SOLUTIONS FOR THE CAHN-HILLIARD EQUATION
WITH MANY BOUNDARY SPIKE LAYERS

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. In this paper we construct new classes of stationary solutions
for the Cahn-Hilliard equation by a novel approach.

One of the results is as follows: Given a positive integer K and a (not
necessarily nondegenerate) local minimum point of the mean curvature
of the boundary then there are boundary K—spike solutions whose peaks
all approach this point. This implies that for any smooth and bounded
domain there exist boundary K—spike solutions.

The central ingredient of our analysis is the novel derivation and ex-
ploitation of a reduction of the energy to finite dimensions (Lemma 3.5),
where the variables are closely related to the peak loations.

1. INTRODUCTION

The Cahn-Hilliard equation [7] was originally derived from the Helmholtz

free energy of an isotropic two-component solid and can be written as follows:
1
B(u) = [ [F(u(@)) + ;¢ |Vu(@)P]da.

It is a well-accepted and widely studied macroscopic model for phase sep-
aration. Here Q C R” is the smooth and bounded region occupied by the
body, u(z) is an order parameter typically representing the concentration
of one of the components. Furthermore, F'(u) is the free energy density of
a corresponding homogeneous solid which has a double well structure the
prototype being F(u) = (1 — u*)? since we consider low temperatures. The
constant e describes the range of intermolecular forces; the gradient term
models spatial fluctuations.

We assume conservation of the order parameter, i.e. there exists u with

—1<ﬂ<1suchthatﬂzﬁ

Joudx. Therefore, a stationary solution of
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E(u) under the conservation constraint u = ﬁ Jo udz satisfies

EAu — f(u) = A in Q,
du—0 on 09, (1.1)
Jou=1lQ,

where f(u) = F'(u) and A is a constant.

In this paper we are concerned with solutions of (1.1) which contain spike
layers. The one dimensional case was studied by Novick-Cohen and Segal
[33], Novick-Cohen and Peletier [32], Bates and Fife [6], Grinfeld and Novick-
Cohen [13], [14].

In [44] we constructed a boundary spike layer solution to (1.1) whose peak
approaches a given nondegenerate critical point of the mean curvature of the
boundary assuming that @ lies in the metastable region, i.e. f'(w) > 0, for
dimensions N > 2 and e << 1.

Under the same assumptions in [45] we constructed a solution to (1.1)
with many boundary spike layers whose peaks are each located near different
nondegenerate critical points of the mean curvature of the boundary.

In both [44] and [45] we reduce the problem to finite dimensions and use
a fixed—point techique to obtain solutions. In this paper our approach is
reducing the energy to finite dimensions and finding extrema for it instead.
A new analysis is required. Although many of the estimates required for this
analysis are the same as in [17] some major differences are needed to deal
with the conservation constraint. These occur in particular in Lemma 3.6
and in Section 5.

The existence of spike layer solutions as well as their profile and the loca-
tion of the peaks for the semilinear Neumann problem

EAu—u+uP=0 in
{ u>0inQ =0 on 09,
for subcritical exponents p which arises as a model in various areas of applied
science such as chemotaxis, pattern formation, chemical reactor theory, etc.
has been studied by Lin, Ni, Pan, and Takagi [21, 26, 27, 28] and lately
by Gui, Wei, and Winter [15], [43], [17], and [20]. For the critical case
p = (N + 2)/(N — 2) similar results have obtained for example in [1], [2],
3], [16], [36], [37], [38], [42]. The corresponding Dirichlet problem in the
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subcritical case was first investigated by by Ni and Wei [30]. for the Dirichlet
problem. However, they do not have the conservation constraint and the
nonlinearity is simpler than here.

Naturally these stationary solutions are essential for the understanding of
the dynamics of the corresponding evolution process.

