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Reliable H, Filtering for Discrete Time-Delay
Systems with Randomly Occurred Nonlinearities

via Delay-Partitioning Method

Yisha Liu, Zidong Wang and Wei Wang

Abstract

In this paper, the reliable H, filtering problem is investigated for a class of uncertain discrete time-delay systems
with randomly occurred nonlinearities (RONs) and sensor failures. RONs are introduced to model a class of sector-
like nonlinearities that occur in a probabilistic way according to a Bernoulli distributed white sequence with a known
conditional probability. The failures of sensors are quantified by a variable varying in a given interval. The time-varying
delay is unknown with given lower and upper bounds. The aim of the addressed reliable H, filtering problem is to
design a filter such that, for all possible sensor failures, RONs, time-delays as well as admissible parameter uncertainties,
the filtering error dynamics is asymptotically mean-square stable and also achieves a prescribed H,, performance level.
Sufficient conditions for the existence of such a filter are obtained by using a new Lyapunov-Krasovskii functional
and delay-partitioning technique. The filter gains are characterized in terms of the solution to a set of linear matrix

inequalities (LMIs). A numerical example is given to demonstrate the effectiveness of the proposed design approach.
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I. INTRODUCTION

Filtering problem has been playing an important role in control engineering and signal processing that has
attracted constant research attention [2,14]. The well-known Kalman filtering is the most representative one
among various filtering approaches. For Kalman filtering, the variance of the estimation error is minimized
under the assumption that the noise processes have exactly known statistical properties. However, it has been
recognized that the standard Kalman filtering algorithm might not guarantee satisfactory performance when
the statistical information of the noise is unknown [1]. To handle this problem, the H, filtering scheme has
been well developed whose main idea is to design an estimator for a given system to estimate a combination
of unknown states such that the Lo gain from the exogenous disturbance to the estimation error is less than
some prescribed level v > 0. In the past years, various approaches, which include the linear matrix inequality
(LMI) approach [3,5,10,23,26,28,35] and Riccati equation approach [7,33], have been developed to deal with
the H., filtering problem.

In practice, nonlinearity is a main resource that contributes significantly to the system complexity [13,27].
As such, the H, filtering problem for nonlinear systems has been gaining increasing research attention and
a great deal of results have been available in the literature. For example, the H, filtering problem has
been investigated in [21,23] where the nonlinearities are assumed to satisfy the sector-bounded conditions.
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With respect to general stochastic systems, the nonlinear H, filtering problem has also been paid great
efforts in [15, 16, 34]. It is worth mentioning that, however, a number of practical systems are influenced
by additive randomly occurred nonlinear disturbances that are caused by environmental circumstances. For
example, in a networked environment, such nonlinear disturbances may be subject to random abrupt changes,
which may result from abrupt phenomena such as random failures and repairs of the components, changes
in the interconnections of subsystems, sudden environment changes, modification of the operating point of
a linearized model of nonlinear systems, etc. As explained in [20], such nonlinear disturbances may occur
in a probabilistic way and are randomly changeable in terms of their types and/or intensity, which are then
named as randomly occurred nonlinearities (RONs). It should be pointed out that, up to now, the control
and filtering problems for discrete-time systems with RONs have not received adequate research attention yet
despite their engineering importance in networked control systems.

Due to the finite switching speed of the amplifiers, time-delays are frequently encountered in dynamical
systems. The existence of time-delays may deteriorate the system performance and even result in the instability
of the systems. As such, in the past few years, a great number of results have been reported for the systems
with various types of delays, such as constant time-delay [17,18,25,31], time-varying delay [6,24,35], distributed
delay [12,22,29], etc. Recently, the co-called delay partitioning technique has been widely used to address the
stability analysis problem of time-delay systems, which has proven to be very effective in reducing the possible
conservatism of the stability criteria. For example, in [9], a delay decomposition approach was proposed to
deal with the stability issue for linear neutral systems with time delays. In [36], the stability and stabilization
problem was investigated for delayed T-S fuzzy systems by using delay partitioning approach. On the other
hand, it is quite common in practice that the measurement output of a stochastic dynamic system contains
incomplete observations because of temporal sensor failures. Therefore, it is not surprising that the reliable
filtering problem in the presence of possible sensor failures has recently attracted much attention. In the past
few years, a number of results have been reported for linear or nonlinear systems, see, e.g., [8,11,19,32,37].
However, up to now, the H., reliable filtering problem for uncertain discrete-time systems with randomly
occurred nonlinearities and time-varying delays has not been fully investigated, which gives the motivation of
our present investigation.

