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Non-Fragile Hy, Control with Randomly
Occurring Gain Variations, Distributed

Delays and Channel Fadings

Zhen’na Li, Zidong Wang, Derui Ding and Huisheng Shu

Abstract

This paper is concerned with the non-fragile H,, control problem for a class of discrete-time systems subject to
randomly occurring gain variations (ROGVs), channel fadings and infinite-distributed delays. A new stochastic phe-
nomenon (ROGVs), which is governed by a sequence of random variables with a certain probabilistic distribution, is put
forward to better reflect the reality of the randomly occurring fluctuation of controller gains implemented in networked
environments. A modified stochastic Rice fading model is then exploited to account for both channel fadings and random
time-delays in a unified representation. The channel coefficients are a set of mutually independent random variables
which abide by any (not necessarily Gaussian) probability density function on [0, 1]. Attention is focused on the analysis
and design of a non-fragile H., output-feedback controller such that the closed-loop control system is stochastically
stable with a prescribed H., performance. Through intensive stochastic analysis, sufficient conditions are established
for the desired stochastic stability and H., disturbance attenuation, and the addressed non-fragile control problem is
then recast as a convex optimization problem solvable via the semi-definite programme method. An example is finally

provided to demonstrate the effectiveness of the proposed design method.
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I. INTRODUCTION

In recent years, the study of networked control systems (NCSs) has gradually become an active research
area due to the advantages of using networked media in many aspects such as the ease of maintenance
and installation, the large flexibility and the low cost. It is well known that the devices in networks are
mutually connected via communication cables which are of limited capacity. Therefore, some network-induced
phenomena have inevitably emerged in the areas of signal processing and control engineering, of which the
most popular one is the communication delays that have attracted a great deal of research effort for the
control/filtering problems of NCSs, see e.g. [1-11]. Among various types of time-delays, the distributed delays
have recently drawn a growing research interest because of its engineering significance [4,12,13], where most
corresponding results have been concerned with continuous-time systems with continuously distributed delays
described by either a finite or infinite integral. Nevertheless, the distributed delays in the discrete-time setting
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have not gained adequate research attention yet despite the fact that current digitalized control systems are
inherently discrete-time ones, see [14—16] and the references therein. As such, it makes practical sense to focus
more attention on the discrete-time NCSs with infinite-distributed delays.

In addition to the communication time-delays, some other network-induced phenomena inevitably emerge
in the areas of control engineering and signal processing due to the limited bandwidth of the communication
channels with examples including data missing [17-20], quantization [14,21] and randomly occurring nonlin-
earities [22,23]. There is, however, yet another special phenomenon typically induced by wireless networks
that has been largely overlooked in the NCS community. Such a phenomenon is commonly known as channel
fadings which have a great impact on the wireless channels and therefore constitute one of the most predom-
inant features of wireless communication networks [24]. Generally speaking, two major causes for the fading
effects are the multi-path propagation and the shadowing from obstacles. The channel fading phenomenon
is widely regarded as a kind of channel unreliability described by a random process reflecting the random
changes of phase and amplitude of the transmitted signal [1,25]. With measurements transmitted through
fading channels in a NCS, the overall system performance could deteriorate drastically and, accordingly, it
becomes necessary to investigate how the effects from the channel fadings upon the dynamic behaviors of the
NCSs can be attenuated. Very recently, some pioneering work has been done on the linear quadratic Gaussian
(LQG) control [26] and the Kalman filtering problems [27, 28], and there is still plenty of room for further
investigation, say, on the combinational influences from both the distributed delays and the fading channels.

Traditionally, most available controller design approaches rely on the implicit assumption that the designed
controller can be accurately implemented [29]. Such an assumption, however, is not always true in reality as the
controllers do have a certain degree of imprecisions due to 1) the finite word length in any digital system; and
2) the need for additional tuning of parameters in the final controller implementation. It has been revealed in
[29] that a comparatively tiny perturbation in controllers may lead to undesirable oscillatory behavior or even
instability, and it is desirable to ensure the insensitivity of the controller to certain parameter perturbations.
In the past two decades, considerable research attention has been paid to the non-fragile controllers capable
of tolerating some level of controller parameter gain variations because of their clear engineering insights in
many practical applications (see, e.g. [29-37]). For example, in [30], a non-fragile control strategy has been
presented for the output tracking control problem of the longitudinal dynamics of flexible hypersonic air-
breathing vehicles (HAVs) model. Moreover, in engineering applications, the prevalence of modern NCSs have
resulted in the random nature of the occurrence of the controller gain variations mainly for two reasons: 1) the
controller parameters may be randomly varied during transmission or implementation due to network-induced
problems such as truncations, saturations, quantizations, disorders or distortions; and 2) certain parameters
in the control devices may experience random yet abrupt changes due to unpredictable circumstances such
as random network load variations. As such, it is interesting to examine how the randomly occurring gain
variations (ROGVs) impact on the overall system performance, where the gain variations of the controller
occur probabilistically with certain types and intensity. Note that a similar concept has been proposed in
[38] for the synchronization problem. Nevertheless, there is a lack of systematic investigation on the design
problem of NCSs with particular emphasis on ROGVs, not to mention the case when both distributed delays
and fading channels are also the concerns.