Other important features of the Cahn-Hilliard equation with physical rel-
evance are spinodal decomposition and pattern formation. In this respect
see the recent work of Kielhofer [18] and Maier-Paape and Wanner [23], [24]
and the references therein. The existence of stationary interface solutions
has first been proved my Modica [25]. See also the works of Luckhaus and
Modica [22] for the geometrical interpretation of the Lagrange multiplier
Ae, Niethammer [31] for the radially symmetric case. See also Kohn and
Sternberg [19], and Chen and Kowalczyk [8].

The dynamics of interface solutions has been studied extensively, see for
example [39], [5], [4], [9], [10].

The attractor has been investigated for example in [14] and [41].

Henceforth, we assume that f'(a) > 0.

Before stating our main result we make the following transformation.

V=71 —u,

g9(v) = —f(@) + f(@—v).
Rewrite
g'(0) = —m, g(v) = —mv + h(v).
Then equation (1.1) becomes
{8Av—mv+Mw—;whmw:ﬂ in Q,

%:0 on 0f).

(1.2)

To accommodate more general g we assume that

(g1) g(0) =0,4'(0) = —m < 0.
(g2) g € C*(RT), g(v) = —mwv + h(v), where h satisfies

h(v) = O(Jof*), ' (v) = O([o]* ") as |v] — oo
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forsome1<p1,p2<<%)+<:ooifN§4,% ifN25);

there exists 1 < p3 < (%)Jr such that

/ ’ C(|§b|p$71 if p3 > 2,
-l < { il S B, <o

(g3) The equation
AV —mV +h(V)=0 in RN
V>0,V(0) = max V(z), (1.3)
V-0 atoo

has a unique solution V' (y) (by the results of [12], V' is radial, i.e. V =
V(r)and V' < 0 for 7 = |y| # 0). Furthermore, V is nondegenerate,
namely the operator
L:=AN+g (V) (1.4)
is invertible in the space H2(RY) := {u =u(ly|) € H2(RN)}.
Remark: Assuming F(u) = (1—u?)? (i.e. f(u) = —4u(l—wu?)) and f'(a) >
0 by changing F' at infinity the Cahn-Hilliard equation satisfies conditions
(gl) — (g3). See [44]. In [44] it is shown that without loss of generality
we can assume that h and its first two derivatives are bounded continouous
functions on the real line. For simpicity, we make this assumption for the
rest of the paper.
Let I' C 0N) be a relatively open set such that
min k(P) > IIEIEIFH(P), (1.5)
where £(P) is the mean curvature of 02 at the point P.

Our main result can be stated as follows.

Theorem 1.1. Assume that condition (1.5) holds. Let g satisfy assump-
tions (g1)-(g3). Then for e sufficiently small problem (1.2) has a solu-
tion v. which possesses exactly K local mazimum points Q7, ..., Q% with
Q =(Qf,....,Q%) €I'x ... xT.

Moreover k(QS) — minper /i(P),V('Qii;Qﬂ) — 0,4,k l=1,... K,k #1 as

e — 0. Furthermore, there exists a real constant v>° and positive constants
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a,b such that v.(x) — v>° as e — 0 and

[ve(z) — v°| < aexp (— (1.6)

Theorem 1.1 can be derived from a more general theorem which is as

follows.

Theorem 1.2. Let I';,;1 =1, ..., K be relatively open sets in 9S) such that

min £(P) > mink(P),i=1,... K.
Peari Pel"l

Let g satisfy assumptions (g1)-(g3).  Then for e sufficiently small prob-
lem (1.2) has a solution v. which possesses exactly K local maximum points

Ty Q% with Q° = (Q,...,Q%) € I't x ... x I'x. Moreover k(Qf) —
min per, n(P),V(M) — 0,4k, = 1,.., K,k #1 as ¢ — 0. Further-
more, there exists a real constant v>° and positive constants a,b such that
ve(x) = v as e — 0 and

b HliIli:L...,K<|3j — Q5])

€

). (1.7)

More details about the asymptotic behaviour of v, can be found in the

|ve(2) — 0| < aexp(—

proof of Theorem 1.2.

We have the following interesting corollary.

