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y-averaging maps are clear. To see equiproperness of f; we note first
that from equiproperness of g it follows:

dy <<b71 <gg{g’ yi(d)(gt(«f)))) O <5%1717y yi(@ﬁ(.r)))) > 6(x)
= dy <a’fl <g%1717y yi(ﬂ(&))) o <9;%1717y yi(&))) > 8(67 ()

while the second line holds for all £ = ¢(z) € S™ and ¢ > 0. Due to
(3) we can express the Hausdorff distance as

i (o7 (10 o (cm 16

= max min |z —wl|
;ea,r1(ronvieﬂgﬂ(fi(g))) wE€STL(conviem yi(E))
= max min |z — w]|.

d(z)Econvcm yi(f(€)) d(w)Econv;cm yi(€)
With this preparation we show equiproperness of the f;’s
i (s ' (1) comy (9
tem tem

= max min
CEconvicm YiH(Fi(€) wEconviem yi(€

(—w
)ll Il

= max min|16(z) = ()l
¢(Z)€C("1Vieﬂ yi(f1(&)) (’6(7’:)6("0]1‘/16& yi(€)
>L max min |z —wl|

6()Econv g m y (f1(&)) S(w)Econyem y(€)
> Lo(o71(6))
where L is the Lipschitz constant of ¢~ *. Now for £(t) = ¢(x(t)) it

follows &(f + 1) = o (ge(x(1)) = o(g:(6™ 1 (E(1)))) = fi(&(t)). By
virtue of Theorem 2.4, £(t) — ¢ where ¢ € S™ is a consensus and
hence, x(t) — ¢~ *(c) € T™ which is also a consensus. [ |
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Exponential Stabilization of a Class of Stochastic System
With Markovian Jump Parameters and Mode-Dependent
Mixed Time-Delays

Zidong Wang, Yurong Liu, and Xiaohui Liu

Abstract—In this technical note, the globally exponential stabilization
problem is investigated for a general class of stochastic systems with both
Markovian jumping parameters and mixed time-delays. The mixed mode-
dependent time-delays consist of both discrete and distributed delays. We
aim to design a memoryless state feedback controller such that the closed-
loop system is stochastically exponentially stable in the mean square sense.
First, by introducing a new Lyapunov-Krasovskii functional that accounts
for the mode-dependent mixed delays, stochastic analysis is conducted in
order to derive a criterion for the exponential stabilizability problem. Then,
a variation of such a criterion is developed to facilitate the controller design
by using the linear matrix inequality (LMI) approach. Finally, it is shown
that the desired state feedback controller can be characterized explicitly in
terms of the solution to a set of LMIs. Numerical simulation is carried out
to demonstrate the effectiveness of the proposed methods.

Index Terms—Discrete time-delays, distributed time-delays, Markovian
jumping parameters, mixed mode-dependent (MDD) time-delays, sto-
chastic systems.

I. INTRODUCTION

It is now well known that time-delays are frequently encountered in
practical systems such as engineering and biological systems, and their
existence may induce instability, oscillation, and poor performances
[1], [4], [5]. Time delays may also arise in several signal processing
areas such as multipath propagation, telemanipulation systems, data
communication in high-speed internet and network control systems [2].
According to the way time-delays occur, they can be classified as dis-
crete (point) delays [16] and distributed delays [10]. In the past few
years, considerable attention has been devoted to the robust stabiliza-
tion and H. control problem for linear and nonlinear time-delay sys-
tems, and a great number of papers have appeared on this general topic,
see [2] for a survey.

Markovian jump systems (MJSs) involve both time-evolving and
event-driven mechanisms, which can be employed to model the abrupt
phenomena such as random failures and repairs of the components,
changes in the interconnections of subsystems, sudden environment
changes, etc. The issues of stability, stabilization, control and filtering
have been well investigated, see e.g. [1], [3], [7], [9], [13], [15], [16],
[19]. On another research forefront, since stochastic phenomenon typ-
ically exhibits in many branches of science and engineering applica-
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tions, a great deal of attention has been devoted to the stochastic sys-
tems governed by Itd stochastic differential equations, and a variety of
works have been published with respect to the stability and stabilization
of Itd-type stochastic systems. Naturally, stochastic systems with Mar-
kovian jumping parameters have also received considerable research
attention, see e.g. [11], [16], [18], [19].

