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Discrete-Time Recurrent Neural
Networks with Time-Varying Delays:
Exponential Stability Analysis

Yurong Liu, Zidong Wang®™, Alan Serrano and Xiaohui Liu

Abstract

This paper is concerned with the analysis problem of exponential stability for a class of discrete-time recurrent neural
networks (DRNNs) with time delays. The delay is of the time-varying nature, and the activation functions are assumed
to be neither differentiable nor strict monotonic. Furthermore, the description of the activation functions is more general
than the recently commonly used Lipschitz conditions. Under such mild conditions, we first prove the existence of the
equilibrium point. Then, by employing a Lyapnuov-Krasovskii functional, a unified linear matrix inequality (LMI)
approach is developed to establish sufficient conditions for the DRNNs to be globally exponentially stable. It is shown
that the delayed DRNNs are globally exponentially stable if a certain LMI is solvable, where the feasibility of such an
LMI can be easily checked by using the numerically efficient Matlab LMI Toolbox. A simulation example is presented
to show the usefulness of the derived LMI-based stability condition.
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I. INTRODUCTION

The last few decades have seen successful applications of recurrent neural networks (RNNs) to a variety
of information processing systems such as signal processing, pattern recognition, optimization, model iden-
tification and associative memories, where the rich dynamical behaviors of RNNs have played a key role. It
has recently been revealed that signal transmission delays may cause oscillation and instability of the neural
networks (see e.g. [1]). Therefore, various analysis aspects for RNNs with delays have drawn much attention,
and many results have been reported in the literature. In particular, the existence of equilibrium point, global
asymptotic stability, global exponential stability, and the existence of periodic solutions have been intensively
investigated, see [2,3,16,20-24] for some recent publications.

Note that, up to now, most recurrent neural networks have been assumed to act in a continuous-time manner.
However, when it comes to the implementation of continuous-time networks for the sake of computer-based
simulation, experimentation or computation, it is usual to discretize the continuous-time networks. In fact,
discrete-time neural networks have already been applied in a wide range of areas, such as image processing [4],
time series analysis [10], quadratic optimization problems [18], and system identification [27], etc. In an ideal
case, the discrete-time analogues should be produced in a way to reflect the dynamics of their continuous-
time counterparts. Specifically, the discrete-time analogue should inherit the dynamical characteristics of
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the continuous-time networks under mild or no restriction on the discretization step-size, and also maintain
functional similarity to the continuous-time system and any physical or biological reality that the continuous-
time network has [14,17]. Unfortunately, as pointed out in [15], the discretization cannot preserve the dynamics
of the continuous-time counterpart even for a small sampling period. Therefore, there is a crucial need to
study the dynamics of discrete-time neural networks.

Recently, the stability analysis problems for discrete-time neural networks have received considerable re-
search interests, and various stability criteria have been proposed in the literature, see e.g. [11,19,26,28-30]
and the references therein. In particular, in [11], the global robust stability problem has been investigated for
a general class of discrete-time interval neural networks which contain time-invariant uncertain parameters
with their values being unknown but bounded in given compact sets. In [19], by means of the uncovered
conditions, a set of sufficient and necessary conditions have been presented for global exponential stability of
a class of generic discrete-time recurrent neural networks. Some sufficient criteria have been derived in [26,29]
in order to ensure the asymptotic stability of the equilibrium point for a discrete-time Cohen-Grossberg neural
network model. In [30], the existence of periodic solutions has been proved for a non-autonomous discrete-time
neural network by using the topological degree theory.

On the other hand, due to the fact that time-delays can change the dynamical behaviors of neural networks
dramatically, discrete-time neural networks with time-delays have started to gain increasing research attention.
For example, in [12], some global exponential stability criteria for the equilibrium point of discrete-time
recurrent neural networks with variable delay have been presented with specific performances such as decay
rate and trajectory bounds. Based on the linear matrix inequality (LMI), in [13], the uniqueness and global
exponential stability of the equilibrium point have been investigated for discrete-time bi-directional associative
memory (BAM) neural networks with variable delays. In [25], by using coincidence degree theory as well as
a priori estimates and Lyapunov functional, the existence and global stability of periodic solution have been
studied for discrete delayed high-order Hopfield-type neural networks. Very recently, in [5], a class of discrete-
time neural networks involving variable delays have been dealt with, and sufficient conditions on existence,
uniqueness and globally exponential stability of the equilibrium point have been derived by applying M-matrix
theory and some analysis techniques.