Corollary 1.3. Let g satisfy assumptions (g1)-(g93). Then for any smooth
and bounded domain and any fixed positive integer K € Z, there always

exists a boundary K-peak solution of (1.1) if € is small enough.

Theorem 1.1 is the first result about the existence of boundary K-spike
solutions for problem (1.2) for any positive integer K in any smooth bounded
domain. Note that for a strict local minimum point of x(P) (i.e. there
exists a relatively open set I' C 0Q with P € I such that x(Q) > x(P) for
all @ € I') the boundary K-spike solutions can be chosen such that their
peaks approach the same point on the boundary. Intuitively speaking, the
boundary spikes attract one another. This is in balance with “forces” coming
from the curvature of the boundary which prevent the spikes from moving

closer towards one another and towards the strict local minimum point of

k(P).
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It seems that this new phenomenon cannot occur at a local maximum
point of k(P).

In this paper we study local minimum or maximum points of the mean
curvature of the boundary without assuming their nondegeneracy. Instead
we only need the global condition (1.5) which can be genuinely weaker in
many cases. To our knowledge, this was not possible in all previous works.

Theorem 1.2 is the main result in this paper. To introduce the most
important idea of the proof of Theorem 1.2, we need to give some notations
and definitions first.

For our approach it is essential to note that v is a solution of (1.2) if and

only if v is a critical point of

=5 [+ [ [ Hw).

H@)_/O”h(s)ds, veX:{veHl(Qﬂ/ﬂv:O}.

Note that the conservation constraint

/Qv =0 (1.8)

contributes the Lagrange multiplier A in (1.1). Recall on the other hand that

where

for solutions of (1.2) equation (1.8) does not have to be assumed a priori but
follows automatically for all solutions in {v € H*(Q): 5% =0 at 0Q}.

We start our construction by finding good approximating functions for
the solutions. Our approach is by using a projection technique to obtain
appropriate functions in the space X. Let V' be the unique solution of (1.3).
It is known (see [12]) that V is radially symmetric, decreasing and

lim V(y)eY™|y|"z = ¢y > 0.

ly|—o0

Let P € Q, Qcp = {yley + P € Q} and Q. := {yley € Q}.
For any smooth domain U C RY we define a function v = P,V as the

unique solution of

% — () on OU.

{Au—mu—i—h(V) —0in U,
(91/:
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Let n > 0 be a small number. Let I'; be as in Theorem 1.2. Set
|Pr — P

A:{P:(Pl,...,PK)Ele...XFK,V( .

) <nek,l=1,.. K k#I}.
Fix P= (P, P,...,Px) € A. We set

P P;
Vily) = V(y — ?), PVi(y) = Pa., V(y — ?), y € Q.

1

RyVily) = PVity) ~ 17 [, PVilw) dy.

K
We,p = Z PV,

i=1

Ve = We, P + (I)E,P S HQ(QE)a

where .
p € {0 HA): S =0 on O, / & dy = 0}
v Qe
is still unknown. Finally, we introduce
ORV;

Kep = Cep = span{ =1, K j=1..,N -1}

oT

g
to denote the approximate kernel and cokernel of the operator obtained from
linearizing (1.2) at w, p, respectively, where Tp,,, are the (N — 1) tangential
derivatives at P; (without loss of generality we may assume that the inward
normal vector at P; is ey). We denote TP, 8 TP, in the rest of the paper.
We first solve for ®,p such that

i
ve € Kop,

1
Ave — moe + h(ve) — |Q|/Q h(ve)dy € Cep

using the Liapunov-Schmidt reduction method. This method evolves from
that of [11], [34], and [35] on the semi-classical (i.e. for small parameter h)
solution of the nonlinear Schrodinger equation

2

h

?AU—(V—E)U—FU”:O (1.9)
in RN, where V is a potential function and E is a real constant. The method
of Liapunov-Schmidt reduction was used in [11], [34] and [35] to construct
solutions of (1.9) close to nondegenerate critical points of V for h sufficiently

small.
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Then we show that ®.p is C! in P. Now we have developed all the tools
to introduce the novel function
K
M (P) = J(3_ RVi+ Pcp). (1.10)
i=1
That means we have reduced the energy .J. to finite dimensions, where the
variables are closely related to the location of the peaks. A large part of the
paper is devoted to deriving an explicit expression for M (P).