In this paper, we consider the reliable H, filtering problem against sensor failures for a class of uncertain
discrete-time systems with norm-bounded uncertainties, time-varying delay and RONs. The main contribu-
tions are as follows. 1) First of all, the RONs model and the sensor failure model are introduced. RONs are
introduced to model a class of sector-like nonlinearities whose occurrence is governed by a Bernoulli distributed
white sequence with a known conditional probability. 2) The sensor failures are described by a variable taking
values in some interval, and such a description is more practical than the conventional outage case. 3) Next,
asymptotically mean-square stability conditions of the filtering error dynamics with a prescribed H, perfor-
mance level are obtained by using a novel Lyapunov-Krasovskii functional and delay-partitioning technique.
4) Then, we introduce a variable to realize the decoupling between the Lyapunov matrices and the filtering
error system matrices, which can reduce the conservativeness. Based on the decoupling idea, we design a
reliable H, filter whose gains can be obtained by solving a set of LMIs. Finally, a simulation example is
utilized to illustrate the effectiveness of the developed approach.

Notation The following notation will be used in this paper. R™ denotes the n dimensional Euclidean space.
The notation X > Y (respectively, X > Y'), where X and Y are symmetric matrices, means that X — Y

is positive semi-definite (respectively, positive definite). E{z} stands for the expectation of the stochastic
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variable x. I and 0 represent the identity matrix and a zero matrix with appropriate dimension, respectively.
For a matrix R, R” represents its transpose and diag {Ry, Ry, ...} denotes a block diagonal matrix whose
diagonal blocks are given by Rq, Ro,.... In symmetric block matrices, the symbol * is used as an ellipsis
for terms induced by symmetry. Matrices, if they are not explicitly stated, are assumed to have compatible

dimensions.

II. PROBLEM FORMULATION

Consider the following discrete-time uncertain stochastic nonlinear system:

i1 = (A+AA)z+ (Ag+ AAg) T—qa, + Dwi, + EES (x),

yr = Chizr + Diwg,
2z, = Cuy,
T = Pk, k:_dMu_dM+17"'707 (1)

where z;, € R™ is the state; yi € R™ is the measured output vector; z; € R" is the signal to be estimated;
wy € RY? is the exogenous disturbance signal belonging to s [0,00); dj denotes the time-varying delay with
lower and upper bounds d,, < di < djps. Note that the lower bound of delay d,, can be always described
by d,, = 7m where 7 and m are integers. ¢y is the initial state of the system. A, Ay, C, Cy, D, D1 and
E are known real matrices with appropriate dimensions. AA and AAy are unknown matrices representing

parameter uncertainties that are assumed to satisfy the following admissible condition:
[AA AAyj)=MF[N Ny, FFT<I (2)

where M, N and N, are known constant matrices with appropriate dimensions.

The nonlinear function f (z) satisfies the following sector-bounded condition:
[f (z) — Tva)' [f (z) — Tox] <0,  VzeR" (3)

where T7 and T5 are known real matrices of appropriate dimensions and T' = T7 — 15 is a symmetric positive
definite matrix.

Remark 1: Tt is customary that the nonlinear function f (z) is said to belong to sectors [Tn, Ti]. The
description in (3) is quite general that includes the usual Lipschitz conditions as a special case, see [20] for the
discussion on the sector-like nonlinearities. Note that both the control analysis and model reduction problems
for systems with sector-like nonlinearities have been intensively studied, see e.g. [12,21].

The stochastic variable £ € R, which accounts for the phenomena of randomly occurred nonlinearities

(RONSs), is a Bernoulli distributed white sequence taking values of 1 and 0 with

Prob {gk = 1} = 6_7

Prob{& =0} =1—¢, )

where € € [0 1] is a known constant.
When the sensors experience failures, we consider the following sensor failure model to describe the measured

signal sent from sensors:

yr = Gyk (5)
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where the sensor fault matrix G is defined as follows:

0§Q:diag{gl,...,gp} <G =diag{g,...,9p} <G =diag{g1,...,gp} <1 (6)
in which the variables g; (i = 1,...,p) quantify the failures of the sensors.
Let
. G+G . 9, T a1 9, 9

Go = diag {go1,---,90p} := = = diag { =L I < , (7)

2 2 2

. g g1 — 9p— 9
G = diag {g1,....Gp} == ng :diag{gl 2g1,..., P 2—”}. (8)

We can rewrite G as follows:
G=Go+ A=Gy+diag{¢1,...,9p}, |oi| < Gi, (i=1,...,p). 9)
In this paper, we consider the following reliable filter:

&y = Apiy+ Bryg,
Zp = Cyiy (10)

T
where Ay, By and Cf are parameters to be determined. By defining n;, = { a:;f j:;f } , we have the following

filtering error system:

Mes1 = Ang+ Agng_a, + Bwy, + &Ef (Zn),
e, = Oy (11)

where ey, = zp — 2 is the estimated error, and

A = A+A4 0 A 0 + M F[N 0]:A+MFN,
| B;GC) Ay B;GCy Ay 0

. [ Ay + A4, 0O Ag 0 M I

Ay = at d = d + <F|:A@ 0] =A;+ MFNy,
i 0 0 0 0 0

N D . . E

B = , Cz[o—cf}, E= , Z:[I 0}.
| ByGD, 0

In this paper, we aim to determine the parameters Ay, By and Cj for the reliable filter (10) such that,
for all admissible sensor failures, randomly occurred nonlinearities (RONs), time-varying delay, parameter
uncertainties and exogenous disturbance, the filtering error system (11) satisfies the following requirements:

(a) The filtering error system (11) is asymptotically mean-square stable.

