SPIKES FOR THE GIERER-MEINHARDT SYSTEM WITH DISCONTINUOUS
DIFFUSION COEFFICIENTS

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. We rigorously prove results on spiky patterns for the Gierer-Meinhardt system [8] with a
jump discontinuity in the diffusion coefficient of the inhibitor. Using numerical computations in combi-
nation with a Turing-type instability analysis, this system has been investigated by Benson, Maini and
Sherratt [1], [3], [11].

Firstly, we show the existence of an interior spike located away from the jump discontinuity, deriving
a necessary condition for the position of the spike. In particular we show that the spike is located in
one-and-only-one of the two subintervals created by the jump discontinuity of the inhibitor diffusivity.
This localization principle for a spike is a new effect which does not occur for homogeneous diffusion
coefficients. Further, we show that this interior spike is stable.

Secondly, we establish the existence of a spike whose distance from the jump discontinuity is of the
same order as its spatial extent. The existence of such a spike near the jump discontinuity is the
second new effect presented in this paper.

To derive these new effects in a mathematically rigorous way, we use analytical tools like Liapunov-
Schmidt reduction and nonlocal eigenvalue problems which have been developed in our previous work
[24].

Finally, we confirm our results by numerical computations for the dynamical behavior of the system.
We observe a moving spike which converges to a stationary spike located in the interior of one of the

subintervals or near the jump discontinuity.
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1. INTRODUCTION

We consider a two-component reaction-diffusion system for which the first diffusion coefficient is
constant (independent of the spatial variable), whereas the second has a jump discontinuity.

The effect most studied for reaction-diffusion systems is the Turing instability [18] which is charac-
terized by the properties that a spatially homogeneous steady state is stable for spatially homogeneous
perturbations, but unstable for some inhomogeneous perturbations. The occurrence of unstable inho-
mogeneous perturbations explains the onset of spatial patterns.

Since the pioneering paper of Turing pattern-forming reaction-diffusion equations have been success-
fully used to model a huge variety of biological phenomena such as animal skin patterns, wound healing,
cancer growth, embryology, spread of epidemic diseases or even genetic signaling pathways. For a survey
we refer to Murray’s books [14].

While most of these models assume spatially homogeneous conditions (constant coefficients), in many
situations considering systems with spatially varying diffusion coefficients is more realistic. This spatial
inhomogeneity can be deduced by assuming that a control chemical regulates the diffusion process of
the morphogens (chemical concentration fields) in a reaction-diffusion system. One of the simplest
inhomogeneities of the diffusion coefficients are jump discontinuities. This is often a good modelling
assumption, for example when two different tissues such as cells of different determination meet at a
common border. It also plays a role as a caricature model for more complicated inhomogeneities. We
expect that many of the phenomena discovered for jump discontinuities occur also in the general case,
possibly in a slightly different fashion.

For systems with jump discontinuities of the diffusion coefficients, Turing instabilities have been
computed numerically and investigated analytically by Benson, Maini and Sherratt [1], [3], [11], and
results on dispersion relations and typical solution profiles have been obtained. In particular, the authors
showed that the spatial variation of diffusion coefficients may produce isolated patterns and asymmetric
spatially oscillating patterns which are not seen in standard homogeneous Turing systems. Biological
applications of these effects include explaining the anterior-posterior asymmetry of skeletal elements in

the limbs of vertebrates and experimental results on double anterior limbs [2], [11], [27].
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We give a rigorous mathematical proof of the influence of discontinuous diffusion coefficients on the
qualitative and quantitative properties of spiky patterns in a reaction-diffusion system.

In particular, in this paper we study the Gierer-Meinhardt system [8], which is one of the most

popular Turing systems [18] of activator-inhibitor type. Adapted to our situation, it reads as follows:

CL2

h’ (1.1)
Thy = (D(2)hg)s — h + a*.

a; = 62am —a+

Note that h acts as an inhibitor to a, whereas a acts as an activator to both a and h. This motivates
the name activator-inhibitor system. In this paper, we assume that 0 < ¢ << 1, 7 > 0 are constants

and

D(z) =

{Dl, —1l<z<ay, (12)
1.2

Dy, xp<x<l,

where 0 < Dy, 0 < Do, and Dy # Dy. In Section 6 we set 7 = 0.1 and in Section 12 we assume that 7 is

small enough. We study the equation (1.1) in the interval (—1,1) with Neumann boundary conditions
a,(—1) =a,(1) =0, hy(=1)=h,(1)=0. (1.3)

We rigorously prove the existence of two classes of stationary spiky solutions to this system: first an
interior spike which is located far away from the jump discontinuity and second a spike whose distance
to the jump discontinuity is of the same order as its spatial extent.

A condition for the position of the interior spike will be derived, namely it can be located in one-and-
only-one of the two subintervals. This localization principle for spikes is a new effect which does
not occur for homogeneous diffusion coefficients. Further, we investigate the linearized stability of this
interior spiky steady state and we prove that it is always stable.

Concerning the spike near the jump discontinuity, we will show that generically there are two possible
locations or there is none. Further, our results imply that it occurs preferably if the discontinuity is
located near the center of the interval and if the two diffusion constants differ by a substantial amount.

Now we mention some previous works on spiky steady states for the Gierer-Meinhardt system with
constant coefficients. Existence and stability of spiky steady states have been studied for 1D in [9] and
their instabilities have been investigated in [20]. For 2D the existence and stability of multiple spikes

has been investigated in [22], [23], [24].
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Works with spatially varying coefficients include [16], [17] where 1D and 2D complex patterns are
investigated, [19] where the 1D and 2D motion of a spike and pinning effects are studied and [15] where
the varied behavior of traveling pulses is shown.

The structure of the paper is as follows: in Section 2 we provide some preliminaries. In Section 3 we
present the main results of the paper. In Section 4 we introduce and analyze a suitable approximate
interior spike steady state. In Section 5 we show the existence of a steady state with a spike near the jump
in the diffusion coefficient of the inhibitor. In Section 6 we confirm our analytical results by numerical
computations. In Section 7 we discuss our results. In Appendix A (Section 8) we introduce and analyze
the Green’s function. In Appendix B (Section 9) we derive some estimates for the approximate interior
spike steady state. In Appendix C (Section 10) we apply the method of Liapunov-Schmidt reduction
to the system. In Appendix D (Section 11) we solve the reduced problem. In Appendix E (Section 12)

we show the stability of the steady state with an interior spike.

2. PRELIMINARIES

Before stating our main results in Section 3, in this section we introduce some notation and perform
some preliminary analysis.

Throughout this paper, we always assume that Q = (—1,1). With L?(Q2) and H*(2) we denote the
usual Sobolev spaces.

Since we consider (1.1) — (1.3) for a discontinuous diffusion coefficient D(z) of the inhibitor h, which
has a jump at a point z;,, the smoothness of h at z; is lost. More precisely, for classical solutions
D(z)h,(x) is continuous at x = x;, and therefore h,(x) has a jump discontinuity at = = z;,. To account
for this jump discontinuity of h the function spaces have to be chosen very carefully.

We assume that
(aa h) € HJQV(_L 1) X H]Q\;*(_]-a 1)7
where

Hy(~1,1) = {a € H(~1,1) : a,(~1) = a,(1) = 0},

H>*(=1,1) := {h € H'(=1,1) : (D(2)hs), € L*(=1,1)},



DISCONTINUOUS DIFFUSION COEFFICIENTS 5
HY (—1,1) := {h € H**(=1,1) : ha(~1) = hy(1) = 0},

endowed with the norm

(@, )II3.« := llallZra-1p) + 213, where [hllz, o= Al 10 + 1(D(@)ha)oll z2-10)-

The variable w denotes the unique homoclinic solution of the following problem:
w' —w4w =0 in R,
(2.1)
w >0, w0)=maxerw(y), w(y)—0 as|y| — oco.

Note that w is an even function and w'(y) < 0 if ¥ > 0. An explicit representation is

3
w(y) = 2 cosh ™2 %

We set

o(y) = /O L u?(2) de. (2.2)

Elementary calculations give

= /OOOwZ(y)dyzfooow(y) dy = 3, /Ooow3(y)dy=3-6,

9 y 3 3y © 4 297
IR . DU X / — 270 464062
ply) = 5 tanh o —Stanh” 2, | w (y)ply)dy = o 640625,
/ (w')? dy = / w® dy — / w? dy = 0.6. (2.3)
0 0 0

To conclude this section, we study a nonlocal linear operator. We first recall the following result.

Theorem 2.1. [21] Consider the nonlocal eigenvalue problem

Loi= 80— 6+ 209~ 100N 20, e HI(R) (2.4)
R

(1) If v < 1, then there is a positive eigenvalue to (2.4).