We maximize M,(P) over A. Condition (1.5) ensures that M,(P) attains
its maximum inside A. We show that the resulting solution has the properties
of Theorem 1.2.

Throughout this paper, unless otherwise stated, the letter C' will always
denote various generic constants which are independent of ¢, for € sufficiently

small; 6 > 0 is a very small number; o(1) means |o(1)] — 0 as € — 0.

The paper is organized as follows. Notation, preliminaries and some use-
ful estimates are explained in Section 2. Section 3 contains the setup of our
problem and we solve (1.2) up to approximate kernel and cokernel, respec-
tively. We introduce and solve a finite-dimensional optimization problem in
Section 4. Finally, in Section 5, we show that the solution to the maximiz-
ing problem is indeed a solution of (1.2) and satisfies all the properties of
Theorem 1.2.

Acknowledgement. This research is supported by Stiftung Volkswa-
genwerk (RiP-program at Mathematisches Forschungsinstitut Oberwolfach).
We would like to thank everyone at the institute for offering their kind hospi-
tality and providing an excellent research environment during our stay. The
research of the first author is supported by an Earmarked Grant from RGC
of Hong Kong.

We thank the referee for valuable suggestions.

2. TECHNICAL ANALYSIS

In this section we introduce a projection and derive some useful estimates.
Finally we will prove some lemmas which will be important in deriving an

explicit expression for M (P) as defined in (1.10). Propositions 2.1 and 2.2
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as well as Lemma 2.3 are from [44] and are presented here for the convenience
of the reader.

Throughout the paper we shall use the letter C' to denote a generic positive
constant which may vary from term to term. We denote RY = {(2/,zn)|zy >
0}, where 2/ = (21,... ,2ny-1). Let V be the unique solution of (1.3).

Set
vy = ;/RN(\VV|2+mV2) - [ HW).

Let P € 0f). Then, since 0f) is smooth, there exists Ry > 0 such that
for |x — P| < Ry, 092 can be represented by the graph of a smooth function
p(x — P), where p(0) = 0,Vp(0) = 0. The mean curvature of 9 at P is
k(P) = ﬁ SN psi(0), where

dp
Pi = oz,

dl
ox™

where a; € {0,1,...} fori=1,... , N —1 and |a| = =7 a;. We denote

Here we use p,, to denote the multiple differentiation

Joll2 = e [ [Vl + me?]
Q

For x € Qg set now

ey, =x;—F, 1=1,... /N —1, (2.1)

EyN:l‘N—PN—p<ZL'1—P1,...,I'N_l—PN_l). '
Furthermore, for x € 0y we introduce the transformation

Ti(x)=z; i=1,... ,N—1, (2.2)

Tn(z) =2ny — Py — p(1 — Py,... ;any—1 — Py_1). '

Note that then
1
=-T(x).
y=- (z)

Then we have

Proposition 2.1. Let x(z) be a smooth cutoff function such that x(x) =
1,z € B(P,Ry — 6) and x(x) = 0 for x € B(P,Ry)® (for a positive and
sufficiently small number 6.) Then
- P
V=P,V ()

€

= ev (y)x(z — P) + (va(y)x(x — P) + vs(y)x(z — P)) + €V p(x),

\
Lfora=(ag,...,an_1),
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where vy 1s the unique solution of

Ao—my =0 R
yn Iyl 2 Zig= =1 pz](o)yiyj on 8R+,

V' is the radial derivative of V', i.e. V! =V, (r), r =

solution of

‘”;P ; Uy 1S the unique

{ Av —mv — 2 Zw 1 pZ](O)yZag g;N =0 m Rf, (2.4)
2N (Ol on ORY,
v3 18 the unique solution of
Av — mv =0 in RY,
{ e = =g Lot Pigk (0)Yiys Y on ORY (25)
and
[Veplle < C.
Proof. A proof can be found in [44]. O

Note that v, vy are even functions in y' = (yi, ..., yn—1) and vy is an odd
function in 3" = (y1,...,ynv—1) (ie. vi(y,yn) = vi(=y un) w3y, yn) =
—v3(—y',yn)). Moreover, it is easy to see that |v|,|va],|vs| < Ce #¥l for
some 0 < pu < \/m.