Motivated by the above discussion, in this paper, we consider the non-fragile output feedback H,, control
problem for discrete-time stochastic systems involving ROGVs, channel fadings and infinitely distributed time-

delays. The main contributions of this paper can be highlighted as follows. 1) In the context of output feedback
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H, control, the phenomenon of ROGVs is considered that is governed by a sequence of random variables with
a known conditional probability. 2) A modified Rice fading model, whose coefficients are mutually independent
stochastic variables with the probability density function on the interval [0, 1], is employed to describe the
wireless communication networks. 3) This paper represents one of the first few attempts to cope with the
non-fragile H., control problem, within a unified framework, for discrete-time stochastic systems subject to
simultaneous presence of ROGVs, channel fadings and distributed time-delays.

The rest of this paper is organized as follows. In Section II, a class of discrete-time stochastic systems
with ROGVs, channel fadings and infinite-distributed delays are presented. In Section III, some sufficient
conditions are established to guarantee the stability and the H., performance of the closed-loop control
system. In Section IV, an example is presented to demonstrate the effectiveness of the results obtained.
Finally, conclusions are drawn in Section V.

Notation The notation used here is fairly standard except where otherwise stated. R™ and R™*™ denote,
respectively, the n dimensional Euclidean space and the set of all n xm real matrices. The set of all non-positive
integers is denoted by Z~. l2(]0,00); R™) is the space of square-summable n-dimensional vector functions over
[0,00). I denotes the identity matrix of compatible dimension. The notation X > Y (respectively, X > Y')
where X and Y are symmetric matrices, means that X — Y is positive semi-definite (respectively, positive
definite). M7 represents the transpose of M. E{z} stands for the expectation of stochastic variable x. ||z||
describes the Euclidean norm of a vector z. The shorthand diag{M;, My, --- , M,,} denotes a block diagonal
matrix with diagonal blocks being the matrices My, ..., M,. The symbol ® denotes the Kronecker product.
In symmetric block matrices, the symbol * is used as an ellipsis for terms induced by symmetry. B+ denotes

an orthogonal basis for the null space of BT.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the following class of discrete time-delay systems:

o
Trr1 = Axp + Ay Zudxk_d + Buy + Dug
d=1

yr = Crp + By (1)
2z = Ly,
Tr = ¢, VkeZ~

\

where xp, € R™*, y, € R™, 2z, € R"* and u; € R™ are the state vector, the transmitted measurement output
(without fading), the controlled output vector and the input vector, respectively. vy € l2([0,00);R?) is the
exogenous disturbance signal. ¢ (V k € Z7) is an initial sequence. A, Ay, B, C, D, E and L are known real-
valued matrices with appropriate dimensions. The constants pg > 0 (d = 1,2,--- ,00) satisfy the following

convergence condition:

o o0
fd = Z/LdSZdud<+oo (2)
d=1 d=1

o
and the term > pgrk_q represents the so-called infinitely distributed delays in the discrete-time setting.
d=1
Remark 1: Distributed time delays have been widely recognized and intensively studied for continuous-time

systems [12,13]. However, the corresponding results for discrete-time systems have been very few due mainly

to the difficulty in formulating the distributed delays in a discrete-time domain. The delay term > 57 | f1gZk—a
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in (1) is the the so-called infinitely distributed delay in the discrete-time setting, which was first proposed in
[16] and can be regarded as the counterpart of the infinite integral form ffoo ki_sxsds for the continuous-time
system. Note that the constants g (d = 1,2, ---) are assumed to satisfy the convergence condition (2) so as to
make sure that the terms of the distributed time delays (i.e. > 57, pazr—a) as well as the Lyapunov-Krasovskii
functional to be constructed later are convergent.

In a networked environment, it is quite common that the measurements y; are affected by channel fadings
during the signal transmission. According to Lth-order Rice fading model in [24], the received signal g is
expressed by ,

Uk =Y Biyk—s + By (3)
5=0
where / is a given positive scalar and 3] (s = 0,1,--- ,/) are the channel coefficients which are mutually
independent. Furthermore, 3 have the probability density function on the interval [0, 1] with mathematical
expectation s and variance (35)2. &, € la([0,00); R™) is an external disturbance and E,, is a known real-valued
matrix with appropriate dimension.