(2) If v > 1, then for any nonzero eigenvalue X of (2.4) we have
Re(N) < —co <0 for some ¢y > 0.
(8) If v # 1 and X\ = 0, then
¢ =co—

for some constant cg.
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The conjugate operator of L under the scalar product in L*(R) is

Jpw*y dy 2 2
L™ = Ay — 2 — y———— H*(R L*(R). 2.5
6= A= 2up = B R — (R (2.5)
Then we have the following result.
Lemma 2.2. (Lemma 3.2 of [25].) If v # 1, then
Xo := Ker(L") = span{(flw} . (2.6)
Y

As a consequence, we have

Lemma 2.3. The operator
L: H*(R) — L*(R),
restricted to the spaces
L:XyNnH*R)— X;nL*R),
where the Xg- denotes the orthogonal projection with respect to the scalar product of L*(R), is invertible.

Moreover, L™! : X3 N L*(R) — X3 N H?(R) is bounded.

Proof: This follows from the Fredholm Alternative Theorem and Lemma 2.2.

3. MAIN RESULTS: INTERIOR SPIKE AND SPIKE NEAR THE JUMP DISCONTINUITY OF THE

DIFFUSION COEFFICIENT

We consider the case when the inhibitor diffusivity is discontinuous with a single jump, and derive
two types of one-spike steady states:

1. an interior spike located far away from the jump discontinuity of the inhibitor diffusivity (see
Theorem 3.1). For this interior spike we derive a new localization principle, which states that the
spike can exist in one-and-only-one of the two sub-intervals divided by the jump discontinuity. Further,
we show that this solution is stable (Theorem 3.3).

2. a spike near the jump discontinuity whose center has a distance of order e from the jump
discontinuity, which means that its distance from the jump discontinuity is of the same order as the

spatial extent of the spike (Theorem 3.4).
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We re-scale Q = (=1, 1) and define u(z) € H2(Q) if and only if u (f) € H?*(S.), where the norm of

the former space is defined by the norm of the latter, i.e.

|| 20y = |lu(-/) || m200)-

In the same way we introduce this re-scaling to the other function spaces introduced at the beginning
of the previous section.

Now we state our first main theorem.
Theorem 3.1. (Existence of an interior-spike solution.) Suppose that the condition

1 1
e—tanh O (1 + xp) > e—tanh Oo(1 — ap) (3.1)
1 2

holds, where 0; = D% Then there exists a steady state of (1.1) — (1.3) with an interior spike for the

(2

activator which is located in the subinterval (—1,xy). More precisely, we have

— €
ac(x) ~ L (m ) +o(1) in H?(Q), (3.2)
where t© — ty € (—1,xp) and §/h(t) — 1 as € — 0. The limit position t is given by
1 1
0 tanh (6, (2to + 1 — xp)) = 0 tanh (02(1 — x3)) . (3.3)
1 2

If (3.1) holds then there do not exist any steady states of (1.1) — (1.3) with an interior spike for the

activator in the subinterval (zy,1).

Remark 3.2. (i) Condition (3.1) of Theorem 3.1 implies that in the case x, = 0, i.e. if the jump
discontinuity is located at the center of the interval, there exists a spike in the subinterval with the
larger diffusion constant Dy (and the smaller 01) but not in the other subinterval. This follows from the
fact that the function tanh o/« is strictly monotone decreasing for a > 0.

(ii) Condition (3.1) combines the effects of sub-domain size and diffusion constant. Hence the local-
ization effect is due jointly, and favorably, to relatively large subinterval and large diffusion constant.

(i1i) Note that existence of a single spike occurs in one-and-only-one of the subintervals.

(iv) The reverse sign of (3.1) does not have to be studied separately. It follows by reflection about

the center x = 0 of the interval. By this transformation 61 and 6, are exchanged and the sign of xy is
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reversed. An easy calculation shows that the inequality resulting from this transformation is equivalent
to (3.1) with reversed sign.

(v) The localization principle proved in Theorem 3.1 which has been established here for a reaction-
diffusion system with a jump discontinuity of the inhibitor diffusivity is expected to play a general role
for reaction-diffusion systems with varying diffusion coefficients. We expect that further investigations
of this phenomenon in the general context will show important new effects which are not observed in
the classical case of Turing systems with constant diffusion coefficients. This should have important

implications for the prediction of localization and asymmetry of patterns in many areas of biology.
We now give a result for the linear stability of the interior spike.

Theorem 3.3. (Stability of an interior-spike solution.) The interior spike established in Theorem 3.1

18 linearly stable.

In our second main theorem we establish the existence of spikes near the jump discontinuity of the

inhibitor diffusivity, more precisely at a distance of order ¢ from this discontinuity.

Theorem 3.4. (Ezistence of spikes near the jump discontinuity x;, of the inhibitor diffusivity.)
(i) If
61 < 62 and

O tanh 01 (1 + x3) — 01 tanh (1 — ) 05 — 03 1(Lo) (3.4)
0, tanh 61 (1 + x3) + 01 tanh Oo(1 — ;) 202 10.8°

there exist exactly two spikes near the jump discontinuity x,. They are given by (3.2) with t© = x, — €L
for two possible values of L which are solutions of (5.7).
(i) If condition (3.1) holds and 01 > 05, or if
01 <6y and

Oy tanh 01 (1 + xp) — 61 tanh (1 — 23) 65 — 07 I(Ly) - (3.5)
62 tanh 91(1 + Ib) + 91 tanh 62(1 — .Z’b> 26% 10.8 ’

there is no spike near the jump discontinuity x,. More precisely, there is no spike given by (3.2) with

|[t¢ — x| = Ofe).
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In Theorem 3.4 we have used

1) = [ w*)(ely) - B) dy. (36)
where

6 . 092 tanh 91(1 + .be) — 01 tanh 92(1 — .CL’b)
N 0‘62 tanh 0 (z, + 1) + 6 tanh 63(1 — )’

p(y) is given by (2.2), Lo is uniquely determined by p(Lg) = 3, and a = 3.

(3.7)

Remark 3.5. (i) We have the following results for the positions of the two spikes given by Theorem
3.4 (i) with respect to the jump discontinuity:

both are positive if

0y tanh 0y (1 + x3) — 61 tanh Oy(1 — z3) 03 — 02
0.4296875 ;
0y tanh 01 (1 + xp) + 6 tanh O5(1 — a3) - 03 + 0%’

one s positive and the other is negative if

92 tanh 91(]. + l’b) - 01 tanh 92<]- - l‘b) < 0.4296875 9% — 6%

O .
= 6, tanh 01(1 + xp) + 6y tanh 65(1 — z,,) 02 1 02

Note that positive position (L > 0) means that the spike is located to the left of the jump discontinuity,
and negative position (L < 0) means that it lies to the right of the jump discontinuity.
(i1) We do not prove stability of the spike near the jump. However, our conjecture is that the spike

at the left position is unstable and the spike at the right position is stable.
We have the following simple nonexistence result for spikes near the jump discontinuity.

Corollary 3.6. Suppose that 61 < 65 and

0y tanh 01 (1 + x3) — 61 tanh O5(1 — x3) 03 — 03
0.4296875
(92 tanh 91(1 + ZEb) + 91 tanh (92(1 — xb) - 29%

Then there is no spike near the jump discontinuity, i.e. a spike with the center satisfying |t*—x,| = O(e).

Remark 3.7. The criterion given in Corollary 3.6 for nonexistence is satisfied if 6, and 0y are fized
constants which satisfy 61 < 05 < 2.37793 6, and the jump location xy is sufficiently close to +1 or -1.
This means that we have non-existence if the diffusion constants are sufficiently close to each other and

the jump discontinuity is located sufficiently close to either end of the interval.
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4. THE APPROXIMATE INTERIOR SPIKE

We now construct an approximate steady state of (1.1) — (1.3) which has a spike of the acti-
vator a(x) concentrating at a point to € (=1,1) \ {xp}. For ¢y € (=1,1), let t € B.su(ty) :=

{te(=1,1): |t —to| < /1), Set

—t
wo(x) = w (:c ) : (4.1)
€
where w(y) is given by (2.1). Let rg be such that
1
To = E (mln (t() + ]_, 1-— to)) . (42)

Introduce a smooth cut-off function x : R — [0, 1] such that

x(z)=1 for |z|] <1 and x(z)=0 for |z|> 2. (4.3)
Setting
- r—t
wo(x) = wo(z)x ( ) : (4.4)
To
then wy(x) satisfies
Ay — Wo + g +est. =0 in (=1,1), @)(—1)=1h(1) =0, (4.5)

where “e.s.t.” denotes exponentially small terms. For ¢t € (—1,1), let

$o(t) = (4.6)

where G(z,y) is the Green’s function, defined in (8.1). It can be used to represent a steady state of the
second equation of (1.1) and plays a major role throughout the paper. This Green’s function will be

analyzed in detail in Appendix A. We will mostly drop the argument of éo(t) and write é’o instead. Set

&0 = &k, (4.7)

where

£ = ((—:/Rw2(z) dz>_1 = 61 (4.8)

€

Then, finally, we choose the first component of our approximate steady state for (1.1) to be

we(x) = Sotlo (). (4.9)
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For a function A € L*(—1,1), we define T[A] to be the solution in Hy*(—1,1) of
(D(2)(T[A])z). — T[A] + A* = 0. (4.10)

By standard elliptic theory, the solution T'[A] is positive and unique.

