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Abstract

We consider a family of chiral non-Hermitian Gaussian random matrices in the unitarily invari-
ant symmetry class. The eigenvalue distribution in this model is expressed in terms of Laguerre
polynomials in the complex plane. These are orthogonal with respect to a non-Gaussian weight
including a modified Bessel function of the second kind, and we give an elementary proof for this.
In the large n limit, the eigenvalue statistics at the spectral edge close to the real axis are described
by the same family of kernels interpolating between Airy and Poisson that was recently found by
one of the authors for the elliptic Ginibre ensemble. We conclude that this scaling limit is universal,
appearing for two different non-Hermitian random matrix ensembles with unitary symmetry. As a
second result we give an equivalent form for the interpolating Airy kernel in terms of a single real
integral, similar to representations for the asymptotic kernel in the bulk and at the hard edge of
the spectrum. This makes its structure as a one-parameter deformation of the Airy kernel more
transparent.
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1 Introduction

Random Matrix Theory (RMT) is a rich field of probability theory, with many applications in physics,
mathematics and beyond. One of the results that exemplifies this success is the appearance of the
so-called Tracy-Widom (TW) distribution, describing the largest eigenvalue of random matrices, [22],
in a large range of contexts, including combinatorics, growth processes and random tilings, as reviewed
in [23]. The TW distribution function, which can be expressed in terms of a solution to the Painlevé
IT equation, is defined as a Fredholm determinant of the Airy kernel. This kernel is universal, in the
sense that it describes the soft edge eigenvalue scaling limit for a large class of non-Gaussian and
non-invariant ensembles (see [23] for references).

In the recent past, non-Hermitian RMT has become an area of intensive research, with applications
ranging from the fractional quantum Hall effect [9] to quantum chromodynamics [2I], and we refer
to [18] for a recent review and more applications. The following question thus naturally arises: what
happens to the largest eigenvalue of a random matrix when it is allowed to move out into the complex
plane? This question has been answered by one of the authors in [7] for the so-called elliptic Ginibre
ensemble with unitary symmetry (5 = 2). This is a Gaussian matrix model generalizing the original
complex Ginibre ensemble [I4]. It can most conveniently be defined as a two-matrix model of a
Hermitian matrix H and an anti-Hermitian matrix A, depending on a non-Hermiticity parameter
7 € [0,1), see e.g. [II]. Depending on the way 7 is scaled when the matrix size n tends to infinity, a
new interpolating behaviour between the Tracy-Widom (7 = 1) and Gumbel distributions was found
in [7]. More generally, the limiting two-dimensional eigenvalue point process at the spectral edge
interpolates between Airy and Poisson, and is described by a new family of kernels, generalizing the
Airy kernel.

In this work we address two questions: how universal is this interpolating Airy kernel, and can its
relation to the real Airy kernel be made more transparent?

To partly answer the first question we consider the chiral extension of the elliptic Ginibre ensemble
with unitary symmetry, introduced in [19]. Non-Hermitian models with chiral symmetry can typically
be formulated as two-matrix models with two complex non-Hermitian matrices (depending again on
a non-Hermiticity parameter). In the Gaussian case studied here, the model can be considered as
a non-Hermitian generalization of the Wishart-Laguerre ensemble. In all three symmetry classes
(real non-symmetric (5 = 1), complex (5 = 2) and quaternion real (8 = 4)), of chiral non-Hermitian
RMTs, all eigenvalue correlation functions for finite n can be expressed in terms of a kernel of Laguerre
polynomials in the complex plane, see [5, [19, 4] respectively. We will present a proof that, for § = 2
in the appropriate large n limit, the same interpolating Airy kernel as in [7] is found. In that sense
the interpolating Airy kernel is universal, appearing for two different symmetry classes of Gaussian
non-Hermitian models with unitary invariance. This is not unexpected as it parallels the situation for
Hermitian ensembles, where chiral and non-chiral models with the same 3 share the same soft edge
spectral behaviour [10]. Our method is similar to that of [7], and involves the asymptotic analysis of
a double contour integral representation of the Laguerre polynomials.

To answer the second question we will show that the interpolating Airy kernel permits a real
integral representation as an alternative to the complex double contour integral representation given
in [7]. This explicitly reveals the analogy of its structure as a one-parameter deformation of the Airy
kernel with the known non-Hermitian generalizations of the sine and Bessel kernels.

In order to put our results in a more general context, let us briefly review the different scaling
regimes in non-Hermitian RMT, and what is known about their universality. The first region that was
studied was the so-called bulk of the support of the limiting eigenvalue distribution. Here different
behaviours occur depending on how the non-Hermiticity parameter scales with n; in the ”weakly

non-Hermitian” regime, n(1 — 7) =: 62 — 62 € (0,00), a transition takes place between ”strongly



non-Hermitian” statistics (62 — 0o0) and what we will call ”essentially Hermitian” statistics (62 — 0),
described by the sine kernel, see [11,[12]. Typically, in the strong non-Hermiticity limit, the correlations
can be obtained from maximal non-Hermiticity (7 = 0) by a simple rescaling of the eigenvalues, see
e.g. [12]. In the strong non-Hermiticity limit, universality in the bulk was proved rigorously for
general normal random matrices in the 5 = 2 case in [8]. It remains an open problem how to amend
the Riemann-Hilbert approach, which has proven so successful in Hermitian RMT, to models with
complex eigenvalues, see [16] for a discussion on this. At weak non-Hermiticity a heuristic argument
in favour of universality was given in [12] and [2] for iid matrix elements and weight functions with
non-Gaussian harmonic potentials respectively.

Chiral models show a different (hard edge) spectral behaviour at the origin. It depends on the
finite multiplicity v of the eigenvalue at the origin, which is kept fixed when n goes to infinity. Again
the same transitional regime of weak non-Hermiticity occurs, as identified in [3], following [11I]. At
the origin in this regime, universality is known to hold in the sense that the same Bessel density in
the complex plane is obtained from two different Gaussian one- and two matrix models, see [20] and
[19], respectively.