(b) Under the zero-initial condition, the estimated error ey, satisfies

S B {Jlerl?} <42 > {ul} (12)
k=0 k=0

for all nonzero wy, where v > 0 is a prescribed scalar.
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III. MAIN RESULTS

The following lemmas are needed in the proofs of our main results in this paper.
Lemma 1: Let J = JT, M and N be real matrices of appropriate dimensions with F satisfying FFT < I,
then J + MFN + NTFTMT < 0 if and only if there exists a positive scalar e such that

J+e*MMT +eNTN <. (13)
Lemma 2: [30] Let x € R™ and y € R™. Then, for any scalar x> 0, we have

ely+yle < paTz+ ptyly. (14)
First of all, let us deal with both the stability analysis issue and the H., performance analysis issue in the
case that the parameter matrix describing the sensor failures is known. Sufficient conditions for the addressed
problem are represented via an LMI approach.
Theorem 1: Consider the filtering error system (11) with known sensor failure parameter matrix G and a
prescribed Hs, performance index v > 0. If there exist matrices P > 0, 1 > 0, Q2 > 0, Q3 > 0, S; > 0,
So > 0, Ry, Ro, R3 and a scalar p > 0 such that the following linear matrix inequalities hold,

[ Q * * * * * * * * % |

MRT -8 % * * * * * * *

)\ngT 0 -8y =x * * * * * *

PWp, 0 0 —P =« * * * * *

A5 0 0 0 -5 = * * * * <0, (15)
A9 SoE 0 0 0 0 =55 % * * *
A3PWp, 0 0 0 0 0 —-P =x * *
AS1Wp, 0 0 0 0 0 0 -5 = *
A5S5oWp, 0 0 0 0 0 0 0 =Sy =

Wp, 0 0 0 0 0 0 0 0 -1

[ Q * * * * * * * * % |

MRT -8 % * * * * * * *

)\gRgT 0 -8y =x * * * * * *

PWhp, 0 0 —P =« * * * * *

A5 0 0 0 -5 = * * * * <0, (16)
A9 SoE 0 0 0 0 =55 % * * *
A3PWp, 0 0 0 0 0 —-P =x * *
AS1Wp, 0 0 0 0 0 0 -5 = *
A5SoWp, 0 0 0 0 0 0 0 =Sy =

Wp, 0 0 0 0 0 0 0 0o -1
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where

W PWp, + WE Q1Wo, + WE,Q2Wa, + WE.QsWo, — uT — *WIW,
+RWg, + (Rl WR1) + RQWR2 RQWR2) + RgWRS RgWRS) ,

VT, Ay =dy —m, =/E(1-¢) =/TE(1-¢)
VE( &) (dar — 7m), )\sz/dM—Tm+1_,

Qi 0 ~ | Q O ~ | ® 0
0 —Q1]7 Qz—[ 0 —Q2]7 Qg_[ 0 —-Q3

A 02n,2mn Ad 02n, EE B :|7 WP2 = [ 02n,2mn+6n EN 02n,q ]7

)

[2n 02n,2mn+5n+q } ) WP4 = |: C Onc,2mn+5n+q } ) == WP1 - WP3,

I2mn 02mn,7n+q o I2n 02n,2mn+5n+q
, Wo, = ,
02mn,2n I2mn 02mn,5n+q 02n,2mn+4n I2n 02n,n+q

)\6 I2n O2n72mn+5n+q ]
)

O2n,2mn+2n [2n 02n,3n+q

I2n _I2n 02n,2mn+3n+q :| ’ WRz = [ 02n,2mn I2n _I2n 02n,3n+q :| )

n,2mn-+2n n  12n n,n-+q ’ w — q,2mn+Tn q ’
O2n2mn+2n 12 Ipn 02 W Og.2mn+7n 1.

VAN VA * * *
0 0 ~ ~
e T Bi= (L T ) 2, To= - (0 + 1) /2,
T2 Z On,2mn+4n [n *
0q,2n 0q,2mn+4n Oq,n Oq

in which n¢ is the number of row in matrix C, then the filtering error system (11) is asymptotically mean-

square stable with an H., disturbance attenuation level ~.