For A = w,;, where t € Bgs/a(ty), we choose the function T'[A](x) to be the second component of our
approximate steady state for (1.1).

Some error estimates for the approximate steady state (wey, T[we.]) are required. They will be
derived in Appendix B and form the basis of the existence proof. In Appendix C we will reduce the
problem to finite dimensions by Liapunov-Schmidt reduction. In Appendix D we will solve the resulting
finite-dimensional problem.

We now discuss some observations about the limit positions of the interior spike by analyzing (3.3).

For the solution of (3.3) we have ty — 0 in either of the limits

(i) 05 — 60, (for §; = const.) (the system approaches the standard GM system with constant
diffusivities).

(ii) 61 — 0 and 6 — 0 (the system approaches the shadow system with D = o0).

The spike connects to the spike in the center of the domain, which is the unique spiky steady state
for constant diffusivities or the shadow system.

(iii) In the limit #5 — oo (for ; = const.) we get to — (x, — 1)/2 € (—1,23). Note that —1 <
(xp —1)/2 < 0. The spikes moves to the center of the subinterval with finite diffusion constant D; of
the inhibitor if the other diffusion constant Dy tends to zero.

(iv) Finally, if 6; and 6, are such that the inequality (3.1) approaches equality, the limit position g
approaches xy,.

Note that we always have ¢y > (2, — 1)/2 since otherwise (3.3) can not hold (ty < (2, — 1)/2 implies
Lh.s. of (3.3) is negative while r.h.s. is positive).

By the above, we observe that we can obtain a single spike steady state centered at any point of the
open interval ((z, — 1)/2, ;) by varying the diffusion constants Dy and D,. This is a new effect which
does not occur for constant diffusivities, where the interior spike is always located at the center of the

interval. This shows that for discontinuous diffusion coefficients asymmetric instead of symmetric spike
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positions are the commonplace. This has some important consequences for biological applications, e.g.
for understanding limb development.

In Appendix E we will show that this interior spike steady state is linearly stable.

It turns out that there are small (o(1)) and large (O(1)) eigenvalues as € — 0 which are studied
separately. It is easy to see that there are no eigenvalues which tend to infinity — we omit the proof of
this statement, see e.g. [24].

For large eigenvalues one has to study nonlocal eigenvalue problems. For small eigenvalues one has

to apply a projection to a finite-dimensional space similar to Liapunov-Schmidt reduction.

5. SPIKE NEAR THE JUMP DISCONTINUITY OF THE INHIBITOR DIFFUSIVITY

We prove Theorem 3.4 on the existence of spikes near the jump discontinuity z;, of the inhibitor
diffusivity.

Proof of Theorem 3.4: Let

ac(z) = (m ; t€> X (ac — te) +O(e) in H*(Q,),

€
where t. is the center of the spike, z, — ¢ = €L and & is given by (4.7). Then we compute an
approximation to the second component h.(z). We decompose h,. into two parts:

T — t€

he(z) = & (eh1 ( ) + h2(:c)> LO(e) in H(Q), (5.1)

where the inner expansion hq(y) for y = (x — t¢) /e satisfies

(D(t + ey)h1y(y))y + w?(y) =0,

(5.2)
hl(O) == 0, hl,y(o) = O
and the outer expansion hy(x) is given by
(D(2)hgy(2))y — ha(x) — €hi(z) =0,
(5.3)

ho(£1) = —hy 4 (£00).
Integrating (5.2) yields
—0p(y), —oo<y<IL,
hiy(y) = (5.4)
—03p(y), L <y<oo,

where 6; = D; /% and p(y) has been defined in (2.2).

)
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Recalling from (2.3) that

a:/oowz(z)dz:S
0

we have
hiy(—00) = Bia,  hyy(c0) = =30
Note that (2.3) implies
e o] 3 d
W™ e dy _ 996875,
a Jo wi(y)
Integrating (5.4) again, we have (up to order O(€) which is included into the error term in (5.1))
T — 1€ Balr — ), —1<z<mx,
ey ( ) - (5.5)
€ —0a(r —ap), xp <z <l
Hence hy satisfies (up to order O(e) which is included into the error term in (5.1))
(D(2)h2z(1))s — ha() — eha(z) = 0,
(5.6)
hgx(—l) = —Q%Oé, h27$<1) = 9%0[

Solving (5.6), using (5.5), we get

cosh 0y (x + 1)
cosh 0y (xy + 1)’
coshfy(x — 1)
cosh Oy(zy — 1)’

—0ia(x — x3) + Ab;

-1l <z <ay,
hg(l’) =

O3c(x — 1) + By Ty, <z <1,

Continuity of the function hy(z) at x = x, gives A = B and continuity of D(x)hy,(x) at © = x;, implies

7
0 = Dihoy(z,) — Dohoy(zf) = A (tanh Or(zp + 1) + 0—1 tanh 0(1 — :L‘b)> — 2«
2

and so we have

A= 20&02
~ Bytanh 0y (x, 4+ 1) + 60, tanh Oy (1 — )

(Note that (3.1) implies

«

A :
~ Yanh Or(xp + 1)

)

Hence

Oy tanh 61 (x, + 1) — 67 tanh 65 (1 — x3,)
0 tanh 61 (x, + 1) + 61 tanh O2(1 — )

Dihy () = Dahgy(z)) = Atanh 0y (2, + 1) —a =

which implies

haa(zy) = 018, hau(zy) = 038,
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where
B a92 tanh 61 (x, + 1) — 61 tanh O2(1 — )
N 92 tanh 91(1’1) + 1) + 91 tanh 92(1 — l‘b) )

Finally, we apply Liapunov-Schmidt reduction as in Appendix C to reduce the problem to one dimension.
Following the argument in Appendix D to solve this reduced problem and determine the position of the

spike we get the following solvability condition:

0 = &' [ wht + e dy +O(e)

= [ W)y () + et + ) dy + O

= [ P )80) + Pl ) dy + [0 (Giply) + haala) dy + O

= & ([ o)+ ) 8 ([T w0 -pt) + 5)d0) + 0

= 0 (/_O:O w?(y)(—p(y) + B) dy — /LOO w’(y)(—p(y) + B) dy) + 63 (/LOO w’(y)(—=p(y) + 5) dy) +O(e)
= 083 [ wiy)dy+ (63— 03) [ wt ) (—p(y) + 0) dy +O(e)

since p(y) is an odd function.

Hence, for given 61, 05, 3, we need to find L such that

367 /_O:O w’(y) dy + (03 — 6%) /Loo w’(y)(—ply) + 3) dy = 0. (5.7)

We recall and summarize that

0y tanh 61 (1 4 x3) — 61 tanh 65(1 — x3) Vo, 9 y 3 3 Y
= , a=3, :/ dz = 2 tanh 2 — 2 tanh® ¥,
b a92tanh91(1+xb)+€1 tanh 0y(1 — ) « Py) 0 w(z)dz g A TG

We now check when condition (5.7) can be satisfied. We need to consider only the case § > 0 which
is equivalent to (3.1). Note that for § = 0 (5.7) is not possible if 6, # 6, and so we do not consider that
case any further.

The case 3 < 0 can be reduced to the case 3 > 0 by reflection about the center x = 0 of the domain.
This can be seen as follows: by this reflection #; and 6y are exchanged, x;,t¢, 8 all change sign. Note
that the order of the locations of the jump discontinuity and the spike are reversed so that the equation

xp = t° 4 ey with y = L changes to —x, = —t¢ + ey with y = —L. As a result, (5.7) is transformed to

003 [ wly)dy+ 03 = 03) [ w(e)(—ply) + B)dy = 0

o
—00

which is equivalent to (5.7).
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We know from Theorem 3.1 that the interior spike solution must be located to the left of the jump
discontinuity. Now we show that generically for the spike near the jump discontinuity there are two
possible locations or there is none.

A necessary condition is

07 < 63.
Otherwise (5.7) implies
L o0 o0
967 [ wy)dy+6F [ ww)ety)dy = 63 [ w’(0)(ply) — B) dy.

If #2 > 63 in the last equation we have Lh.s is greater than r.h.s. which gives a contradiction.

We now study (5.7) in detail.

An important observation is that the integrand of

| Wt @) (=ply) + 5) dy

L

changes sign at p(y) = .