At the edge of the spectrum close to the real axis which is our concern here, the appropriate
weakly non-Hermitian scaling limit was identified in [7] (see also [13]). Here the transition occurs
in a different regime, 02 = (1 — 7,)n'/3 — (0,00), when the bulk and hard edge statistics are still
strongly non-Hermitian. Our work is the first argument presented to suggest the universality of the
corresponding interpolating Airy kernel, as we obtain it from a second Gaussian model in a different
symmetry class.

Let us also mention the decay of the eigenvalue density at the spectral edge in the limit of strong
non-Hermiticity. For all three symmetry classes of the elliptic Ginibre ensembles (5 = 1,2,4) the
density decays as a complementary error function, as was shown in [I§] (and references therein). In
that sense this behaviour is also universal. Note that this is consistent with the Poisson statistics of
the extreme eigenvalues, which is found on the microscopic scale and shifted out from the spectral
edge, as opposed to the mesoscopic scale where the decay of the eigenvalue density appears.

Our paper is organized as follows. In Section [2], we briefly introduce the model and summarize our
results, which are: An elementary proof for the orthogonality of the Laguerre polynomials on C which is
detailed in Section 3] (for the corresponding result for Hermite polynomials, see [0 [18]). An alternative
representation of the kernel of Laguerre polynomials as a double contour integral shown in Section [4]
which serves as a Lemma to prove the convergence in the scaling limit of the eigenvalue process to the
interpolating Airy process in Section Bl Finally, we provide a simple real integral representation of the
interpolating Airy kernel as an alternative to the previously known double contour integral form; the
proof is given in Section [l Here we also check that the complementary error function density decay is
obtained from the interpolating Airy kernel in the appropriate strongly non-Hermitian scaling limit.

2  Summary of results

We consider a chiral two-matrix model in the unitary symmetry class which is the non-Hermitian
extension of the chiral Gaussian unitary ensemble. For any non-negative integer v, let P and @) be
n x (n + v) matrices with iid centered complex Gaussian entries of variance 1/(4n),

dPp, (P, Q) = Cyp exp |[—2nTr(PPT + QQT)| dPdQ,

where dP denotes Lebesgue measure on the space of complex n x (n + v) matrices (identified with
R2™("+))  We are interested in the eigenvalue distribution of the (2n + v) x (2n + v) random Dirac
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where 7 € [0,1] is a non-Hermiticity parameter. Equivalently, for 7 # 1, the distribution of D is given
by the probability measure

(2.1)

~ 1
dPr(D) = T exp[ (1_ 5
with d® and d¥ denoting Lebesgue measure on the spaces of complex matrices of appropriate dimen-
sions. The spectrum of D consists of an eigenvalue of multiplicity v at the origin, and 2n complex
eigenvalues {%z;};_, which come in pairs with opposite sign. Without loss of generality, we choose
the 2, to have non-negative real part. With probability 1, the z; are all distinct and have strictly
positive real part, and we consider this situation from now on. Changing variables and integrating
out the eigenvectors induces a probability distribution on {zj},_;,

Tr (cI>c1>T Loty -7 (<I>\I/ + foTcIﬂ))] dddU, (2.2)

dPTY (21, ..., 2p) = Eacd 1A, (22))? H W (Z1) X {Re 5,503 47 2k (2.3)

where d?z = dzdy denotes Lebesgue measure in the plane and 2" is a normalizing constant. Here
we have introduced the Vandermonde determinant

An(z): = H (26 — 25) »

1<j<k<n
and the real and positive weight function
2tn Re(z) 2n|z|
T(z) = |zt K| 2.4
e =l e T 6 (2 24

where K, is the modified Bessel function of the second kind (also called the MacDonald function).
The limiting case 7 = 1 reduces the two-matrix model to the standard Hermitian chiral Gaussian uni-
tary ensemble, which is equivalent to the unitary Wishart- Laguerre ensemble of non-negative definite
Hermitian matrices PPT with non-zero eigenvalues {z . For details on the model, we refer to [19]
with u = /(1 —7)//(1 +7), D;; =D, « —2/(1—|—7'), A— V1+7P, B=iJ/1+7Q, C =i® and
D =iWv.

The eigenvalue measure (2.3)) has the structure of a determinantal point process and as was shown
in [19], the model can be solved by introducing Laguerre polynomials orthogonal in the complex plane
with respect to the weight function ([2.4]). The orthogonality of the Laguerre polynomials on C was
conjectured in [3], however, the proposed weight is only correct for v = 1/2. Let LJV denote the
ordinary generalized Laguerre polynomial with parameter v of degree j, defined by the orthogonality

relation ( )
o 1% 14 14 —Z' j + v
/0 LY(x) Ly (z)x dz i Sk

Proposition 1. For any integers j, k,v > 0 and real numbers a > b > 0 the following orthogonality
relation holds.

(L1 s = [ L () L () [P0, (o) a2 = B (2.5)

s T+ raN2 2\
hj = a j! (b) a? — b2 (26)

with squared norm

and ¢ : = (a® — b?)/(2b).



In stating Proposition [Il we have changed back to unsquared variables over the full complex plane
and general real parameters a > b > 0. The case of interest to us, ([24]), follows by setting a =
2n/(1 — 72), b = 27n/(1 — 72) leading to ¢ = n/7. While (Z.5) and (28] were given in [19] as “easy
(to) verify”, no formal proof was offered. A first proof of (2.1 was given in [4], Appendix A, by
explicit computation of the moments f d?z wﬁ’"(z2)L; (022) z2F in terms of hypergeometric functions.
A more elementary proof of Proposition [1lis presented in Section Bl

An alternative proof could be given exploiting the fact that in this symmetry class the orthogonal
polynomials P, (z) are directly given by the expectation value of a characteristic polynomial P,(z) =
E[det(D — zI)], see [6]. The latter can then be computed explicitly for the Gaussian two-matrix model
(22) using Grassmannians, along the lines of [5].