Although the stabilization problem for stochastic Markovian
jumping systems with discrete time-delays has been well investigated,
there has been very little literature on the mixed mode-dependent
(MDD) time-delays comprising distributed ones. MDD time-delays
are of practical significance since the signal may switch between dif-
ferent modes and also propagate in a distributed way during a certain
time period with the presence of an amount of parallel pathways.
It is, therefore, the purpose of this technical note to close such a
gap by making one of the first few attempts to deal with the control
problem for a class of stochastic systems with MDD delays. The main
contributions of this technical note lie in the following aspects: 1)
mode-dependent distributed delays are introduced in the system model;
2) a new Lyapunov-Krasovskii functional is proposed to account for
the mode-dependent distributed delay; 3) a unified delay-dependent
LMI framework is developed that tackles the “complexity” consisting
of Markovian jumping parameters, MDD time-delays, external distur-
bances and Ito-type Brownian motions.

Notations: Throughout this technical note, R" and R" *"™* denote, re-
spectively, the n dimensional Euclidean space and the set of all n X m
real matrices. The superscript “7™” denotes the transpose and the nota-
tion X > Y (respectively, X > Y) where X and Y are symmetric ma-
trices, means that X — Y is positive semi-definite (respectively, positive
definite). [ is the identity matrix with compatible dimension. For b >
0, C([—h,0]; R™) denotes the family of continuous functions ¢ from
[—h, 0] to R™ with the norm || || = sup_, <y« |¢(#)|, where |- | is the
Euclidean normin R" . If A is a matrix, denote by || A|| its operator norm,
ie., |[|A]| = sup{||Az|| : |#] = 1} = \/Amax(AT A) where Amax(+)
(respectively, Amin (+)) means the largest (respectively, smallest) eigen-
value of A. 1>[0, o] is the space of square integrable vector. Moreover,
let (2, F, {Fi},~- P) be acomplete probability space with a filtration
{F.},, satisfying the usual conditions (i.e., the filtration contains all
P-null sets and is right continuous). Denote by L% ([—h, 0]; R") the
family of all F,-measurable C'([—h, 0]; R")-valued random variables
&€ = {&#) : —h < 6 < 0} suchthatsup_p.y<o E[E(F)|® < oo
where E{-} stands for the mathematical expectation operator with re-
spect to the given probability measure P.

II. PROBLEM FORMULATION

Let r(¢) (¢t > 0) be a right-continuous Markov chain on the prob-
ability space (€2, F, {F:},~,, P) taking values in a finite state space
S =1{1,2,..., N} with generator IT = (7;;) 5, v given by

: : : A+ o(A) ifi # j;
Pr(t A) = (t) =1} = J ’ ’

P{r(t+A)=jlr ) =i} {1+7riiA+o(A), ifi= .
Here A > 0 and 7;; > 0 is the transition rate from 7 to j if i # j
while m;; = — Zj;ﬁi Tij.

Consider, on a probability space (£, F, {F:},~. ), the following
stochastic system with mode-dependent mixed time delays and Mar-
kovian switching of the form:

do(t) = [A(r(t) x(t) + B (r(t) v (t — 71.001))

+ C(r(t)) f(z(s))ds
=T r(1)
+g (z(t). 2 (t = 11,00 - 1) + D (r(t) u(t)] dt
+o (,r(t),m (t — le,,([)) .t r(f)) dw(t),
x(t) =o(t),t € [-7,0]

(1a)
(1b)
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where x(t) = [z1(t), z2(t),- -+, 2. (t)]" € R™ is the state vectors;
the n x n matrices A(¢), B(¢), C'(¢) and n X ¢ matrices D(i) (i € S)
are known constant matrices; f(-) : R® — R" is a nonlinear vector
function and ¢(+,-,-) : R™ x R™ x R — R" serves as an external,
mode-dependent, nonlinear disturbance. In (1a), (1b), u(¢) € R?
is the control input; 7; ,.(;) stands for the discrete mode-dependent
time-delay, while 7, describes the distributed mode-depen-
dent time-delay; 7 := max{r ;| = 1,2,j = 1,2,...,N} and
¢ € L?:O ([—7,0]; R™) is the initial condition; w(#) represents a scalar
Wiener process (Brownian motion) on (€2, F, {Ft},-,.P) that is
independent of the Markov chain () and satisfies E[w(¢)] = 0,
E[w?(t)] = t.o(-,~+-) : R" x R" x Ry x S — R" is a Borel
measurable n-dimensional vector function.
In this technical note, we make the following assumptions:

o (gt ()] < plal, o (0,0,0,7(1) =0 ©)
(f(x) = Foa)t (f(2) — Fow) <0, f(0)=0 3)
lg(x, g, O)]* < |Gial” +|Gayl’,  9(0,0,00=0 (4

where p is a positive scalar constant and Fi, F», G1 and G2 are known
constant matrices.

Note that the sector-like nonlinear description in (3) is quite gen-
eral that includes the usual Lipschitz conditions as a special case [8].
According to (3), (4), it can be deduced that f(0) = ¢(0,0,¢t) = 0,
and then the system (1) admits a trivial solution, i.e., z(t) = 0 corre-
sponding to the initial data ¢ = 0.

Definition 1: The system (1) with u(t) = 0 is said to be exponen-
tially stable in mean square sense if there exist positive constants v > 0
and x> 0 such that every solution z(¢; ¢) of (1) satisfies

Ele(t; ¢)|” < ve ™ sup Elo(s)[*, VE>0.

—r<s<0

Let u(t) = K(r(t))xz(t) be the state feedback controller where
K(i) € R (i € 8) are controller gains to be designed. Then, the
closed-loop system can be given as follows:

() = [(4 (r(1)) £ D (r(6)) K (r(1))) ()
+B(r(t)= (t - ler(t))

+Co) [ s
t—=7o r(t)
g (), w (t— 7100 o 1)] dt
+o (z(t),x (t = 711,00)) >t (1)) dw(t), (5a)
z(t) =o¢(t), te[-70]. (5b)

Definition 2: The system (1) is said to be exponentially stabiliz-
able in the mean square sense if there exists a state controller u(t) =
K (r(t))2(t) such that the closed-loop (5) is exponentially stable in the
mean square sense.

The main purpose of this technical note is to deal with the stability
analysis and the exponential stabilization problems for a class of non-
linear system with Markovian jump parameters and mode-dependent
mixed time-delays.

III. EXPONENTIAL STABILITY

Lemma 1: [6] For any matrix M > 0, scalar v > 0, vector function
w : [0,9] — R™ such that the integrations concerned are well defined,
the following inequality holds:

T ~ ~
Y Y

]w(s)ds M /w(s)ds <7 /wT(s)J\/fw(s)ds

(0)

Before proceeding, it is worth pointing out that the joint process
(x(t),r(t)) is not Markovian. By definition, a Markov process is a sto-
chastic process which assumes that, in a series of random events, the
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probability of an occurrence of each event depends only on the imme-
diately preceding outcome. This captures the idea that its future state is
independent of its past states. However, from (1a), (1b), it is easy to see
that the derivative of the system state = at time ¢ is expressed in terms
of = att and earlier instants. Consequently, the evolution of the system
state  is dependent on not only its present state (at time t) but also
its past states (over the interval [¢ — 7 t]). Therefore, the joint process
(x(t), r(t)) is not a Markov process.

Let us now consider the exponential stability of the system (1) with
u(t) = 0. Denote

F‘i = m?],X{T‘,j’],j E S}a Zi = Hlin{'l_,j“j,]’ E S} (7 = 172>7
Fio= (FR+FF) /2 b= (F+F)/p

T = max{—m;;,i € S}.

Theorem 1: System (1) with w(¢) = 0 is exponentially stable in
the mean square sense if there exist a set of positive scalar constant
{A\!,i € S}, two positive definite matrices () and R, and a set of
positive definite matrices {F;,7 € S} such that the following LMIs
hold:

Py < X1, @)
= P, B(1) F, PC(G) P
¥« —Q+GIG, 0 0 0

Q= | = % Ay 0 0 <0 (8)
ES % 1 0

T2,i
* * * -1
where

m
Pi=) P
7=1

2, =PAG)+ ATOP+ P+ (1477 —1,)Q
+ A7 - L+ G Gy, ©)

1
A; = {TMJF 57 (75 _zg)] R-1. (10)
Proof: By (8), we can find a scalar o > 0 such that
~ 501}1 0
Q= Q; < 0. 11
+ { 0 ()} (1D

As discussed previously, { (x(t),7(t)),t > 0} is not a Markov process.
In order to cast our model into the framework for a Markov system, let
us define a new Markov process {(z¢, r(t)).t > 0} with 2(s) =
2(t + s), =7 < s < 0 [14], where the evolution of x; is dependent
on its present state only. Note that x; is fundamentally different from
x(t) in that x; is a functional but x(¢) is a function of ¢.

