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ABSTRACT. In this paper, we rigorously prove the existence and stability
of K-peaked asymmetric patterns for the Gierer-Meinhardt system in a
two dimensional domain which are far from spatial homogeneity. We
show that given any positive integers ki, ko > 1 with k1 + ky = K,
there are asymmetric patterns with ki large peaks and ko small peaks.
Most of these asymmetric patterns are shown to be unstable. However,
in a narrow range of parameters, asymmetric patterns may be stable (in
contrast to the one-dimensional case).

RESUME. Nous prouvons l'existence et la stabilité de les structures
asymétriques pour le systéme de Gierer-Meinhardt dans un domaine ou-
vert deux-dimensionnel qui sont distantes de la homogénéité spatiale.
Pour k3 > 1, k1 > 1 il y a des structures avec ky grands et ko petits pics.
La plupart des solutions asymétriques sont instables. Pour un région
petit des parametres les solutions asymétriques pouvons étre stables (en
contraste d’une dimension).

1. INTRODUCTION

Turing in his pioneering work in 1952 [30] proposed that a patterned distri-
bution of two biochemical substances, called the morphogens, could trigger
the emergence of a cell structure. He also gives the following explanation
for the formation of the morphogenetic pattern: He assumes that one of the
morphogens, the activator, diffuses slowly and the other, the inhibitor, dif-
fuses much faster. In the mathematical framework of a coupled system of
reaction-diffusion equations with very different diffusion coefficients he shows
by linear stability analysis that the homogeneous state can be unstable. In
particular, a small perturbation of spatially homogeneous initial data can

evolve to a stable spatially complex pattern of the morphogens.
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Since the work of Turing, a lot of models have been proposed and analyzed
to explore this phenomenon, which is now called Turing instability, and its
implications for the understanding of various patterns more fully. One of the
most famous of these models is the Gierer-Meinhardt system [11], [22]. In

two dimensions, after rescaling and considering a special case, it is as follows:

Ar=EAA—A+2 A>0 inQ,

H>
(GM) THy=DAH - H+ A?, H>0 in¢,
94 _ oH _ on 0.

v ov
The unknowns A = A(z,t) and H = H(x,t) represent the concentrations
of two morphogens called activator and inhibitor, respectively, at a point

x € Q C R? and at a time t > 0, respectively; A = Z?Zl % is the Laplace
J

operator in R?; Q is a bounded and smooth domain in R?; v(z) is the outer

normal at x € 9). Throughout this paper, we assume that
€ << 1, € does not depend on =z, t,

7 > 0 does not depend on =z, t, or e,

D >0 does not depend on x, t, but it depends on e.
In this paper, we further define

1 32|19 €2
2_ 1 = 1 1.1
=5 ne=—5—lg = —, (1.1)
where |2 denotes the area of €2, and assume that
lim 7e = 1o € (0, +00). (1.2)

Note that (1.2) implies that
D—o and [F—0 ase—0.

More precisely, we have
€[ log @

D
2mno

(1.3)

and
2mno

0] log Y12

€

B (1.4)
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Numerical studies by Meinhardt [22] and more recently by Holloway [14]
and McInerney [20] have revealed that when € is small and D is finite, (GM)
seems to have stable stationary states with the property that the activator
concentration is localized in K peaks which are located near certain K points
in ). Moreover, as € — 0 the pattern exhibits a “point condensation phe-
nomenon”. By this we mean that these peaks become narrower and narrower
and eventually shrink to the set of points itself. In fact, their spatial exten-
sion is of the order O(¢). Furthermore, the maximum value of the inhibitor
concentration diverges to +o0o. Numerically, it has been observed that these
patterns are stable.

In [42], we considered the existence and stability of symmetric K —peaked

solutions of the following stationary Gierer-Meinhardt system:

FAA-—A+2 =0, A>0 i,

DAH—-H+A*>=0, H>0 inQ, (1.5)
94 =31 —(  on 09

in the case D = D(e) — oo as € — 0 and for € small enough (which is called
“weak coupling case”).
A K —peaked solution (A, H.) of (1.5) is assumed to take the following

form:

m—PE

N
Z&J )7 HE(R;) ~ 66,]‘7 (16)

where & ; is the height of the peak at the location P, j =1,..., K, and w is

the unique solution of the problem

(1.7)

Aw—w+w?=0, w>0 in R?
w(0) = maxyepe w(y), wly) — 0 as [y| — oo.

For existence and uniqueness of the solutions of (1.7) we refer to [18]. We

also recall that

w(y) ~ [y e as |y| — occ. (1.8)
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In [42], we assumed that the K —peaked solution is asymptotically sym-

metric, i.e., as € — 0,
59—, j=2..,K. (1.9)

Under the condition (1.9), we showed the existence of symmetric K —peaked
solutions whose peaks converge to a nondegenerate critical point of a func-
tional involving a certain Green’s function and its derivatives. For the sta-

bility, we proved that there are stability thresholds
Dl(E) > DQ(E) > Dg(E) > 0> DN(E) > ..

such that for D < Dg(€) the symmetric K-peaked solution is stable and
for D > Dg(€) the symmetric N-peaked solution is unstable if € is small

enough. Furthermore, we showed that

Q /I
D ~—1
x(€) 2K ©8 €
Naturally, the following questions can be raised:

as € — 0.

Question: Are there solutions which are not symmetric (i.e, (1.9) does not
hold)? If yes, are they stable? Can we characterize all asymmetric solutions?

In this paper we solve these questions affirmatively. We show that the
heights (&1, ..., & k) must satisfy a certain nonlinear algebraic system which
can be solved explicitly (Sections 2 and 3). As a result, we show that the
asymmetric patterns are generated by peaks of exactly two different heights.
We then give a rigorous construction of asymmetric K-peaked stationary
states by using the powerful method of Liapunov-Schmidt reduction. This
enables us to reduce the infinite-dimensional problem of finding an equilib-
rium state of (GM) to the finite-dimensional one of locating the K points at
which the peaks concentrate. We give a sufficient condition for these points
in terms of a Green’s function and its derivatives.

Concerning stability, one has to study the eigenvalues of the order O(1),
which are called “large eigenvalues”, and the eigenvalues of the order o(1),
which are called “small eigenvalues”, separately. We show that the small
eigenvalues are related to a Green’s function and its derivatives. Suppose

that these small eigenvalues all have negative real part. We then show that
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stable asymmetric K —peaked solutions exist only in a very narrow range of
D, namely for
! log i < b < ! log < (1.10)

2rK Q| dnkiky €
and e small enough, where k; and ko are two integers satisfying ki + ky =
K ki >1,ky > 1.

We now describe the results of the paper in detail.

Let K > 2 be a positive integer. Let ki, ko > 1 be two integers such that

by 4+ ky = K. (1.11)

Let 1o (defined in (1.2)) be such that

o > 2\/k51k52. (]_]_2)

Set
pe = 2]62 + o + 77(2) — 4k1]€2 o = 2k2 + o — 77(% — 4]€1k2
T K T et K g,
2k1 410 — /g — 41k 2ky + 1o + /2 — dk1ks
T+ = o N-= .
Note that
1 1
prtNe=— p-tn-=—. (1.15)
To Mo

Let (p,n) = (p+,n+) or (p,n) = (p—,n—). We drop “+” if there is no confu-
sion.

Let (&1,...,&x) € RE be such that

~

éj € {p,n}, and the number of p’s in (él, oo &) 18 K.
(1.16)

Then there are ks n’s in (fl, . ,éK)
For 9 > 0 and ¢ small enough we define

As={P=(P,P,..., Px) QX :|P,— P;| > 46 fori # j

and d(P;,00) > 46 fori=1,2... K}, (1.17)
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where
Pi: (Pi’l,PLQ) fori:1,2,...
Let Go(z, &) be the Green’s function
AGy(z,§) — ﬁ +0¢(x) =0 in Q,

K.

Y

/QGO(x,g) dz = 0, (1.18)
and let
Ho(x,€) = —log| ! g~ Gl (1.19)

be the regular part of Gy(x, ). Here d¢(z) means the Dirac measure at x = &.
For P € As we define

P) = i Ho(Pi, P& = X2 Go(Py P)EE
k=1 §4, =L K i (1.20)
and
M(P) = VpF(P). (1.21)
Note that F(P) € C*(A;).

Then we have our first theorem, which is on the existence of asymmetric

K —peaked solutions.