In the limit b — 0 (7 — 0) the weight w(z) in (2.4]) becomes rotationally invariant and the proof
of Proposition [] is straightforward, replacing the Laguerre polynomials by their leading monic power
(and multiplying (Z.5)) with the appropriate power b%/).

By a standard argument, performing suitable row and column operations on the Vandermonde
determinant, all k-point correlation functions Ry, of the point process (2.3]) can be expressed as deter-
minants of a correlation kernel defined in terms of orthogonal polynomials with respect to wy”(2)/|z],

1
Ri(C1y-- 5 Cr) “Z =k L /d2Ck+l /d Cn [AR(¢) |2Hw )X {Re ¢, >0}

7j=1

=det [(ICZ’T(Cth))lgi,jgk} g

where, by (2.3)),

24v n—1 2k L1 =2
(G a) = =gy (i (o () i <"f1> k<"—<2) (2.7)

(1 — 712 0 (k +v)! T

if Re¢; > 0, j = 1,2, and K37 ((1,¢2) = 0 otherwise. When taking the large n scaling limit at the
edge of the spectrum the following representation will prove very useful.

Lemma 2. For any integers n > 1, a > 0, parameter 7 € (0,1) and complex numbers z; # 0 and zy
the identity

2kk" N T2nezz v(u — 1) RVPIEN) ezl(uiil)_zz(vvfl)
L (21) Li (22) = A2z f{l du 1{2 dv <(v — 1)u> (ﬂ) (20 —u)(v —1)(u—1)
(2.8)

holds. Here vy is a simple closed contour encircling the point u =0 but not u = 1, while vo encircles
both the point v = 1 and the entire contour i in such a way that 72v —u # 0 for u € v, and v € ¥s.

n—1

M

k=0

Now we state our main result, giving scaling limits for the eigenvalue distribution of D. We
emphasize that the following result holds for any fixed v. In principle, our method could be extended
to cover the case when v scales with n (see Remark [6]), the difficulty here is to identify the global
spectral distribution, a non-Hermitian generalization of the Marcenko-Pastur law.

Theorem 3. Let v be a fired non-negative integer. Given a sequence {,}>2, C [0,1), put o, =
(2n)Y/6\/(1 —7,). Let zj = xj +1iy;, j = 1,...,n be the eigenvalues with positive real part of
the random Dirac matriz D, forming a determinantal process with kernel K. For the choices
of scaling parameters ay, b, and c, specified below, put ; = (x; — c¢n)/an and §; = y;/byp, de-

fine the rescaled two-dimensional eigenvalue point process Zp™" = {(a;],yj)} and let F,""(t) =
Tn,l/

=17
Py [maxi<j<n{%;} < t] be the last particle distribution of Zy,



(i) Suppose o, — o € [0,00) asn — co. Choose a, = (2n)2/3, b, = 0,(2n) /3 and ¢, = (1 +1,).
Then Zy™" converges weakly to ZUA, a determinantal point process on C =2 R? with correlation

kernel
e—% Ju+n1)2+%u3+i§1u—%(Uv—nz)Q—i-%vS—i-i{gv
, du/ - , 2.9
(Cl <2 4775/2 /R+15 R+-id Z(u + U) ( )

where (j = & +in;, and F™" (t) converges to the last particle distribution F,(t) of ZA.

(ii) Suppose o, — 00 as n — co. Put 7, = (14 7,)/2 and choose

ag.
n =\ Ty (2n) /3 2.1

5/2
a0
by =7 (2n)~2/3, (2.11)

and
cn=010+m)+a, <3 log oy, — Zlog(mog On) — log(27r7-3/4)> (2.12)

Then Z7™" converges weakly to a Poisson process on R? with intensity 77_1/26_5_”2, and Fp™Y () —
, the Gumbel distribution.

The interpolating Airy kernel (Z9) was derived as the scaling limit for the corresponding non-chiral
Gaussian ensemble in [7]. We show that this kernel has an alternative real integral representation. To
clarify the analogy with the transitional Bessel and sine kernels below, we consider the scaling limit
corresponding to b, = a, = (2n)_2/3 rather than b,, = opa, = an(2n)_2/3 in the first part of Theorem
Bt for o > 0, define the rescaled version

K2(G1,0) %/«‘(& Fim /0,6 + ins/o)

e 202 (n3+n3) / ——02u2+ +i§1u—%a2v2+%v3+izzv
= du / , (2.13)
4775/2 R+ R+i6 i(u+ )

of the kernel (2.9]).

Proposition 4. The interpolating Airy kernel has the real integral representation

o~ 3oz MM+ 500+
o\

where (; = & +1in; and Ai is the Airy function.

K¢, ¢) =

(G+¢2)  poo ) _
/ dt €7 Al (G +0*/A+1) Al (G +ot/4+1), (2.14)
0

The convergence of the integral in (2.I4]) can easily be seen from the large argument asymptotics
of the Airy function,

1 e 357
SN
as z — oo with Arg(z) bounded away from 7.