The function p has the following properties:

ply) — /OOO w? dy = a(=3) as y — o0 (5.8)

and [ satisfies the inequality

05 tanh 0, (z, + 1) + 01 tanh O5(1 — ;)

Thus for all 0 < 8 < « there is exactly one positive y =: Ly > 0 such that p(Lg) — 3 = 0. Further,
ply) — B <0if0 <y < Lygand p(y) — B > 0if y > Ly.

To give an explicit formula for Ly, using (2.3) we compute

9 L 3 L
p(Lo) = §tanh ?0 —3 tanh? ?0 =0.

From this equation Ly can be uniquely calculated.

Recall from (3.6) that for any real number L we have defined

1) = [~ w*(y)ply) - 5) dy.

L

Then
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(i) I(L) - 0as L o0, I(L)— —728<0as L — —o0,

I(L) achieves its unique maximum among all real L at L = Lq > 0, where I(Lg) > 0,

) I(L)
i) I(L)

(iii) I(L) is monotone increasing on (—oo, Ly),
iv) I(L) is monotone decreasing on (Lg, 00),
) I(L)

Therefore the equation I(L) = ¢ has

two solutions  if 0 < ¢ < I(Ly),
one solution  if ¢ =I(Lg) or —7.20 < ¢ <0, (5.9)
no solution if ¢ > I(Lg) or ¢ < —7.20.

Since we assume 6; < 6y, for (5.7) only the case ¢ > 0 is relevant. Combining (5.9) with (5.7) and

02 tanh 61 (1+x;,)—6; tanh 63 (1—ax;) 10.8-26%

02tanh01(l+xb)+91 tanh92(1—:cb) 9%79% ? we haVe

putting ¢ =
(i) two solutions for (5.7) if

92 tanh 91(1 + l’b) - 91 tanh 82(1 - JZb) < 9% — 9% I(Lo)
92 tanh 91(1 + I‘b) + 91 tanh 92<1 — ZEb) 29% 10.8 ’

(ii) no solution for (5.7) if

92 tanh 91(1 + .771)) - 61 tanh 82(1 - .Ib) > 9% — 0% [(Lo)
92 tanh 91(1 + .Tb) + 91 tanh 92<1 — ;Eb) 29% 10.8 .

The proof of Theorem 3.4 is completed.

0
Proof of Remark 3.5: We compute
O tanh 01 (1 + x3) — 01 tanh (1 — )
I1(0) =10.8 [ 0.4296875 —
( ) < 92 tanh 01(1 + l’b) + 91 tanh 92(1 — ZEb)
Therefore (5.7) implies that in Case (i) both solutions are positive if ¢ > I(0), which implies
(92 tanh 91(1 -+ l’b) 61 tanh 92( — ) < 0.4296875 93 9§ 7
0y tanh 01 (1 + x3) + 6 tanh 05(1 — x3) 03 + 6%
one is positive, the other negative if ¢ < I(0), which implies
92 tanh 91(1 + l’b) — 61 tanh 92( — ) 92 — 6%
0< < 0.4296875-2 .
0y tanh 01 (1 + x3) + 6 tanh 65(1 — x3) 02 + 02
0]

Proof of Corollary 3.6: We consider the following two limits. As  — 0 we have Ly — 0 and

I(Ly) — /0 "W (y)ply) dy = 4.640625.
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As f — a =3 we have Ly — oo and I(Ly) — 0. For 3 varying between these two extreme values the
change of I(Ly) is strictly monotone.
As a consequence we get 0 <I(Lg) < 4.640625 which implies the following necessary condition for
existence:

Oy tanh 01 (1 + x3) — 61 tanh 5(1 — x3) 03 — 03
0.4296875
< (92 tanh 01(1 + Z'b) + 01 tanh (92(1 — :Cb) < 29%

(5.10)

Again, for § < 0, we can use the reflection argument mentioned before. Then with the assumption

01 > 05, we get the formula in Corollary 3.6.

O
Proof of Remark 3.7: There are cases when (5.10) is not true. For example, given 6, 6, such that

2.4296875

1/2

O<61<02<(

then

2 2

03— 0
0 < 042968752+ < 1
207

and so by choosing x;, close enough to 1 or -1 (5.10) fails to hold. So in this case there are no spikes in

order € distance from the jump discontinuity. The proof is finished.

O
We now discuss the behavior of spikes near the jump in certain limits.
(i) If 3 — oo (and 0; = const.), we have 3 — 3. We can re-write (5.7) as
01
7.2 =I(L).
Solutions to (5.7) exist iff
(92
720 < I(Ly). (5.11)

03 — 07

An asymptotic analysis reveals that
e 20~ ¢(3—0), I(Lg) ~c(3—pB)°>?

and
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as 3 — 3. Therefore in (5.11) we have
Lhs. ~ ¢(3 — §)* and r.his. ~ (3 — 3)°/?

and so (5.11) does not hold if § is sufficiently close to 3. For increasing (3 at some threshold /3, with
0 < B < 3 both spike locations L approach the same positive limit which is given by L, evaluated at
Bo. For By < B < 3 the spikes near the jump cease to exist.

(ii) If x, — 1, we get tanh65(1 — 2,) — 0. This implies that we also have § — 3. Repeating the
previous analysis, we get

et~ e(3=p), (L) ~c(3— )"

and

as f — 3. Arguing similarly as in Case (i), we see that spikes near the jump cease to exist. In Corollary
3.6 and Remark 3.7 this argument has been made quantitative and explicit bounds for nonexistence
have been derived.

(iii) If 6 — 0, from (5.7) we get

(6303 [~ w')ply) dy — 0.
For 03 — 6?2 # 0, this implies that L — —oco or L — co. In this limit, the spikes at the jump connect to
the interior spikes, which converge to the jump.
(iv) The case when f — 0 and simultaneously 6 — 6, := 0 requires further investigation. An

example for this coincidence is given by z, = 0. Then (5.7) implies

5.4 [1 + f6(tanh @ — coth 0)] = /Oo w® (y)p(y) dy.
L
This equation has a solution iff
5.4 [1 + f(tanh @ — coth 6)] < /Oo w® (y)p(y) dy = 4.640625. (5.12)
0

It is an elementary computation to show that L.h.s. in (5.12) has the limit zero as § — 0, is strictly
monotone increasing in 6 and has the limit 5.4 as § — oo. This implies that (5.7) has a solution iff 6 is
small enough. Then (5.7) has two solutions L; and Ly with L; = —Ls. These solutions are symmetric

with respect to the jump discontinuity.
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6. NUMERICAL COMPUTATIONS

We now show some numerical computations for the time-dependent behavior of system (1.1). We
choose Q = (—1,1), 7 = 0.1 and varying diffusion coefficients €. We divide Q at either x, = 0 or
xp = 0.5 and choose different constants for D(x) on each of the resulting subintervals.

In each situation we present the solution for ¢ = 10°. By this time the computation has come
to a standstill in all cases, and this steady state is numerically stable (long-time limit). For the 1D
computations, the first component, a, is shown on the left and the second component, h, is displayed
on the right.

We first plot the initial conditions which are the same for all computations. We study the following

two examples:
4 T T T 4

35 35 |

3

25

2+

15

T ST

05 05

0 . . . 0

Figure 1. Initial condition for a att = 0: in the first example we take a = 2 —sin(xw/2), i.e. the marimum
is located at the left boundary. In the second example we take a = 2 + sin(xw/2), i.e. the maximum is located
at the right boundary. Initial condition for h att = 0: h = 1 for both examples. Both examples of initial
conditions are investigated for all 1D computations which follow.

We now show a computation of a spike which either reaches a position near the jump discontinuity
of the inhibitor diffusion (moving in from the left) or an interior position (moving in from the right) at
t = 10°. The spike near the jump discontinuity is located slightly left of it which corresponds to the

stable spike location having L > 0.
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45 T T T 10 45 T T T 10
a a
h 4444444444 h 4444444444
40 D(X) -===- r D(X) -===-
35 8 st 18
30 30
25 F 25
< X < | =
< g5 | . g
20 20 F _
44 14
15 15
10 1, 10 | 1,
5 k 1 J K
0 0 0 - - 0
1 0.5 0 05 1 1 0.5 0 05 1

Figure 2. Long-time limit of the solution to (1.1) — (1.8) with €2 = 0.0001 and D(z) =1 for —1 < x < 0,
D(z) =5 for 0 < x < 1. The initial conditions are given in Figure 1. We observe a spike near the jump
discontinuity of the inhibitor diffusivity and a spike in the right subinterval. The conditions (3.1) and (3.4),
respectively, are satisfied. Equation (3.3) implies tg =~ 0.10336 for the position of the interior spike in the
second example, which is in good agreement with the figure.