Consider the following stochastic Lyapunov functional candidate for
the system (1) with u(¢) = 0:

V (xt,t,7(1))

=T () Prpya(t) + :L'T(S)Q;L'(s)ds

t=T1 r(t)

+ 7 7 / 2" (0)Qx(h)dbds

T t—s

T t
+c0/ / 2" (8)x(0)dbds

0 t—s
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T2,r(t) t

| / F' (2(8)) Rf (x(8)) dbds

0 t—s

+

S~

u

+fr// / 1 (@(0) Rf (x(8)) d8dsdu (12)

t—

&

where co = &o/7.

Let £ be the weak infinitesimal generator of the random process
{(x¢,7(t)),t > 0} along the system (1) with u(t) = 0 (see [11],
[18]). Then, we have

LV (20,t,0)
= lim sup [E{V (zita,t+ A, r(t+ A))|wy, r(t) =i}
A—0+
=V (xe, t,r(t) = i)
=227 ()P, (A()a(t) + B(i)a(t — m1.0)

+ C(iQ) / fx(s))ds

t—72
+g (x(t), 2(t = 710), 1))
+ ol (2(t).x(t — 110),t,0) Pio (a(t), w(t — 71,).t.7)
+ Z miat (O Pje(t) — 2t (t = 71.0)Qu(t — 1)
Jj=1
¢

T (5)Qu(s)ds

m
+ E 55
j=1

+ 771 — 1))’ () Qu(t)

=715

T1

— T_r/:cT (t—3)) Qu(t — s)ds
7 f1 (2(0) B (1))

- / F7 (alt = ) Rf (@(t = 5))ds + 2" (1)Qa(t)

+2 [ [ 5 @) Rs ot dois

+7 [ [ fT () Rf (a(t)) dsdu
/]

_fr/o/fT (x(t—s))Rf (x(t — s))dsdu

P

5

r

+ corz’ (t)x(t) — co /arl'(t — s)x(t — s)ds. (13)
0
Notice that
- fr/:cr(t — 5)Qx(t — 5)ds
= -7 / ;L’T(S)QLL’(S)LZS, (14)

t—71
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T2,i
- / F* (olt = ) RS (a(t - 9))
0
t
- / £ (2(s)) RS (a(s)) ds,
t—T

fr// £7 (x(t)) Rf (2(t)) dsdu

c
)—\

=57 (7" = 1°) 7 («(t) RS (x(1)),

T2

[\D

-7

/fT (z(t —s))Rf (x(t — s))dsdu

B
(=)

= —T]/ £ (2(8)) Rf (x(6)) dfds,

T, t—s

r

—co /,rT(t —s)a(t — s)ds
=—cp / m'T(s);r(

Also, it is not difficult to see that

Z i

s)ds.

t

/ x (s Qzx(s)ds

t—T1 5
< Zm]‘ / T ($)Qu(s)ds + i / T (5)Qu(s)ds
i# -
17.11
<7 2" (5)Qu(s)ds
t—7
and
T2t
ZTU (x(8)) Rf (x()) dbds
[1
t
<> m x(0)) Rf (x(0)) dbds
J#i U/t/e

—I—"T,,//f (2(8)) RS (2(8)) dbds

<7 / / £ (2(8)) RS (2(8)) déds.