Theorem 1.1. Let K > 2 be a positive integer. Let ki, ks > 1 be two
1 62 Q
ﬁQ - Ne = ‘ ‘

integers such that ki + ko = K. Let
\/I \
D Y €

where |Q| denotes the area of (2, Assume that (12) and (1.12) hold.

Assume that

log

(TI) no # K
and let

(T2) P°= (P, Py, ..., Py) € As be a nondegenerate critical point of F(P)
(defined by (1.20)).
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Then for € sufficiently small problem (1.5) has a solution (A, H.) with the
following properties:
x—P;

(1) Ad(z) = i & j(w(—=) + O(F)) uniformly for x € Q, where w is
the unique solution of (1.7) and

1€2]
€2 [ w?
Further, (56,1, ...,éeyK) — (él, ,éK) which is given by (1.16).
(2) H(Pf) = &j(1+ %) forj=1,.. K.
(3) Pf — P} ase =0 forj=1,.. K.

56,]’ - 565&,9’7 ge - (122)

Remark:

1.1). Condition (T1) of Theorem 1.1 is a technical condition which will
be used in the Liapunov-Schmidt reduction process. See Lemma 7.2.

Next we study the stability or instability of the asymmetric K-peaked

solutions constructed in Theorem 1.1.

Theorem 1.2. Assume that (1.2) and (1.12) hold. Further, assume that
(T1) and (T2) of Theorem 1.1 hold and let (Ae, He) be the K—peaked solu-
tions constructed in Theorem 1.1 for € sufficiently small, whose peaks con-

verge to P° € As. Further assume that
(%) PP is a nondegenerate local maximum point of F(P).

Then we have:
(a) (Stability)

Assume that

20/ k1ke < o < K (123)

and

k1 > ko, (P, 77) = (P+ﬂ7+)-

Then, for T small enough, (A., H.) is linearly stable.
(b) (Instability )

Assume that either

n > K
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or

T 1s large enough.

Then (A, H,) is linearly unstable.

The condition on the locations of P? is not so severe. For any bounded
smooth domain (2, the functional F(P) always admits a global maximum
at some P° € A;. In fact, this can be seen very easily: if |P; — P;| or
d(P;, 082) goes to 0, then F(P) goes to —oo. (Note that H(P;, P;) — —o0 as
d(P;,0Q) — 0.) This global maximum point P? is a critical point of F'(P). If
PY is also a nondegenerate critical point of F(P) which should be a generic
condition, then the matrix M (PY) has only negative eigenvalues. It is an
interesting question to numerically compute the critical points of F'(P). For
recent progress in this direction see [21].

Let us now compare the results about existence and stability of asymmetric
patterns in R? to those in R'.

In R', we assume that Q = (—1,1). In 1986, I. Takagi [29] first showed
the existence of symmetric K —peaked solutions with spikes centered at
25 —1

l’j:—l—l— N s

j=1,...,N,

for e << 1, 75 << L.

Such solutions are obtained from a single spike by symmetric reflection.
His main idea is to use symmetry and the implicit function theorem.

Using matched asymptotic analysis, D. Iron, M. Ward, and the first author
[16] studied the stability of the symmetric K-peaked solutions for 7 small
and showed (formally) that there exists a sequence of numbers Dy > Dy >
... > Dg > ... such that for ¢ << 1: if D < D, the symmetric K-peaked
solutions are stable, while for D > Dy, the symmetric K-peaked solutions
are unstable.

M. Ward and the first author in [32] showed (formally) that for D <
Dy, problem (1.5) has asymmetric K —peaked solutions. Such asymmetric
solutions are generated by two types of spikes — called type A and type B,
respectively. Type A and type B spikes have different heights and for any
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given order

ABAABBB...ABBBA...B

there is a corresponding K —peaked solution. The stability of such asymmet-
ric K —peaked solutions is studied also in [32], through a formal approach.

Later, in [41], by using the Liapunov-Schmidt reduction method, a rigor-
ous study of the existence and stability of both symmetric and asymmetric
solutions is given. It is proved that the stability and existence can be reduced
to the study of two K x K matrices. The results of [16] and [32] are then
rigorously established.

By using a different approach (geometric singular perturbation method),
Doelman, Kaper and van der Ploeg [10] also established the existence of
asymmetric patterns for D sufficiently small (i.e., for fixed D the domain
is sufficiently large). Moreover, some other asymmetric patterns are also
discovered in [10].

Though it has not been proved rigorously, it is a numerical observation
(by studying the two matrices of [32], [41]) that asymmetric patterns are all
unstable in R

In R?, we can completely characterize the heights and thus the possible
types of asymmetric patterns: asymmetric patterns are generated by exactly
two different heights. (The reason behind this is unclear.) Furthermore,
asymmetric patterns can be stable, even though the stability region given
in Theorem 1.2 is rather narrow. In most cases, asymmetric patterns are
unstable.

In terms of the heights, the results in R? are more explicit than R'. How-
ever, the characterization in R' is the same.

Another remark is that in R?, by our analysis of the algebraic system of
the heights, as D decreases (e.g., D = 1), asymmetric patterns disappear.
This is in contrast to the R case [10], [32].

We now comment on some other related work.

Generally speaking, system (1.5) is quite difficult to solve since it does
neither have a variational structure nor a priori estimates. One way to study

(1.5) is to examine the so-called shadow system. Namely, we let D — +oo



10 JUNCHENG WEI AND MATTHIAS WINTER

first. It is known (see [17], [26], [28]) that the study of the shadow system

amounts to the study of the following single equation for p = 2:

{62Au—u+up:O, u>0 inQ, (1.24)

%u—0 on 0N

Equation (1.24) has a variational structure and has been studied by nu-
merous authors. It is known that equation (1.24) has both boundary spike
solutions and interior spike solutions. For boundary spike solutions, see [1],
6], [12], [24], [25], [26], [38], and the references therein. For interior spike
solutions, see [2], [7], [13] and the references therein. For stability of spike
solutions, see [1], [3], [5], [15], [27], [34], [36]. For dynamics we refer to [4].

Finally, we remark that some of the results of Theorem 1.1 and Theorem

1.2 may be extended to the following generalized Gierer-Meinhardt system
A=EANA—A+2 A>0 inQ,

Ha>
(Generalized GM) TH, = DAH — H+ 22'7 H >0 in Q,
o4 _ 9H _ on 0,

v ov
where the exponents (p, ¢, r, s) satisfy the following conditions
qr
(p—1(s+1)

For example, the existence result Theorem 1.1 can be proved for the gener-

p>1, ¢>0, r>0, s>0, > 1.

alized Gierer-Meinhardt system without any technical difficulty. For the sta-
bility result, Theorem 1.2, there should be some restrictions on the (p, g, 7, s).
(The results in [5], [35], and [43] concerning stability of nonlocal eigenvalue
problems in the general case may be useful.) We shall leave this to further
investigations.

Other work on concentrated solutions for reaction-diffusion systems in-
cludes [8], [29], [31], and the survey [23].

To simplify our notation, we use e.s.t. to denote exponentially small terms
in the corresponding norms, more precisely, e.s.t. = O(e™9/¢) as ¢ — 0, where
d is defined in (1.17). Throughout the paper C' > 0 is a generic constant
which is independent of € and may change from line to line. We always
assume that P, P® € A;, where A is defined in (1.17) and that |[P—P°| < 46.

The structure of the paper is as follows:
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In Section 2, we derive an algebraic system for the heights of the peaks.

In Section 3, we completely solve the nonlinear algebraic system for the
heights.

In Section 4, we study some nonlocal eigenvalue problems in the whole
R?, which will be used in Section 7.

In Section 5, we start the existence proof by reducing the problem to finite
dimensions.

In Section 6, we complete the existence proof by solving the reduced prob-
lem.

In Section 7, we use the results of Section 4 to study the stability of large
eigenvalues.

Finally, in Section 8, we study the small eigenvalues.

Acknowledgments. Both authors are supported by Stiftung Volkswa-
genwerk (RiP Program at Oberwolfach) and by RGC of Hong Kong/DAAD
of Germany (Hong Kong—Germany Joint Research Collaboration). The re-
search of JW is supported by an Earmarked Grant from RGC of Hong Kong.
MW thanks the Department of Mathematics at CUHK for their kind hospi-
tality.