In the limit ¢ — 0 the integral in (Z.14]) becomes elementary (see (2.37) in [I7] for this integral

form),

Ai(z) = (1+0(1)), (2.15)

—3(m4n3) oo —3(m3+n3)
o e 2 . . e 2
KA, G) &9 7/ dt Ai (& +1t) Al (e + 1) ZT’CA(&,&),



where K4 is the Airy kernel. Proposition @ completes the picture of the known non-Hermitian gener-

alizations
e 202 (ni+n3)

K561, 6) = —m / dt e %" cos(t(¢1 — (), (2.16)

[12] of the sine kernel K% and

By (ST (Sl G2\ Lyei+ed) _91252
IC (C C) m\/Ku <45‘2>K <4 2> es /0 dtte J (tCl) (th) (2.17)

[3, 19] of the Bessel kernel KBV in the bulk and at the hard edge of the spectrum, respectively. These
are obtained in the limit when ¢ = lim,,,o /(1 — 7,)n € (0,00), and are both given as simple one-
parameter deformations of the ordinary sine and Bessel kernels, which are recovered in the essentially
Hermitian limit,

S50 € =z (mi+n3) sin(m(& — &2)) e~z (ni+3)

TS €y + oy, mEa + iGre) T N -6 K% (&1, 62),
; ~5 (1t +13) _
VBSKEY (&) + iv/Z6m, €2 + iv/2oms) 630 € A |£1£2|Ju(£1)£2=]u+1(£2; J;/(£2)£1Ju+1(£1)
VT £ — &

e~ 3 (ni+n3)
NG
where we have rescaled the imaginary part with a factor 6 to get a finite limit, analogously with

the definition (1) of K4. Note that the bulk and hard edge transitions occur in a different regime
(1 —7,) = n~! compared to the soft edge (1 —7,) = n~/3,

K:B’V(é.l) 52)7

Remark 5. From the representation (2.14)) it is also transparent that our results are consistent with
the expected error function decay of the eigenvalue density at the spectral edge when n — oo; the
density of rescaled eigenvalues 2; := v/2n(1 — 7,)"/2(2; — (1 + 75,)) is given by

(1—m1,) 1
TC) — merfc(f),

(2.18)
where ( = £ +in, 7 = lim,, o T, and erfc(u) = % [ de e~ is the complementary error function.

1—7)

pic) s = S5 <<1+Tn>+ Lo aam)+

See Section [6] for a sketch of this argument.

3 Proof of Proposition [

In this section we present an elementary proof of the orthogonality of the Laguerre polynomials in
the complex plane, Proposition [ using induction in v. We will make use of known recursions for the
Laguerre polynomials and modified Bessel functions which are of depth 2, so we first show the base
cases ¥ =0 and v = 1.

To that end we will use an integral representation for the modified Bessel function of the second
kind, (5], 8.432.6),

[ee]
=3 () ) e 1)
as well as a complex contour integral representation for the generalized Laguerre polynomials
. 1 e—xu/(l u)
Li(z) = 3 ﬁdum (3.2)

7



where the contour < encircles the point v = 0 but not v = 1. We will choose v to be a circle
of radius r < b/a, centered at the origin. For v = 0, (B:2) is given for instance in [24], equation
13.53. Alternatively this relation can easily be derived using the generating function for Laguerre
polynomials. The case v = 1 (and indeed any positive integer v, although not needed here) then
follows easily using the identity L ™!(z) = —LY +’1(a:)

Inserting the representations (B1I]) and (3.2)) with v = 0 into (2.3)) gives

e dt a2 2, 2y 1 e—cl@+iy)u e—clz—iy)v/(1—v)
9, LY L et @)
(LY, LY) / dx/ dy " /0 5¢ e f{du = WH j{dv s
dz [ dy [ dtddudd (IO B 23
2m / x/ y/ }{ u?{ ! t(1 —u)w (1 — v)ok+l’ (3:3)

2 U v
A_ﬁ<c<l—u+l—v>_b>’
2ic U v

B=—|— -
a? <1—u 1—v>’

B a? B (a? — b?) a?
C = 1_Z(A2+B2) = 20— 01— <1—b—2uv>

depend only on the variables u and v. Note that Re(C') > 0 for any u,v on « since |u| = |v] =7 <
b/a < 1, by our choice of 7. This means that we can apply Fubini’s theorem to calculate first the
Gaussian integrals in z and y and then the convergent t-integral. Inserting all this into (B.3]) gives

_(a (27”) j{u”lj{ R —b—guv)
<a2> 1
b2 2772 wi— k+1
a k
a2—b2 <b_>

where

and

(L3, Ly)

[\

0jk

proving the base case v = 0.
The result for v = 1 follows along the same lines and we only give some intermediate steps. A
straightforward calculation using integration by parts shows that, as long as Re(C') > 0,

(22 —I—y —Ct—9% (pttA B Amr (4 A2+ B?\ 167
/ d.Z'/ dy/ dt——=~ 47:( ) (y ) a2C + C — a4027 (34)

implying that

fl2 2 a2 2
1y a1 > > > (22 + y?)e~ 10—z (@A)~ G (y+1B)
(Lj, L) = 1 (2mi)? /_OO dz /_oo dy/0 dtj{duj{dv 2(1 — w)2u (1 — v)2ok+]




since
2
2 k 2 2

% j—{ ORI (1 —Ol(?cjt/b)zzw)2 = Resy=o | 0770 f: <ab—2u>jvj - Z <%>k - <ab—2u>k

j=0 7=0

Next we can make the induction step using the recurrence relation for the modified Bessel functions
of the second kind, ([15], 8.486.10),

2Ky (z) =2Ky—1(z) + 2vK,(z) , (3.5)

as well as the following two recurrences for Laguerre polynomials, ([15], 8.974.3, 8.971.2 and 8.971.5
respectively)

Lr Yz Z LY (x (3.6)

and
2Ly (@) = vLi(e) — (n+ DI —VZL” @) —(n+ DL @) (3.7)

Suppose (2.3 holds for a fixed v and v — 1 and every j,k. Without loss of generality we consider
j > k. By equations (B.5]) through ([B.7) and the induction hypothesis,

<LJI{+17LZ+1>

1
:/(cd2z PR LI (c2) LT (c2) (521/|z|”K,, (alz]) + |2?|2)" " Ky —1 (a|z|)>
j k
_ 42 bRe(z) 2_1/ . LY LY (cz VK
= [ 2 (2 Iniea) | ( S 20(e) | 11K, ale)
( Z Ll ez) — (G + 1)L]”+11 cz > <1/ZL” Yez) — (k+ 1)LZ+%(02)> |2|" 'K,y (a]z\)]