Doing the computation with the same two initial conditions but changing the jump discontinuity of
the diffusion coefficient of the inhibitor from x, = 0 to x, = 0.5 the result is similar. However, the limit
position changes. In both examples the spike moves to the same interior spike which is located near

the center z = 0.

40 ; ; ; 10 40 ; ; ; 10
a a
h 4444444444 h 4444444444
35+ D(x) === 35+ D(x) -===
18 18
30 | 30+
Br 16 Br 16
= | e ] ® = | R =
g 2 R N 5 © 2 T a
15 f 14 15 14
10 + i 10 + :
i 12 ; 12
5 : 51
. ‘ J\ ‘ . . ‘ J\ ‘ .
1 -05 0 05 1 1 -05 0 05 1

Figure 3. Long-time limit of the solution to (1.1) — (1.3) with €2 = 0.0001 and D(z) = 1 for —1 < x < 0.5,
D(z) =5 for 0.5 < x < 1. The initial conditions are given in Figure 1. We observe an interior spike in the
left subinterval. The condition (3.1) is satisfied. Equation (3.83) implies to =~ 0.01556 for the position of the

interior spike, which is in good agreement with the figure.
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Now we show the computations for some effects not analyzed in this paper. The initial conditions
are again the two examples shown in Figure 1. We compute the following situation: > = 0.0001,
D(xz) =0.1 for =1 < & < xp, D(x) = 0.5 for z, < x < 1 for varying z;. If we decrease D(z) we expect

solutions with multiple spikes. Some examples of this are shown in the following two figures.

ah
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10 -

-05

0.5

1
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4 06

1 04

4 02

D(x)
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25 -

20

15

10 -

I

-0.5

0.5

1

1 08

1 06

0.4

1 02

D(x)

Figure 4. Long-time limit of the solution to (1.1) — (1.3) with € = 0.0001 and D(x) = 0.1 for -1 < x < 0,
D(x) = 0.5 for 0 < x < 1. The initial conditions are given in Figure 1. We observe an interior spike in the
right subinterval or two interior spikes in different subintervals. Equation (3.3) implies to ~ 0.33057 for the

position of the interior spike in the first example, which is in good agreement with the figure.
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Figure 5. Long-time limit of the solution to (1.1) — (1.8) with €2 = 0.0001 and D(z) = 0.1 for —1 < x < 0.5,
D(x) = 0.5 for 0.5 < = < 1. The initial conditions are given in Figure 1. We observe an interior spike in the left
subinterval combined with a spike near the jump discontinuity or two interior spikes in different subintervals.

We conclude the computations by showing the results of some two-dimensional computations. The

domain is a disc and the diffusion coefficient of the inhibitor jumps along a circle: it is smaller on a
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small inner disc and larger on an outer annulus. We observe multiple spikes which are denser and have
smaller amplitude in the region with smaller diffusion coefficient.

In this figure, we display only the activator, a. We give a 2D and a 3D representation of the solution

at t = 10°.

Time=1e5 Surface: Concentration, ¢ Time=1e5 Surface: Concentration, ¢ Height: Concentration, ¢
\

|

Figure 6. Long-time limit of the solution to (1.1) — (1.8) in the disc |x| < 2, where €2 = 0.001 and
D(x) =0.01 for |z| <1, D(x) = 0.05 for 1 < |z| < 2. The mazimum value for a is about 10.158. In the inner
disc of the domain, where the diffusion coefficient is smaller than in the outer annulus, we observe multiple

spikes which are denser and have smaller amplitude.

7. DISCUSSION

It is seen in the numerical computations given in the previous section that dynamically, if a spike
moves away from the left or right boundary, driven by the gradient of the regular part of the Green’s
function, it converges to the closest stationary stable spike, either an interior spike or a spike near
the jump discontinuity. This includes the possibility that the spike crosses the jump discontinuity and
moves from one subinterval into the other if there is no stable spike at the jump discontinuity.

The numerical computations support the conjecture that one of spikes near the jump discontinuity
given in Theorem 3.4 is stable while the other one is unstable. The dynamical system seems to select
this stable position in the long-time limit. The spike does not stop at the unstable position.

This dynamical behavior is simpler than in [15]. In that work traveling pulses for heterogeneous

systems close to bifurcation points such as drift instability or splitting instability are considered. Many
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different types of dynamical behavior occur such as pinning, splitting, rebound, penetration or oscilla-
tion. The system studied in the current paper is far from any bifurcation point and the movement of
the spike is driven by the gradient of the regular part of the Green’s function. Therefore the direction
and the speed of the spike at each point are uniquely defined. Penetration or pinning are possible but
we do not get splitting, rebound or oscillation.

Steady states with two spikes (which are possible for smaller diffusion constants) display several
interesting phenomena. Numerical computations show that there are many possible combinations such
as two interior spikes in the same subinterval, two interior spikes in different subintervals or a spike near
the jump discontinuity and an interior spike. In these solutions the two spikes in general have different
amplitudes unless they are both located in the same subinterval.

Boundaries are frequently formed as a result of varying genetic expressions. The following situations
are well understood [4], [5], [10]. The A-P and D-V boundaries in the Drosophila wing imaginal disc and
the compartments in the vertebrate hindbrain are examples of lineage boundaries: they are established
because of varying gene expressions in different compartments, and due to varying adhesion effects only
a small percentage of cells cross the boundary to move into the neighboring compartment. The imaginal
disc consists of a group of cells which form adult structures during metamorphosis. Investigating the
mechanisms of their interaction is crucial in understanding how a larva develops into a fly. After
establishment of the compartments often special border cells are created. They play an important role
for morphogenesis by acting as a signaling center which determines the further progress of patterning.

A model which explains the role of boundaries as organizing regions for secondary embryonic fields has
been introduced by Meinhardt [12] following the concept of positional information due to Wolpert [26].
Within this framework it is postulated that near a sharp border a spike for the morphogen concentration
appears. We support this postulate by showing that in a simple activator-inhibitor system it is possible
to have a stable spike for one of the morphogens near a jump of the inhibitor diffusivity which models
this sharp border. Using this postulate, various biological examples have been explained such as the
formation of duplicated and triplicated insect legs and the regeneration-duplication phenomenon of

imaginal disc fragments.
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A phenomenon similar to the one discussed in this paper is the well known distinction between
so-called body modes (states localized away from boundaries) and wall modes (states localized near
boundaries) which play a role in various branches of physics such as fluid mechanics [13] or plasma
physics [6].

To conclude, the effects explored in this paper such as asymmetric positions or amplitudes of spikes
as well as localization of patterns to a sub-domain play an important role in biological modeling,
for example in the development of skeletal patterns in growing vertebrate limbs or for compartment
boundaries of differently determined cell types. We plan to shed further light on these issues in the

future, combining analysis with computation and applying the outcomes to various biological models.

8. APPENDIX A: INTRODUCTION AND ANALYSIS OF THE GREEN’S FUNCTION

Let G(x,ty) be the Green’s function which is defined as the unique solution of the problem
(D(z)G(x,t0)s)e — G(,t0) + 0y =0, Go(—1,%0) = G.(1,t9) =0,
D(t0)Go(ty ,to) — D(to)Ga(td to) =1,  G(ty,to) — G(tg,te) =0, (8.1)
D(xy )Gy to) — D(ay ) Golay o) =0,  Glay,to) — G(ay), to) =0,

where ¢, is the Dirac delta distribution located at .

Setting
o 117
Gz, to) = :11:11}];1 ;ll(fb__ttoo)) A:jﬂ: gll(iz :zl;)), to < T < Ty, (8.2)
Bccjsskkll@ej((;b__ll))’ T, <x<l

then G(x,t) is continuous at both = ¢, and x = x,. Using the conditions that D(z)G,(z,ty) jumps

by —1 at x =ty and is continuous at x = x;,, we get

A B 1
. (tanh 6 (to 4+ 1) + coth 6 (x, — o)) 0, sinh 6, (x;, — o) ’
B (= coth 6 (z, — t) + — tanh 65(1 — z) ) — = - '
<91 coth 6 (zy — to) + 0y anh 6 Ib)) 01 sinh 6 (zy, — to) ’ =
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From (8.3) we compute

G(to, to) t = A~ = 0" | tanh 6, (to + 1) + coth 0y (zy, — to)

2

-1
— <sinh 01 (zp — to) cosh by (xy, — tg) + leinh2 01 (zp — to) tanh (1 — xb)> }

02 sinh 0y (zy, — to) + 61 cosh 0y (2, — to) tanh O(1 — ) | 6 (1)
65 cosh 0y (xy, — to) + 61 sinh 0y (x, — t) tanh O2(1 — ) = U1 Ulto)-

Setting v(tg) = 0 cosh 0y (x, — to) + 01 sinh 0 (z, — o) tanh O5(1 — x3,), we have

=07 | tanh 6 (to + 1) +

u(ty) = tanh6(to+1) — 9111;/((;;])).