Remark 2: The research on the phenomenon of channel fadings has started to gain a momentum for its
theoretical and practical significance in the area of signal processing. Traditionally, the channel coefficients in
the Lth-order Rice fading model are assumed to be independent and identically distributed Gaussian random
variables. In this paper, such an assumption has been relaxed to allow the coefficients in model (3) to be
random variables obeying any probabilistic distribution on the interval [0,1]. Note that the stochastic Rice
fading model (3) could simultaneously characterize the phenomena of channel fadings and random time-delays.

The traditional output feedback controller is uy = K¢, where K € R™*™ is the controller gain to
be designed. In this paper, as discussed in the introduction, the practical controller within a networked
environment is sometimes subject to randomly occurring gain variation. In such a case, the actual controller

can be described by:

U = (K + OékAK)gk, (4)

where the stochastic variable oy has the expectation @ and variance &> and is uncorrelated with B (s =
0,1,---¢). AK quantifies the controller gain variation satisfying the following norm-bounded multiplicative
form [39]:

AK = KHpFy B (5)

where H,,, and FE,, are known matrices with appropriate dimension and F;, is an unknown matrix satisfying
FIE, <1I.

Remark 3: In real-world systems, the controller gain variations are inevitable due to the actuator degrada-
tions and the requirements for re-adjustment of controller gains during the controller implementation process
[34]. The models of such uncertain gain variations can be classified into two types: the additive uncertain-
ties proposed by Keel et al. [29] and the multiplicative uncertainties with the form of (5). In addition, for
networked systems, the actual values of the component parameters in control devices may experience random
yet abrupt changes due mainly to the random fluctuations of the network loads with impact on the controller
parameter implementation. In (4), the random variable «y is exploited to govern the probabilistic appearance

of such a controller gain variation.
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Denote 5,‘; = B — Bs, G == o — @, and (j, == [v}  &L]T with {Ck}re[—¢, —1) = 0. Applying the controller

(4) with both (5) and (3) to the system (1), we obtain the closed-loop system as follows:

L 00 L
Tryr = (A+ BoBiC)ag + Y BBiCop—s+ Aa Y _ pravk—a+ Y BiBrCars
s=1 d=1 s=0
¢ ¢

+ 3 BeBrELGi—s+ Y BiBeEN s + (Bily + DI)Gk + xBo BiCoy
s=0 s=0

l l
+dkﬁ23k0$k —I-deBsBkCﬂjk_s —l—deﬁinC:Ek_s (6)
s=1 s=1
l l

+ay Yy BBrELG—s+ kY BiBrEL s + i BilaGy,
s=0 s=0

2k = L,
T = ¢k7 VEke Z_,

where By, := B(K + aAK), B, := BAK, I, :=[I 0l and I:=[0 E,].

The objective of this paper is to design a non-fragile Hy, controller (4) for the discrete-time systems (1)
with both channel fadings (3) and infinitely distributed delays. More specifically, we are interested in looking
for the parameter K such that the following requirements are met simultaneously:

a) for (i = 0, the closed-loop system (6) is stochastically stable;

b) under the zero-initial condition, for a given disturbance attenuation level v > 0 and all nonzero (x, the

output zj satisfies

OBzl <7 NGl (7)
k=0 k=0

ITII. MAIN RESULTS

In this section, by resorting to the Lyapunov functional method and the stochastic analysis technique,
sufficient conditions are provided to guarantee the stability and the H., performance for the closed-loop
systems (6).

Before proceeding, we introduce the following lemmas that will be used in deriving our main results.

Lemma 1: (Liu et al. [16]) Let M € R"*"= be a positive semidefinite matrix, x; € R"*, and constants

a; >0 (i =1,2,---). If the series {a;};>1 is convergent, then we have

o0 T o0 o0 o0
<Zai3:i) M(Zaizni) < <Z ai> Zai:E;TFMxi.
i=1 i=1 i=1 i=1
Lemma 2: (Boyd et al. [40]) Let M = MT, U and W be real matrices of appropriate dimensions with V'

satisfying VTV < I, then
M+ Uvw +wivTu?T < o.

if and only if there exists a positive scalar € such that

M+ eUUT +e7'WIw < 0
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or, equivalently,

M U WT
M= | eUT —eI 0 < 0.
w 0 —el

First of all, we provide the following analysis result which serves as a theoretical basis for the subsequent
design issue.