2v v v V2j . v—1 l/l («7+1)k v—1 rv-1

=;ZZ<Lm=Ln>+C—zZZ (Lo L 2 XA LT

m=0n=0 m=0 n=0 n=0
k+1 d v—1 l/l (]+1)(k+1) v—1 v—1
Z (Lo Lk+1 6—2<Ly+1=Lk+1>

m=0

V2 o (k+ 1 k+1
Zh”+—Z 72)]1%11(1—5jk)+( = ! Y 1. (3.8)

Note that the last two terms contribute only when j > k and j = k respectively. Inserting the



expressions ([2.6]) we obtain for the two sums

k v+1
. 2u n(n +v)! a® 2a
v hY 1 _ -
Z h Z - a Z an! b2n (12 _ b2

n=0 n=0
V242 m(n+v—1)a® 2a \"
(a? — b?)? an! b2n b2
4rv(2a)” (n+v—1)!
= a(a? = %) V+2 ((n + v)a® — nb?)

_ Anv(2a)Y (k‘ + 1/)! a?k+1
_(a2 _ b2)u+2 k! b2k
_ (k + 1) hl/ 1

- c2 k+1

after telescoping the sum. Thus ([B.8]) becomes

(k+1)2

ki, )
( —) R (1= (1= 65)) + Thkﬁ%k

<LJI{+17 LZ+1>

k+ o
_( 3 )(k;+1+y)hk+§5jk

~mk+v+1)! ray2k 2a V+25'
T Ak <E> aZ — b2 Ik

_ v+l
=hi, " 6jk

which concludes the proof.

4 Proof of Lemma

In this section we prove the alternative complex contour integral representation for the kernel, Lemma
2l To that end we will derive two different contour integral representations for the Laguerre polyno-
mials, and insert them into (2.8)). This will obviously break the symmetry in the arguments z; and
292.

The first integral representation follows starting from [1], 22.10.7,

e? wk—l—a —w
L = — dw—m—ou—. 4.1
k() 2miz® ﬁ/ v (w — z)k+1 (41)

valid for any integers k, a and z # 0 (for simplicity we exclude non-integer indices « to avoid branch
cuts). The contour 4’ includes the pole at w = z but not the origin w = 0.

Now make the change of variables v = w/(w — z), dv = —z/(w — z)?dw, giving rise to
e? ,Uk—l—ae—zv/(v—l)
LY(z) = — dy——— . 4.2
He) =5 § (12

Together with the sign from the Jacobian and the inversion from the Mobius transformation, the
contour of integration is mapped to a positively oriented contour encircling the pole at v = 1 but not
the origin v = 0. Without loss of generality it can be chosen subject to the second condition in Lemma
and thus taken as ~o.

10



To prove the second integral representation,

k'Lg(Z) 1 — U —zu/(l—u)
(k + a)! 2772 j{ du yktlta ’ (43)

with v; as in the statement of the Lemma, we use induction over .. The base a = 0 is given by (B8.2)),

1 e—zu/(l—u)
0 e —
Li(z) = 2mi },{1 du(l —w)uktl

Using the known recurrence relation for Laguerre polynomials (e.g. [15], 8.971.4)
2L (z) = (k+ a4+ 1)LE(2) — (k+ 1)L, (2), (4.4)

we can establish the induction step. Suppose ([4.3)) holds for a fixed v and every k. Then for any k£ > 0
and z # 0

KILSTH2)  RIY(z)  (k+DILE,, (2)

k+ta+1)! zk+a) zEk+a+1)
a—1
1 du A=W wj-u) (1_l>

27TZZ( 2)* ), yktlta u

_ d 1 — ’LL —zu/(l—u)
2mi(—z)o+ L uk+1+a+1 ’

where we used the induction hypothesis in the first line.
Combining the two representations (£2) and (£3) gives

2kk| n—1 72k o22 % plte —zzv/(v 1) 1 _ u
z1) L (2 dv? j{ du e~/ (1—u)
1) k ( 2) kz (271'2) ( Zl) ) _ 1 a+l1 uktlt+a

e .0, (f_lii)ai:% (%) T

k
(4.5)

M

After computing the geometric sum,

T 2\ ” 1 20\ " 1
Z o\ = 2 o ) 5 (46)
—u\ u (T?2v—u) \ u (120 — u)
we only have to show that the second term in (€G] does not contribute to (435]) in order to arrive at
the desired result [2.8]). To see this, we change variables v = y/(y — 1), dv = 1/(y — 1)%dy, thereby
mapping 72 to a new contour 74 which will not enclose the pole at y = u/(u — 72) since v, does
by definition, and the Mobius transformation v + y involves an inversion. The second term of the
integral in (£5]) with respect to y then becomes

v «@ e 22(u 1) B yae z2y
7{2 w ((v—1)> (20 —u)(v—1) _Jqf{ Y- D -/ -D - D1 —yP

y e z22Y
= d — 0,
7{ YW —u) +u)

by Cauchy’s theorem.
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5 Proof of Theorem (3

To prove our main result, we show that (a kernel equivalent to) the correlation kernel ;™ of the
eigenvalue point process, appropriately rescaled, converges point-wise to the limiting kernel associated
with the sequence {7,,} in the statement of the theorem. The convergence of processes and last particle
distributions then follows from a dominated convergence argument, see [7]. We will assume that 7,
is bounded away from 0; the case 7,, — 0 reduces to the (simpler) radially symmetric case where the
kernel can be expressed in terms of monomials rather than Laguerre polynomials; our results remain
valid in this case. The analysis is very similar to what was done in great detail in [7] for the case
of the elliptic Ginibre ensemble, so for clarity we will skip some technical details and refer to those
calculations to give an idea of how the present analysis can easily be made completely rigorous. Our
strategy is to use Lemma [2] to represent K;;" and find its large n asymptotics by steepest descent
analysis of the integrals.