Ty t—s
Furthermore, it follows readily from (2) and (7) that
o’ (I(t)vw(t - ‘—11")7'['7 i) Pio (T(t)x(t -7 ,i)et Z)
< Amax (P)a " (2(t), 2(t — 714),1,4)
X o (x(t),x(t —711;),t,14)
< APt () (t).
Substituting (14)—(21) into (13) results in
LV (2, t,7)

10

15)

(16)

an

(18)

19)

(20)

ey
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< 22" ()P (A(i)x(t)+B(i)x(t—

71,:)+C (%)

X / fle(s))ds+g (x(t), x(t—71 ),t))

+ 3 mat (Pt + (14707 — 7)) 2" (HQa(t)
j=1
— ,rT(f —711,))Qu(t — 11;)

- /fT(x(s))Rf(;c(s))ds

+(mat 37 (7 =2)) 1 ) RS 1)
+ )\*ple (t)x(t) + coxt (t)a(t)

t

—co | 2t (s)x(s)ds. (22)
t—7
From Lemma 1, it follows that:
t
- / 7 (2(s)) Rf (2(s))ds
t—ro
t T t
< —’__1 . / f(z(s))ds| R / f(=(s))ds. (23)
= f—72i t—7o 4
Moreover, we can obtain from (3) and (4) that
oty 1° { B —Fg} { a(t) }
s <0 24
{m(m} —E 1 | ey ® @Y
and
g (@), x(t —710). 1) g (2(t), 2t — 710),t) —
2" (OGT Gra(t) — 2" (t— 71 )GY Gox(t — 71 5) < 0. (25)
To this end, we can conclude from (22)—(25) that
t
LV (x4,t,7) < 7 (DQE(H) — co / " (s)x(s)ds  (26)
t—r
where
Ei(t) = [:L'T(t) =) 7))
. T
/ I (z(s))ds g (x(t),z(t — T1,),t)
t—72
Since Q < 0, one has (2 DOQER) < Amax(Q)ET (HE(t) <

Amax ()2 ()a(t) < Ax? (t)a(t), where X = ma‘({/\mdx(ﬁ )},
and then it follows from (26) that

LV (we,t,0) < AT () (t) — co / aT(s)a(s)ds.

t—1

@7

In order to deal with the exponential stability of (1), we consider
L[e**V (2, t,4)] with > 0 being a constant to be determined later.
It is obvious that

L[V (2, t,0)] = e [uV (x1,t,0) + LV (2, £,9)] . (28)



1660 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 55, NO. 7, JULY 2010

Letting Ao = 1;1&3({/\max (P;)}and Ay = ;11ié1{/\min (P;)}, we can In order to facilitate the controller design problem, we provide a vari-
1es < ation of Theorem 1 as follows.

verify that
Theorem 2: System (1) with u(¥) = 0 is exponentially stable in the

Vi(we,td) <N’ ()(t) mean square sense if there exist a set of positive scalar constant {v;,i €
+(cot+ (1 4+7F1 — 7)) Amax(Q)) S}, two positive definite matrices Z and R, and a set of positive definite
t ~ matrices {X;,¢ € S} such that the following LMIs hold:
X / @ (s)z(s)ds + (?2 + % (?z - Ij))
2 Xi>wvl 35)
i
X Amax(R) / T ((s)) f (w(s))ds. (29) and (36), shown at the bottom of page, where
T L =A)X: + X, AT () + 7 Xs + B()ZBY (i)Y + 1,  (37)
TFrom (3), it can be infgrred that thf_:re exists a constant ¢ such that Xi=[/TuXi,. ... VT X JTi1 Xy /T Xi),  (38)
Fia(t) f(x(t)) < px' (t)z(t) which, together with (29), implies 5 - - -
that (11‘:(11(‘106{X11...,AXifl,/‘XH,l,...,)Sn},
, r=14+7(T1 — 1)) (39)
V(e t.i) < Xox' (H)a(t) + oo / z' (s)a(s)ds (30)  and A; is defined in Theorem 1.
t—r __Proof: By Schur Complement, the inequality (36) is equivalent
to €2; < 0, where
where

—1
Y, —=TI: NzaT -G r T
g0 = cor + (14 71 — 1)) e (Q) Q, =10, + B(i)ZG (I CgZGZ) G-ZB" (i)

_ T . 2 o oo -1 o
+ (Tz +5 (72— Iz)) 0Amax(R). - X, BATR X+ Oi) <_21 _ B> (i)
Since A < 0 and ¢o > (),‘we can alv&‘/a.ys choose a constant p small S XoB X+ X.GY G X + ﬁXiXi
enough such that the following inequalities hold: Vi
5\+IIVXD <0 +I<£XF1Z71XL'+ZTTUXL'X;1XT¢. 40)
’ 31 e
—co + oo < 0. J