It should be pointed out that, in all the papers concerning discrete-time neural networks with time-delay
mentioned above, the activation functions are assumed to satisfy the Lipschitz conditions, and the derived
stability criteria are mostly delay-independent which tend to be conservative. There is still room for improve-
ment, for example, reducing the conservatism under milder constraints. It is, therefore, our main purpose
of this paper to investigate the stability analysis problem of the exponential stability for a class of delayed
discrete-time recurrent neural networks under more general description on the activation functions, and ob-
tain less conservative stability criteria by using a unified linear matrix inequality (LMI) approach. It is shown
that the delayed discrete-time recurrent neural networks are globally exponentially stable if a certain LMI is
solvable, where the feasibility of such an LMI can be easily checked by using the numerically efficient Matlab
LMI Toolbox. A simulation example is presented to show the usefulness of the derived LMI-based stability
condition.

Notations: The notations are quite standard. Throughout this paper, R® and R™*™ denote, respectively,
the n-dimensional Euclidean space and the set of all n x m real matrices. The superscript “I” denotes matrix
transposition and the notation X > Y (respectively, X > Y) where X and Y are symmetric matrices, means
that X —Y is positive semidefinite (respectively, positive definite). For vector or matrix z, z > 0 means that
each entry of z is nonnegative. I, is the n x n identity matrix. |- | is the Euclidean norm in R™. If A is a
matrix, denote by ||A]| its operator norm, i.e., |A| = sup{|Az| : |z| = 1} = VAmax(ATA) where Apax(+)
(respectively, A\min(+)) means the largest (respectively, smallest) eigenvalue of A. Matrices, if not explicitly
specified, are assumed to have compatible dimensions. Sometimes, the arguments of a function will be omitted
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in the analysis when no confusion can arise.

II. PROBLEM FORMULATION

Consider the following n-neuron discrete-time recurrent neural network (DRNN) with time delays:

wi(k + 1) = agui(k) + Y by fi(us (k) + Y dijgy(u;(k — 7(k))) + Ji, (1)

j=1 j=1
i =1,2,...,n; which can be equivalently written in a vector form
u(k + 1) = Au(k) + BF(u(k)) + DG(u(k — 7(k))) + J, (2)

where u(k) = (ui(k),ua(k),...,u,(k))T is the neural state vector; A = diag(ay,as, ..., a,) with |a;| < 1 is
the state feedback coefficient matrix; the n x n matrices B = [bjlnxn and D = [d;j]nxn are the connection
weight matrix and the delayed connection weight matrix, respectively. The positive integer 7(k) denotes the
time-varying delay satisfying

Tm < 7(k) < 70, k€N, (3)

where 7,, > 0 and 73y > 0 are known integers. In (2), F(u(k)) = [fi(u1(k)), fo(ug(k)), ..., fr(un(k))]T
and G(u(k)) = [91(u1(k)), g2 (ua(k)), ..., Gn (un (k)] denote the neuron activation functions, and the constant
vector J = [Jy, Ja, ..., Ju]T is the exogenous input.

It is usually assumed that the activation functions are continuous, differentiable, monotonically increasing
and bounded, such as the sigmoid-type of function. However, in many electronic circuits, the input-output
functions of amplifiers may be neither monotonically increasing nor continuously differentiable, hence non-
monotonic functions can be more appropriate to describe the neuron activation in designing and implementing
an artificial neural network. In this paper, we make following assumptions for the neuron activation functions.

Assumption 1: Fori € {1,2,...,n}, the neuron activation functions f;(-) and g;(-) in (1) or (2) are continuous
and bounded.