It is known that the mean eigenvalue density of D is asymptotically constant in the ellipse
{(&n):&/A+m)*+7*/(1 —7,)> <1}. We are interested in the scaling limit around the spec-
tral edge on the positive real axis, so we define the new scaling parameter 6, := c2 — (1 + 7,)%? < 1.
The choice of parameters will be determined by the analysis, however in order to estimate orders of
magnitudes of error terms, we will assume when needed that the parameters scale correctly with n,

that is o

an, = ,
" Vlog oy,

and
5/2
b, = On —2/3
(log o,)1/4 ’
and

On X op/log oy, n=%/3

if o,, — o0 and a,, =< n_2/3, b, < O'n’I’L_2/3, 0, = 0 otherwise.
Using Lemma [2 to represent the kernel (2.7]) and the large argument asymptotics of the modified
Bessel function of the second kind ([I], 9.7.2),

Ko(2) = \[ge 71+ o(1),

the kernel M3™ ({1, ¢2) := anbp K™ (21, 22) of the rescaled eigenvalue process Z,;" can be written

M7 (¢, C2)

3/24,,b v z2 22| + |22| — 7, Re(2? + 22
—WMW"%"CMM»mJ%mmﬁ%—“‘“’”(1 3))

70/2,/(1 — 72) 2 o

wa (g —iBg) + wi (o3 +481)

— 1 v n<fn(w2)_fn(w1)_ Tn(w *1) "'n(“) *1) )
x}{ dwljf dws <w2(“’1 )> ¢ ’ (1 +o(1)),  (5.1)
pa! 2

(wg — 1)wy (T2wy — w1)(1 —w1)(1 — wy)

where z; := ¢, + an§; + ibpn;,

{ aj = Re(zjz) — & = 2chan&; + a%@z_ - bin? (5.2)
Bj = Im(z?) = 2bn7]j(cn + angj)a
and where we have defined )
c
a __t 1 , 5.3
f(w) P + logw ( )



with the branch cut of the logarithm chosen along the positive real axis, in order that f,, be analytic
in neighbourhoods of its saddle points.
The dominating contribution to the integral will come from saddle points of f,,, given by f/ (w) = 0,

2
-2
w2+<u>w+1:0,
Tn

which has two real solutions, w_ < —1 < w4 < 0.

or

Remark 6. Note that, more generally, if v scales with n, v = an, the integral can be evaluated in
terms of saddle points of the function g, (w) = f,(w) 4+ a(log w —log(w — 1)). In principle the analysis
can be carried out for this case as well, however the edge of the spectrum ¢, then moves on a global
scale and is only implicitly determined, which makes the calculations more difficult. However, the
present analysis does apply for any fixed v.

Explicitly, the two saddle points are given by
2
c 4T,
=1—--1 1—- 2
w4 2Tn < + 6121 ) )

or, when expanded in 6, /(1 — 7,)% < 1,

1 on 9 on
W= (1 — 7 (14 rn)i(l . (1+ o(1))> (5.4)
and 5 5
nTn n
=—Tht+—5|1-( n) —= (1 1 .
e =t 2 (1= () P o)) (55)
respectively. Since
P - N §
fn(w) - Tn(’w o 1)3 w27 (56)
we find that 2 ) ( 2 s
" T, (L — 7y 21 = — 717 n
)= — 1 1 .
fo) =BT (1 ERE D) B o) >0 (5.7
" (1-m) (), 2 s
" 1-—m, 20+ 7, — 7 n
=——"—11 1 1 .
fn(w+) Tn2(1 + Tn) (1 + Tn)2 (1 — Tn)2( + 0( )) < 07 (5 8)
whereas |f”(wy)| < 1. Note that, here and in the following, correction terms depending on ¢,, are

identically zero unless o,, — oc.

We will choose the contours so that v, passes through wy and 7o through w_ and are both
tangent to vertical lines, giving the directions of steepest descent, by (5.7)) and (5.8]). Computing the
asymptotics of the kernel, the main contribution will come from neighbourhoods of the saddle points,
so neglecting small contributions away from the saddle points we can take the contours of integration
as the lines wy + iR and w_ + iR respectively and change variables w; — w4 = iz, wy — w_ = 1y. By
expanding in powers of  and y, we can find the asymptotics of the integral in (5.1]). Before proceeding
with the saddle point approximation, we calculate asymptotics of the constant and subleading terms
at the saddle points.

We note immediately that, provided 7, is bounded away from 0, the factor

13



in the integrand is approximately constant, taking the value

(w—(w+ -1

(w— — Dwy

) =)

which cancels the pre-factor
v
Tnl21]|2
<7"‘ ! 2‘) =7/(1+0(1)),

2]

so that the limiting kernel will be independent of v. Furthermore,

(1+7,)?

Tn

(w1 — D(wg — 1) = (1+0(1)),

and the remaining factor in the denominator becomes

2 nvn
2wy — wy = T2 — Yy — (17—_(;%) (14 0(1)).
The leading order term of the exponent is
2 1— - 52
Fulw) — fulws) = —2log 7 — 2mi — 2L =) _ n (1+ o(1)).

Tm(l+7) (14+7)3(1—m7)
We will also need expansions of the sub-leading terms,

w w_ 1 ‘
w-1) (@ -1 (w —1pg*" O(2),

where
w_ 1 TnOn,

w -1 1+m T O+xm)P0—m)

(1+0(1)),

and similarly
wq Tn TnOn

(wy — 1) T (14+7,)2(1 — )
Collecting all the terms independent of the variables of integration from these calculations, and
the exponential pre-factor, gives

(14 0(1)).