As aresult, it follows from (27), (28) and (29) that L[e"'V (x4, 1,7)] < Also, it follows from the matrix inversion lemma that:

. A —1 —1
0. By the generalized It6 formula (cf. [12]), one has ZGf (I _ GQZGg) GoZ = (Z—l _ GZTGQ) —Z @)

PEV (24t 7 (t
¢ (e, .7 () Substituting the above inequality and (37) into (40) yields that

t

< EV (0,0, 7(0)) + IE/e’”L‘V (2s,5.7(s))ds G =AOX; + XA (D) +mXi+ 1
0 . —1 T -1 _r,. Y oa—1 BT
Bi) (727 - G BT (i) = X: AT FT X,
< EV (0,0,7(0)). (32) + BG) ( G GQ) (@) 25002
1 -! , e B
On the other hand, it follows from (30) that +C(i) <,/_9 : R) C'(i) - XiF1 X, + X:G] G\ X,
/' e e A Y y . > 2 2
EV (20, 0,r(0) < Qo+ om) _sup Efe(s)". (3) + LXK 42T X Y m XN XL @)

JFi
It is obvious that EV (2, ¢, 7(t)) > A E|z()|>. Then, from (32)

and (33), it follows that: Letting P, = )(;1 N Q = Z 'and Af = ]./I/,', we know that ﬁ, <0

is equivalent to P;; P, < 0. It is easy to verify that

XO + O0T —pnt 2 .
—Ao e —j;-l‘;)SOIE |o(s)] (34) PP = PAG) + 4! ()P, + 7P + D,

—1 o o
+ P.B(i) (Q - GZGg) BT()P, — BAT Y

E|z(t;0)° <

which completes the proof of Theorem 1. |

1,  B(HZGT  X:F» C() X: X.G] pXi X, X ]
¥ T4+ G2ZGT 0 0 0 0 0 0 0
* * A; 0 0 0 0 0 0
* * * - T;.i R 0 0 0 0 0

Qi=| « * * * Fd‘fl 0 0 0 0 <0 (36)

* * * * 0 I 0 0 0
* * * * 0 0 —v; 0 0
* * * * 0 0 0 -1z o0

|« * * * 0 0 0 0 -]
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—1

-I-R;C(72)< L R> TP - I
T2,i

+ GFIFGH + /\:/)2[—1— KQ + Zﬂ'ijpj,

J#i
-1
=Z+ PP +PB() (Q-GIG) BTGP,

-1
- BAT'E + P.C(i) <T1 R> (P, (43)
2,4
which, by Schur Complement, implies that the inequality P;Q2; P; < 0
is equivalent to (8), that is to say, U < 0is equivalent to (8). On
the other hand, the inequality (35) is equivalent to the inequality (7).
Therefore, by Theorem 1, the system (1) is exponentially stable in the
mean square sense, and the proof of this theorem is complete. ]

In Theorem 2, LMI-based conditions are provided for synthesis pur-
pose for the open-loop system. Next, we aim to characterize the con-
troller gain in Theorem 3, which is an easy consequence of Theorem
2, and therefore the proof of Theorem 3 is omitted.

Theorem 3: System (1) is exponentially stabilizable in the mean
square sense if there exist a set of positive scalar constant {v;,i € S},
two positive definite matrices Z and R, a set of matrices {Y;,7 € S}
and a set of positive definite matrices {X;,7 € S} such that the LMIs

X, > vl (44)

and (45), shown at the bottom of page, hold, where T; = A(i)X; +
X; AT+ DY, +Y DT () + 7 X;+B() ZBT (i) + I, and &,
Pa, ’& and A, are defined in Theorem 2. Furthermore, if the LMIs
(44), (45) are feasible, the state feedback gain matrix can be taken as
K@) =YX ',icS.

Remark 1: The features of the main results can be summarized as
follows: 1) a new Lyapunov-Krasovskii functional is introduced to ac-
count for the mode-dependent distributed delay; 2) a sector-like non-
linearity is imposed on the function concerning the distributed delays;
and 3) a new delay-dependent approach is developed to obtain the
LMI-based stabilizability conditions.

