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Event-based H,, Consensus Control of Multi-agent
Systems with Relative Output Feedback:
the Finite-Horizon Case

Qinyuan Liu, Zidong Wang, Xiao He and D. H. Zhou

Abstract—In this paper, the Hs, consensus control problem is investi-
gated over a finite horizon for general discrete time-varyig multi-agent
systems subject to energy-bounded external disturbances.decentralized
estimation-based output feedback control protocol is put drward via
the relative output measurements. A novel event-based meghism is
proposed for each intelligent agent to utilize the availak# information in
order to decide when to broadcast messages and update coritrimput.
The aim of the problem addressed is to co-design the time-vging
controller and estimator parameters such that the controled multi-
agent systems achieve consensus with a disturbance attetioa level
~ over a finite horizon [0, T']. A constrained recursive Riccati difference
equation approach is developed to derive the sufficient coritibns under
which the Ho, consensus performance is guaranteed in the framework of
event-based scheme. Furthermore, the desired controllerra estimator
parameters can be iteratively computed by resorting to the More-
Penrose pseudo inverse. Finally, the effectiveness of thewekloped event-
based H~, consensus control strategy is demonstrated in the numerita
simulation.

Index Terms—Multi-agent systems; event-based mechanismé/~, con-
sensus; Riccati difference equation; output feedback.

I. INTRODUCTION

During the past decade, the coordination problems of nagjént
systems have been a research focus attracting an increagengst
due primarily to their practical application insights in ariety of
realms such as satellite formation control [3], collectbehavior of
flocking [22], attitude alignment among spacecraft [14ktdbuted
estimation [7] and automated highway systems [2]. A critisaue
in coordinated control problems is to design a distributedtiol
protocol for communication behaviors and controller atituabased
on the shared information (including graph topologies,|-tieae
states of adjacent nodes and common control algorithmsjder do
ensure that all the agents reach an agreement or collgcpeeform
certain actions. Many important results have recently lbeparted on
the cooperative control problems for multi-agent systesas, e.qg. [4],
[8], [10], [11], [16]-[19], [21], [24], [29] and the referems therein.

results on the coordination problems for time-varying iragent
systems have been really scattered, and the first motivaftidhis
paper is to shorten such a gap.

Owing to the recent advances in digital technologies, emed
microprocessors, which are responsible for communicatietmveen
adjacent agents, have been becoming indispensable contpoofe
multi-agent systems. In dadeal world, the communication bandwidth
is assumed to be unlimited and the traditionally periodijciggered
communication won't bring any concern in terms of the netwoad.
Such an assumption, however, is not true in some applicatiobject
to certain resource constraints such as limited networkiwatih. For
example, the frequent signal transmissions might givetoisetwork-
related adverse phenomena such as communication delay=eket
losses. In this case, a novel sporadic scheduling (calledettent-
based approach) seems to be more preferable, where thegrebed
executions are triggered if and only if some ‘interestingemts
occur. With appropriately developed triggering eventis jiredictable
that both the reduction of bandwidth occupation and thereesi
properties of close-loop system (e.g. stability and caysece) can
be guaranteed [1].

Up to now, many event-based schemes have been available in th

literature for continuous- or discrete-time systems basethe input-
to-state stable (ISS) theory, see for instance [15] and e¢ferences
therein. Such sporadic event-based schemes have beeedappli
[27] for distributed network control systems (NCSs) withcket

loss and transmission delays. Event-based control prableve also
been addressed for multi-agent systems, see e.g. [5],9B]143],

[28]. Specifically, in [5], both centralized and decentzell event-
based control strategies have been proposed for a groumgiesi
integrator multi-agents in order to reach an agreement rdicap
to a fixed undirected network topology. The event-basedkimgc
control problem has been investigated in [9] for leadelefeér multi-

agent systems with and without communication delays, wiieee
convergence analysis has been provided. Several lineaixniiat

equality (LMI) conditions have been reported in [28] for Bisbased
control problem of discrete-time heterogeneous multiraggstems.
Additionally, in [6], the distributed event-based methdds/e been
combined with an iterative algorithm to render the impletation

more practical. A novel event-based strategy, which is peddent
of the real-time state of neighbors, has been examined ihff#3