75 |z1]* 4 |22 = T(Re 2§ + Rezd) wy (o +if1)  w_(ag —ifs)

2log 7, + . =2 + fo(w=) = fo(wy) + =1 mw_ =1
B dn(a1 + ag) (B + 63) o
= T (14 0(1)) — m(l + O(ay)) — (T - (14 0(1))
+ Cp(Br — Ba) — 2mi 4 o(n™1), (5.9)

for some constant C,,. The correlation kernel M;;™((1,{2) can be replaced by any kernel of the
form eg"(Cl)_g"(Cz)MZ’T”(Cl,(2) without affecting the underlying point process since the determi-
nants giving the correlation functions remain the same; we will thus consider the equivalent kernel
e~ CnBL=B2) My (¢, C), which we still call M};™ with a slight abuse of notation. Inserting (5.9)) into

(B.10) gives
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M (C1, C2)
7L6

_ man*2aybue ey [ ( On (a1 + a2) (87 + 53) >]
exp [—n 3 + 5 5
7T5/2(1—|-T )3/2 (1_Tn) (1+Tn) (1—Tn) 2cn(1_Tn)

_ ; iy(ag—ifa) iw(ag+iB)
n fn(w -Hy) fn(’w—) fn(w++lx)+fn(w+)+7—7L(w771)2 Tn(w+71)2)

/daz/dy T e (1+0(1),  (5.10)

where
1 72 26,,
(w_—12 (1 +n7n)2 (1 T At =) (1+ 0(1))> ; (5.11)
and
1 1 2700,
(wy =17~ (47 ( AN Cl (1+ 0(1))> : (5.12)

5.1 Case o, -+ 0 <

In this case we may choose 6, = 0. This means that, in order to get a convergent integral in (5.10]),
we have to shift the contours of integration slightly into the complex plane. For the details of these
considerations, we refer to the very similar arguments in [7]; here we will formally integrate over the
real line to clarify the presentation. Since 7, tends to 1 in this regime,

2ws) = (=114 o(1)) = —5 (1 + o(1)).

After a change or variables, y = 2(2n)~Y/3t, x = 2(2n)~/3s, in the integral in (510), (5.7) and (5.8)
give

n(fo(w— +1iy) — fa(w_)) = N O(n~ 134,
and

n(fo(wy +iz) — folwy)) = —
In the remaining expressions, we may directly insert 7, = 1 and (5.10) becomes

b 4/3
M (Cr, C2) ;ﬁ,igmexp[ m(@ +83)

6_5 o2 (12452 )+§(t3—s3)+i2’4/3n2/3((a2—iﬁg)t—(al+i51)s)
/ds/dt -
i(s—t)

Recalling the definition (B.2)) of our auxiliary variables a; and j;, and choosing a, = (2n)~2/3 and
bp = 0, (2n) "%/ gives

(1+o(1)).

%O’nt 772) +2 t3+z§2t §(U7Ls 771) —75 3_if1s

M (G106 = — 5/2/ds/dte e (14 0(1)) = KAG1, &)

as claimed.

For the weak convergence of point processes and convergence of the last particle distribution to
follow, it now suffices that there for every &y is a uniform bound B, ¢, (¢) > [My™ (¢, ¢)| whenever
Re(¢) > &o, such that fRO(C)>§0 d2CBa7§O(C) < 00. It can be shown that there is such a bound of the

form B, ¢, (¢) = Cyrg e=3E+n") The argument parallels that of [7], and the details are omitted here.
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5.2 Case 0, &>

This case requires a subtle choice of scaling parameters, to be determined by the analysis. Change

variables, t = \/nf”(w_) y and s = \/—nf/(wy) x. The imaginary part of the denominator in (5.10])

becomes

(I+7,)
n(l—1,)
so using the asymptotics (5.11]) and (5.12)), and noting that

:E—T,zly:’iTn (I+0(1))(s —1t),

1 |
22(1—72)  2(1+ 7P — 1) (1 - 5nm> (1+0(1)),

we can write (B.10) as

M (C1, C2)

2
nd,

_ napby e (+m)301-ma) On (a1 + o) (ﬂ% + ﬁzz) 1
- P [‘” << " ) (1‘5"<1+Tn>2>>]

75/2(1 — 72) 14+7)3(1— 1) 21+ 7)1 — 7,
—2 (2 +5%)+ Ans+Bnt
/ds/dt (el (5.13)
where
Ay = v (81— i),
T/ — [ (wy) (wy — 1)2
Vn .
B, = + ias),
e oo (12 )
and
o w

>0
(1 =72) (1 + )
We note that p, < v/log g, > 1, by assumption on ¢,,. Expanding, we find that

\/ﬁ
(1 — 7)) (1 + 7,)3/2

Im (An, = Bn) = —(o1 + ag) (1+0(1)) < pu,

and
\/ﬁ
VA =1) 1+ 1)

for 81 # P2. To calculate the integral in (.I3]), we write the denominator as an integral and then
compute the Gaussian integrals in s and ¢, giving

—2(t24+5?)+Ans+DBnt ,
/ds/ - /ds/ dt/ du e 3+ FAns+Bnt—u(pn+i(s—1))
Pn + Z S — t

— 271'/ du ez(A" iu)2+3 (Bn—l—w) —upn
0

Re (An - Bn) = (/81 - 52)

5 (1+0(1) = o2/%(log 0,)%* > py,

0

- <pn2f;<i:n+—32n>> (1o () G-14)
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where the last integral is calculated using integration by parts and a suitable splitting of the integral.
Inserting (5.14) into (5.I3]) leads to some cancellation, and we are left with

né2

M (1) — YO TV by T
77/7 " 1,62) = '
732 /(1 — 7,)8n (1 + (81— B2)

dnlon +a2)  (1+73)0n(BF + 53)
o [_n <(1 bR =) T B )= )t )} (I+o()  (515)

where we have conjugated away a factor of the form e“n(2/2=2181) coming from (5.I4). In terms of
the original variables, the exponential terms of (5.I5]) become

n< Bu(on + a2) (1+Tﬁ)5n(ﬁf+5§)> (20)**5 B (2n)203

AP0 205 mP—m) )~ Grmzez 8T+

(i +13) + o(1).
(5.16)