Note that 620" (ty) = v(to). This implies for u'(ty) = d%u(to) that

O () = 1~ tanh? 0y (1 + 1) — g2 (0)0llo) = (V(F0))"

(v(to))?
B / t ))2
— tanh20y(f + 1) + 97200
o D0 )y
Note that %G(to,to) = 0 iff «/(tp) = 0 and u(t) # 0, since
d . u/(to)
Next we compute
6‘1_2U//(t0) = —2tanh el(to + 1)(1 — tanh2 91<t0 + 1))
_30(t0)V" (0)v" (to) — v(to) (V' (t0))°
Lol
' (v(t0))?

= —2 tanh 91(1&0 + 1)(1 — tanhQ 91(150 + ].))

30 ()07 (v(t))* — (v/(t0))’]
+26; () .

Using the relations

02(v(t))? — (V' (tg))? = 0303 [1 — <Zl tanh 0y(1 — xb)> ] >0

(by (3.1)) and v'(ty) < 0, we get u”(ty) < 0. To determine the sign of %G(to,to), we compute

2 = (to)ult) + 2(u (t))?
e T

Noting that u'(ty) = 0 and u"(¢y) < 0, we get

d2

25

(8.6)

Tt%G(to,to) > 0. (87)
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This will imply that the interior spike is linearly stable. The proof of this statement will be given in
Appendix E.

Now we study further properties of the Green’s function G. For ty € (—1,1) we consider G(t, o).

We define the regular part of the Green’s function as

0i g0
H(Jf,y) = 56 file=sl G('I?y)

Then we compute

d d o, d
%G(to,to) = %5 — %H(to,to) = — 2Vz|x:t0 H(%,to) = —QVtOH(to,to), (88)

where ¢ = 1 if tg < x, and i = 2 if ¢ty > x,. Here we have used the symmetry of H(x,y) and the notation

0
Vx‘z:toH(l'; to) = %h:toH(l‘; to)

Further, we compute

d2

T2 Gltoto) = =2(VaVy)amy=io H (2, y) - 2(V2)aetoH (z, to) = —2V; H(to, to). (8.9)
0
Note that £(t), which has been defined in (4.6), is in C'(—1,1). We now compute V,&(t):
. d .
ViE(t) = Z(G(1) T =2Vi(G(t 1) = —2AViG(E 1))E(1)*

We also need to know the derivative of the function
F(t) = (=2V,G(t, 1)) &(t) = V(1)

We compute
—2V,G(t,1)  —2G(t,t)ViG(L, 1) + 4 (V,G(t, 1))

ViF(t) = Vi G2(tt) G3(t, 1) ’

which implies that

—2G (to, to) V3, G(to, to)
G3(to, to)

if Vi, G(to,to) = 0 which will be assumed in (11.7) below.

Vi, F(to) = (8.10)

9. APPENDIX B: ESTIMATES FOR THE APPROXIMATE STEADY STATE

For A = w,;, where w,; is defined in (4.9), let us compute

7 :=T[A](to). (9.1)
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From (4.10), we have

r o= TIA) = [ IIG(to,z)A2(z)dz
- gf 11G(t0,z)u~)§(z) i
= GelGlot) [ ury) dy+0(e)]
= & |Glto, )& +O(e)]  (by (4.8))
= &b+ 0] (by (4.6)).

Let x = tg + ey, z =ty + €Z, where x,z € B_sa(ty). We calculate

T(A)(2) ~ TIA)(to) =
= [ [6(z.) - Glto, ) 4°(=) ds
= & [ 66,2) — Glto, iR (2) dz
= & [ (Ko — =)~ K(lto — D) do = & [ [H(z,2) — Hlto, 2]k (2) dz
= eg| [ %= G- o wre >dz+o<ey2+e2>]
+e2§§[ H(z,t0)|oz toy/ z)dz+ O(ey® + ¢ )}

= CER)+ G [ W) ds [FVLH( )] y+ Oler? + €
= € {gowgg@) + ég[—vxﬂ(l‘, t0>lw=to] Y+ O(6y2 + 52)}
by (4.8), where

oo [0 07 2
R = | = G-l wrey

Note that the function Py(y) is even in y.

For a function A € L*(—1,1), let

AQ

— 2 _
S[A] = €©AA A—i—T[A],

where T[A] is given by (4.10). We now set A = w,; and compute S.|we .

27

(9.2)

(9.3)

(9.5)
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In fact,
2
w
Selwe = €A et — We <t
T
= @Ay — )+ e
= ol\€ Wo Wo T[we,t] e.s.t.
&g »
= — .s.t.
T[weyt] §0w0 + €.S
= F|+est.,
where
& >
E = )
' Tl oWy
Now we estimate Fy, using (9.2), (9.3):
2,~2
1 WG -1 ¢ o
E, = —
56 1 T[weyt] ge gow[)
(Sowo)* ., - (Eoto)®

— s (Tlwed] = Tl ())&

5 ) B
= W (P — fo) - foﬁ)gT[wE;l[w ﬂ[(f;)t] (to) +0 (er%g)

o)z P 2 .
= —ewg{ QOoogy)Z + &=V H(z,t0)| o=, ] y} +0 (62y2w8) :
This implies that
& 1Bl ezery = O(e).

From (9.6), we conclude that

& ISelwedlllz2(my = O(e).

10. ApPENDIX C: THE LIAPUNOV-SCHMIDT REDUCTION

In this appendix we study the linear operator defined by

249 A

Lest = S[A = €80 — b+ 7o — g (T1AI9), - HY (@) - L(Q),

(9.6)

(9.8)

(9.9)

(9.10)

where A = w,, and for ¢ € L*(Q) the function T’[A]¢ is defined as the unique solution in Hy" () of

(D(@)(T'[AJ6).). — (T'[Al§) + 246 =0, —1 <z <L

(10.1)
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We define the approximate kernel and co-kernel of the operator [~/E7t as follows:

dw
K1 := span {dxo} C Hx (),

d
Ce := span {c;jco} C L*(9).

We also introduce the orthogonal projection w2, : L*(2) — CZ and study the operator L., := 7,0L.

By letting € — 0, we will show that L., : lCét — Cj’t is invertible with a uniformly bounded inverse

provided ¢ is sufficiently small. This statement is contained in the following proposition.

Proposition 10.1. There exist positive constants € \ such that for all € € (0,€) and all t € B_sa(to)

we have

[ Let®ell 200 = All@ell 200 (10.2)
Further, the map
Ley= Wit o I%t : lCit — Cit

18 surjective.

Proof: The proof is given in Proposition 5.1 of [25].

O
Now we are in a position to solve the equation
1 _ 1
ﬂ—e,t © Se(we,t + ¢) - 07 gb € ]Ce,t' (103>
Since by Proposition 10.1 L, : KX — C4 is invertible (call the inverse L), this is equivalent to
¢ = —(Lej omiy)(Selwea]) — (Lg) o mey) (Nealg]) =2 Mealg], ¢ € Koy, (10.4)

)

where
Nep[¢] = Sc[wey + ¢ = Sc[wey] — Slwe .

We are going to show that the operator M., defined by (10.4) is a contraction mapping on

Besi={¢ € K3 1|9l 2, < 0}
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if 6 and e are sufficiently small. We have by (9.9) and Proposition 10.1

&Nl = A6 (mh(Nealo)

< ATIC (67107 + €[ ViG(H 1))

+|

Tt (Se[wes])

)

L2(Q)

where A > 0,C' > 0 are independent of § > 0, ¢ > 0. Similarly, it follows that

M IMes) = Moy 8]l oo,y < ATIC (67107 + €[ViG (D)) 16 — & [l 2,

where A > 0, C' > 0 are independent of § > 0, € > 0.

By the previous two estimates, if we choose J and e sufficiently small, then M., is a contraction
mapping on B, ;. The existence of a fixed point ¢., now follows from the contraction mapping principle
and ¢, is the unique solution of (10.4).

We have thus proved the following result.

Lemma 10.2. There exists € > 0 such that for every pair of €,t with 0 < € < € and t € B.sa(ty) there

exists a unique Pep € ICE%t satisfying Se(Wey + ¢et) € Ceyp. Further, we have the estimate

fe_l||¢e,t||H2(Q€) < Ce. (10.5)

11. APPENDIX D: THE REDUCED PROBLEM

In this appendix we derive a reduced problem which will be essential for the proof of the existence
results.

By Lemma 10.2, for every t € Bs/a(t) there exists a unique solution ¢, € lCét such that
Selwes + Pei] = ver € Cey. (11.1)
Our idea is to find t¢ € B,s/(to) such that in addition
Selwee + Pepe] L Cepe. (11.2)
Then from (11.1) and (11.2) we get that S[we s + ¢eic] = 0. To this end, we let

g
We(t) = f;le_l/QS[we,t + gbe,t]%da@, B.si(tg) — R.
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Then the problem is reduced to finding a zero of the function W, (t) in B/ (o).