Assumption 2: For i € {1,2,...,n}, the neuron activation functions in (1) or (2) satisfies

< fils) = fils2) _ 4

>4, \V/Sl, Sg € R7 (4)
S1 — 89
A. S — A. S
Ui_ S M S U;’_7 v317 82 S R? (5)
51— 82
where [, lj, v, vi'" are some constants.
Remark 1: The constants I, lj, v, fuj in Assumption 2 are allowed to be positive, negative, or zero.

Hence, the resulting activation functions could be non-monotonic, and are more general than the usual sigmoid
functions and the recently commonly used Lipschitz conditions. Note that with such a milder assumption,
the analysis methods developed in [5,12,13,25] cannot be applied directly, and a new approach will have to
be developed.

Remark 2: The discrete-time recurrent neural network (1) is a discrete analog of the well-known continuous-
time recurrent neural network of the form:

l‘l(t) = —aiiﬂi(t) + Z bijfj(l‘j(t)) + Zdijgj(xj(t — T(t))) +J;, i=1,2,...n, (6)
=1 =1

which has been investigated intensively in recent years, see [2,3,16,20-24] and the references therein.
According to Assumption 1, we have the following result:
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Proposition 1: Under Assumption 1, there exists an equilibrium point for the DRNN (2).
Proof: Since the activation functions are bounded, there exists a constant My > 0 such that |F(u)| <
My and |G(u)| < My, Yu € R™. It follows from |a;| < 1 that I — A is invertible. Now, denote B(r) =
{ueR" | |ul <r}withr =] —A)7Y(B|Mo + ||D|[ Moy + |J]), and define the map T : B — R™ by
T(u) = — A" <BF(u) + DG(u) + J) . Obviously, T is continuous map, and it follows readily that

T ()| < I =AM BIIE ()] + 1DIG(w)] + 1)

< I = A1 BI[Mo + ||D|| Mo + |T]).-

Hence, T maps B(r) into itself, i.e., T : B(r) — B(r). By Brower’ Fixed Point theorem, one can infer that
there exists a fixed point u* of T. Namely,

(I—A)~1 <BF(u*) + DG(u*) + J) =u",

or equivalently,
u* = Au* + BF(u*) + DG(u*) + J.
Therefore, there exists an equilibrium point of DRNN (2). [ ]

Obviously, if we could prove the global stability of the neural network, then the equilibrium point is unique
as well. For this purpose, we need the following definition.

Definition 1: Let u* = [u},u3,...,u;]T be a equilibrium point of the DRNN (2). Then, the DRNN (2) is
said to be globally exponentially stable if there exist constants 4 > 0 and 0 < v < 1 such that every solution
of the DRNN (2) satisfies

u(k) —w*| < pa®  max_fu(j) —u*|, k>0.
—Tm<j<0

In the rest of this paper, we will focus on the stability analysis of the DRNN (2). By utilizing Lyapunov-
Krasoviskii functional, we aim to develop an LMI approach for deriving easy-to-test sufficient conditions under
which the DRNN (2) is globally exponentially stable.

ITI. MAIN RESULTS

In this section, we shall establish our stability criteria based on the LMI approach.
For presentation convenience, in the following, we denote

+ -1 4 -1 + -1
Ly = diag(F T 10 o 1Y), Ly = ding(— 2 J;ll b 212 I ;l" ), (7)
v +ort _v;+v2_1 _v;{+vgl

T, = diag(v vy v vyt oo ), Ty = diag(— ) (8)

5 , 5 s s 5
Our main results are given in the following theorem.
Theorem 1: Under Assumptions 1 and 2, the DRNN (2) is globally exponentially stable if there exist two

diagonal matrices A = diag(A1, A2, ..., Ap) > 0, I' = diag(y1,72, ..., ¥n) > 0, and two positive definite matrices
P and @ such that the following LMI holds:

1 0 ATPB — AL, ATPD
0 —-Q-IT,y 0 T,
o = <0 9
BTPA — ALy 0 BTPB— A BTPD (9)
DTpPA T, DTPB DTPD-T

with

M=ATPA—P+ (ras — ™ + 1)Q — ALy.
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Proof: First, by Proposition 1, the DRNN (2) has an equilibrium point u*. For convenience, we shift the
equilibrium u* to the origin by letting x(k) = u(k) — u*, and then the DRNN (2) can be transformed into

z(k+1) = Az(k) + BF(x(k)) + DG(x(k — 7(k))), (10)

where z(k) = [z1(k), 72 (k), ..., 2, (k)]T € R" is the state vector of the transformed system, and the transformed

neuron activation functions are

F(x(k)) := (fi(z1(k), fo(x2(k)), s fu(a (k) = F(u(k)) — F(u”).