Theorem 1: Consider the discrete-time system (1) subject to infinite-distributed delays, channel fadings
and ROGVs. Let the prescribed H,, performance index v > 0 and the controller parameter K be given.
The closed-loop system (9) is stochastically stable while achieving the performance constraint (7) if there
exist symmetric positive definite matrices P, R; (i = 1,2,--- ,¢) and @ satisfying the following linear matrix

inequality:

Ty IIip IIiz Iy

11 11 11
= * 22 23 24 <0 (8)
* * H33 H34

* * * H44

where

A = Bl Bl Bi), No=[Bol,Bil,---, Bl
T, = diag{B}. 05, . A}, Too = diag{63,5%,--- , 57},
I, = (A+ BoByC)'P(A+ ByBpC) + B2CTBI PB,.C
+ (&5 + &2B3)CT BEPBLC + ijl Rj—P+pQ+L"L,
Iy = (A+ BoBrC)' PB.CAy + &*BoCT B PBLCAy, Tz = (A+ BoBrC)T PAy,
My = (A+ BoBrC)'P(BLEIL A+ Bilolp + DIIp) + B2CTBF PBLELIp
+ &% BoCTBF PBLEIL Ao + &2BoCT B PBI,1p + a*BECT BEPBLELIp,
Iy = ATCTBIPB.CA, + 11, ® (CTBIPB,C) + &*ATCTBF PB,.CAy
+ 6 (T, ® (CT Bl PB,C)) — diag{R1, Ry, -+ , Re},
Moy = ATCTBIPAy, Ts3=ATPA;— 5 'Q, Ip=][I0..0],
Moy = ATCTBIP(BLELAo+ BilbIp + DIIp)+ [0 Ty, ® (CTBE PBLEL)]
+&*A{ CT Bl P(BLEL Ao + BiloIp) + &[0 Ty, ® (CTB{ PByEL)],
M3y = AJP(ByELAg+ Byllp + DI1p),
My = (ByELAg+ Bylhlp + DIIp) P(ByEL Ao + BlIp + DIIp)

+ Ty, ® (I{ E' BF PByEL) + &*(Zo, ® (If ET Bl PBLEL))
2

+ C~M2(BkE[~1A0 + BkiQID)TP(BkEilAO + BkaID) — 61 1].
Proof: For notational simplicity, we denote the following variables:
wpi= o whg o m )T, G= G G Gl e Gl

> ~ T «T . T1T - T «T T 11T
Xzd = Zdzludivk—d, wkZ[xk Ty, Xxd] y Mk = [fﬂk TR Xad CZ] .
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Then, define the following Lyapunov-Krasovskii functional candidate:

Vi =Vigp+ Vo + Vi, 9)
where
¢ k-1 o k-1
Vig =af Pog, Vor=> > af R, Vag=> pa Y 27 Qu- (10)
=1 imhj d=1 7=k—d

Calculating the difference of V; j, along the trajectory of system (6) and taking the mathematical expectation,
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we have

E{AV1k} = E{Vi k41 — Vi)

¢
= E{xf(A + BoBrCO)" P(A + BoBrO)y, + 2 (A + BoBkC')TP< > BsBkCSEk—s)
s=1

+ 2‘T£(A + BOBkC)TP (Ad Z Ndxk—d) + 2%%(A + B()BkC)TP
d=1

BsBkEfle—s)

M-~ 104~

BsBkCl‘k—s)

Il
—_

s=1 s
¢

ZZ: BiCay— s>T (AdZMdl’k d> +2<ZﬂsBkC$k s P(ZB kEfle—s>

s=1 d=1 s=0

T

(
+ 20 (A + BoBO)" P(Bily + DIn)Gi + (fj BBiC,) P
+2 )

~

s=1 d=1 d=1

~

> - s T - -
+2(Aa ) Hazi— d) (Z kEfle—s) + 2<Ad > dek—d) P(Bylz + DI)G
= =0 =1
‘
+Y Bla (BkO)TPBkO:ck_s +23° pPal (BiC) PBLEL G

s=0 s=0

(S amEn ) P(Y 8mEha ) +2( X AmERG ) P, + DR

(

+ 2(2 BsBrCxy— s>TP(ka~2 + DI, + (Ad Z ,dek—d> P<Ad i Ndxk—d>
(
¢

;:0 s=0 s=0 (11)
~ ~ T ~ ~ ~ ~ ~
+Y B¢l (BxEL)" PByEL(k—s + (] (Bely + D) P(BIy + DI1)G
s=0