Now we choose a,, and b, so that the coefficients in the right hand side of (5.16]) tend to finite limits,
say 1/2, giving

(14 7,)%02
27/3n4/36,

by = 7”;;\/21)"% (5.18)

Inserting into (5.15]), we now choose d,, so that we get a finite limit for the pre-factor, say

(5.17)

Ay =

and

né%
216, /(1 + m,)n?*Baybye” OFm3 (=) (1 + ™) oh
73/26,6, T 919/6,3/2 n5/352/2 exp

(5.19)

Bl

(14+71,)% o2

91/3  4/352
— n %

It is easy to check that the choice
1+m)%2% o,
21/6  \/6logoy,

satisfies (5.19). Note that this leads to a finite, non-zero limit for the kernel only on the diagonal,
n1 = ne; if N1 # N2, we have |14+i(B1 — B2)/(256,,)| > 1, implying that My ™ (1, (2) — 0. By definition,

Op =

n2/3 (3 log o — Z log(61og 7,,) — log (21/ (1 + 1) 4)) (5.20)

on

=1 1+ —
o= (L mh U s

but since a,, > 62, we may expand in d,, neglect the second order term and choose
(1+7) 1+ O
Cn = T _—
" " 2(1 + 7,)2

Substituting back the leading term of (5.20]) into (B.I7) and (5I8)), we can thus choose a,, and b,, given
by (210) and (Z.I1)) in the statement of the theorem. With these choices, we get that

- 1 _ 2
MZ’ n(Cla@) — \/—%e n §15C1,C27

the kernel of a two-dimensional Poisson process with intensity =~/ 2o,

Again, it can be shown that there is a uniform integrable bound B¢ (¢) = C’goe_%(§+’72) >
|IM3 (¢, €)| for Re(¢) > &, proving the convergence of the point process and last particle distri-
bution to that of the limiting process.
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6 Real integral representation of the interpolating Airy kernel

6.1 Proof of Proposition (4

The proof of the alternative representation (2.I4]) is a simple matter of verification. Starting from

.13),

~ A 620(7714‘772 " 2,2 ; 12,2 4,3, 7
G606 =g fau fLav [ ar ptemombette ittt )

where we have written the denominator as a convergent integral. Putting z; := (j +0%/4, the exponent
in ([6.0I]) can be trivially rewritten as

1 ‘ 1 ‘ _
it(u + v)—50’2u2 + %u?’ +iCu — 50%2 + %zﬁ’ + iCyv
6 2
g g

it(u + v) TR (21 +72)

o? 7 o? 3 o? ) o? 3

Using the well known integral representation of the Airy function,
: 1 izu+ttud
AI(:E) = — du e 3
2 T
we obtain (2.I4]), upon substituting ¢ = u + z"—; and p=v+ z"2—2

6.2 Decay of density

The asymptotic eigenvalue density when o, — 0o can be computed directly as the large n limit of the
density, as expressed in (Z.I8)), by an appropriate steepest descent analysis of K;;™. We will instead
give a simple heuristic argument by calculating the large o limit of the density of the interpolating Airy
process, after rescaling by a factor o, and recover the same expected decay of the density. Roughly
speaking this amounts to saying that the same limit is obtained on the one hand if o, — oo with n,
and on the other if the large n limit is taken with ¢ remaining constant, and then letting ¢ tend to
infinity.
Changing variables ¢t = ov in the integral in (2.I4]), we obtain

0.26%06—1—03&—172 o)

Gy

where R = 0+/(03/4 + v+ €)2 + 7% and tan 6 = n(03/4 +v + &)~L. Using the large argument asymp-
totics of the Airy function, (2.15]), this can be written

po(Q) 1= K5 (0, 0C) = dv €' Ai(Re™)Ai(Re™™),

7‘7 Otoic—n’ 30

pol6) = g | o D1k, (62

Since # < 1, we can expand in @, and replace the highest order term with its constant value 6y = 4n/03,
leading to the approximate integrand e% (), where

3 0" Ao 4+ €)\*? 67>
gg(v)—va—g<l+T> <1——>,
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defined for v > —03/4 — €. For fixed (, g, attains its maximum at vy ~ —¢, which stays of order 1 as
o — 0o. Since g”(v) is also of order 1 for v < o, and g% (v) = O(c~3), expanding around v = 0 up to
second order in v will give the main contribution to the integral in (6.2]). Neglecting terms of order

o1, we calculate g,(0) = —0%/6 — o3¢ + 1% — €2, ¢/.(0) = —2¢, and ¢7(0) = —2, which gives

lcr6—|—<73§—172 (%) 6 . (%)

€s o Sey, 2 g2 2 1 2 1

5 —% —0°+n =& —26v—v* _ —(+v)? _

Po(C) — 5372 /0 dve 6 = 537 /0 dv e = - erfc(§)

7 Open problems

There are several open problems left for future work. First of all, regarding universality, it would
be very interesting to show that the interpolating kernel we have found also appears in the scaling
limit for models with more general non-Gaussian weight functions, for instance the class of harmonic
potentials.

A second question is regarding the other symmetry classes 8 = 1,4, where we expect different
interpolating Airy kernels, generalizing the corresponding Airy kernels for real eigenvalues. Perhaps
the relations between the corresponding kernels pointed out recently in [5] could open a simple way
to obtain these.

A somewhat more ambitious task is to investigate whether or not the relation between the Tracy-
Widom distribution and the Painlevé II solution has an analogue in the complex plane. It is possible
that this will require a better understanding of the corresponding Riemann-Hilbert problem mentioned
earlier.
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