Consider the practical situations where the states of th&i-muboth single and double-integrator agents such that theircais

agent systems are subject to real-time changes/vari#tigisations
such as time-varying temperature and mutative working itiomg.
In this circumstance, the evolution of the dynamics of loagénts
is inevitably dependent on the time. For such time-varyiystems,
in response to the changes in the environment, the intetliggents

monitoring is no longer required. As for general agent dyicam
in [32], the authors have intensively investigated the eosss of
multi-agent systems when the individual full state is aalg for its
neighbors. Furthermore, in [30] and [31], the event-basmtsensus
problems have been thoroughly studied for general lineaoolinear

should adopt thdime-varying cooperative control strategies so asystem dynamics by assuming that each agent is passive.

to better reflect the reality. A literature search has shoWwat t
several methodologies have recently been developed fervarying

It should be pointed out, despite the recent surge of relsearc
attention on the event-based schemes for multi-agentragsteveral

systems and a great number of results have been availabkigfor challenges still remain. First, most available resultsehbgen con-

general control and filtering problems. These methodotogielude,
but are not limited to, the recursive linear matrix ineqtya{(RLMI)

technique [20] and the backward recursive Riccati diffeeeequation
(RDE) approach [25]. Unfortunately, up to now, the corresting
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cerned with single or double-integratiime-invariantmodelswithout
any external disturbances. Unfortunately, in real-worpgleations,
the behaviors of local agents are usually complicated éslpewhen
they suffer from various stochastic disturbances and conization-
induced noises. It is of vital importance to suppress theuamnite
from the external noise disturbances for general multhaggstems
through analyzing and synthesizing the cooperative cbatitemes,
for which the H.. disturbance rejection attenuation would be a suit-
able performance index. So far, some preliminary resul®, [[L3]
have been reported on thé., consensus control problem with the
assumption that real-time information of adjacent nodel’states
is available in order for the agents to share their localrimftion at
every sampling instant. Such an assumption is somewhatctest
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in practice since the state of agents may not be easily &lmila by the following discrete time-varying systems:

some occasions. Also, the real-time full state feedbackdvnogrease

the communication frequency, which is undesirable. To Ivesthe ik +1) = Agwi(k) + Brus (k) + Dpwi(k),

problem, a natural idea is to develop an appropriate evesed yi(k) = Crai(k) + Ervi(k), 1)
control scheme by using@ccessible relative measurement outputs zi(k) = Myzi(k)

instead of the full states, and this motivates us to invagtighe where z;(k) € R™ is the system statew:(k) € R™ and

H, consensus control problem. o ; i
Summarizing the above discussions, in this paper, we aineab dvi(k) € R™ are the extemal disturbances belongingAg[0, 77,

. T . yi(k) is the measurement output,(k) is the controlled output, and
with the Ho, consensuproblems for a class of linedme-varying ;(k) is a sequence of control inputs. Note that the system (1)runde
multi-agent systems with external disturbances by usielgtive i q puts. Y

output feedbackAn event-based scheme is proposed to distributiveg/ons@eranon Is quite geqeral which includes the singfet second-
.~ Order integrators as special cases.

calculate event times based on a predetermined data trgsiemi . . . .
e o Owing to the time-varying manner of the system and the inflaen
condition in order to reduce the communication burden anagemnts. . o .
; . . " - from external disturbances, it is difficult for the multieags to
Moreover, we would like to derive sufficient conditions undehich . . .
. . . . achieve asymptotic and accurate consensus. Thereforgisipdper,
the consensus error is bounded infR, sense over a finite horizon. - . - .
. . . S the finite-horizon H~, consensus problem is taken into account to
The corresponding time-varying estimation-based outgetiback . . . .
; . . 2 . alleviate the interferences from the time-varying pararsetind the
controller is designed via optimizing afl, performance index. The . .
. o - ) . external disturbances on the desired agreement among émésag
main contributions can be highlighted as follows: the discrete- L . :
time intelligent agents with general dynamics are undersidgration Definition 1. Let a disturbance attenuation level > 0 and a
9 g g Y positive definite matrix’ = W7 > 0 be given. The multi-agent

which cover the frequently investigated integrator moadesspecial system (1) with a prefixed connected topology is said to fyali

cases; 2) the transient behaviors are studied in order toecefl . -
; . - H, consensus performance constraint over the finite horjagh
the time-varying nature of the addressed multi-agent syste3) a . o ) )
if the following inequality holds:

novel event-based control protocol is first proposed for timee-

varying multi-agent systems so as to achieve the prespkdifie N
. .. . . = 2
constraints over a finite horizof0, 7']; and 4) different from the E 12: () [0,y
existing literature, relative measurements between adja@gents i=1 )

are utilized for the event-based feedback control.