We next analyze 0/07p, Po_,V (%) for sufficiently small x. Because we
choose the coordinate system as explained on page 7, we have 9/07p, =
d/0P;.

Proposition 2.2.

oV B GPQEPV (]J - P
anj anj

—) = i)l - P) + cus(),

where wy is the unique solution of

{Av—mvzo in RY,

v — 1 (f;‘; Ms) Zkl L ok (0)ykyiy; — ‘y| Zk 1 pi(0)yx on ORY.

oyn
(2.6)

and

|ws]le < C.
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Proof. A proof can be found in [44]. O
Note that |w;i| < Cexp(—ply|) and |wq| < Cexp(—uly|) for some p < /m
and w; is an odd function in y'.
Finally, let
Lo=A—m+KW(V).

We have
Lemma 2.3.
oV oV
Ker(Ly)NH%(RY) = s an{,... ,},
(Lo) M HR(RY) = span 50 oo
where Hy(RY) = {u € H*(RY), 7~ = 0 on ORY'}.
Proof. See Lemma 4.2 in [28]. O

The next lemma is the key result in this section. Its proof is similar but

differs at a crucial points from the one in [17]. We indicate this difference.

Lemma 2.4. For any P = (Py,..., Px) € A and ¢ sufficiently small

T BY) = IV = e+ o(1) Y w(P)
2 3 a4, 27)
kyl=1,k#l

where .
- - V2 /2d/
b= fon [VVEI P dy
and Y = ik € 2 for

X = { /RN h(V(y))e’™ "> dy|b e RN, |b] = 1} :
N
Furthermore, if V(M) = ne, we have vy € %1, where
E1 = {/N h(v(y>)eﬁ<b,y> dy ’ b= (bla s 7bN> S RN7 bN = 07 ‘b’ = 1} :
R+

Proof. In [17] we calculated J. (XX, PV;). Now we need J. (XK, PV;).
Note that

TPV — J.(PV) = eN/Q % (IPVP? — |PV]?) — (H(PyV) — H(PV))

€
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= O(€2N)

and
2

LQFN@—KZP%%%NAJ

i=1

m 2 2
QQZ%WW%ZPwﬁ
i=1 =1

2 2
—(H(}_ RVi) = H(3_PV;))| = O(e™).
i=1 i=1
Using Lemma 2.8 of [17] the proof is completed. O

3. L1IAPUNOV-SCHMIDT REDUCTION

In this section, we reduce problem (1.2) to finite dimensions by the Liapunov-

Schmidt method. We first introduce some notation.

X=A{ve HQ(QE)|/Q vzo,gz =0 on 09},

Y = {v GLQ(QE)|/QEv:O.}

Define
1
| QE ‘ Qe

for v € X. Then solving equation (1.1) is equivalent to

Se(v) = Av —mv + h(v) —

h(v),

Se(v) =0,v € X.
Fix P = (P, ..., Px) € A. To study (1.2) we first consider the linearized

operator
1
2| Ja

Le:u— Au—mu+ b (wep)u R (wep)u,

X =Y.