Proof: Let us first show that, under the zero-initial condition, the estimated error ey satisfies (12) for

all nonzero wy. Choose a new Lyapunov-Krasovskii functional candidate:

where

Vie = Vi + Vo, + Vag + Vi, (17)
Vlk = 7711;P77k,
k-1 k—1
Vo = > ITQiTi+ D 0l Qami,
i—h—7 i—k—d
—tm+1

Va = > Z ! Qani,

j——d]w—l—ll k— l—l—]
—tm—1 k-1

-1
Vi = 225515+Z > 67Sa0;

Jj=—Ti=k+j j=—dp i=k+j
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with
Us
0i = Nit1 — N, VRS m._T
Ni—(m—1)7

Calculating the difference of V}, along the system (11) under the zero-initial condition, we have
E{AVy} =E{AViy} + E{AVoi} + E{AV3;} + E {AVik} (18)
where
E{AVy} = E { [Ank + Agiip—a, + Bwi + EEf (Zm) +(& — €) Ef (an)} "p
[A M + Aang—a, + Bwg + EEf (Zng) +(& — &) Ef (an)} - mmec}
= { Ay, + Agny_q, + Buwy + EEf (Zﬂk)]T P [Ank + Agng—_a, + Bwy +EEf (ch)}

+€(1=8) /7 (Zn) ETPES (Zne) =l P |
= E{af (WA PWp, +&(1— &) WL PWp, — WhHLPWp,) ai}, (19)

E{AVy} = E{TTQiTx —TT_ QiTkr + 0} Qonk — 1} _a,, Q2Mi—dn }
= E {Oé% (WC€1Q1WQ1 + W52Q2WQ2) ak} ) (20)

i=k—d

k—tm
E{AVs} = E {(dM —Tm+ )0l Qamk — Y 77?@3771}

< E{(dy — mm+ 1) nf Qs — nf_q, Q3Mk—a, }
= E{o} (W3,QsWq,) ar}, (21)

E{AVx} = E {% (751 + (das — 7m) So) 8 — % 67 816; — k_i 15?52@- - k f: 1 5?525,}
i=k—1 i=k—dy, i=k—dp

{ [Aﬁk + Agnp—ay, + Bwi + EEf (Zmy,) — 774 ! (751 + (dy — 7m) S2)

[ M + Aqn—a, + Bwg + EEf (Zny,) — }

+E(1=8&) 1 (Znk) E* (751 + (dy — ™m) S2) Ef (Zny)

(1
k— k—mm—1 k—di—1
Z olsie— > oS- Y 5?525,}

i=k—dy, i=k—ds

i=k—T1
= E{af (tEVS1Z+ (dar — 7m) ETSHE + 7€ (1 — &) WE, S1Wh,
g —) dy — Tm) WP2SQWP2) (a3

(1-
k—1 k—rm—1 k—dp—1
— Y Sis— Y 6 Sdi— Y 6 Sy, (22)

i=k—1 i=k—dj, i=k—das
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with

Ok = [ Pg ng—'rm ng‘_dk ng—dM fT (Zk) wg ]

According to the definition of d;, for any matrices Ry, Ro and Rs, the following equations always hold

k-1
20f Ry [k —mh—r — ) 5i] =0,

i=k—T1

k—1m—1

20[%R2 Nk—rm — Nk—d;, — Z 6| =0,

On the other hand, note that (3) is equivalent to

which implies

where p > 0.

To analyze the Ho, performance of the filtering error system (11), we introduce the following index:

J (e,w)

i i=k—dy |
[ k—dp—1

20f R3 | M—dy — Mh—day — Z 0| =0.
i i=k—dys

T T
T N; 2 T < 0
f(2) Ty I f(2)
_Nagfak > 07

IN

[e.e]
Z E{e}gek — 72w£wk}
k=0

ZE{egek — wlwy, + AV} +E{Vo} —E{Vso}
k=0

o0
Z E{ezek — yzwgwk + AVk}.
k=0

(23)

(24)

(27)
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From (19)-(25) and (27), we have

E{egek — yzwgwk + AVk}

< E{af {Q+ Wi PWp, + 7ETS1Z + (dpr — 7m) ETS,2
+E(1 =) WhPWp, + 7€ (1= ) WA S1Wp, + & (1 — &) (dy — 7m) WE, SaWp,
+WEWp, + TR1STRT + (d), — 7m) RSy ' RS + (das — di) R3Sy ' RS } .}
k—1
— 3" (516 + Rfew)" 57" (816 + R oy,)
i=k—T1
k—1mm—1 T
— Y (820 + Ry ox)” Syt (S20i + RS ay)
i=k—dy,
k—d,—1 .
— > (S20i+ Rjcu) Sy (S20i + RY o)
i=k—d
< E{of {Q+ Wi PWp, +7ES1E + (dy — 7m) ET 8,2

+E(1 =) WhPWp, + 7€ (1 = ) WA S1Wp, + € (1= &) (dy — 7m) WE, Sa W,
+WEWp, + 7R ST RT + (dy — 7m) RaSy ' RY + (dar — di) R3Sy "RY } oy}