Let us now calculate W(t). We have

dw dw
-1_-1 0 _ 1 -1 0
£ e /QS[wet—l—qbet] . de = & '€ /S[wet] o dx
dw
1 71/S/wet et dI‘f‘é ! 71/Net et]%dm

= L +L+1,

where [, I, and I3 are defined by the last equality.
The computation of I3 is the easiest: note that the first term in the expansion of N.; is quadratic in

¢t and so
I3 = O(é?). (11.3)

Now we compute I; and I5. The result will be that [ is the leading term and Iy = O(e).

For I;, we have
1 1 dig
/ B2 dz + Oe), (11.4)

where E; has been defined in (9.7).

We calculate, using (9.8) and the fact that Py(y) is an even function

dii
L= ¢! -1/E1ﬂdx

- |

= & [ (yw*) dy(VoH e, t0)| o) + O(0)

= —550/Rw?’dy[VxH(x,to)’gczto]+O(€>-

—V.H(z,t0)|p=t,] }wé dy + O(e)

Then, by using (2.3), we have
Il = _d()()[vg;H(l', t0)|x:to] + O(E), (115)

where

doy = 2.4€2.
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For I, we calculate

, A
L= &' [ Sl S0 da

) [e%ase,t ok O ()| 2
Sl 2w€t (T[ws,t](tO) - T[“’e,t]) A
o Tlwe(to) Twe,]
6 | i (6 S+ 0) = 00
by (4.5), (9.2), (9.3) since
el 200 = O(e).
Combining I, I, and I3, we have
We(t) = =doo[ Ve H (2, t0)[a=1] + O(e), (11.6)
where
doy = 2.4€2.
Let us for the moment assume that
Vi H(to, to) =0 and V} H (ty) # 0. (11.7)

We will check the conditions in (11.7) at the end of this appendix.

Then the function W(t) satisfies W(t) = —cV3 H(to,to)(t — to) + O(e) for some ¢ > 0.

Thus for € small enough V;H (t,t) has exactly one zero in B.s/a(ty). Further, it has opposite signs for
the endpoints of B,s/s(to). Since this property is also true for W(t), by the intermediate value theorem
it follows that, for e small enough, there exists a t© € B.(ty) such that W (t¢) = 0 and t. — ty as
e — 0.

Thus we have proved the following proposition.

Proposition 11.1. For € sufficiently small there exists a point t© € Bas(ty) with t. — to such that

W.(t) = 0.
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Finally, we prove Theorem 3.1.
Proof of Theorem 3.1: We mention the main steps. By Proposition 11.1, there exists a t© € B.s/a(to)
such that t© — ¢y and W,(t) = 0, or, expressed differently, Sc[wese + Pere] = 0. Let we = we e + Gepe.
By the Maximum Principle, w, > 0. Moreover, by its construction, w, has all the properties required

in Theorem 3.1. The proof is finished.

It remains to check the conditions in (11.7).

We assume that
—l<ty<zp <l (11.8)

(This condition holds without loss of generality. The case —1 < z;, < ty < 1 follows by reflection about
x = 0 which reverses the signs of of z;, and t, and swaps the two diffusion constants #; and 6,.)
By (8.5), (8.6) together with (8.7), (8.8) and (8.9), we see that Vy H(to,to) = 0 and Vi H((to, 1) # 0

if and only if ¢ is a solution of the equation

sinh 6y (to +1)  Oysinh6y(xy, — to) + 01 cosh 6 (zy, — to) tanh O5(1 — x4
cosh@y(ty +1)  Oycosh b (zy — to) + 0y sinh 6 (v, — to) tanh O (1 — x)

Using elementary algebra, including addition theorems, it is easy to see that this is equivalent to
1 1
— tanh 6, (2t + 1 — x3) + — tanh 6y(x, — 1) = 0,
6)1 ‘92
which is equivalent to (3.3). From (11.8), we get
—1—xp <2ty +1—ap <1+ x.
So a necessary condition for solvability of (3.3) is

1 1
0 tanh (01 (1 + x3)) > 0 tanh (02(1 — x))
1

2
which is the same as inequality (3.1). Assuming condition (3.1), there exists a unique position tg
solving (3.3). This follows by elementary considerations, utilizing the continuity and monotonicity of

the respective functions.
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Now it can be shown rigorously that an interior spike located at ¢ with ¢ — ¢, as € — 0 does exist if
e is small enough. The proof uses Liapunov-Schmidt reduction and follows the arguments given in [25].

We omit the technical details.

0J
12. APPENDIX E: THE PROOF OF STABILITY OF THE INTERIOR SPIKE
Proof of Theorem 3.3: In this appendix we prove the stability of the interior spike.
We need to analyze the following eigenvalue problem
~ 2A¢ A2
L. = €2A¢p. — &, < T'[Alo.) = Ao, 12.1

where ). is some complex number, A = w, se + ¢¢ e With t© € Besya(to) determined in the previous section

and
¢ € HY (). (12.2)

(Recall that T'[A] and T"[A]¢. have been defined in (4.10) and (10.1) respectively.)
We first study the eigenvalues with A\, — Ay # 0 as ¢ — 0. The key ingredient is Theorem 2.1.
Because we study the large eigenvalues, there exists some small ¢ > 0 such that |\ > ¢ > 0 for €
sufficiently small. We are looking for a condition under which Re (\.) < 0 for all eigenvalues A, of (12.1),
(12.2) if € is sufficiently small. If Re(\.) < —¢, then A, is a stable large eigenvalue. Therefore, for the
rest of this section we assume that Re(\.) > —c and study the stability properties of such eigenvalues.
In (12.1), (12.2) it is assumed that 7 = 0. By a straight-forward perturbation argument all the results
also hold true for 0 < 7 < 7, for some sufficiently small 75 > 0 which can be chosen independent of e.
We first rigorously derive the limit problem of (12.1), (12.2) as € — 0 which will be given by a system

of NLEPs. Let us assume that
el 200y = 1.

We cut off ¢, as follows: introduce

de0(y) = de(y)x (ey — tE) : (12.3)

To

where y = x /e for x € Q.
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From (12.1), (12.2), using Re(\.) > —c and ||@e s«

2. = O(€), it follows that
b = P+ O(e) in H* (). (12.4)
Then, by a standard procedure, we extend ¢, to a function defined on R such that

[becollm(r) < Cllgeoll a2

Since [|¢c| m2() = 1, |¢eollmz@.) < C. By taking a subsequence of €, we may also assume that ¢.o — ¢o
as € — 0 in H*(R).
Sending € — 0 with A\ — \g and 2 € B_s/u(to), (12.1) implies

Ay — ¢ + 2wpg — zmw = \oo. (12.5)

The following result states that the stability for € small enough is the same as the stability for e = 0.

Both directions are given by parts (1) and (2) of the theorem respectively. We have

Theorem 12.1. Let A, be an eigenvalue of (12.1) and (12.2) such that Re(\.) > —c for some ¢ > 0.
(1) Suppose that (for suitable sequences €, — 0) we have A, — \g # 0. Then A\ is an eigenvalue of
the problem (NLEP) given in (12.5).
(2) Let N\g # 0 with Re(Xo) > 0 be an eigenvalue of the problem (NLEP) given in (12.5). Then, for €

sufficiently small, there is an eigenvalue A\, of (12.1) and (12.2) such that A\ — Ao as € — 0.

Proof: (1) of Theorem 12.1 follows by asymptotic analysis similar to Appendix C.
To prove (2) of Theorem 12.1, we use an argument of Dancer given in Section 2 of [7]. For details on
how to transfer his argument to the Gierer-Meinhardt system, we refer to [24] where it is applied to a

related problem.

We now study the stability of (12.1), (12.2).

We can apply Theorem 2.1 (2) with v = 2 to (12.5). This implies that
Re(Ag) <o <0 for some ¢y > 0.

By Theorem 12.1 (1), all eigenvalues A, of (12.1), (12.2), for which |[A.] > ¢ > 0 holds, satisfy Re(A¢) <

—c < 0 for e sufficiently small. This implies that A = w, tc + ¢¢ 4« is linearly stable.
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U
Now we investigate the small eigenvalues of the problem (12.1), (12.2), i.e. we assume that A, — 0
as € — 0.

For € small enough, let
We = 521 [lwe,te + ¢€,t€] s Be == T‘[Uje,te + ¢6,t€]7 (126>

where t¢ is the point which has been determined by Liapunov-Schmidt reduction.