+ xzdz(BOBkC) (ﬁoBkC)LEk + 242 Ty, (5(]Bkc <Z ﬁsBkCJEk 8)
s=1

¢

+ 2d2x£(BOBkC)TP< Z BsBkEjl>Ck—s + 2d2$£(BQBkC)TPBkj2Ck
s=0

+ 7} aQﬁQ(BkC)TPBkak +2a282x] (BkC)TPBkEh(k

+ &2 ( Z BsBkcxk—s)TP ( Z BsBkcxk—s> + 2472 ( Z BsBkcxk—s> (
s=1 s=1 s=1

¢ ¢
+ 267 Z BS:E;;F_S (BkC)TPka2Ck + a2 Z fo;f_s (BkC’)TPBkak_S
s=1 s=1

'Mf\

sBrEL1 G s>

V4 14
+ 2672 Zﬁ?a:f_s (BkC)TPBkEile_S + a (Z kE[le S)T

s=1 s=0
(Z BBLEDG ) + 2 (f: BLEIL i S>T P(Brlo)G
s=0 s=0

l
~ > 5 i\ ph o7 25 F 5 7
+ &2 § B2¢L (BREL) PByEL (s + (L &% (Brlo) " P(By )¢y — ;L«{Pa:k}.
s=0
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By using the Kronecker product operation, it follows from (11) that

E{AVi;} = E{;;;{(A + BoBrC) P(A + BoBrC)zy, + 22T (A + BoByC) PByCA )
+ 227 (A + BoBrO)T PAgxpa + 221 (A + BoBrC) ' PBy(}: + 23 AT CT B PBRC A2},
+ QxZTA{CTBgPBkCZ + 2$ZTA{CTB,{PAdXxd + ngAgPAdXxd + 2ngA§PBkCZ
+ GBI PBy¢ + BRal cT Bl PBLCxy, + 2822 CT BE PBLEL DG + 3 Cha}
+ 2257 Co ¢t + GTELG + (afo) %2l CT B PBLCxy + 262 Boxl CT B PBLC A2
+ 2626zt CT BE PBLEL AoC} + 232 Boxt CT BF PBLIIp¢; + &2 522 CT BT PB,Cxy,
+2a2322F CTBE PBLELIC + &2 T ATCTBF PBLC Az} + 2623 T AT CT BT PBLEI Ao}
+ &GN TTET BYPBLEL AoC + 262" ATCT B PBL L Ip¢; + &G IHIT BF PBLIIpC;
+ 282 GT AT T ET BE PBLLIC + &Paf Csxl + 2622  CuCh + &2 T EoCh — x{Pmk}.
(12)

where

B, = ByEL Ao+ BiLIp+ DLIp, C) =17, ® (CTBLPB,C),
Cy = [0 Ti,® (CT"B{PByEL)], Ei =1y, ® (I{ E"BlPByEL),
Cy = T;,® (CTBIPB,C), Ci=[0 I, ® (CTBI PByEL)],
Ey = Ty, @ (IT E'BIPBLEL)

Next, it can be derived that

L
E{AVos} = E{Vajir — Var} = D B{al Ry — of_jRjop s |
j=1 (13)

¢
= E{ Z - x;;FRj:L"k — x3Tdiag{Ry, Ro,- - - ,Rg}x;;}

and

E{AV3;} = E{V3 541 — V3 1}

0 k 9] k—1
= E{ pa Y, wlQue =Y pa Y foxT} "
d=1 7=k+1—d d=1 7=k—d (14)
o
= E{W%Qiﬂk - Z def_dek—d}-
d=1
From Lemma 1, it can be easily seen that
= nath_gQri-q < ~Z ( > ,dek—d> Q> pavi-a =~ "XEiQXad (15)
d=1 d=1 d=1

where [i is defined in (2).
Substituting (15) into (14) results in

E{AVai} < E{irf Que — 1~ XFaQua }- (16)
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Obviously, for ¢; = 0, the combination of (12), (13) and (16) shows that
E{AVi[¢z = 0} = E{Vi41|¢; = 0} — E{V[¢; = 0}
= E{AV14|¢p = 0} + E{AV,4|¢; = 0} + E{AV34|¢; = 0}
< E{:c{(A + BoBrC)T P(A + BoBrC)xy, + 22T (A + BoByC)T PBLCA 2}
+ 221 (A + BoBiC) PAgxza + 2t AT CT B PBC A2y + X2y AT PAixaa
+ 203" ATCT B PAgxeq + Baxt CT BF PBCxy + 237 Cra}
+ (aBo)*zE CT B PByCxy, + 2a%Boxt CT B PBL.CA z} + &% B2xE T BI PB,.Cxy,
L - ¢
+ a2 A CT Bl PByCO My + &} Caaf+ ) af Ry,
J:

— " diag{Ry, Ry, - , Re}a} + iy Qg — i X0q@Xad — :cfpsck}

= B{Zj i}
where
M, Ty I
H: k H22 H23
* * H33
with

My = (A+BoBkC) P(A+ ByBiC) + F3CT B PBC
— ~ ~ ~ ~ ~ VA
+(aBo)2CT B PByC + &*B3CTBI PB,C + Y Rj— P+ iQ.
J:

10

(18)

According to the Schur Complement Lemma, it follows from (8) that II < 0 holds. Therefore, the system (6)

is stochastically stable.