= E{of {Q+ Wh PWp, +7ETS1E + (dar — 7m) ELSoE + 7R1STIRT
+E(1 =) WEPWp, + 7€ (1 — ) WA S1Whe, + & (1 = &) (dar — 7m) Wi, SaWp,

dy —d
ﬁ) (dpr — ™m) RgSz_leT} ak}

dk—Tm

+WE W, + <dM — m> (dyr —7m) RoSy 'RY + (

d, —™m T — T —

+E (1= &) WEPWp, + 7€ (1 — ) WA S1Wp, + € (1 — &) (dm — mm) W}, SaWp, + Wi, Wp,
dy —d
+7Ri1STIRT + (dar — 7m) RoSy ' RY) + (H) (Q+ WE PWp, + 7ETS1Z + (dyy — 7m) ETS,=
—
+E (L= &) WhHPWp, + 7€ (1= ) WA S1Wp, + & (1= &) (day — 7m) Wi, SaWp, + Wi, W,
+7R1ST'RY + (dv — 7m) R3Sy 'RY) b ayg ) (29)

By Schur complement, it follows from (15) and (16) that E{efek — 2wl + AVk} < 0, which implies
that J (e,w) < 0. Therefore, the inequality (12) holds for all nonzero wy. Similar to the above deduction, we
can show that the forward difference of Vi with w = 0 satisfies AV, < 0, which indicates the filtering error
system (11) is asymptotically mean-square stable. This completes the proof. |

Remark 2: The delay partitioning technique has been widely used to deal with time-delay systems that has
shown the potential of reducing conservatism, see [36]. In Theorem 1, asymptotically mean-square stability
conditions of the filtering error system with a prescribed H., performance level have been obtained based
on the delay partitioning technique. The conditions can be checked by solving a set of LMIs. Note that the
dimensions of the LMIs depend on the partitioning number m.

Theorem 2: Consider the filtering error system (11) with known sensor failure parameter matrix G and a
prescribed Hy, performance index v > 0. If there exist matrices P > 0, @1 > 0, Q2 > 0, Q3 > 0, S; > 0,
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So >0, Ry, Ro, R3, H and a scalar 4 > 0 such that the following linear matrix inequalities hold,

Q
MRT
Ao RT

HTWp,
MHTZ
M HTZ
A3sHTWp,
MHTWp,
AsHTWp,
Wp4

Q
M RT
Ao RT
HTWp,
MHTZ
M HTZ
A3 HTWp,
MHTWp,
AsHTWp,
Wp,

where

Hp=P—H—-HT,

O O O O O o o O

*

|
A

O O O O o o o o

Hg, =S —H—-HT,

10
<0, (30)
<0, (31)

Hg, =Sy, —H—HT,

O, Wp,, Wp,, Wp,, E, A1, A2, A3, A1 and A5 are defined as in Theorem 1, then the filtering error system (11)

is asymptotically mean-square stable with an H, disturbance attenuation level ~.

Proof:  Using the fact P — H — H' > ~H'P™'H = Hp, Sy — H - H" > ~H"S;'H = Hg, and
So—H—HT > —HTSQ_IH = ﬁSQ, we can obtain that

Q
AlR{
Mo RT

HTWp,
MHTZE
MHTZ
A3 HTWp,
MHTWp,
AsHTWp,
Wp,

*

|
N

O O O O o o o o

0
0
0

0
0
0

)
)
)

fls,
0
0

*
x
*

Hg,
0

*
*

*

-1

<0, (32)

Then, pre- and post-multiplying (32) by diag {I, I,I,PH " SiH T, S H T PHT S H T, S,HT, I} and
its transpose lead to (15). Similar to the above deduction, from (31), we can obtain that (16) holds. Thus,

the proof is completed.
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Remark 3: In Theorem 2, by introducing a variable H, the coupling between the Lyapunov matrices and
the filtering error system matrices will be eliminated. Such a newly introduced variable H does not present
any structural constraint such as symmetry, which is supposed to lead to potentially less conservative results.

In the following theorem, the uncertainties satisfying (2) will be eliminated in order to facilitate the actual
filter design.

Theorem 3: Consider the filtering error system (11) with known sensor failure parameter matrix G and a
prescribed Hs, performance index v > 0. If there exist matrices P > 0, Q1 > 0, Q2 > 0, @3 > 0, S; > 0,
So >0, Ry, Ro, R3, H and scalars p > 0, € > 0 such that the following linear matrix inequalities hold,

Q * * * * * * * * * * *
MRT —-S1 % * * * * * * * * *
AQR;F 0 -85 * * * * * * * * *

HTWp, 0 0 Hp * * * * * * * *

MHTZ 00 0 Hs, * % k% % %

MNHTZ 0 0 0 0 Hs, A I A PP
MNHTWp, 0 0 0 0 0 Hp x % % %
MH™Wp, 0 0 0 0 0 0 Hg, = * * *
MNsH™Wp, 0 0 0 0 0 0 0 Hg, = * *