By Assumption 2, it can be verified readily that the transformed neuron activation functions satisfy

I < —f"(siz:f;(sz) <1, (11)
v < 92‘(81)—92‘(82) < Z+, (12)

51— 82

In order to show the stability of the DRNN (2), we just need to deal with the stability of the DRNN (10).
To this end, we introduce the following Lyapunov-Krasovskii functional:

V(k) = Vi) + Va(k) + Va (), (13)
where
Vilk) = a7 (k)Px(k), (14)
WE =S TOee0), (15)
i=k—r (k)
k—Tm

Va(k) = ) Zx (16)

j=k—Tp+1 i=]

Calculating the difference of V' (k) along the DRNN (10), we have
AV (k) = AVi(k) + AVa(k) + AV3(k), (17)
where

AVi(k) = Vi(k+1)—Vi(k)
= [Az(k) + BF(z(k)) + DG(z(k — 7(k)))' P
x[Az(k) + BF(z(k)) + DG (x(k — 7(k)))] — 2T (k) Pxz(k)
= 2T (k)ATPAx(k) + FT(x(k))BY PBF(x(k))
+GT (x(k — 7(k)) DT PDG(x(k — 7(k))))
+22T (k) AT PBF (x(k)) + 227 (k) AT PDG(x(k — 7(k)))
+2FT (2(k))BT PDG(x(k — 7(k))) — 2T (k) Pz(k), (18)



REVISED TO PLA 6

AVa(k) = Vao(k + 1) — Va(k)

k k—1
= Y @) - D 2T(1)Qu(i)
i=k+1—7(k+1) i=k—7(k)
k—1 k—1
=" (k)Qu(k) — 2 (k —r(k)Qu(k —r(k)) + > 2T(HQz()— Y & ()Qx(i)
i=k—7(k+1)+1 i=k—7(k)+1
k—1
= 2" (K)Qu(k) — 2T (k — 7(k)Qu(k —7(k) + Y " (1)Qux(i)
i=k—Tm+1
k—Tm k—1 '
Y O - Y JT(0)Qu()
i=k—7(k+1)+1 i=k—7(k)+1
k—Tm
< 2T (k)Qu(k) — 2T (k — 7(k)Qu(k —7(k) + > 2" (i)Qux(i), (19)
i=k—Tar+1
and
AVs(k) = Va(k +1) — Va(k)
k—mm+1 &k — T
= Z ZxT(z)Qx(z) — Z Zaz
j=k—TMm+2 i=j Jj=k— TM+12 =j
k—Tm k —Tm
= > Y 2T0)Qu) - Z Zaz (20)
j=k—71p+1i=75+1 Jj=k—7p+1 =]
k—Tm
= > (@"K)Qu(k) - 2T ()Qx(j))
j=k—1p+1
k—Tm
= (tn — )T (R)Qu(k) — > 2 (1)Qu(i). (21)
i=k—Tar+1

Substituting (18)-(21) into (17) results in
AV (k) = 2T (k) AT P Az (k) + FT (x(k)) BT PBF (z(k)) + GT (x(k — 7(k)))) DT PDG(z(k — 7(k))))
+ 22T (k) AT PBF (z(k)) + 227 (k) AT PDG(z(k — 7(k))) 4+ 2FT (2(k)) BT PDG (z(k — 7(k)))
—aL (k) Px(k) + (dys — d + D2t (k)Qz (k) — 2T (k — 7(k))Qx(k — 7(k))
= (k) Pig(k), (22)
where
&Ry = [2T(k) " (k—d(k) FT(z(k)) GT(x(k —7(K))]",
I 0 ATPB ATPD
0o -Q 0 0