Notation. Except where otherwise stated, the notations used
throughout the paper are standardC:([0,7];R"™) is the space
of square-summable-dimensional vector functions ovéf, 7). 1 Where z(k) = zi(k) — %>, z(k), |z®)lhy =
represents theV x 1 column vector of with all the elements equalz;f:o IZ:(k)||? and Z;(0) = =:(0) — % j.\’zl 2:(0).
to 1 and0, denotes then x n zero matrix.diag{.} stands for a  Remark 1: The asymptotic (steady-stat&).. consensus problem
block-diagonal matrix andol x {z;} represent§zr! ,--- ,2%]7. M7  has been dealt with in [12] for time-invariant system overiirgimite
denotes the transpose of a matfif, and M € R"*™ describes horizon. To capture the behaviors of time-varying systeddressed
the Moore-Penrose pseudo inverseMf € R™*™. ||z|| stands for in this paper, it makes more sense to study the finite-horizon
the Euclidean norm of a vectar and || f||3 represents’” Qf. (transient) Ho, consensus control problem with hope to attenuate

the effects from external disturbances over a specific tieréod.

N
< i) o,y + s (B oy + 77 ()W z:(0) }
=1

Il. PROBLEM FORMULATION AND PRELIMINARIES . . .
C. Cooperative Estimators Design

Consider the situation where each agent has access to the mea
surements relative to its adjacent agents rather than ta foea-

In this section, we introduce some preliminaries relatedis
tributed control of multi-agent systems and then desctieeproblem

setup. surements, which means the measuremertts) (i = 1,2,--- , N)
cannot be obtained directly. In the following, a distritlistimator-
A. Graph topology type consensus protocol is proposed based on relative tootpa-

The communication topology of the system is described by s¥rements, which utilizes the state estimation infornmaifor the
fixed undirected grapl = (V,€,.A) of order N with the set of controller design) and the output measurement informationthe
nodesV ={1,2,---, N}, the set of edge€ = V x V, and the estimator design).
weighted adjacency matrid =[a;;]. The weighted adjacency matrix ~The relative measurement of adjacent agents with respegent
of the graph is a matrix with nonnegative elememissatisfying the ¢ is defined by
propertya;; > 0 <= (i,j) € &, which means if there is an edge ny
between né)de'sandj, t(hen)they are called adjacent. Note that for an Gilk) = Z aij(y; (k) —yi(k)), Gi(k) € R™ 3)
undirected graply, A is a symmetridV x N matrix given bya;; = 1 N
(if nodesi andj are adjacent) and,; = 0 (otherwise). The graptg ~ and the relative full state is defined by
is assumed to be connected where there is a path between any of N o ) * na
nodes. The neighbors of nodes denoted by \; £ {j|(i,5) € £}. &k) = 3 aulws(k) —mik), & k) R “)
The degreeD is a diagonal matrix with elements defined as the ] ] ) ]
number of its adjacent vertices. The Laplacian of undigeaph Note that the relative full state is unavailable but could ds#i-

JEN;

G is a symmetric positive semidefinite matiX = D — A. mated. As such, an estimator-type consensus protocol jzoped
as
B. Problem Formulation Cilk +1) = Ap&i(k) + Br 2- e v, @ij(uj(k) — ui(k))
Consider a multi-agent system witN identical agents, labelled + Li(Gi(k) — Cr&i(k)) ®)

by 1,2,---, N, respectively. The dynamics of ageinis governed ui(k) = Kp&i(k)
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where &;(k) € R"* is an estimate for the variablg (k) and Ly Combining the consensus protocol (6) with the multi-aggstesms
(K) are the estimator (controller) parameters to be detemnivith  (7), we have the following compact form:

appropriate dimensions. The control tepm, _ . (u; (k) —ui(k)) in 2(k+1) = (In ® Aa(k) + (In @ BrKy)e! (k)