Recall that w.p = 35| PyV;. Choose approximate cokernel and kernel as

CG,P = ’CG,P

{ ORV;
= span
anm.

i=1,... K, j=1,... ,N—l},
where (as in the introduction)

Kep C X
and C.p CY.
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Let . p denote the projection from Y onto CEL’P. Our goal in this section

is to show that the equation
Te,p © Se(we,P + (I)e,P) =0
has a unique solution ®.p € ICéP if € is small enough and P = (P, ..., Px) €
A.
As a preparation in the following two propositions we show the invertibility
of the corresponding linearized operator.
Proposition 3.1. Let Lcp = m.p o L.. There exist positive constants €\
such that for all e € (0,€) and P = (Py,... ,Pg) € A
[Lep®]lz2(0) = M@l 200 (3.1)
for all ® € Klp
Proposition 3.2. There exists a positive constant € such that for all € €
(0,6) and P = (Py,... , Px) € A the map
Le,P = Te,P © Le : ICj:P - CEJ,_P
18 surjective.
Proof of Propositions 3.1 and 3.2. We refer to [45] for proofs. 0
We are now in a position to solve the equation
Te,p © Se(wgp + (I)Gp) = 0. (32)
Since Lep|icL, is invertible (call the inverse L_p) we can rewrite
®=—L_pompoS(wep)
Lepompozv p(®)
ep(

+L€,P 9] 7T€7P @)

= Ge,P(cD)7 (33)
where

Ne P((D) - Se(ws,P + CD)

)

—[Se(wep) + Sé(we,P)q)L
_ 1 ,
Hop(®) = /Q W (wp)®
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and the operator G.p is defined by (3.3) for ® € H (). We are going to

show that the operator G.p is a contraction on
Bes={® ¢ H2(Qe)|/g O =0, [|®] 20, < 0}

if 9 is small enough.

In fact we have the following lemma

Lemma 3.3. For e sufficiently small, we have

[INep (@)l 2200 < CllPepllrz(), (3.4)
[Se(wep)ll 200 < Ce, (3.5)
[Hep(®)] < Ce¥|[ @] r2q,). (3.6)

Proof. (3.4) follows from the mean value theorem since h € C?*(R) and
h, ', b’ are bounded real functions.

(3.6) follows since

— 1
[Hep(®)] < Cm||‘1’||L2(Q€)||h'(we,P)||L2(QE) < CV[[2] r2(q,).
The proof of (3.5) is the same as in [17]. O

Thus
IGep(®) 2@ < A7 ([[7ep © Nep (@)l 22(0)
+|7ep 0 Se(wep)llz2(,) + [I7ep © Hep(P) | L2(0.))
<A 'O(e(6)6 + e),
where A > 0 is independent of § > 0 and ¢(§) — 0 as 6 — 0. Similarly we
show
1Gep(®) = Gep ()20 < A7'C(c(8) + O(€M) @ — |20

if §, € are small enough and where ¢(6) — 0 as § — 0. Therefore G.p is a
contraction on B;. The existence of a fixed point ®. p now follows from the
Contraction Mapping Principle and ®,p is a solution of (3.3).

Because of
[Pl < ATHINep(Pep)ll L2
HSe(wep)lr20 + 1Hep(Pep)llr2(0.)
< ATO(E + ()| Pepllm0.)
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we have
[®cpllm2,) < Ce

We have proved

Lemma 3.4. There exists € > 0 such that for every (N+1)-tuple €, Py, ... , Pk
with 0 < e <€ and P = (Py,..., Pg) € A there is a unique d.pc /Cefp satis-
fying Se(wep + @cp) € Cep and

|Pepllr20) < Ce. (3.7)

The next lemma is our main estimate.

Lemma 3.5. Let ®.p be defined by Lemma 3.4. Then we have

Je(wep + @cp) (3.8)
K
= N 1) - e w(P)
=1
Loy qeremv BBl L o],
2k,l:1 ..... K k£l €

where 31 and vy are introduced in Lemma 2.4 and Lemma 2.5,respectively.

Proof.
In fact, for any P € A, we have

E_NJE(U)G,P + cI)e,P) = E_Nje(we,P) + ge,P((I)e,P) + O(H(DE,PH%W(QS)%

where
ge,P<(I)e,P)
K K
_ /Q S(VRVV®p +mPVid, p) - /Q WS PoVi)®ep
€ =1 € i=1
K
= [ [0 = hup) e + O()
€ =1
K

< 122 1(Vi) = h(wep)llz20.)