Wp, 0 0 0 0 0 0 0 0 I x *
0 0 0 MTH MMTH MMTH 0 0 0 —ef =«
ell 0 0 0 0 0 0 0 0 0 0 —el
[ Q * * * * * * * * * * * |

M RT =57 % * * * * * * * * *

)\2R3T 0 -85 * * * * * * * * *

HTVT/p1 0 0 Hp * * * * * * * *

MHTZ 00 0 Hs, * % k% % %

N HTZ 0 0 0 0 Hg, - x ok % | <o, (34)
MNHTWp, 0 0 0 0 0 Hp x % % *
MHTWp, 0 0 0 0 0 0 Hs, * * *
MNsH™Wp, 0 0 0 0 0 0 0 Hg, = * *

Wp, 0 0 0 0 0 0 0 0 I =« *

0 0 0 MT'H MMTH MTH 0 0 0 0 —el =x

ell 0 0 0 0 0 0 0 0 —el

where
Wp, = [ A Opomn Ag 02, EE B ] , Wp, = [ Iy, 02 2mn45n+q ] ;
I = [ N Opyomn Ni Oy it } , E=TWWp, — Wp,

ny is the number of row in matrix N, Q, Wp,, Wp,, A1, A2, A3, Ay and A5 are defined as in Theorem 1,
and Hp, Hg, and Hg, are defined as in Theorem 2, then the filtering error system (11) is asymptotically

mean-square stable with an H,, disturbance attenuation level ~.
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Proof: According to Schur complement, it can be seen that (33) is equivalent to

Uy +e'MMT +eNTN <0, (35)
where
[ Q * * * * * * * * % |
/\1RF{ -51  * * * * * * * *
/\2Rg 0 -5 = * * * * * *
HTWp, 0 0 Hp = % x o
S MHTE 0 0 0 Hg * % %
YTl MHTE 0 0 0 0 Hs, x ok % x|
MNHTWp, 0 O 0 0 0 Hp =* * %
MH™Wp, 0 0 0 0 0 0 Hg = *
ANsH™Wp, 0 0 0 0 0 0 0 Hs, =
i Wp, 0 0 0 0 0 0 0 0o -1 |
- B B _ T
M = [ Oy 2mnitingg MTH MMTH XoMTH 0, |
N = |: II OnN,l’?n )
in which nj,s is the number of column in matrix M.
By Lemma (1), we can obtain that
- - AT
wy+ MFN + (MFN)" <0, (36)

which is equivalent to (30). Similar to the above deduction, from (34), we can obtain that (31) holds. There-
fore, the filtering error system (11) is asymptotically mean-square stable with an H,, disturbance attenuation
level . This completes the proof. |
Based on Theorem 3, we will solve the problem of reliable H, filter design.
Theorem 4: Consider the filtering error system (11) with known sensor failure parameter matrix G and a
prescribed Hy, performance index v > 0. If there exist matrices Py > 0, Py, P3 >0, Q1 > 0, Q2 > 0, Q3 > 0,
S11 > 0, S, S13 > 0, So1 > 0, Sa9, Soz > 0, Ry, Ro, R3, Hi, Ho, Hs, A, B, é and scalars uw>0,e>0 such

that the following linear matrix inequalities hold,

[ o3 * * * * * * * * * * « ]
AlR{ —Pg * * * * * * * * *
/\gRg 0 —-dg = * * * * * * * *

dy 0 0 Py * * * * * * * *
A1 Ps 0 0 0 Py * * * * * * *
o A3 0 0 0 0 P9 * * * * * * <0, (37)