2. PRELIMINARIES I: A SYSTEM FOR THE HEIGHTS OF THE PEAKS

In this section we calculate the heights of the peaks which are needed in the
sections below. It is found that the heights depend on the number of peaks
but not on their locations. This is a leading order asymptotic statement that
is valid for € — 0 and D — oo.

For 5 > 0 let Gg(x,&) be the Green’s function given by

AGg—ﬁ2Gg+(5§ =0 in Q,

(2.1)
% =0 on 0f).
ov

Recall that 32 = &+ and therefore 3 ~ —~——. Let Go(z,¢) be the Green’s

D log 1

function defined in (1.18).
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In Section 2 of [42] we have derived a relation between Gy and Gg as

follows:
B2 2
Gp(z,§) = W+Go($>€)+0(5 ) (2.2)
in the operator norm of L?Q) — H?(2). (Note that the embedding of H?()
into L>°(£2) is compact.)
We define cut-off functions as follows: Let P € Ay. Introduce
_p.

@ =x(T52), v j=l. K (2.3)
where x is a smooth cut-off function which is equal to 1 in B;(0) and equal to
0 in R?\ By(0), where for r > 0,2 € R we set B.(z) ={y € R? : |y| <r}.

Let us assume the following ansatz for a multiple-spike solution (A, H,)
of (1.5):

Ac~ 3 >ie 1§ezw( )XeP( )
{ HP) ~ s %4

where w is the unique solution of (1.7), & ;,7 = 1, ..., K are the heights of the
peaks, to be determined later, and P¢ = (P%, ..., P%) € As are the locations
of the peaks.

Then we can make the following calculations.

From the equation for H.,
AH, — 3*H, + 3*A? = 0,
we get, using (2.2),
(P = [ GolPL )5 AZE) s

—/(,;2| + Gl £+Oﬁ4>(25

Thus

€ei = &

€

ingﬂﬁ.

S (O de

H|Q| () dy + €5 [ Go(Pr,ul

+ 3 (g + FGuP ) €46 [ )+ L0076 + 05
i e (2.5)
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Here we have used that for j # i

[ Gotrr (e € de

= Go P d .s.t.
G/RQ (Pf ey + P)w?(y) dy + e.s
0Go (P, PY)
= eGP P [ dy+3§: —op L vy + O

= € Go(P5, Ps dy + O(e*).
EOM,Q@ w?(y)dy + O(c")
E_Pj

and we have used the relation

2 _
/sz (y)yidy =0
which holds since w is radially symmetric).
Using (1.19) in (2.5) gives

(Here we have set y =

2
2 6

€Z|Q| R2

1 €
+@ﬁ/< T H@@Q ?(

+§Qm+waﬂﬁﬁﬂ [ 10+ SO + 0

i = w(y) dy

_ pe
S 6 de

2 2
:52’.67 szz(y)dy+£2 b = €e*log ~ /

€,2 ‘Q‘ €,7 2
1
2 g2 2 — 2 1 7d H Pe Pe / 2 d
+Eo0e <2W /RQ w(y)log P o ) | w W) dy
Y + PGP P [ @+Z@jx¥ﬁ+mW%>
J#i e (2.6)
Recall that Hy € C*(Q x Q).
Considering only the leading terms in (2.6) we get following
g [
!QI/ dy+€“2 ¢ log —
K
+>8,0(8%¢). (2.7)

=1
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Recall from (1.22) that
1]

E2fR2 'lU2‘

ge,i = geée,h where ge —

Then from (2.7) we get

1 Ne \ .o 2/ / a 2 2,2
€1 — €0 d € d € 0 )
§ei = <|Q|+,Q|>£,€ . y+Z€j|Q| y+;£,] (8%
where 7. was introduced in (1.1). Assuming that

i — &\ me— Mo, (2.8)

we obtain the following system of algebraic equations

K
G=Y &+, i=1,... K (2.9)
j=1
We will solve (2.9) in the next section.

3. ANALYZING THE ALGEBRAIC SYSTEM (2.9)

In this section, we completely determine the solutions of fz-, 1=1,..., K for
the algebraic system (2.9). To this end, set

p(t) =t —not”. (3.1)
Then (2.9) is equivalent to
Z é] ) 1= ]-7 ) K (3 2)
which implies that
p&) = p(§) for i#j. (3.3)
That is
(& = &)1 —mo(& +E)) =0. (3.4)
Hence for i # j we have
A2 A2 1
&—5]':0 or fz—i-é]:f (35)
o

The case of symmetric solutions ({CZ = 51, i = 2,...,N) has been studied in

[42]. Let us now consider asymmetric solutions, i.e., we assume that there
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exists an ¢ € {2,..., N} such that & # £. Without loss of generality, let us
assume that
&2 # &,
which implies that
b+b=— (36)
7o

Let us calculate éj, j=3,... , K. If éj £ £, then by (3.5), fj +& = n%’
which implies that §; = &,.

Thus for 7 > 3, we have either fj = 51 or éj = 52.

Let k; be the number of fl’s in {él, . ,fK} and ks be the number of ég’s
in {51,... ,éK}. Then we have ki > 1, ko > 1, ki + ko = K.

This gives

K
“ ~9 “ . .
G —mét =D& = k&l + ko83, (3.7)
j=1
b=——¢ (338)
2 770 1. .

Substituting (3.8) into (3.7), we obtain
. . . 1 2\
& — &t = ki&i + ke <77 - fl)
0

and therefore

o 2ke4mo. kK
(k1 + ke +0)é3 — 206 1 22—, (3.9)
"o "o
Equation (3.9) has a solution if and only if
(2k +10)* > 4ko (k1 + ka2 + 10). (3.10)

The strict inequality of (3.10) is equivalent to (1.12).
It is easy to see that if (1.12) holds, then there are two different solutions
to (3.9) which are given by (p+,n+).

Therefore we arrive at the following conclusion.

Lemma 3.1. Let ng > 2v/kika. Then the solutions of (2.9) are given by
(E1s o én) € ({pasne D)X where the number of plys is ky and the number of

ns is ka.
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If no > 2v/kyks, there exist two solutions (p+,n+).

If no = 2v/kiks, there exists one solution (p+, p+).
If no < 2v/k1ks, there are no solutions (p+, p+).

In general, if gy > K, then g > 4k, ks for all ky, ko such that k) +ky = K,
ky > 1, ky > 1 since 4k1ko < (ki + k2)?> = K?2. Hence if 9 > K there exist
2 - 2572 = 2K-1 golutions to (2.9).

From now on, let us assume that (1.12) holds and we fix the heights
(&1,&, ... ,€x) given by Lemma 3.1.

4. PRELIMINARIES II: THE STUDY OF A NONLOCAL EIGENVALUE
ProBLEM (NLEP)

In this section, we consider the following nonlocal eigenvalue problem
(NLEP):

JeWo 2 y6 ¢ e HARY),

Jre w? (4.1)

Lo :=Ap— ¢+ 2wo — f(TX)

where f is a continuous complex function with f(a) real for a real and
f(a) >0 for @ > 0. Further, 7 > 0 is fixed.

We first recall the following well-known result

Lemma 4.1. Let
Lo=A—-1+4+2w, ¢¢€ H*(R?). (4.2)
The eigenvalue problem
Lob = po, ¢ € H*(R?), (4.3)
admits the following set of eigenvalues
1 >0, po=pu3=0, pus<0,... (4.4)

The eigenfunction ®q corresponding to py can be made positive and radially

symmetric; the space of eigenfunctions corresponding to the eigenvalue 0 is

ow
Ky, = —9=1,2;. 4.
0 span {ayj7.] 9 } ( 5)
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Proof: This lemma follows from Theorem 2.1 of [19] and Lemma C of
25]. g

Theorem 4.2. If f(0) < 1, then for all 7 > 0 there exists a positive real
eigenvalue of (4.1).

Proof: By arguments similar to [5] or [43], we may assume that ¢ is a radially
symmetric function, namely, ¢ € H?(R?) = {u € H*(R*)|u = u(|y|)}. Let
Lo be given by (4.2). Then, by Lemma 4.1, Ly is invertible in H2(R?). Let
us denote the inverse by Ly'. By Lemma 4.1, Ly has a unique positive real
eigenvalue pq with eigenfunction ®y. It is easy to see that \g # u; since
Sz wPg > 0.