(5) requires the information exchanges between each agehits . (11)
neighbors, which renders the protocol (5) distributed amaenient + (In @ BeKi)E (k) + (In @ Dy)w(k)
for implementation in practical applications. It can be verified that™ (k) = —(H @ I,,,)a(k). Letting s(k) £

D. Event-based Mechanism e'(k) — e (k) = €'(k) — £(k) represent the control error introduced
Thanks to its capabilities to reduce the information exdean py the event-based schedule, (11) becomes
frequency, the event-based mechanism has proven to bélsuiita )
distributed control of multi-agent systems subject to fedinetwork  #(k +1) = (In ©® Ay — H ® BrKx)x(k) + (In @ BrKy)e" (k)
resources. + (In ® BrKy)s(k) + (In @ Di)w(k)
For the purpose of introducing the event-based scheduliedirst

denote the triggering instant sequence of agey s, = 0 < s1 < Next, it follows from the relationshie” (k) = £(k) — £" (k) that

sh < --- and then defing! (k) = &;(s,) for k € [sh,, s4, 1) with e’(k+1)=(In® (Ar — LpCy)) e’ (k)
the superscrlptf indicating triggering. To this end, the event-based — (H @ Ly Ex)v(k) + (H ® Dy)w(k) (12)
estimator-type consensus protocol (5) can be rewrittenlisis with
a little abuse of the notatiog; (k): Similar toz; (k), we letz; (k) = z;(k) — Zi’il zi(k) and then get
Eulh+ 1) = A&a(k) + B Xy, sy (u (k) — ! (k) T o o v oy o LB and
+ Li(Gi(k) — Cr&i(K)) (6)

. . By Ky)e®(k H,, ® BpKy)s(k Hy, @ Di)w(k
and the dynamics of the close-loop system can be rewritten as @ BeKr)e' (k) + ( @ BrKi)s(k) + ( ® DyJw(k)
Ea1)— A Y+ Budt (k) + D & Utilizing the properties of matrix4,,, we haveH,, H,, = H,, as
zi(k +1) = Apwi(k) + Brui (k) + Dywi(k), well asH,,H = HH,, = H. Apparently, (13) can be converted into

yi(k) = Crwi(k) + Exvi(k), () the form
zi(k) = Myzi(k). 2k +1) = (Hp ® Ay — H® BpK)z(k) + (Hm ® BuKr)e' (k)
Moreover, letoc be a given positive scalar and the distributed + (Hm ® BrKy)s(k) + (Hm @ Di)w(k)

triggering functionf; (k, &;(k), ¢L(k), o) be given by
o , - By defining the variables (k) 2 [ 7 (k) (e*(k))T]T andw(k) £
filk) = (&i(k) = & (k)" (&i(k) — & (k) — o&i (k)&i(k)  (8)  [wT (k) v"(k)]T, we obtain the augmented system as follows

which takes values iR for each agent. The control execution is X(k+1) = A X (k) + Brs(k) + Drw(k)
triggered as long as the inequalify(.) > 0 is satisfied, i.e. 5(k) = /\/l X (k) (14)
k

(&(k) = €1(k)" (&(k) — €1(K) > o€l (R)&s(R).  (9) E(k) = HX (k)
Therefore, the next triggering instant is determined theedy by where
Sm1 = min{k € N[k > s7,., fi(k, &(k), (k). 0) > 0} (10)

Remark 2:From the event-based protocol (6), it can be seen
that the estimator constructed for each agent updates gmaisi  ,; _ |:H7n ®BkKk] D, — |:Hm ® Dy 0 }
> en (uj(k) — ui(k)) at event triggering instants for both the 0 ’ H®Dy —HQ®LiEy]|’
adjacent agents and itself, while the control input sigaséscorrected  Aq, = [[N @ M, 0 ] , H= [—H @I, IN® In:] .
only when the agent triggers an event. On the other hand, (@)ce
is satisfied, a new event is triggered to correct differentehe e are now in a position to state the problem addressed in this
estimationgi(k) (local knowledge) and the estimation at event timeBaper as follows. We aim to design appropriate controlle esti-