BTPA o BTPB BTPD
pTpAa o DTPB DTPD

o, =

with I} = ATPA — P+ (dy — dn, + 1)Q.
From (11)-(12), we have
(fi(zi(k)) = I 2i(k)) (fi(wi(k)) — I 2i(k))
(gi(zi(k — 7(k))) — v zi(k — (k) (gi (2 (k‘ (k) —v; wi(z — 7(k)))
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which are equivalent to

r T
z (k) [Tl eiel el z(k) _
| (b)) ] [ e e || Fa®) ] =0 hEh e (25)
r T I
ok —7(k)) vl ee]  —Ugtiee] x(k — (k) _
| Gla(k—7(k)) ] [ T eie? Glalk — (k) ] <0, k=1,2...,n, (26)

where e denotes the unit column vector having “1” element on its kth row and zeros elsewhere.
Then, from (22), (25)-(26), one has

AV (k) < €T (k)D A x(k) g Il e; Lt T x(k)
()= £ he Z Pa@) | | Eer eer || Fak)
B zn:V' (k—7(k)) ! vf vy ezel —viﬂgvl eel x(k —7(k))
2 Gtk - 7)) | | M e Gla(k — 7(k))
T

= &1 (B2 (k) F(z(k)) AL, A F(z(k)) ]

. a;(k; — T(k)) PTl PTQ a;(k; — T(k))
G(z(k —7(k))) rrs T G(z(k — 7(k)))

= &7 (k) P& (k). (27)
Let \* = Apax(®). Then, from the inequality (9) and (27), it is clear that A* < 0, and
AV (k) < N |z(k) % (28)

Now, we are in a position to establish the exponential stability of the DRNN (10).
First, by the definition of V'(k), it is readily verified that

k—1
V(E) < prle(B)? +p2 Y |a()f, (29)
i=k—Tp
where
P11 = /\max(P)y P2 = (TM — Tm + 1)/\max(Q)- (30)

For any scalar p > 1, the inequality (29), together with (28), implies that

PV (k4 1) = pFV (k)
PETAV (k) + i (u — 1)V(/€)
—1

wi () |z (k)* + wa Z pF () (31)

i=k—dp

IN

where

wi(p) = pA" + (p = 1)p1, wa(p) = (u —1)po.

Furthermore, for any integer N > 7as + 1, summing up both sides of (31) from 0 to N — 1 with respect to k,
we have
N—-1 N—1 k-1

pNVIN) =VO) S wilp) Y ntlo(k)* +waln) 3 Z pFla () (32)
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Note that for 7y > 1,

N-1 k-1 =1 i+my N—-1-7p i+7M
ECIES I SERD DD ST S o PRt
k=0 i=k—T1)s i=—7p k=0 =0 k=i+1 i=N—7pr k=i+1
-1 N—1-7 N-1
< Y pEE@)P A Y WP e Y T (i)
t=—TNr =0 i=N—-1—7ps
N—-1
< ™ NE ™ TIIND:
< map™ max () + Z; (i) (33)
Then, from (32) and (33), one has
N-1
pNV(N) < V(O0) + [wn() + drn®n()] 30 M e(R)P + maa () ma | (i) (34
k=0 -
Let po = Amin(P), and p = max{p1, p2}. It is obvious that
VIN) = polz(N). (35)
It also follows easily from (29) that
V(0) < )2
(0) <p_max_ [a(0)] (36)
In addition, it can be verified that there exists a scalar pg > 1 such that
wi(po) + Tar g wa(po) = 0. (37)

Substituting (35)-(37) into (34), we obtain

N
1 1
N)? < )|
lz(N)|” < p” — (p + Taa g w2 (o)) <M0> _max_ [z (@),

which indicates that the DRNN (10) is exponentially stable. This completes the proof of the theorem. |

The following corollary is an easy consequence of Theorem 1.