Let us now move to the analysis of the H, performance for the system (6). For this purpose, we establish

a cost function
JT(n) = E{llzl*} =D Gl
k=0 k=0

In terms of (12), (13), (16) and (17), we obtain

E{AV}

< E{jfﬁjk + 20T (A + BoBiCO)T PBiC; + 22T ATCT BT PBy(;
+ 2x 1, AT PBiGi + 283 CT B PByELIpG: + (i B{ PBi(;
+ 2037 Colt + GTEN G + 262 Boxt CTBY PBLETL AoC}
+ 2% Boxt CT BY PBLLIpG: + 2a2faxt CT B PByELIp(;
+2a%0; AT CT BT PBLEL Ao + 28223 ATCT B PBLLIpG:
+2&22T Cy ¢t + &2GT A ITET Bl PBLEL Aot + 642G T Fo(
+ 282G A I ET BF PBL LG + &2 THIE BEPB LI Dg,j;}.

(19)
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Under the zero-initial condition and the hypothesis of {(x }re[—¢, —1] = 0, it can be shown from (8) that

n 2 n ¢
Tm) = DBl = 2 3D lgesl?
k=0

k=0 s=0

n 1 )4
9 s 2 el NG

- 2 7\ - 2
< kZ:OEHZkH _£+1k220§||<k—5|| (21)
n 2 1
< SE{la? = 27 Y lGe-ll? + AV(R) } ~EV(n 4+ 1)
k=0 s=0
< Y E{il mi
k=0
< 0.

Letting n — oo, it follows immediately from the above inequality that

o0 o
SCE{llalP} <42 3 NG,
k=0 k=0

which completes the proof. |
Next, in terms of the obtained results of Theorem 1, we aim at designing a controller in the form of
(4), i.e., we are interested in determining the controller parameters such that the closed-loop system in (6) is
stochastically stable with a guaranteed H,, performance. The following theorem provides sufficient conditions
for the existence of such non-fragile Hy, controller for system (6).
Theorem 2: Consider the discrete-time system (1) with non-fragile controller, infinite-distributed delays as
well as channel fadings. For the given prescribed H,, performance index v > 0, the close-loop system (6) is

stochastically stable while achieving the performance constraint (7) if there exist symmetric positive definite

matrices P, R; (i = 1,2,--- ,/) and Q, four matrices U1, Uy, U3 and K, and a positive constant scalar e
satisfying
T * * *
T T * *
v | Ta Tz <0 (22)
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where
Tio = diag{ﬁl,ﬁz, e ,Bz}, Tow = diag{Bo,ﬁlw’ ,51},

Q= [B(BTB)™H BYT, Tyu=I2P-vQ-07eT), K=[KT0",

¢ 2
I'= dlag{ ZR] — P"‘,ELQ +LTL7 _diag{RlaR27’ o 7Rf}7 _ﬂ_1Q7 _61 1‘[}7

j=1
[ WQA+ B KC KCA,  WQA; KELAy+ KIp+WQDLIp |
BoKC 0 0 KELIp
0 0 0 0
T = 0 0 0 0 )
0 T, ® (KC) 0 0 Zi]® (KEL)
0 0 0 0
[0 0 0 aKH, |
0 aKH, 0 0
0 aKH, 0 0 U Uy
T3g = - , = ,
0 0 0 aKH,, 0 U,
0 0 ah,®(KH, 0
|0 aZi, ® (KHy,) |
[0 0 0 aBKII
0 aBKH 0 0
Mo | 0 aBEH 0 0 |
0 0 0 aBKH,
0 0 ali, ® (BK Hy,) 0
0 0 a1y, ® (BKH,,) 0
[0 0 0 0
N BoEmC 0 0  BoE.ELIp
0 I®(ELC) 0 [0 I®(ELED)
| BoEnC  EnCA 0 En(EL Ay + LIp)

Furthermore, if (22) holds, then the controller gain matrix is given by K = \Ifl_lk .
Proof: 'To begin with, the inequality (8) can be rewritten as

M = I+17pPr +1TPry + TP + TT (T @ PYTy + TE(I @ P)YTs +TE(I @ P)Tg < 0

where
Iy = [ A+ BoBiC BL,CA1 Ay BpELAy+ BiLIp+ DLIp ],
Ty =[BoBkC 0 0 BoBLELIp ], Ts=[aBBC 0 0 aBoBrELIp ],
Ty = [ aByByC aBLCAy 0 aBR(ELAy+ LIp) ],
I5=[0 21, ® (B:C) 0 [0 Iyn)® (ByEL)],
Tg=[0 aZ, ® (BLC) 0 al0 I, ® (BREIL) ].