¢t (k) (shared knowledge between adjacent nodes). Accordingeto fRator parameters to ensure that the controlled system (Hg\@s
triggering rules (10), at triggering instants, we haj¢k) = & (k) the following H., consensus performance constraint over the finite
which indicates thatf; (k, & (k), & (k),o) < 0 would never be horizon[0,T]:
violated during the system process. Moreover, the seal@gulates _ 2 2 T _
the triggering frequency. Obviously, more events would riggered E®) oy < {”w(k)H[O'T] +2 (0OUn® W)x(o)} - (19
if such a scalar decreases. Particularly, whesa 0, the event-based
control approach reduces to the classical clock-drivertrobone. . MAIN RESULTS

To facilitate the subsequent formulation, the correspageistima- To start with, we first deal with the performance analysistem,
tion error and the control input error (between actual amalidnput that is, derive the sufficient conditions under which fiig, consensus

A — |:H77L®Ak_H®BkKk H,, ® B Ky ]
v =

0 IN ® (Ar — LiCr) |’

signals) are defined, respectively, by performance requirement (15) is guaranteed in terms ofeésilfility
esz :&k —ffk, esz :fztk —f:k of a backward RDE.
) () *) ) *) ( ) *) *) Lemma 1:Consider the multi-agent systems (1) with the
For notational presentation convenience, here we denote estimator-type consensus protocol (5) and the event-bagsetianism

z(k) = coln{z:(k)}, € (k) = coln{&; (k)}, £(k) = coly{&i(k)} (10). Given a disturl_)fince at_te_nuation _Iev,el> 0, a posit_ive scalar
(k) = coln{vs (k) }, wk) = coly {ws(k)}, e (k) = col {e5 (k)} 6 > 0 and a positive definite matri¥¥’. For any dlstu_rb_ance

. T, . ’ ’ sequence{w(k)}o<k<r, the augmented system (14) satisfies the
¢' (k) = coly{e;(k)}, u' (k) = coln{u;(k)}, u(k) = colv{ui(k)}  p_ consensus performance index if there exist a set of matrices
z(k) = coln{zi(t)}, z(k) = coln{zi(t)} {Kk}o<k<r, {Lk }o<k<r and a set of non-negative definite matrices



{Px}o<k<r+1 (with final condition Pr., = 0) to the following
backward RDE:

P = AL R Ax + AZRkHDkQI;&lD}:RkHAk

+ MEMy, + 00> H M (16)
subject to
Bpi1 2 021 — Bi Poy1Bi > 0,
Q1 241 — Di Riy 1Dy > 0, (17)
Py <y (Ion @ W)
where
Ris1 2 Pogai (I — 0 2BieBi Prga) " (18)
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where (16) and (17) have been used in deriving the last iriggua
(19). To this end, it can be concluded that the, consensus of
multi-agent systems is achieved. u

Since the feasibility of (16) subject to (17) is difficult tackle
directly, let us now propose an approach for computing threrotier
parameterds;, and estimator parametefs, in each step under the
worst situation, i.ew(k) = w*(k) = Q) D{ Ret1 A X (k) and
s(k) = s*(k) = A1 X (k) with

A

Apt1 q’ﬁlBg(P&HDkQﬁngRkﬂ + Pry1)Ag.
In the sequel, we rewrite the augmented system (14) as fellow

X(k+1) = (Ax + DiQ5 1 Dk Riv1.Ax) X (k) + Bru'(k)  (19)

Proof: First, define a Lyapunov-like quadratic functionwhere4; 2 diag{Hpm ® Ak, In @ (Ax — L,Cy)} and By, 2 [ H,, @
Vi(X (k)) = XT'(k) P X (k). For a set of non-negative definite ma-gl 0]7.

trices { P, }o<k<7, the difference ofV}, (X (k)) along the trajectory
of (14) is calculated as follows:

Y 2 Vi (X (k + 1) — V(X (k)
= A X (k) + Brs(k) + Daw (k) |5, — IX ()7,
Furthermore, by introducing the zero tetfa(k)||* — v2||w(k)||* —
121 + A2 ||lw(k)||? + 62||s(k)||* — 62||s(k)||*, we obtain that
VY = X7 (k) (AF Pogr A + ME My, — P) X (k) — [Is(k) 13,
w2 r—pr py s 1y, +2X 7 (k)AL P Diwo(k)
+ 25" (k) B Pyy1Drw (k) + 2X 7 (k)AL Pey1 Bes(k)
—Z®)I? + 2 llw®)]* + 6[|s(k) |1
By using the matrix inversion lemma and substitutibg,;, one has
Rii1 = Pk+1+Pk+1Bk(I>];Ji1BZPk+1 = Pk+1(1_072BkBZPk+1)71
Completing the square for(k), we have the following equation:
Y, = X7 (k) (AL Ri1 Ak + MEM,, — B X (k)
+2X 7 (k)Ax Re1 Drw(k) — [[s(k) — " (k) [[3, .,
— R I,y = 12N + A2 (R + 6% |s(k)|1*
where s*(k) £ &, B{ Pey1Drw(k) + @11 B} Pop1 Ac X (k).
Furthermore, considering the definition @f..1 in (17) and letting

w*(k) £ Q1 Di Riy1AxX (k), we complete the square far(k)
as follows:

Vi = X7 (k) (AL Res1 Ax + ME My + AL RE DR
X Di Rep1 Ak — Po) X (k) — [[s(k) = s" ()|, — [2(k)|?
+ 7 w®)? + 0% [[s(R)* — lw(k) — w* (k)|

Without loss of generality, the initial estimation errondae chosen
as zero and let us consider a performance index

J1(Kk7Lk7w(k)78(k))
2 12(k)1fo,) — Y llw(®)|[fo,r) — ¥ X (0)(Tany ® W)X (0)
According to the triggering inequality (9), one has
sT(k)s(k) < o€T (k)E(k) = o X T (K)YHTHX (k).

Then, it follows from the condition®;; > 0, Qx41 > 0, Py <
72 (Ix ® W) and the final conditiorPr.; = 0 that

J1(Kk, Ly, w(k), s(k))

< S vV S EE®I - APllw))?)
k=0 k=0

< S {Nsk) = s Ry, — (k) —w (k)3 } <0
k=0

Before the statement of Lemma 2, we introduce the following
notations in order to simplify the presentation.

;tk édiag{Hm@)Ak,IN@Ak},ICk é]]\f@Kk,ﬁk é]N@Lk-,

Ar £ diag{On @ In,, —In @ LiCi}, 1 = [0 Ly,n "

Lemma 2:Consider the multi-agent systems (1) with the
estimator-type consensus protocol (5) and the event-basedanism
(10). Let the disturbance attenuation level> 0, positive scalars
# > 0, e1 > 0 and the positive definite matri¥¥’ be given. For
the worst disturbance sequenée™(k)}o<k<r and control error
sequence{s™ (k) }o<k<r , the augmented system (14) satisfies the
H., consensus performance requirement if there exist sokition
(Px, Qr, Kk, L) to the following backward RDEs

P, = A;{Rde.Ak + A;{Rz+18kﬂ,;l18kTRk+1.Ak
+MEMy + 00PHTH
P, >0, Pry1=0

(20)

and

Qr = (Ak + Dy} Di; R 1 Ak) " Qry1 (Ak + Dy
X ?ng+1Ak) + MF My, + A£+1K£Hk+1’CkAk+1

— AL Qi BTl L BEQE A + 281, + 2007 (21)
_ 671|:*(2)T:*(2) |T
1 “k+1—"k+1
Qry1=0
subject to
(IJk+1 ES 02.[ — BkTPk+1Bk >0
Qk+1 2 ”yQI — D;‘:Rk+1Dk >0 (22)
k41 S Bng+1Bk +71>0
Py <y (Ian @ W)
Egl and Efﬁl are defined as follows:
E;(:JL £ (DkQELD;{RkHAk)TQkHBkICk’H + (A + DkQ;jl
X Dy Py 1.AR) " Qi1 BeKkAgi1 + H i i1 KCr Agia
+1(In ® LiCi) "E2), (H © In,)[ Tn,x 0]
Eich 2 QPN (Hu @ BuKy)
where Q{7 (i, j = 1,2) is the block elements of the matrigy.;1

with appropriate dimensions.