Then A is an eigenvalue of (4.1) if and only if

w
(Lo — Xo)op = f(TAo)ffwfwg
By the invertibility of Ly — Ao, this holds if and only if
w
6= 1(rha) g (Lo = Jo) . (4.6)

Note that (4.6) says that ¢ must be a multiple of (Ly — \o) " 'w?. Multiply-
ing (4.6) on both sides by w and integrating over R? shows that Ay is an

eigenvalue if and only if it satisfies the following agebraic equation:

/RQ w? = f(To) /RQ[((LO — o) Mw?)ul. (4.7)
(Here we have used the fact that [w¢ # 0. Otherwise ¢ = &g and \g = p,
a contradiction). Now, using the relation
(L() — )\0)7111}2 =w + >\0<L0 — Ao)ilw,
it follows that equation (4.7) is equivalent to the following:
p() i= (L= F(r20) [ w0* = oS (Tho) [ [((Zo = Ao) w)u] = 0.
R’ R (4.8)
Note that p(0) = (1 — f(0)) [rzw? > 0 by assumption. Then, as \g —
1, Ao < 1, we have [p2((Lo — Ao) " w)w — 400 and hence p(Ag) — —oo.
By continuity, there exists an Ag € (0, 1) such that p(Ag) = 0. This positive

real number )\ is an eigenvalue of (4.1).

g
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Now we need the following lemma:

Lemma 4.3. Consider the eigenvalue problem

fffp wa = X9, ¢ € H*(R?), (4.9)
R2

Ap— ¢+ 2wp — v

where w is the unique solution of (1.7) and 7 is real.

(1) If v > 1, there exists a positive constant co such that Re(Ag) < —cq for
any nonzero eigenvalue Ao of (4.9).

(2) If v < 1, there exists a positive eigenvalue Ny of (4.9).

(3) If y# 1 and Ao = 0, then ¢ € span {22, 2%

Oy1’ Oy2J”

(4) If v =1 and Ao = 0, then ¢ € span {w, g*, 5},

Proof: (1), (3) and (4) have been proved in Theorem 5.1 of [34]. (2) follows
from Theorem 4.2. O
With the help of Lemma 4.3, we can prove the following.

Theorem 4.4. If lim;) o f(TA) := fioo < 1, there exists a positive real

eigenvalue of (4.1) for T > 0 large enough.

Proof:

By Lemma 4.3 (2), problem (4.1) with p = fo has a positive real eigen-
value ;. Now by perturbation arguments (similar to those in [5]), for 7 large
enough, problem (4.1) has an eigenvalue near «; > 0. This implies that for
T large enough, problem (4.1) is unstable.

O

Finally, we consider the case f(0) > 1 for 7 small.

Theorem 4.5. Suppose that f(0) > 1 and |f(z)| < C for all z with Re(z) >
—0. Then for T small, there exists a positive constant co such that Re(Ag) <

—cg for any nonzero eigenvalue \g of (4.1).

Proof: Although this follows from a standard perturbation argument, using
(1) of Lemma 4.3, we give a different proof here as it will give us an explicit

upper bound on how small ¢y and 7 must be to obtain stability.
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We apply the following inequality (Lemma 5.1 in [34]): for any (real func-
tion) ¢ € H2(R?), we have

gz W [z w? _ J2 w? 25
Jre w? (Jrz w?)? </RQ v 2(4.10)

where equality holds if and only if ¢ is a multiple of w.
Now let ¢ = ¢r + vV/—1¢; be an eigenfunction of (4.1) such that the

corresponding eigenvalue A satisfies Re(A) < —c¢y. Then we have

Jmwo, o
fRQ’LU

Multiplying (4.11) by ¢ — the conjugate function of ¢ — and integrating

[ (V6P + 62 = 2wg) +2
Lot = F(rX) T2 = do. (4.11)

over %, we obtain that

2 2 2
V0 + 16l = 2wl6) = =7 [ |0l -

e [
3
M e ? I (4.12)

Multiplying (4.11) by w and integrating over R?, we obtain that

w?
/ w?¢= A+ f(r ):]iz wz) - we. (4.13)
Hence
Jr2 .
0= Ot F wz)/m w. (4.14)

Substituting (4.14) into (4.12), we have that

2 2 _ 94 _ 2 _ (s Jre w* | | Jge wol?
JoAVOP + 10 = 2lgf) = =X [ 16F = Fr(+ SR ) et

To study the real part Agp of A, we just need to consider the real part of

(4.15). Now, applying the inequality (4.10) and using (4.14), we arrive at

3
“An 2 RN+ SV L)) —ae(h+ e 4 2

Assuming that Ag > —cy, we have

ﬁ :Zi |£(TA) = 1) + Re(A(f(TA) — 1)) < co. (4.16)

On the other hand, since |f(7A)| < C for some constant C' > 0, (4.15)
implies that |A| < C' (independent of 7).
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Therefore for 7 small, (4.16) implies that
—2¢o(f(0) — 1) < Re(A(f(rA) = 1))

]_f 2'lU3 2
L)

’LU3 —
for 7 small enough. This gives a contradiction if we choose ¢y < {RZ 5 (1}%)71);
r2 %

and if 7 is small enough. This finishes the proof. The inequality (4.16) may

also be used to get an explicit bound on 7.
O

5. EXISTENCE I: REDUCTION TO FINITE DIMENSIONS

Let us begin with the proof of Theorem 1.1.

In this section, we use the Liapunov-Schmidt method to reduce the prob-
lem of finding an equilibrium state to a finite-dimensional problem. We shall
follow Section 4 of [42] and give a sketch of the proof.

Motivated by the results in Section 2, we rescale

r=ey, €9 yeQ ={yleye Q}, (5.1)
~ 1
Aly) = g Aley),

H(z) = gH(l‘), x €€,

where &, is given by (1.22). Then an equilibrium solution (A, H) has to solve

the following rescaled Gierer-Meinhardt system:
ANA—A+4 =0, yeq,
AH — B2H + 26 A2 =0, z€q.

(This rescaling is chosen to achieve A = O(1), H = O(1) in L>®(f).)
For a function A € H 1(Q,), let T[fl] be the unique solution of the following

(5.2)

problem
AT[A] — B*T[A] + g*.A? = 0 in Q, ag[:” — 0 on AN (5.3)
which is equivalent to
A _ 20 52,8
TIA (@) = | Golw,)F6A%) de. (54)
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where Gy is defined in (2.1).

System (5.2) is equivalent to the following equation in operator form:
Sl (A7 I:—,)
H

S(A H) = ( Suld B ) =0, H}(Q) x H3(Q) — L*(Q) x L*(Q),

(5.5)

A

2

Si(A, H) = HY () x Hy(Q) — L*(Q0),
So(A H) = A H — B2H + 326, A% . H(Q) x H34(Q) — L*(Q).

Here the index N indicates that the functions satisfy the Neumann boundary

conditions . .
0A OH
— =0, y on 0€),, — =0, z on 092.
ov o ov
Let P = (Py,...,Px) =€ As and j = 1, ..., K. Then we define
P,
wf,j(y) = w(y - ?‘])XE,P]' (Ey)a Yy e QG? (56)

where w is the unique solution of (1.7) and x. p, is defined in (2.3).

We choose our approximate solution (A, H) as follows:
K
) == de,iwe,i<y>7 He,P(-:U) = T[AE,P]<:C>7 Tr =€y e Q.
= (5.7)
Note that H, p satisfies

0=A HEP - ﬁ2HeP + 5256A3,P

= A,H.p — (*H.p + 3% Zﬁ w? . +es.t.

€J 6]

Hence

5

H.p(P; ﬁfe/Gﬁ$€Z€E] w; ;(>)dE + e.s.t.

Similar to the computation in Section 2 (using the definition (1.22) of &),

we obtain

1 :
Hep(P;) = smw(@g), = K 58)
We substitute (5.7) into (5.5) and calculate
52("46,137 He,P) = 07 (59)
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2
AE,P
H€,P

_ ; [fe,iAyw (y - ?) — Eeaw <y - ]:Z)]

K N P
+y & <y - z) Hp +e.st.
i=1 €
K
:Zw <y—) SEZ(SH —1)+e.s.t.