IV. A NUMERICAL EXAMPLE

In this section, an example is presented here to demonstrate the effec-
tiveness of our main results. Consider the system (1), where the nom-
inal system matrix A is taken from the linearized model of an F-404
aircraft engine system in [17]
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is assumed to be 0.4 when r(¢) = 1 and 0.2 otherwise. Therefore, we
have

—1.46 0 2.428
A(l)= |0.3643 —-0.2 -0.3788
0.3107 O —2.23
—1.46 0 2.428
A(2)= [0.2643 —-0.3 —0.3788
0.3107 0 —-2.23
In stochastic system (1), we let
-1 0.1 0.2 -1 0.1 0.2
B(1)=]02 =2 0 ,B(2)=| 0 -2 0.2 |,
L 0 —-0.1 -0.5 0 =01 -0.5
0.5 0.2 -0.1 0.1 0.2
c(H=| 0 0.8 03 |,D(1)=|05 0.2
|—-0.1 0 0.5 0 0.5
(0.5 0.2 0
a@2)=|0 08 0|, D(Q):{_O(-]iir) gg}
103 0 0.5

and 711 = 0.4, 721 = 0.6, 712 = 0.3, 722 = 0.5. Moreover, for the
nonlinear functions, we let

~16 02 0.1 04 02 0.1
=02 —17 o |,m=]02 03 0],
01 0 —17 0.1 0 03
)
G =Gy = gl p=0.3. (46)

With the above parameters and by using Matlab LMI Toolbox, we
solve the LMIs (44) and (45) to obtain a feasible solution for X, Xs,
Y1,Y5, Z, R, vi, v (the values are omitted for space saving). There-
fore, it follows from Theorem 3 that the stochastic system (1) with the
given parameters is exponentially stabilizable in the mean square sense,
and the resulting feedback gain matrices are

8.4485  —20.4250  3.5847
K =Y X;'= .
tredh {—22.4767 10.0976 —14.9234]'
42836  —25.1256  1.7919
K =YX, ' = .
2T {—23.3595 3.6641 —12.7366]

Numerical simulation further confirms the obtained results. Figs. 1-3
show that the states x1, x2 and x3 of the closed-loop system asymptot-

1.46 0 2.498 ically approach zero indeed.
A(t) = [ 0.1643 4+ 0.56(t) —0.4+ 6(t) —0.3788 Remark 2: The nonlinear function f(z) in (3) belongs to the
’ 0.3107 0 993 so-called sector [F}, F]. Note that
2
with §(¢) being an uncertain model parameter. Let A(¢) be subject to [f () = Flm]T [f(x) = Fox] = |f(x) — @T
a Markov Process r(¢) with N = 2 and the transition rate be given 1 7 r
as 1 = —3, m2 = 3, w1 = 4, myy = —4. The uncertainty 6(t) _Zf (Fo = F) (P —Fx (47)
(Y. B()ZGY X:FB, CG) X X.GY X Xi &
I+ G.ZGY 0 0 0 0 0 0 0
* * A; 0 0 0 0 0 0
* * * — 1_‘)1 -R 0 0 0 0 0
Qi=| % * % «  FTU0 0 0 0 | <0 (45)
* * * * 0 -1 0 0 0
* * * * 0 0 —v; 0 0
* * * % 0 0 0o - %Z 0
| * * * * 0 0 0 0 - |
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Fig. 1. Trajectory of 21 of the closed-loop system.

0.05 T T T T .

-0.05¢ ]

X,(t)

-0.15¢ 1

Fig. 2. Trajectory of 2> of the closed-loop system.
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0
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Fig. 3. Trajectory of x5 of the closed-loop system.

Usually, F> — F) is a symmetric positive semi-definite matrix, i.e.,
F, — Fy > 0. In this case, the relationship (47) reduces to

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 55, NO. 7, JULY 2010

[f(x) = Fra]l' [f(x) — Faa]

flx) - #r‘ — imT(Fz - ).

(48)

Also

[f(z) = Fiz]" [f(z) — Fax]
(k) x(k)

. {f“'””)r BFT _f] itin] @

where Iy = (F{ Fy + F{ F\)/2 and F, = (F{" + F1)/2.

Eq. (26), together with (48) and (49), implies that the less is F» — F7,
the less is LV (z, ,1), which is better for the system (1) to maintain
its stability.
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