12

(23)
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Then, applying the Schur Complement Lemma, the above inequality is equivalent to

T
=k 1; —[1(;91]}3—1 <0 (24)
where
[ A4 ByB.C  BLCA, Ay BRLEL Ao+ BplIp + DLIp |
BoBiC 0 0 BoBrELIp
flk _ &B:OB;kC 3 0 0 ) dBO?kEjl{D
afByBC aBRCAq 0 dBk(EflA() + [QID)
0 T1,® (BC) 0 0 Z1,]® (ByEL) |
L 0 dﬁlv ® (Bkc) 0 d[O ilv] &® (BkEjl)

Furthermore, note that Z; can be decomposed as follows:

with
- 'r 17 Az | © 7
x —IT@P 1|’ « 0 |’
[ A+ GyBKC  BKCA, Ay BKELAy+ BKILIp+ DLIp |
ByBKC 0 0 BKELIp
F 0 0 0 0 |
0 0 0 0
0 I, ® (BKC) 0 0 7Zi,) ® (BKEL)
0 0 0 0
[ BylaBAKC  aBAKCA, 0 aBAKELAg+aBAKLIp |
BoaBAKC 0 0 aBoBAKELIp
mo aBoBAKC 0 0 aBoBAKELIp
*7 | GFBAKC  GBAKCA, 0  G&GBAK(ELAo+ LIp)
0 ali, ® (BAKC) 0 a0 Iy]® (BAKEIL)
0 aZi, ® (BAKC) 0 &[0 Zy,)® (BAKEL)

Denoting M =[0 MT]T, N =[N 0], we have
Er=E+A%, =2+ MI @ F,)N +NT(I o F,)TMT <o. (26)
In terms of Lemma 2, one has
E4 e MMT e &N (eN) <0 (27)

Combining (25) and (27) with the use of Schur Complement Lemma, we can see that the inequality (24) is
true if

I * * *
r -IepP1!

= T <o (28)
0 MT —el  x

eN 0 0 —ef
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holds.
On the other hand, it follows from (22) that ¥UQ is invertible. As such, pre- and post-multiplying the
inequality (28) by diag{I,I ® (VQ),I,I} and diag{I,I @ (¥Q)T 1,1}, and letting K := [KT0]T = UVOBK,

we can obtain

T * * *
(I @) —Ie (WQP1QTeT) « *
0 (I (wQ)M)T —el (29)
eN 0 0 —el

— T4 diag{O, I w0+ 7w —wop-1aTe? — p), 0,0} <0

Because of
vQ+ 7! —wopP1oTe! - p= —(P- Q)P (P - 0Q)T <0,

we have the conclusion that the inequality (29) can be satisfied if T < 0. Therefore, according to Theorem
1, the close-loop system (6) is stochastically stable while achieving the performance constraints (7), which
completes the proof. [ ]

Remark 4: Note that, similar to the analysis in [3], for the standard linear matrix inequality system, the
algorithm has a polynomial-time complexity. That is, the number N(g) of flops needed to compute an
e-accurate solution is bounded by O(MA?3log(V/e)), where M is the total row size of the linear matrix
inequality system, A is the total number of scalar decision variables, V is a data-dependent scaling factor,
and ¢ is relative accuracy set for algorithm. Let us look at the discrete-time stochastic system (1), where the
variable dimensions can be seen from z(k) € R"*, y(k) € R™, v(k) € R?, u(k) € R*, Hy, € R" and E,, € R"-.
¢ is the order of the Rice fading model. From Theorem 2, we have M = 6n,+3¢n,+ ((+1)(¢+ny) +4ny, +4n,
and N = 0.5(ny + 1)n, (¢ + 2) + ni + ”:2(; — NNy + nuny + 1. Therefore, the computational complexity of
the algorithms developed can be represented as O(n’). Obviously, the computational complexity of the
algorithm is dependent on the variable dimensions, which means that the overall computational burden is
mainly caused by the time complexity of performing computations on common mathematical operations.
Fortunately, research on the computational complexity of mathematical operations is a very active area in the
computational mathematics, optimization and the operations research community, and substantial speed-ups
can be expected in the future.

