)
with 0 < ST = S; € R**", M; e R**", 0 < T} =T} €
R™>™, satlsfymg (12)

It follows from (5) and the notation of o4; (k) that
q
> 0di(k) (oailk) — K;Z&4(k)) <0 21)
=1

with K ;j defined in (13).
Again, we can obtain from the expression (3) that, for 0 <
1< qand0 < j <gq

=7

P2 (22)

E{(I) (1)} = {117:(} - 7).

PiDj,

In addition, from (17), it follows that

AV, (é(k) (W Z"Q;ZE(k)

_Zfda( ) zT QJngJ( ) (23)

AVs (é(k),k-) = d;i("(k)Z" T Z¢(k)
N ZTTZ¢(r).

(24)

From (15) and (19)—(24), it can be seen that

AV (&(k), k)
< ET(K)ATPA - P+ poZTCTPCZ)¢(k)

+ (zq: Bjddj(k) P zq:Bjo'dj(k)

=1

+

ZU 1(k) (pID;I‘PDZ - 21) Jdi(k)

=1
+ 62T (k) ZTETPEZE(K)

+
M= %

(€T (k) ZTQ; ZE(k) — £5;(k) 2T Q; Z 64 (k)]

~

+
.P‘\ag
_

og;(k) [Bf PAE(k) + K; ZE&qi ()]
1

J

+ > digT (k)S;E(k) + Z di¢" (k)77 T; Z¢ (k)
j=1 j
+2ifT< k)2 ME(k) 225@ (k) M€(k)
J=1 -
— |poCZE&(k) + szD ou(k)| P
x |poCZE(k +Zpln aai ]
< T (k)TE(K)
where
E(k)=[€T (k) &1, (k) &g, (k) Z oy (k) - Ul?q(k)]T
' —M; Ty
=% —-Qi KJ (25)
* k F3
with

D=+ ATPA+ p2Z7CTPCZ + 6*°Z"ETPEZ
+ 0272 CYZ'1ZCZ + 6*ZVEY Z " IZEZ

+ (AT - N Z"Z(A-T) (26)
Iy:=(AT-1z™1zB,; + ATPB,
Ts:=BJ (Z'"TZ + P)By — I,
+diag {pI DI (P + Z'1Z)Dy, ..., p2D;
x(P+ Z'"11Z)D,} (27)
and Qq, K4, Yq, Ba, 11, I, po,and p; (j = 1,. .., q) are defined

in (13).

By Schur complement, we can obtain from (11) and (12) that
I" < 0, and therefore, there always exists a scalar & > 0 such
that ' < diag{—aT,0,0}, and subsequently

E{V (E+1),k+1) 1R} -V (€0, F) < —alé®).

(28)
Finally, we can confirm from [15, Lemma 1 ] that the filtering-
error systems (7) is exponentially stable. |

The following theorem shows that the desired filter param-
eters can be derived by solving several LMIs. The proof is
omitted to keep the paper concise.

Theorem 2: Consider the system (7). If there exist matrices
X>0y>0QJ>OSJL>0T > 0, G, H, Mjy, and

M;js (5 =1,2,...,¢;% = 1,2, 3) such that the following LMIs:
(=21 o _]\Z[dl 0 = =y
* —E3 _Md2 70 E Eg
* * —Qq K:if 0 0
% % « I, e 0 <0 (29
* * * * —0; 0
L x * * * * (OS2
[ 71'1 :J'? Mjl
* i3 Mz | >0 Vi=1,...,q (30)
L * * Tj
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hold, where

2=y -39, (Q; Sin+ 32, (M, + ML)
Sy =Y +3%I_, (QJ +d SJ2+Mj1+M + M;s)
By =X =¥, (Qj + d;Sj3 + Mj1 + Mjy)

2= [(AT - DI [ATY ATX + poCTH" + G

06ETII[0 pOCTf{T]}
5 «— [(AT
06ETI [0 pOCTf{T]:|

[1]

— DI [AYY AT X + poCTHT]

[1]

6= [BdTH BaDy0[o 0]}

[1]

;= [[5ET VSETX + §FTHT)

[ATY ATX + poCTHT + éT]]

Hg 1= [[5ET VOETX + sFTHT] [ATY ATX + pOCTf{T]}

N A N

By :=[Bi,...,B"
Mdl Z[M11+M12 M1+M2]' A= yoJ
veo, M, el A=y %

My :=[M1, ..., M,], Bg:=[Bi1,0,B,0,...,B,,0]
T T

pro=|PiY X

J 0 p]D;THT
0, :=diag{A, A}
Dy :=diag {o,DlTFIT,o,D;fFIT, . ,o,DqTFIT}

0, :=diag {H7A7diagq{A},H,A}
then the system (7) is exponentially mean-square stable. The
parameters of the filter (X ) are given as follows:

=(Y-X)'G¢ H:=(Q-X)'H (31)

IV. ILLUSTRATIVE EXAMPLE
Consider a discrete-time NCS (1)-(3) with initial state

[0.01 —0.3]T and other system data given as follows:
q:2d1:1d2:3p0:04p1:06p2:09
0.1 0 012 O
A= | —0.02 0.2} B = [ 0 0.1}
(0.1 0.0512 0.02 0
BZ__O 0.1 } C‘{ 0 0.01}

D1 :dlag{—Ol,Ol} D2 = —0.1]2

g [008 007 _[0.13 0.09
~|0.01 0.14 0.01 0.16

K, =diag{0.35,0.35} K, = diag{0.35,0.35}
Ly =diag{0.3,0.3} L, = diag{0.3,0.3}.

Using MATLAB LMI-control Toolbox to solve (29) and (30),
we can calculate the filter parameters as follows:

G = 0.1217  0.0009 _10.4559 0.2520
~ | —0.0401 0.3059 ~10.2835 0.7126
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