After re-scaling, the eigenvalue problem (12.1), (12.2) becomes
2
w

We c
62A¢6 - ¢e + 2Z¢6 - Ewe - )\€¢67
(D(x)wﬁfli)l“ - we + 2£ewe¢e = )\67-1/}67

(12.7)

where &, = é is given by (4.8).

Our basic idea is the following: the eigenfunction ¢, can be represented as

. d
%E(we,t) -

However, there is the following difficulty: note that w,; ~ & (t)w (”—_t) X (L_t) So when we differentiate

€ )

we+ with respect to ¢, we also need to differentiate &y(¢) with respect to ¢.

Let us define

xr —t¢

pla) = x () wi(a), (128)

To
where 79 and x(z) are given in (4.2) and (4.3) respectively. Similar to Appendix C, we define

Kps = span {d, o} C H*(Q),

Crew = span {0, o} C LA(Q).

Then it is easy to see that
We(x) = Wep(x) + e.8.t. (12.9)
and
B.(to) = —& /_ 11 Vo H(to, 2)io? dz
VL H( ) o) 4 O(6) = O (12.10)

by (11.7).
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Note that w.o(z) = &tbo(z) + O(e) in H2(—1,1) and . satisfies

~ \2
(wﬁ,o) +es.t. =0.

€

2 A~ ~
€ Awao — We 0 +

Thus w;,O = mg—;o satisfies
’ 2 ~€ !/ /lI}z T/
P = LR 4 est. =0. (12.11)

2N
e“Aw W, o+ ——w —
0 0 0
‘ ¢ he ¢ (he)? €

Let us now decompose
b = €agi, o+ BF (12.12)

with complex numbers a§. (The scaling factor € is introduced to ensure ¢, = O(1) in H*(Q.)), where
ot L KEge.

Suppose that ||¢c||g2(q.) = 1. Then |a§| < C.

The decomposition of ¢, implies the following decomposition of .:

e = cafeo + U0, Yoo, Yo € HY(Q) (12.13)
where 1 o satisfies
(D(@)te,0)e = Voo + 26l g =0 (12.14)
and ¢t is given by
(D(@)they)e — b2 + 260eg; = 0. (12.15)
Substituting the decompositions of ¢. and v, into (12.7), we have, using (12.11),
o ((@De0)®50  (w)?
eay, < 2 h, — Iz e
We w2 ,
+E A — oF + 2;7# - S AdE Fest. = Aeajd, . (12.16)
Let us first compute
Weo)?-r  (we)?
Iy = eag <( ]‘7;20) he = <7LQ) 1/%,0)
— eqeTe0) [—teo + hy| +est
0 Bz €,0 €
Let us also put
20, 72
Weyl  Wepl (12.17)

ze¢€L:€2A¢€L_¢€L+ B ¢e _ﬁ €
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Multiplying both sides of (12.16) by 'LZJ;’O and integrating over (—1, 1), we obtain

1
o € ~! ~!
rhs. = 6)\5%/1@06,07«0670 dx

= Asﬂléfg/R(u/(.7J))26iy (1+0(e)) (12.18)
and
[t Wi g Ly o Lk
Lhs. = —eaj /71 2 [%,0 - he] W, o dx +L1 B (h.¢o)dx — /4 2 (Yo, ) do

= (Hi+ Lo+ J3)(1+0(e) by (12.11),

where J;, 1 = 1,2, 3, are defined by the last equality.

For J3, we decompose

Js = Ji+ J5,
where
L2, /
Jy = —/ U0 k(1)) di (12.19)
-1 h? ’
1 ap?, /
Js == | SR 0Hw) = v ) do. (12.20)
The following is the key lemma.
Lemma 12.2. We have
1 o
S o= —¢ <3/ 3dy> & (VEH(t,t9)) af + o(€?), (12.21)
R
Jo+Js = o). (12.22)

Proof: Lemma 12.2 follows from the following series of lemmas. We first study the asymptotic behavior

Of we,O-

Lemma 12.3. We have

(thep — M) (1) = E3V H(15,£) 4 O(e). (12.23)
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Proof: We compute 9.y — B; near t¢:

1

he(z) = 5‘6/ G(z, 2)w? dz

-1

+oo 1
= & [ Kpllehutya+ 2)dz— g [ Hiw 2k dz +O().

So

-, +o00 , 1

hi@) = & | Kozl + 2o +2) dz =& [ VoH(w,2)iydz +O(e)
Thus

5/ 1 ~2 1 o~ ~ 7

(he = Yep)(z) = —& /_1 Ve H (z, 2)W; (2) dz — <—2§6 /_1 H(z, 2)We 0w, dz) + O(e).

Therefore,

-, 1 3 .

(B, — o)) = —& /_ Vi H(t, 2)i2(2) dz = Vil H(E, 2) + O(6)
Ve H (2, )€ — V.| H(E, 2)8 + O(e).
= =V H(t 1) + O(e).

This implies (12.23).

Similar to the proof of Lemma 12.3, the following result is derived.

Lemma 12.4. We have
(¢e,0 - B;)(te + Ey) - (¢e,0 - B;)(te)

= eyVE H(t5, 1) + O(e%y?).
Next we estimate ¢-. We derive

Lemma 12.5. For € sufficiently small, we have

162 |22,y = O(€?)

39

(12.24)

(12.25)

(12.26)

Proof: As the first step in the proof of Lemma 12.5, we obtain a relation between ¢ and ¢-. Note

that similar to the proof of Proposition 10.1, L is invertible from (K*)* to (C?**)* with uniformly



40 JUNCHENG WEI AND MATTHIAS WINTER

bounded inverse for € small enough. By (12.16), Lemma 12.3 and the fact that L. is uniformly invertible,

we deduce that

162 Ml 22,y = OCe)-

Let us cut off

éeo—ﬁx <x—t€>.

To
Then
¢i_ = 6QNSE,O + 0(62)-

Suppose that
ée,ﬂ - ¢0 n HJQV,ZOC(QG)‘
Then we have by the equation for 1 :

D) = 265/ (1€, 2)0edeo dz

Jr w0 dy
Jrw? dy

This relation between ¢ and ¢ will be important for the rest of the proof.

2eG(t°, 1), +0(e).

(12.27)

(12.28)

(12.29)

(12.30)

Now we substitute (12.30) into (12.16) and, using Lemma 12.3, we have that the limit ¢, satisfies

Jrw cbo

Ao — do + 2wy — 2G(to, to)Eo [w
RW

where
a’ = lima,.
e—0
Hence, using the relations
Glto,to)éo =1, Vi H(to,to) =0,
we can apply Theorem 2.1 (3) with v = 2, which implies that ¢y = 0.

Finally, we deduce

xr — ¢

6 = hua+ O(e) = eon (=) + 0(e) = O(€),

which implies (12.26).

By (12.32), we have J, = o(e?).

+ vt0H<t0, to)é§a0w2 = 0, (1231)

(12.32)
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From Lemma 12.5 and (12.30), we have that
Y (t) = O(é2). (12.33)

Further,

Jrwoo dy

[wdy +O(*) = O(e%). (12.34)

U+ ey) — (1) = =2y H (1) 6 0

This implies J; = o(e?) and J5 = o(€?).

The computation of J; follows from Lemmas 12.3 and 12.4. In fact,
1
Ji = —eag/ (weo )weod:c—i-o( )
-1
1 w6 — o
= e /_ 29 (Veolto) = Rilto)) g da + ofe?)

ey [ ([eole) — K ()] — bealto) — B (10)]) g+ ofe)

For Jg, we use Lemma 12.3 to obtain

Jo = _imé 11 th (¢60(t0) h,(t O)) dz + o(?)
- _3)62@6 (/R w3 dy) h(t9)E2V 1 H(15,1°) + o(€?) = o(€?) (12.35)

since Vi H (t¢,1°) = o(1). Finally, using Lemma 12.4, we compute the main contribution:
Jr = €% /R (waw'(y)) dyV2 H (1€, t)é2ag + o(e?)
= ¢ (:1)) /Rw3 dy) EVZH(t, 19)a + o(€?). (12.36)
Combining (12.35), (12.36) and using (12.10), Lemma 12.3, Lemma 12.4, we obtain (12.21).

This concludes the proof of Lemma 12.2.

Comparing (12.18) with (12.19) r.h.s. and using Lemma 12.2, (2.3), we obtain
— 24E€} (VEH(,19)) af + o(€?) = A&lagl.2 (1 + o(1)). (12.37)
Equation (12.37) implies that the small eigenvalue A, of (12.7) satisfies

e = —26% (VL H(t, 1)) + o).
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Arguing as in Theorem 12.1, this shows that since by (8.7) V& H (¢, t¢) is positive, the small eigenvalue
A satisfies Re(\.) < —ce? for some ¢ > 0 which is independent of e.

This fact, together with the results in the previous section, concludes the proof of Theorem 3.3.
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