Sl (Ae,Pa He,P) = Ag/féle,P - Ae,P +

s PN .
- ZMQ (y - El) ge,i(fe,iHe,P(Pz‘)_l — 1)

K P - )
+2 (y‘ ) 2(Hep(z)™ — Hep(P) ") + esit.
=1

(5.10)
Now we compute for i = 1,..., K and = = P; + ez, |ez] < §:

Hep(P; +e2) — Hop(P)
= 0 | [Go(P+ €.8) — Gl P )l A2 ps
= 5% [ [Go(P + €,8) = Gol(P,€) + O(B%el2])| AZpds (b (2:2)

K

= 5 [ [GolPi+€2,€) = GolP§) + O(Felz)] &l jdg - (by (5.7))

7j=1

= 5%, [ [Gol(Ps + €2,) = Go( P, ) + O(%€l= €2 2 €

+6 66/[G0(Pi+627’£) GO(Plaé) +O ﬁ26|2 266] e]
Q j#i

. 1
= B*€EL, |, 5-log ol —log|z — pllu?(p)dp

L & 10F(P
22
— B2EE(Eei)” Z 2 8sz:

/ w? 1+ O(B3¢€|2)),
(5.11)

where ep = £ — P;, |ep| < d, and F' is defined in (1.20). Here we have used
the expansions
Go(P; + €z,8) — Go(P;,€)

1 I 1 lo 1
S S PO
T U8 P rer—¢| BIP ¢
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—Ho(F; + €2,8) + Ho(P;,§)  (by (1.19))

1 1 1
= — |log — —log —
2m elp — 2| €| p]
—Hy(P; + ez, P, + ep) + Ho(P;, P, + €p)

1 | 2
=—1 - Hy(P. —0=pP,
27T Og |p B Z| EvP 0( 7Q)|P—Q—Pz z+ ()(6 )7
1 1
= —log o ~eVpHy(P,P)|p=p, - z + O(€),

o Clp—z 2
where ep = £ — P, |ep| < §, and

Go(Pi + €2,§) — Go(L,€)
= Go(P; + €z, Pj + ep) — Go(P;, P; + €p)
= eVpGo(P, P)|p=p, - 2 + O(*),
= S Vo(ColP. Pl + Col By P)lo—r) - 2 + O(),
where ep = £ — Pj, |ep| < 6, and @ # j. Substituting (5.11) into (5.10), we

have the following key estimate

Lemma 5.1. For x = P; + ez, |ez| < J, we have the decomposition

S1(Aep, Hep) = S11 + Si2, (5.12)
where
2 2 2 2y, 2 € 2
$14(2) = PEE(Hor, () ([ 0t () (50 F(P) - 2+ 05z )
" (5713)
and

S1(2) = B2 (2)Ri(|2]) + O(B'€E.|2]), (5.14)
where Sy 2(|2|) is a radially symmetric function with the property that R;(|z|) =
O(log(1 + |2])).

Furthermore, Si(Acp, Hep) = e.s.t. for o — Pj| >4, j=1,2,.... K.

Now we study the linearized operator defined by

~ A P
Lp:=25 © ,
7P € ( He’P )

Lep : H3(Q) x H%(Q) — L*(Q.) x L*(Q),
where € > 0 is small and P € As.
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Set

0Acp .
KEP;zspan ’P|]:1,...,K,l:1,2 CH]2V<Q6)
’ OPj

and

0A,
C’ep::span{ ’P|j:1,...,K,l:1,...,N}CLQ(QG).
) 8P‘77l

Note that Ee,P is not uniformly invertible in € due to the approximate kernel
Kep = K.p ® {0} C H3(Q:) x Hy(Q).
We choose the approximate cokernel as follows:
Cop = Cep @ {0} C L*() x L*(9).
We then define
Kep = Kop ® Hy(Q) C Hy(Q) x H(9),

Clp = Clp @ L*(Q) C L*() x L*(9),
where C/p and Kp denote the orthogonal complement with the scalar prod-
uct of L(Q) in H% () and L?(2,), respectively.
Let mp denote the projection in L?(€) x L*(Q) onto Clp. (Here the
second component of the projection is the identity map.) We are going to

show that the equation

A D,
Te,p © Se P * o =0
HE,P + \IIE,P

O p (y)

has the unique solution X, p =
ep(7)

) € Kp if € is small enough.
Set
'Ce,P = Te,p © EgP : ]Cip - Cip (515)

As a preparation, in the following two propositions we show the invertibil-

ity of the corresponding linearized operator L. p.

Proposition 5.2. Assume that (T1) of Theorem 1.1 holds. Let L. p be given
by (5.15). There ezist positive constants €, C with C' indendent of € such that
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for all € € (0,¢)

| LepZl 20 <2 = CllE] m200 < H2(0) (5.16)

for arbitrary P € As, ¥ € ICéP.

Proposition 5.3. Assume that (T1) of Theorem 1.1 holds. There exists a

positive constant € such that for all € € (0,€) the map

T .1l 1
‘Ce,P = Te,P © Le,P . ICe,P - Ce,P

is surjective for arbitrary P € Aj.

The proofs of Propositions 5.2 and 5.3 are similar to that of Appendix
A in [42]. A key point is to show that the operator L.p has exactly a
2K -dimensional kernel. The condition (T1) of Theorem 1.1 is vital since it
implies that the limiting operator £ has exactly a 2K -dimensional kernel (see
Lemma 7.2 below). Then by Liapunov-Schmidt reduction the same holds for
f)ﬁ,p. For the sake of limited space we omit the details.

O

If condition (T1) does not hold, then either Liapunov-Schmidt reduction
fails or we have to change the dimension of the kernel and cokernel, re-
spectively, to make it work. It seems that further conditions are needed to
distinguish what happens.

Now we are in a position to solve the equation

Tep 0 S, Arto) g (5.17)
He,P + w

Since L. p|c._ is invertible (call the inverse £ p), we can rewrite
’ e, P ’

Ae,P

Y= —(E;Il, O Tep) (56 ( H,p

)) —(Lopomep)(Nep (X)) = Mep(D),
(5.18)
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and the operator M, p is defined by (5.18) for ¥ = (¢,v) € H&(Q) x H*().

We are going to show that the operator M, p is a contraction on
BE’(; = {Z - H2(Q€) X H2(Q)|||EHH2(Q€)XH2(Q) < (5}

if § is small enough. By Lemma 5.1 we have
1

—_ Nl
log £ (5.19)

[S1(Acp, Hep) || o20) < C
Using (5.19) and the Propositions 5.2 and 5.3 we get

IMcp(5) || 5200 xm2@) < A (17ep © Nep (2) || 22(20)x 229

AEP
€ Se '
TP © ( He,P ) )

L2(Q0)x L2(Q)
1
< A7'C0(e(8)6
<X+ )
where A > 0 is independent of § > 0 and ¢(§) — 0 as 6 — 0. Similarly we

+

show

[Mep(2) = Mep (2 200 xm20) < A e(OZ = X w200 < m20)
where ¢(d) — 0 as § — 0. If we choose ¢ small enough, then M.p is a
contraction mapping on B, ;. The existence of a fixed point ¥, p for M. p
plus an error estimate now follows from the Contraction Mapping Principle
and Y. p is a solution of (5.18).

We have thus proved

Lemma 5.4. There exist an € > 0 such that for every pair €, 3, P with
0 < e <€ P € As there exists a unique (P p,V.p) € ICG%P satisfying

A P
S, oP + cP €C.p and
HE,P + \IIE,P

1
[(Pep, Yep) ||l m2@0xm200) < C

—_ 5.20
log % ( )

More refined estimates for ®.p are needed. We recall from Lemma 5.1
that S; can be decomposed into the two parts S;; and S;2, where Sy,
is in leading order an odd function and S;, is in leading order a radially

symmetric function. Similarly, we can decompose @ p:
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Lemma 5.5. Let ®.p be defined in Lemma 5.4. Then for x = P; + ez,

lez| < 0, we have the decomposition

O.p=d.p1+ Ppyo, (5.21)
where ®.p o is a radially symmetric function in z which satisfies
1 .
O.po=0 <10gi> in Hy(Q). (5.22)
and
€ .
®57P71 = O (bgi) mnm H]QV(QG) (523)
Proof: Let S[v] := Si(v, T[v]). We first solve
S[Acp + Pepo] — S[Acp] + D Sia(y — ?J) € Cep, (5.24)
j=1

fOI‘ ®€7P’2 G KEJ’_P

Then we solve

K
P
S[AE,P + q)e,P,2 + (I)G,P,l] - S[AE,P + (I)G,P,Q] + Z Sm(@; - 7]) S CG,P7
=1 € (5.25)
for ®.p; € Kép.