Remark 5: In this paper, the main result established in Theorem 2 contains all the information about the
system parameters, the occurring probability of the randomly occurring gain variations (ROGVs) and the
statistical information of channel coefficients. The main novelty is twofold: 1) the phenomenon of ROGVs,
which is governed by a sequence of random variables with a known conditional probability, is introduced to
reflect a more realistic controller characteristic; 2) intensive stochastic analysis is conducted to enforce the
non-fragile H,, control problem for discrete-time stochastic systems subject to ROGVs, channel fadings, as

well as infinite-distributed time-delays within the same framework.

IV. NUMERICAL EXAMPLE

In this section, we aim to demonstrate the effectiveness of the proposed non-fragile H,, controller design

scheme. Consider the system (1), where the nominal system matrix A and the measurement output matrix
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C' are taken from the geared DC motor, which is a component of the MS150 Modular Servo system [42]:

1 0.0098
A= = [ 10 ] .
0 0.9653
Suppose that, when modeling the MS150 Modular Servo system, there exist control inputs with randomly oc-
curring gain variations (ROGVs), infinite-distributed delays and disturbances. Furthermore, the measurement

information could suffer from fadings when it is transmitted through the wireless communication networks.

Accordingly, in addition to the main system parameters A and C, we set other parameters as follows:

0.06 —0.036 B= 1 D= 0.08 L= 0.02
0 0.03 0 —0.04

A, =
a —0.02
Let the constant sequence {14} 4e[o,00) De chosen as g = 27374, Tt is easy to check that i = > 00, pta = 273 <

, £ =001, E, =0.25.

> gy ditg = 2 < 400, which satisfies the convergence condition (2).
Suppose that the order of the fading model is £ = 1 and the probability density functions of channel

coefficients are

£(Bo) = 0.0005(e**% —1), 0< fy <1,
f(Br) = 8.5017¢ %571, 0< B <1

According to the given probability density functions, we can easily obtain that the mathematical expectation
Bs (s =0,1) are 0.8991 and 0.1174, and variance Bs (s =0,1) are 0.0133 and 0.01364.

In this example, the H., performance level «y is taken as 1.2. The stochastic variable a; obeys a Gaussian
distribution with the expectation 0.65 and variance 0.25, and the controller gain perturbation parameters are
assumed as

E, =10, H, =0.5.

Using Matlab software with YALMIP 3.0, we can obtain the set of solutions to the non-fragile H,, control

problem as follows

p_ | 16122 00357 | | 15795 0.1876
| 00357 20118 |7 0 4.0432

] , K = —1.6026,

0.6740 0.0212 0.1717 0.0100
L= , Q= , € =0.3837.
0.0212 0.0036 0.0100 0.0691
Furthermore, we can obtain the controller gain matrix K = —1.0147.

To further demonstrate the effectiveness of the designed non-fragile H,, controller, assume that the distur-
bances are given by
vp = 0.5 " sin(k), & = ap/(k + 1),

where ay, is generated that obeys uniform distribution over [0 1]. The simulation results are shown in Figs. 1-
3. Fig. 1 plots the measurement outputs by sensors and the received signal by the controller, while Fig. 2
depicts the uncontrolled outputs of the open-loop system and the controlled outputs of the closed-loop system,
respectively. We can easily find that the closed-loop system has a perfect convergence performance. In Fig. 3,
it is further shown the outputs for three different cases of controller gain perturbations, that is AK = 0,
AK = KH,,,F,,, By, and AK = 2K H,, F,, E,, (the perturbations have not been sufficient considered). We can

find that the system performance is seriously degraded for the third case.
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V. CONCLUSIONS

This paper has been concerned with the non-fragile H,, control problem for a class of discrete-time sys-
tems with ROGVs, channel fadings as well as infinite-distributed delays. The phenomenon of ROGVs has
been introduced to account for the random nature of the controller parameter drifts/fluctuations during the
implementation in a networked environment, and such ROGVs have been assumed to obey a certain proba-
bilistic distribution. In addition, a modified stochastic Rice fadings model has been considered to cater for
the phenomenon of channel fadings, where the probabilistic law for the random channel coefficients is not re-
stricted to Gaussian. By introducing a parameter-independent slack variable with lower-triangular structure
and employing the stochastic analysis approach, sufficient conditions have been obtained for the existence of
admissible controllers. Finally, an illustrative simulation example has been given to illustrate the effectiveness
of the proposed design method. One of the future research topics would be to extend the present results to

more complex systems such as descriptor systems and Markovian jump systems [41].
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