Qep| 200
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for N > 2 by Lemma 3.3 and Lemma 3.4.
Estimate (3.8) now follows from Lemma 2.4 and Lemma 3.4. O

Finally, we show that ®.p is actually smooth in P.
Lemma 3.6. Let ®.p be defined by Lemma 3.4. Then ®.p € C' in P.

Proof. Recall that ®.p is a solution of the equation

Tep 0 Se(wep +Pcp) =0 (3.9)

such that
P.peKip (3.10)
By definition we easily conclude that the functions 81; T‘J/ and angjD gx)k are

C' in P. This implies that the projection 7. p is C' in P. Applying 9/ otp,;

gives
K
oFR)V; 09, p>
Te,p © DSE Wep + (I)e + :
P (we,p P) (; D, | O
one
TP o Ss<we,P + (I)e,P) = 07 (311)

GTPM

where

/ 1 ,
DS (wep +Pcp) =A—m+h(wep + Pep) — |Q|/Q h(wep + Pcp).

0. p -
We decompose aTP’P into two parts:
(2%

a@E’P a@E,P aq)e,P
— + ,
ani’j ani’j 1 ani’j 9

where (gf"P>1 € Kep and <gf"P)2 € Kp. We can easily conclude that

Pij Pij

0P . . . .
( 87;’1’) is continuous in P since
g /1

/cb ORVe g k—1 K. 1=1. N-1
Qe

e,P
aTPk,l

and

8<I>QP 8P0Vk / 82P0Vk
Q

=0
Qe 87—131',]‘ aTPk,l

e,P
€ 8Tpi!ja7'pk7l

ki=1,.,K, 1,j=1,..,N—1.
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We can rewrite equation (3.11) as

0P,
Te,P o DSe(we,P + q)e,P> (( P )2)

87—1’@:‘

K 9PV, 0,
+7ep 0 DSc(wep + Pep) (Z 0 X P )1>

=1 aTPm‘ anm.

o,
TIPS, (wep + Pep) = 0. (3.12)

I7p,

As in the proof of Propositions 3.1 and 3.2, we can show that the operator
Te,P © DSe(we,P + (Pe,P)

is invertible from ICéP to Cép. Then we can take the inverse of m.p o
DS (wep + ®.p) in the above equation and the inverse is continuous in
P.

Since

that (22
of &.p on P. The proof is finished. U

8POV (8¢€,P

. . . D
a o7, )1 € Kep are continuous in P and so is 5=, we conclude
Pij

e, .

)2 is also continuous in P. This is equivalent to C''~dependence

4. THE REDUCED PROBLEM: AN OPTIMIZATION PROCEDURE

In this section, we study an optimization problem.
Fix P € A. Let ®_p be the solution given by Lemma 3.4. We define a

new functional
M.(P) = J.(wep + Pep) : A — R. (4.1)

We shall prove

Proposition 4.1. For e small, the optimization problem
max{M.(P) : P € A} (4.2)
has a solution P € A.

Proof. Since J.(wep + ®.p) is continuous in P, the optimization problem
has a solution. Let M.(P€) be the maximum where P¢ € A. We claim that
Pce A
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In fact, for any P € A, by Lemma 3.5, we have

K K
MP) = | B (V) et (3 R(P)
=1
LY et B o).
k=1, Kkl
Since M (P€) is the maximum, we have
K € _ PDe
B3RP + - Y (e + o v A
i=1 k£l
K _
<Y AP+ G oVl o)

i=1 € kAl
for any P = (Py,..., Px) € A. Choose P; such that x(P;) — minper, k(P)
fori=1,2,... , K and V(@)% — 0 for k # [. This implies that

< € 1 1 |Pl§ - Pl€| us .
By K(PF) + = (5w +oW)V(———=) < i Y)_mink(P)+0
i=1 € At 2 i1 Pl
for any 6 > 0.