Corollary 1: Suppose that 7(k) = 79 where 79 > 0 is a constant scalar. Then, under Assumptions 1 and 2,
the DRNN (2) is globally exponentially stable if there exist two diagonal matrices A = diag(A1, Ag, ..., A\p) >0
and I' = diag(v1,72,.--,7m) > 0, and two positive definite matrices P and @ such that the following LMI
holds:

A

I 0 ATPB — ALy ATPD
. 0 -Q-TI1, 0 T,
) <0 38
BTPA — ALy 0 BTPB - A BTPD (38)
DTpPA T, DTPB DTPD-T

with

H=ATPA—P+Q—AL;.

Remark 3: In our main results, the stability analysis problems are dealt with for a general class of discrete-
time neural networks with time-varying delays. An LMI-based sufficient condition is derived for the stability
of the neural networks addressed. The exponential stability can be readily checked by the solvability of a set of
LMIs, which can be done by resorting to the Matlab LMI toolbox. Note that the LMI (9) is delay-dependent,
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hence less conservative than the traditional delay-independent conditions. In the next section, an illustrative
example will be provided to show the potential of the proposed criteria.

Remark 4: It is noticed that the main results of Theorem 1 are actually dependent of the delay interval. It
is known from [6-8] that such conditions might be conservative in some cases. One interesting topic for future
research would be how to incorporate the idea embedded in [6-8] to obtain an improved delay-dependent
result for the problem considered in this paper.

Remark 5: We would like to point out that it is possible to generalize our main results to more complex
neural networks, such as neural networks with parameter uncertainties (norm-bounded uncertainties [22] and
polytopic uncertainties [9]), stochastic perturbations [21-23], and Markovian jumping parameters [24]. The
corresponding results will appear in the near future.

IV. NUMERICAL EXAMPLE

In this section, a numerical example is presented to demonstrate the usefulness of the developed method
on the exponential stability of the DRNN (2) with time-varying delays.
Consider the DRNN (2) with the following parameters:

04 0 0 0.2 —02 0.1 02 01 0
A=1003 0],B=| 0 -3 02 |,D=]|-02 03 01|,
0 0 03 02 01 —02 0.1 —02 03
T
J = | -03 02 —0.1] , 7(k) = 4 + sin(kr/2).

Take the activation functions as follows:

fi(s) = tanh(0.6s), fo(s) = tanh(—0.4s), f3(s) = tanh(—0.2s),
g1(s) = tanh(—0.4s), ga2(s) = tanh(0.2s), g3(s) = tanh(0.4s).

Form the above parameters, it can be verified that 7,,, = 3, 73y = 5, and

000 ~03 0 0 0.2 0 0
Li=Y1=|000]|, Lu=| 0 02 0 |, Yo=| 0 -01 0
000 0 0 0.1 0 0 -02

By using the Matlab LMI Toolbox, we solve LMI (9) and obtain the feasible solutions as follows:

1.7068 —0.1435 0.1041 0.2711 —0.0344 0.0250
P=| —-0.1435 1.6765 0.0583 |, @ = | —0.0344 0.2962 0.0145 |,
0.1041  0.0583 1.7458 0.0250  0.0145 0.3134
1.2343 0 0 1.3331 0 0
A= 0 1.3497 0 , I'= 0 1.4138 0
0 0 1.3652 0 0 1.3535

There, it follows from Theorem 1 the DRNN (2) with given parameters is globally exponentially stable, which
is further verified by the simulation result given in Fig. 1.

V. CONCLUSIONS

In this paper, we have considered the analysis problem of exponential stability for a class of discrete-time
recurrent neural networks (DRNNs) with time delays. The activation functions have been assumed to be
neither differentiable nor strict monotonic. Furthermore, the description of the activation functions has been
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Fig. 1. State trajectory of the DRNN in the example.

more general than the recently commonly used Lipschitz conditions. We have first proved the existence of

the equilibrium point, and then by employing an Lyapnuov-Krasovskii functional, a unified linear matrix

inequality (LMI) approach has been developed to establish sufficient conditions for the DRNNs to be globally

exponentially stable. It has been shown that the delayed DRNNs are globally exponentially stable if a certain

LMI is solvable, where the feasibility of such an LMI can be easily checked by using the numerically efficient

Matlab LMI Toolbox. A simulation example has been presented to show the usefulness of the derived LMI-

based stability condition.
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