Using the same proof as in Lemma 5.4, both equations (5.24) and (5.25)
have unique solutions for ¢ << 1. By uniqueness, ®.p = ®.p; + Pcpyo.
Since Sy1 = S7; + 51y, where ||S? |20, = O <10;1) and Si; € Clp, it is
easy to see that ®.p; and ®.p have the required properties.

4

6. EXISTENCE II: THE REDUCED PROBLEM

In this section, we solve the reduced problem and complete the proof of
Theorem 1.1.

Let P% € As be a nondegenerate critical point of F(P).

By Lemma 5.4, if we choose ¢ small enough, for each P € Bs(P?), there

exists a unique solution (®.p, v p) € Kp such that

Ae P + (I)e P Ve, P
S ’ ’ = ’ €Ccp.
( He,P + LIje,P ) ( 0 ®
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Now we are going to find a P = P¢ € B;(P°) such that

Acp + @,
S, S I (6.26)
HG,P + \IJE,P

For P € As let
aAe P

We,j,i(P> lOg / Sl e,P + (De P H P + ‘I]e P) ap ) ( )
gt 6.27

j=1,.K,i=1,2,

We(P) := We11(P), ..., We g 2(P)). (6.28)

Note that W(P) is a map which is continuous in P and our problem is

reduced to finding a zero of the vector field W,(P).

Let
Qgp]. = {y|6y + Pj S Q} (629)
We calculate the asymptotic expansion of W, ;;(P):
1 0A.p
l */ S AE ®e 7H6 \IIE 7
08 o, 1(Acp + @cp, Hep + Ve p) P,

1 (AeP + (I)e P)2 8A5P
—1 f/ A(A.p+®.p) — (Ap + B, : , :
%egkl(’P+ ») = Aep @)+ T | O,

_ 1 (A€7P + ®€7P)2 aAE,P
= 10g E/ [A(Ae,P + @evp) (A@p + CDE’p) + H@P GPN

P A d.p)?| 0A
+ log / e pt € P) . ( e,P + €7P) a e,P
e p+ \Ije P HE,P aP],’L

= I + Iy,
where I; and I, are defined by the last equality.

For I;, we have by Lemma 5.5,

(AE,P + @€7P)2‘| 0A€7p
H.p(F;) OP;;

0Ac.p
OP;;

1
I, =log e(/sz lA(Ae,P +®.p) — (Acp + Pcp) +

Ap+P.p)?
_/Qé M(ng — H.p(P}))

(Hop(P)? ) +ot)

(fe,jwe,j + (DE,P>2 ge,jawe,j

1 A R
= _11 <_/ A €,j We,j (I)e —\Qe,7 We,j q)e
€ 0g Qeypj[ (5 Jw 7]+ 7P) (5 Jw 7.7+ 7P)+ HE,P<Pj> ] ayl
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Segweﬁr@eM) (y) £ej0we;(y) )
H. p(P; —H. p(P;))>2>—>"-d 1).
b G e Prbe) = Hp ()5 dy ) o)
Note that, by Lemma 5.5,
Ow, ;
AP . p — D, 2w, ;P p|—2L
/QE’P_[ p — Pp + 2w;Pep] o,

=, peagg el ) <o ().
Qc,p; Yi og - 0g ¢ (6.30)

Owe j dw € €
P, 277e] / D, 2 &d — | = — .
/QE,Pj (Pep) Ay Q.r, (Pera) o+ \log : " \log . (6.31)

Now, by (5.11), (6.30) and (6.31),

ow,_;
= o(1)—¢ " log —(6s)*(Hep(P))~? /Q ,w?,j<y><H€,P<Pj+ey>—H&P<pj)>w@;@
2 OF (P P
(1) + 7”7055 J E aP - wak aZ

» _ 8F( ) ow
— o1 o (Hop(P)™ |, wy
o(1) + mnoée;(Hep(F))) P, R2w Y Oyi

— o 2 -2 38F(P) OF(P)
=o(1) — 56]( »(F))) /R2w OP;; ' OPj;

—ol) = TR [Ty ea), 632)

where 7y and ¢ have been defined in (1.2) and (1.22), respectively.

Similarly, we compute for Is:

— 1o / eP + q)e P) . (Ae,P + ®57P)2 a146,P
e e p+ \Ile P He,P a-P],z

e + q)e P aAe P
— 1 / P ST

1. 10w?,
=~ log &, (Hep (1) / 55 (Wep = Wep(Py)) +o(1).
¢ 2er, 3 0 (6.33)

Recall that W, p satisfies

A\IJE,P - ﬁije,P + 2/82€GA6,P¢6,P =+ ﬁ2€eq)3,P = 0.
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Using Lemma 5.5, similar computations as those leading to (5.11) show
that

\I’e,P(Pj + ‘53/) - \Ije,P(Pj)

§ § §

= [(GalPy+ e0,€) = Gal P, €) 6 2Ap ()00 (2) + @25 (2))de
=0tV F® ) + o Rl (634
where R,(|y|) is a radially symmetric function.
Substituting (6.34) into (6.33), we obtain that
I, =o0(1) uniformly in As. (6.35)
Combining the estimates for I; and I, we obtain
W.(P) = —%D*IVPF(P) + E.(P), (6.36)
where the matrix D is defined by
(D)ij = &0, (6.37)

d;; the Kronecker symbol, and E.(P) = o(1) is a continuous function of P
which goes to 0 as € — 0 uniformly in A;. Note that the matrix D is strictly
positive definite.

At PY) we have Vp|p_po F'(P?) = 0, det(V%|p_po(F(P)) # 0. Therefore,
for € small enough and § = §(¢) — 0 as ¢ — 0 but so slowly that W, has
exactly one zero in Bs(P?) (which is possible by (6.36)), we compute the
mapping degree of W (P) for the set Bs and the value 0 as follows:

deg(W,, 0, Bs) = sign det(—D 'Vp|p_po(F(P))
= sign det(—D M (P?)) # 0
by condition (T2) in Theorem 1.1. Therefore, standard degree theory implies
that for e small enough, there exists a P¢ € Bs such that W, (P€) = 0 and,
by (6.36), we have P — PY.

Thus we have proved the following proposition.

Proposition 6.1. For € sufficiently small, there exist points P with P¢ —
P such that W.(P€) = 0.
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Now we complete the proof of Theorem 1.1.
Proof of Theorem 1.1: By Proposition 6.1, there exists P¢ — P° such
that W.(P) = 0. In other words, Si(Acpc + Pcpe, Hope + Yepe) = 0.
Let Ac = &(Aepe + @epe), He = {(Hepe + VYepe). It is easy to see that
H. = ¢T[Acpe + Pepe] > 0. Hence Ac > 0. By the Maximum Principle,
A > 0. Therefore (A, H.) satisfies Theorem 1.1.
O

7. STABILITY ANALYSIS I: LARGE EIGENVALUES

We consider the stability of the steady state (A, H.) constructed in The-
orem 1.1.
Linearizing around the equilibrium states
A=A+ ¢ (x)er,
H = H, + . (z)e*t,

and substituting the result into (GM) we deduce the following eigenvalue

problem
Ay — be + 286 — #51be = A, 71
LAY, — o+ 240 = TAY. -
Here D = é, Ae is some complex number and
¢ € H(Qe), e € Hy(Q). (7.2)

In this section, we study the large eigenvalues, i.e., we assume that |\ >
¢ > 0 for € small. Furthermore, we may assume that (1 +7)c < 5. If
Re(Ae) < —c¢, we are done. (Then A is a stable large eigenvalue.) Therefore
we may assume that Re(\.) > —c and for a subsequence € — 0, A\ — Ag # 0.
We shall derive the limiting eigenvalue problem which are NLEPs.

The key references are Theorem 4.2, Theorem 4.4, and Theorem 4.5.

The second equation in (7.1) is equivalent to
Ao — B (1 + TA)Ye + 28°Acge = 0. (7.3)

We introduce the following:

/6)\5 = ﬁ\/ I+ 7—)\67 (74)
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where in /1 + 7). we take the principal part of the square root. (This
means that the real part of /1 + 7). is positive, which is possible since
Re (1+7A) > 3.)

Let us assume that

[@ell 7200 = 1. (7.5)
We cut off ¢, as follows: Introduce
Gej(y) = de(y)xe,pe(ey), (7.6)

where X, pe(2) is given by (2.3).