Note that OA C {P, € OI'; or V(LZPH) = en}. Hence if P € A | we
have that either

) > i > mi
R(F7) 2 pin #(P) = min £(P) + 2

for some i =1, ..., K and 1y > 0 (by condition (1.5)) or

1P - ]
v —
V(i———)=n
for some k # [.
Therefore, if P¢ € A we have
X 1,1 Pg— Pt
S w(E) + 1S oy (I
i=1 € kAl €
K
> ; min £(P) + min(B17p, BBy Vi)

Note that min

we have

e Tl Vi > infres, 7 > 09 > 0 since for any 7 € ¥4

T = h(V)e‘/F‘(b’y> = L

- h(V)eVmiby) < (.
RY 2 JRN (V)e
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This is a contradiction to (4.3) if we choose ¢ small enough.
It follows that P € A.
This completes the proof of Proposition 4.1. U

5. PROOF OF THEOREM 1.2

In this section, we apply results of Sections 3 4 to prove Theorem 1.1,
Theorem 1.2 and Corollary 1.3. It remains to prove Theorem 1.2. The other
proofs are similar.

Proof of Theorem 1.2. By Lemma 3.4 and Lemma 3.6, there exists ¢
such that for € < ¢, we have a C'-map which, to any P € A, associates
b.p € lCéP such that

0FyVy
297 8TPM

Se(we,P + (be,P) - Z

k=1,..,K;l=1,..,N—1

(5.1)

for some constants ag € REN=1),
By Proposition 4.1, we have P¢ € A, achieving the maximum of the opti-
mization problem in Proposition 4.1. Let &, = ®. pc and v, = w, pe + P, pe.

Then we have

0

aTPM

’P:PEME<P6) — O,Z - 1, ...,K,j — 1, ,N — 1

Hence we have

6(w€,p + q)e’p)

/ [V'Uev a(U)e,P + q)e,P)
Qe an.

|p—pe + M, |p—p-

i 8Tpm.
a(weP + qDe P)
—h(v, ’ i _pe] = 0.
(ve) o [p=p]
Thus PV, +®
/ Vo .V (PoVi + Dcp) |p—pe
Qe ani’j
I(P)V; + ®, O(PyV; + @,
+mu, (P r) lp—pc — h(v,) (P r) lp—pe =0

aniyj aniyj

fort=1,..,K and j=1,..., N — 1. Because of
Wep + Qep € X

we have

/ [wep + ¢ep] = 0.

€
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Differentiating both sides, we have

/ O(wep + dep)

87’}3“

=0.

This implies that
8 € €
/ SE(UE)M —0.
Qe

anm.
Therefore we have
0PV, 0(PyV; + ®cp)

Qe 8TPM 871:2.’],

—0. (5.2)

Z Akl

Since ¢ p € ICE%P, we have that
OFPyVi, 0P, p

Q. 0tp,, OTp,
9P,V

aTPkYZaniyj

=0(eh).

q)e,P

- ‘_ PRV,

Q. O7p, ,07p,

<l

2] Pe 2

Note that by Proposition 2.2

0PV, 0PV, 1
0RO — i (A + o(1)),

€2

Q. 0tp,, OTp,;
where
A= (a—v)2 > 0.
RY Oy
Thus equation (5.2) becomes a system of homogeneous equations for ay; and
the matrix of the system is nonsingular since it is diagonally dominant. So
ag=0k=1,...K,l=1,..N — 1.

Hence v, = wep + @, p is a solution of (1.2).

By our construction, it is easy to see that e¥J.(v.) — £1(V) and v, has
only K local maximum points (), ..., Q% and @5 € 0€2. By the structure of
v we see that (up to a permutation) Q5 — Pf = o(1). This proves Theorem
1.2.

Theorem 1.1 follows from Theorem 1.2 by taking I'; =T',i =1, ..., K.

Finally, we prove Corollary 1.3.

If  is not a ball, then x(P) has a local minimum on some relatively open

set I', Theorem 1.1 can be applied.
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If Q is a ball, Corollary 1.3 follows by using perturbation theory in sym-
metric spaces. See [27] and [29]. O

1]

2]
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