A3y O 0 0 0 0 P9 = * * * *
MPy O 0 0 0 0 0 ®; * * *
APy O 0 0 0 0 0 0 P15 = * *

b5 0 0 0 0 0 0 0 0o —-I = *

0 0 0 D7 AMDP7r AP, 0 0 —el %

ePg 0 0 0 0 0 0 0 0 —el



SUBMITTED 13

P, * * * * * * * * * * *
MRT —®g * * * * * * * * *
/\2R3T 0 —-dg = * * * * * * * *
o2 0 0 Py * * * * * * * *
A1 Ps 0 0 0 Py * * * * * * *
~ A ® 0 0 0 0 iJ
$— 2®P3 12 * * * * * * < 07 (38)
)\3<I>4 0 0 0 0 0 <I>10 * * * * *
)\4@4 0 0 0 0 0 0 (1)11 * * * *
A5 Dy 0 0 0 0 0 0 0 ®9 = * *
d5 0 0 0 0 0 0 0 0 —-I «x *
0 0 0 P; NP7 D7 O 0 0 0 —el =«
edg 0 0 0 0 0 0 0 0 0 0 —el
where
O = —WEPWp, + WL Q1Wo, + WE,Q:Wa, + WE QsWq, — uT — v*WIW,
+RiWg, + (R1WR1)T + RoWg, + (RQWR2)T + R3Wkg, + (RgWRS)T,
Pox _ 0 _ Q 0 7 Q; 0
P = ! ) Ql = Ql ) Q2 = ° s Q3 = ° 3
P P 0 - 0 —Q2 0 —Qs
o | HTA+ BGC, A 0Onomn HTAy 0,3, EHTE HTD+ BGD,
> 7 | HFA+BGC, A Ongmn HTAg Opsn EHTE HID+ BGD; |’
o — | HTA— HY + BGC; A—HY Opomn HTAy Ops, EHTE HTD+ BGDy
7 | HTA-HT + BGO, A—HT Opomn HTAg Opsn EHTE HID+BGD, |
[ On 2mn—+6n H?E On q A
@ = ’ ’ 5 @ = |: C _C On mmn n :| )
! L 0n,2mn+6n H?C,FE On,q ° c.2mntonta
CI)G = N OnN,2mn+n Nd OnN,4n+q ] ’ (I>7 = [ MTHI MTH3 } )
[ S P —H,— HT
Py = S R I P T ' s ) r |
| Si12 Si3 S22 Sa3 P, — Hy—H; P3— Hy— H,
-Sll—Hl—Hf * Sgl—Hl—Hf *
¢ = T r | Q2= T T
_SlQ—HQ—Hg 513—H2—H2 SQQ—HQ—HS Sgg—HQ—H2

and Wp,, Wo,, Wo,, Wao,, Wgr,, Wr,, Wg,, Wy, T, A1, A2, Az, Aq and A5 are defined as in Theorem 1, then
the filtering error system (11) is asymptotically mean-square stable with an H,, disturbance attenuation level

~. Moreover, the parameters of the desired filter are given as follows:

~

Ap=Hy,T"A, By=H,"B, C;=C. (39)
Proof: First, let us partition H as

H= [ Hy Hs ] (40)
o, H,
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where Hs is nonsingular without loss of generality. Furthermore, partition P, S7 and S5 as

P, S S
o e O A T R S I (41)
P, Py Si2 Sis Sz Sas
Then substituting (39)-(41) into (33) and (34), we can get (37) and (38) immediately. This completes the
proof. |

In Theorems 1-4, with known sensor failure parameter and disturbance attenuation lever v, we obtain the
asymptotic stability conditions of the filtering error system (11) and design an H, filter based on a linear
matrix inequality approach. In the following theorem, a design procedure for the desired filter parameters will
be provided in the case that the failure parameter matrix is unknown but satisfies the constraints (6)-(9).

Theorem 5: Consider the filtering error system (11) with a prescribed H,, performance index v > 0. If
there exist matrices P; > 0, P, P53 >0, Q1 >0, Q2 >0, Q3 > 0, S11 > 0, S19, S13 > 0, S91 > 0, S99, Sog > 0,
Ri, Ry, R3, Hi, Hy, Hs, fl, B, C and scalars > 0,& >0, 0 >0 such that the following linear matrix

inequalities hold,

A P
T R P ()
| P21 Do |
N |
T L (43
®o1 Do
where
[ P, * * * * * |
MRT —dg * * *
. MR 0 —®y * *
Py = _ ,
P, 0 0 P * *
)\1&)3 0 0 q>11 *
A®; 0 0 0 @
[ P, * * * * * |
MRT —dg * * *
_ MR 0 —®y x  x %
Q1 = _ )
P, 0 0 P * *
)\1&)3 0 0 0 Py *
)\Qci)g 0 0 0 0 @12
[ M@, 00 0 0 0 ]
My 0 0 O 0 0
M®s 0 0 O 0 0
N - P 0 0 O 0 0
o1 = Pgy = ° ,
0 0 0 &7 MNPy MNP
ebg 0 0 O 0 0
0 0 0 (1)13 )\1(1)13 )\2(1)13
Py 0 0 O 0 0
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Doy = 522:diag{@lqu)lla@127_17_517_517_06_27_O'I}a

5, _ [ HT A+ BGoCy A Ouzpn H{ Ay Onge EHTE H{D+ BGoD |
| H A+ BGoCr A Onomn Hi Ag Opg, EHJE Hi D+ BGoDy
5, _ | H{A—H] +BGoCi A~ H] Ouamn H{As Onsa EHTE HID+BGoD |
| H{A—HJ + BGoCy A—Hy Opomn Hi Ag Opzn EHJE Hi D+ BGoDy
®13 = BT BT |, b1y = [ C1 Ong, 2mny6n D1 ]7

nc, is the number of row in matrix C;, @1, &4, 5, g, 7, s, Py, P19, P11 and P2 are defined as in
Theorem 4, and A\, A2, A3, Ay and A5 are defined as in Theorem 1, then the filtering error system (11) is
asymptotically mean-square stable with an H,, disturbance attenuation level v. Moreover, the parameters of

the desired filter are given as follows:

A~

Ap=Hy,TA, By=H,"B, C;=C. (44)

Proof:  From (9), we know that ® in (37) can be rewritten as

&=+ WIAV + VTAW, (45)
where
[ P4 * * * * * * * * * * .
)\1Rr{ —bg  x * * * * * * * * *
MRY 0 —®y o« * * * * * * * *
i 0 0 L2 * * * * * * * *
A1 D3 0 0 0 Pqq * * * * * * *
o — A®3 0 0 0 0 P x  x % ox % *
)\3(1)4 0 0 0 0 0 (1)10 * * * * * ’
)\4(1)4 0 0 0 0 0 0 (1)11 * * * *
A5 Dy 0 0 0 0 0 0 0 @19 * *
D5 0 0 0 0 0 0 0 0 —-I = *
0 0 0 (1)7 )\1(1)7 )\2(1)7 0 0 0 —el *
edg 0 0 0 0 0 0 0 0 0 0 —el
= [0 0 0 @5 M5 Mz 0000 0 0],
Vo= _<1>1400000000000}.

From Lemma 2 and (9), we have
d< P +o 'WIGPW +oVIV =0. (46)

By Schur complement, (42) implies that ® < © < 0. Similarly, from (43), we can get that (38) holds. There-
fore, the filtering error system (11) is asymptotically mean-square stable with an H,, disturbance attenuation
level . This completes the proof. |

Remark 4: The robust H. filter design problem is solved in Theorems 5 for the addressed uncertain non-

linear stochastic time-delay systems. We derive an LMI-based sufficient condition for the existence of desired
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filters that ensure the mean-square asymptotic stability of the filtering error dynamics and reduce the effect
of the disturbance input on the estimated output to a prescribed level for all admissible uncertainties. The
delay-partitioning approach has been exploited to deal with time-delay systems that has shown the advantages
of reducing conservatism when thinning the delay fractions.

Remark 5: Our main results are based on the LMI conditions. The LMI Control Toolbox implements
state-of-the-art interior-point LMI solvers. While these solvers are significantly faster than classical convex
optimization algorithms, it should be kept in mind that the complexity of LMI computations remains higher
than that of solving, say, a Riccati equation. For instance, problems with a thousand design variables typically
take over an hour on today’s workstations. However, research on LMI optimization is a very active area in
the applied math, optimization and the operations research community, and substantial speed-ups can be

expected in the future.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, we present an illustrative example to demonstrate the effectiveness of the proposed method.

Consider the system (1)-(4) with parameters as follows:

A |03 o] A_[O.l 0] D_[o.5] E_[O.l o]
T loooe] T lo 02T T los|T T 0 o]

C = :0.1 0.2}, Dy = 0.5, Cz[o.l —0.1],

Moo= |1 1}T, N=]0001 0001, Ne=|[o0001 0001, £=o0s.

The nonlinear function f (zy) is chosen as
T
Fan) = [ O5eptme) 1 000y + 0.lg 0321, + 0370 |

2 1+m§k+mgk

which can be bounded by

Ty =

0.2 0.1 -01 0
, T, = .
0 0.2 —0.1 0.1
The time-varying delay dj, satisfies 2 < d < 4 and let m = 1. The sensor fault matrix G is assumed to satisfy
0.5 < G < 0.9. Then, we can obtain that Gy = 0.7 and G = 0.2. Let F = sin (k) and wy, = exp (—k/20) x ny,
with ng being uniformly distributed over [—0.05,0.05]. The H., performance level is taken as v = 0.5.

Solving the LMIs (42) and (43) by using the Matlab LMI Toolbox, we can obtain the parameters of the

desired filter as follows:

0.2558  0.0619 —0.4257
f = s Bf =

, Cy=| —0.0767 0.0883 |.
—0.1240 0.5129 —1.7332

The simulation results are shown in Figs. 1-2, where the trajectory and estimation of z, are given in
Fig. 1 and the estimated error ey is given in Fig. 2, which confirm that all the expected system performance

requirements are well achieved.

V. CONCLUSIONS

In this paper, the reliable H., filtering problem has been studied for a class of discrete-time systems

with sensor failures, randomly occurred nonlinearities, bounded state delay and norm-bounded parameter
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Fig. 1. zj (solid) and Zj; (dashed) Fig. 2. the estimated error e

uncertainties. A new Lyapunov-Krasovskii functional and delay-partitioning technique have been used to

design a filter for all admissible uncertainties such that the filtering error system is asymptotically mean-

square stable and achieves a prescribed Hy, performance level. The filter gains have been characterized by

the solution of a set of LMIs. An illustrative example has been exploited to show the usefulness of the results

obtained. The future research topics would include the extension of the main results developed in this paper

to more general complex systems such as networked systems with random packet losses, general stochastic

systems, polynomial nonlinear systems and functional differential equations of the neutral type.
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