From (7.1) using Lemma 5.4, the fact that Re(\.) > —c¢, the asymptotic
expansion of A, given in Theorem 1.1, and the exponential decay of w (see
(1.8)), it follows that

K
= Z QSE,]‘ + e.s.t. in H2<QE) (77)

j=1
Then by a standard procedure we extend ¢ ; to a function defined on R?
such that

|Pejllz2(r2) < Clldejllm2(00), j=1... K.
Since ||@e||m2) = 1, ||Pe;llm2r2y < C. By taking a subsequence of €, we
may also assume that ¢.; — ¢; as e — 0in H' for j = 1,..., K, strongly
on compact subsets of R?. Therefore, we also have

wee; — we; as e — 0, strongly in L‘X’(R2). (7.8)

We have by (7.3)

SPRRS
V) =20 [ Go, (2. A(2)0.(2) de. (7.9)
Now we use the expansion of A, and the definitions of & and ée,i which
are given in Theorem 1.1. At x = Pf, v =1,... , K, we calculate
e 2 P; 5
vPr) = 26" [ Gy, (P 2&@] )60 (C) dE + e.sit

K o
25656] g c J)gbe,j(i)dfﬁLe.s.t.

2
=2 [ (P Gt 105
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x — Pf
=2 [ (e * PGP+ O (o ) de
4))5656,jw<5_€j>¢6,j<f> it

#25 [[Ga g * 9GP F) + O,
( Z ’Q’ )656 fsj/ w(y)de;(y) dy

268,20 o [ wi)ot)dy + 005,

25662)) (by (1.18)).
(7.10)

We get from (7.10) together with (1.1) and (1.2), (7.8), and since & ; —
&,1=1,..., K by Theorem 1.1,

: LN
(2Z|Q|1 oyl [ wo+ 2y [ wczse,z) 1+ o)

Substituting (7.11) into the first equation of (7.1) and letting e — 0, we
obtain the following nonlocal eigenvalue problem (NLEP):

A¢i — @i + 2w —

Zé]fw¢] Uglf ¢l 2:A0¢i7 ZzlaaK

Let
®1
o= :
oK
Then we can rewrite (7.12) in matrix form:
2 (19 d
AD — O 4+ 2wd — Muﬂ = \Q, (7.13)
fRQ w2
where
7]051 51 ce éK
1
B = + : :
N 1 + T)\o N A (7 14)
NS K ST ’

Note that in general B is not self-adjoint since Ay € C.
Let us now compute the eigenvalues of B in two special cases. We claim
that
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Lemma 7.1. Let (51, ...,fK) be given by Lemma 3.1. Then the eigenvalues
of B are solutions of the following quadratic equation
kip i kan
Mnop— A mon — A
where p and n are given by (1.16). In particular, if T = 0, then the eigen-

values of B are given by
)\1 = 1, )\2 = ]{?1p + kg?] (716)

If T = +o00, then the eigenvalues of B are given by

)\1 = Top, /\2 = To7). (717)
Proof: Let q = (q1,...,qx)? be an eigenvector of B with eigenvalue .
Then we have
Bq = \q. (7.18)
Writing (7.18) in components, we have
. 1 N
iqi Ei=Mg, 1=1,... K.
10&ii + 1+T}\Oj§q]§ Qi i
Hence, we have
- 1 N
=N = ————— Ei=c, 7.19
(10§ )q 1+ 7h JZ=:1 g =c ( )
c
no&i — A
Substituting (7.20) into (7.19), we obtain that
Y —=—+1+7X=0. (7.21)
=1 M08 — A
Using (1.16), this can be re-written as
k?lp kg?]

+1+T)\0:O,

+
Mop = A 1o — A
which is exactly (7.15).
When 7 = 0, using the fact that p+n = 77%’ we obtain the following

N = Mk1p + kan + 1) +no(K +m0)pn = 0 (7.22)
The two roots of (7.22) are given by (7.16).
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Next, for 7 = +00, B is diagonal and the result is trivial.
O
By choosing a basis for R® so B is diagonal, we see that the eigenvalue
problem (7.13) can be reduced to the study of the following two nonlocal
eigenvalue problems

2\ P,
AD, — O, + 20D, — Muﬂ = XN®;, i =1,2, ®; € H*(R?),

Jre w? (7.23)
where \; are the two eigenvalues of B satisfying (7.15). We can study these
by using the results of Section 3.

When 7 = 0, we have A\; = 1, Ay = k1p+kon. The first eigenvalue causes no
difficulty in the stability of (7.23) by Theorem 4.5. For the second eigenvalue,
it is easy to compute that for (p,n) = (p+,n+),

Aok — 12 £ (ko — ko) /nR — 4k k
2y — 1= 2 (s = ka) s = dkake (7.24)

2m0(n0 + K)

If no > K, we have
ne > (ki + ko)?
and therefore
ny — dkiky > (ky — k)2
Thus

1
)\2<§ if 7’}0>K

By Theorem 4.2, there exists a positive real eigenvalue Ay > 0 of (7.23) for all
7 > 0. This, together with a perturbation argument of [5], implies instability
of (7.1) with respect to the O(1) eigenvalues.

However, in the case when 2v/k1ky < 19 < K, if we choose k1 > ky, (p,n) =
(p+,7m4), then Ay > 1/2. Thus we have stability of (7.1) with respect to the

large eigenvalues, for 7 small, by Theorem 4.5.

1
Mo’

Finally, when 7 = +o00, we have A\; = 1ngp, Ay = n9n. Then, since p+n =
M+ =1,

% unless A\ = Ay = %

In the latter case, p = 5 and & = ... = x, which implies that (A, H,) is a

which implies that one of the A; must be less than
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symmetric K-peaked solution. Since our solution is asymmetric, the latter
case can not happen.

Thus by Theorem 4.4, if 7 is large enough, we must have the instability of
(7.23) and hence instability of (7.1) with respect to O(1) eigenvalues.

This finishes the proof of Theorem 1.2 in the large eigenvalue case.

In the next section we shall study the eigenvalues A\ which tend to zero
as € — 0.

Finally, we state a lemma which is vital for the Liapunov-Schmidt reduc-

tion process.

Lemma 7.2. Suppose that (T1) of Theorem 1.1 holds. Let

2 [z wB®
LD :=AD — D+ 2ud — f’%iwfuﬂ, d c (H*(R*)¥,
Jr2w (7.25)
where B is given by (7.14). Set
ow Ow
Xo:=span { —,—¢. 7.26
o= span {520, 20 (7.26)
Then
and
Ker(L*) = Xo® Xo® - - & Xo. (7.28)

As a result, the operator
Lo (H*(R?)" — (L*(R*))"
1s invertible if it is restricted as follows
L:(Xo®--©Xo)m N(HR)K — (Xo®--- @ Xo)" N (L*(R)".
Moreover, L' is bounded.

Proof: This follows from choosing a basis in R¥ so B is diagonal and using

(3) of Lemma 4.3. O
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8. STABILITY ANALYSIS II: SMALL EIGENVALUES

We now study (7.1) for small eigenvalues. Namely, we assume that A, — 0
as € — 0. The analysis follows along the lines of [40] and [42]. We will show
that the small eigenvalues are related to the matrix M (P?) given in (1.21).

Let us assume that condition (*) of Theorem 1.2 holds true. That is,
all eigenvalues of the matrix M (P?) are negative. Our main result in this

section says that if Ac — 0, then

2
€ 1

Ae ~ 21 09,
log o [ w?°

(8.1)

where oq is an eigenvalue of D~!M(P°)D~2 and D is the diagonal, positive
definite matrix defined in (6.37). From (8.1), we see that all small eigenvalues
of L, are stable, provided that condition (*) of Theorem 1.2 holds.

Again let (A, H.) be the equilibrium state of (1.5). which has been rig-
orously constructed in Theorem 1.1 and let (/L, f]e) be the rescaled solution

given by
Ae - €;1A67 ]Ele = gnga (82)

where & is defined in (1.22).
We cut off 1216 as follows:

Aci(W) = Xeps (e Acly), j=1,.. K, (8.3)
where X, pe is defined in (2.3).
Then it is easy to see that

Ady) = Z/LJ@ +e.st. in HX(Q,). (8.4)

We now give a formal argument which should motivate to the reader our
choice of decomposition of ¢. which will be given in (8.6) below. Later, in
Step 1 of the proof it will be shown that this choice gives the correct answer

in leading order.
Note that A, ;(y) ~ &w(y — P?J) in H%(Q,) and A, ; satisfies
. . A )2
AyAc; — Aoy + ( ﬁ’j) +e.s.t. = 0.
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Thus 24<i satisfies

0A.; 0A.; 2A.;0A.;  (A;)?0H.
Ay )] _ »J _|_ _ )] »J _6( Av.]) +€St — 0
Oyr Oy~ H. Oy HZ O (8.5)
(9146 i £ Hw P¢
and we have = = ;(1+o(1)) 5 (y — -2). We now decompose
K 2 A
. 0A
Ge=D D At O (8.6)
J=1k=1 Y

with complex numbers a$,, where

~

0Ac; .
or LK, = span{TJU =1,...,K, k=1,2} C H3(Q).
Yk (8.7)

Our main idea is to show that this is a good choice since the error ¢t is
small and thus can be neglected (This is done in Step 1.) Then we obtain
algebraic equations for af, which are related to the matrix M (P?). (This is
done in Step 2.)

Accordingly, we decompose ),

2
Z a$ ek + U2, (8.8)

||MN

where 9 ;1 is the unique solution of the problem

LA — (L TAS g + 2 A% =0 inQ,

Peik — (0 on 99, (8.9)

and 1 satisfies

{ LA — 1+ 70U + 26 A0t =0 inQ,
vt _
o = on 9. (8.10)

Suppose that ||¢¢|| g2,y = 1. Then |a§7,€| < C since

fQ ¢e 3yk
(€es)? Jre(52)?

€
A =

+o(1).
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Substituting the decompositions of ¢. and . into the eigenvalue problem
(7.1) and using (8.5), we have

21 OH
ezzjk AQ qu,ﬂta + e.s.t.

j=1k=1 e
A (A)?
TA Gt olept e J__)\ej_
y¢e qbe He (;55 (HG)Q we ¢E
X .
A
:)\EZZajka “Lin Q.. (8.11)
j=1k=1 Ok
Set
K 2 a
(A;) l 1 aHG]
I3 := ¢ as ~ . 8.12
Ry [ o w1
and
A)?
I = Aot — ot + (f e W 8.13
4 y(b ¢ ¢ (Hg)Q € (be ( )

We divide our proof into two Steps.

Step 1: Estimates for ¢
The main contribution of this step is to obtain good error bounds for ¢=.
We use equation (8.11). Since ¢ L K., then similar to the proof of
Proposition 5.2 it follows that

16 | 200 < Clls|l r2(00)- (8.14)

Let us now compute Is.
Let & be the same as in Theorem 1.1. Then we calculate, using (2.2), that
for x € Bs(Ff):

aﬁl
oz, 5652/8 sl §)(A (3

o (1 1 RS
foom (508 g — o)) o

+ Z(,TGO 7, €)(A <f>>2ds+0<ﬁ2e2)]

s#l

§

))* d¢

= 56&2
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and .
aAe,l
Veaalw) = 20° | G, (,2) A 5
— 2 1 L 2
=6 [ (508 g~ Huen) + O )
Thus, for z € Bs(Ff), we have

OH. 1
o (z) — Ewe,l,k(ﬂf)

B o1, 1 . g 1 1

¢ 9

_/Q[gj%hlo(ac,6))(1‘A1e,l(E>>2 ~ i 5

[ X oGl (A de + O 262)]

s#l

<Ae,l<§>>2]df

) ]czs)

Using the radial symmetry of i log Tl and integrating by parts, we get

OH., 1
al'k (SL’) - Ewe,l,k<x>

A 0

_ 2+ 2 -2 2, Y

= e [ w5 File) +0(0))

where
Fy(z) = Hy(z, PY)E ZGO:BFEd
J#
Observe that 5

%Fl(x)thf =o(1)

since P¢ — P% and P is a critical point of F(P).

Hence, we have
155]| 220 = 0 (

¢ 20y < CllIsll 2200 = (

S |a;,k|)

J=1k=1

m\)—‘

and

[

log

m\»—t

izw) .

(8.15)

(8.16)

(8.17)

(8.18)
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Using the equation (8.10) for ¢ and (8.18), we obtain that

K 2
vt =o (o S lasul | (8.19)
08 ¢ j=1 k=1
We calculate, using (8.5) and (8.13),

OA, A2 9H, | 0A, | L 0A,
d P o ) d _)\ B
/Qe( ay ) g / (H2 (Eaxm € y ¢e )) g 6/{2 gb y

Az A€ ﬁE
= [ g (P ) — e (P!
eP6 X

A%, 0H
AG, € PE J_
+ / iz g, (P!

(W (Pf + ey) — ¢ (P)))dé

/ Ag,l aA’ie,l
Q. pe ﬁg OYm

0A.
Y / 19861
Qe o OYm,
This implies, using (8.7), (8.18), (8.10), and the estimate
OH, 1
€ — . Q
0, O<log%) R

that

P e S N (8.20)
9 Oy — log Gkl ] ‘

€ j=1k=1

Step 2: Algebraic equations for af .

This step gives us algebraic equations for a5 .

Multiplying both sides of (8.11) by %/;;l and integrating over ()., we obtain

K2 A, A,
r.h.s. = A as & 76
;kg e Oy Oy

K 2 ow\ >
= )\ezza k jl(skméelfej/ (ay1> dy (1+0(1))

j=1k=1

=\, [ (C;Z)Zdy(l—l—o(l)).
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Now (8.20) gives

K2 (A;)? l 1 OH.| 0A,,
l.h.s. = as ek + ] =
]Zlkzl ],k . pe (He)Q 7]7k 61‘ aym
aAel
I 9y
/QE( B )dé
K (A2 [ 1 OH,.| DA,
S € 6] _ . €,
- Ezzaj,k /Qe e <H€)2 l 6¢57J7k + Ox ‘| aym

2 K 2
+0 T Z > olas,l |- (8.21)
Using (8.15), we obtain
K 2 A
Lh.s. = e3¢ 32 Z Z a;-’k(fevj)_2

j=1k=1
(A2 0 DA, [
X/E (131)2( axkF())aym/w

(i)

kf
U o 0 1
- 626 €] a. Im T ape - F(P*
R e PP (aPﬁmaP;ﬂ ( >>

OYm
2 K 2
( lZZ| jk|> (8'22)
6j*1k=1
Note that
/ 5 Ow __1 P
Oym 3 JRe
Thus we have
ete 32 K
geﬁ ~ 3 2 < 0 0 E)Z
[.h.s. = §€ &, w w aj —F(P
(o) 0 23 i | 5 LN

ol

1
¢ j=
Combining the [.h.s. and r.h.s, we have

4 . 2 K 2 o o
STl e[ S Y ey (%%%HPG))
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2 ow 2
€ 2
- )\sal,mge,l 5 <9y1> dy(l 0(1)) (824)

Letting € — 0 in (8.24), we see that the small eigenvalues with \c — 0

satisfy |A| ~ €'¢.3%. Furthermore,

Ae JRe w? Jre w?
4 - ow 27,90
€8 6 [p(g,)*dy

as € — 0, where 0y is an eigenvalue of the matrix D~'M(P%)D~2, D is given
by (6.37), and P° — P° as € — 0. (The vector @ = (af,,ay, ..., a%)"
approaches an eigenvector of M (P?) corresponding to 04.) By condition (*)
of Theorem 1.2, the matrix M (P°) is negative definite. Therefore, we have
Re (0¢) < 0 and it follows that Re(A:) < 0 if € is small enough. Therefore

the small eigenvalues A are stable for (7.1) if € is small enough.

Completion of the proof of Theorem 1.2:
Theorem 1.2 now follows from Section 7 and Section 8.
O

Remark 8.1:

We have shown that the small eigenvalues with A — 0 satisfy A\, ~ C 106?

with some C' > 0. Furthermore, asymptotically, they are eigenvalues of
the matrix D™'M(P°)D~? and the coefficients ajy, are the corresponding

82
oP2

definite, it follows that Re(\.) < 0 if € is small enough.

An open question is whether or not a positive real eigenvalue of M (P?)

eigenvectors. If the matrix M(PY) = F(P)|p—po is strictly negative

gives rise to a positive (small) eigenvalue A, for the system. Similar ques-
tions for singularly perturbed Neumann problem, where the role of M (P?) is
replaced by the mean curvature function, have been studied in [3] and [36].
The main difficulty for the full Gierer-Meinhardt system is that we do not
have a variational structure.

g
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