Proof: Define a cost functional a$; (K, L, w* (k), s (k))
ZC) 7y + Nl (B) 1B,y + ealle® (k)IIF 2y, wheree® (k) & (In ®
L,Cx)e’(k), ande; is introduced for more flexibility in the estimator
parameter design. Furthermore, introducing the funct}Qﬁ) =

A
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XT(k+1)Qri1 X (k+1) — X" (k)QrX (k), it follows from (19) Proof: It is easy to verify that the best choice of the controller
that parameteiC;, = In® K} and the estimator parametéy, = In® Ly,
y@ that suppress the cost function (23) is determined in eaghtion

k

T _ o T _ o backward as follows:
= X" (k)(Ak + D1 Dk Rit1Ak)” Qrt1(Ak + Dildy1 Dy

X Re1 Ar) X (k) — X7 (k)QrX (k) + (u' (k)" B Quy1Bru’ (k)
+2X7 (k) (Ak + Dry 1 D Ries1 Ar) " Qres1 Brou (k) L} = arg min norm (Li(In ® Cr) — &1 "QPN (Him ® BiKy))
which leads to

Kj = arg rr’%in norm (KpH + H,:illngkH;lkL
k

The controller parameter can be rearranged(g@s= arg ming,

Jo(Ki, L, w* (k), s*(k)) norm (Kx[h™,h® ... h<N>]+[5<1> 62, 61M7), and there-
fore Kj = —[6\", 67, ... 63N [h“) h(z) oo W) Simi-

= Z(Yk + |\2(I<:)||2 + Hut(k)Hz + 51||és(k)||2) + XT(O)Q(JX(O) larly, we haveL; = arg miny, norm (L[ 1/ ,1/,22)7 .- ,I/,iN) |-
[ s &P kN ]). By using the Moore-Penrose pseudo

Noting the fact that:* (k) = u(k) + Krs(k), one has inverse, we can eaS|Iy determine the estimator parametdr; as
[m,ﬁl),nf),--- N, v )T with the designeds;

JQ(K’“’L’“ “(k), 57 (K)) and L}, it follows from (20) and (22) that the performance index

J1 < 0. Therefore, the multi-agent system achieves khe consen-

sus performance constraint over the finite horizorl’]. The proof

is now complete. u
Finally, let us outline the algorithm as follows,

= Z{XT M( Ak + De 1 DF Riy1.Ak) " Qrgr (Ax + Dty

X Dk Rk+1«4k) + Mi My — QiIX (k) + e1l|e® (B)|1* + [lu(k) IR, .,
+ 20" (k) K A1 X (B) + X7 (k)AL K Ty 1 K A1 X ()
Algorithm 1:

+ 2XT("7)(;\I€ + -;lk)TQngk“(k) + QXT(k)(DkQ;LDkT-RkH Step 1. Setk =T, then PT‘H = Q741 = 0 are available.
% Ak)TQkJrlBkU(k) 4 2XT(k)(Ak +DkQ;+lleT-Rk+1Ak)TQk+1 Step 2. Calculate the matrice®y1, Q41 and Il by (22), re-

7 spectively.
X BKiAri1 X (k)} + X7 (0)QoX(0) Step 3. If @51 andQ, 1 are all positive definite, then we can obtain
) ) ) the controller gaink’;, and estimator gairi.;. by (24) and step
Completing the square with respecta®(k) andu(k), it follows to the next procedure, else jump Step 6
from (21) that Step 4. Solve the backward RDEs of (20) and (21) to g&tand Q.
. . Step 5. If k£ # 0, setk = k — 1 and go back t&Step 2 else turn to the
Jo (K, Li,w™ (k), s (k)) next step.
Step 6. If &1 <0,0r Qg <0, 0ryy g <0or Py > ~2W,
_ Z{€1||é3( e 1:;316 (B)]” + X7 (0)QoX (0) (23) this algorithm is infeasible. Stop.
k=0
+llulk) + 0, BE QY A X (R) IR, IV. NUMERICAL EXAMPLE
which ends the proof. - To illustrate the effectiveness of the obtained theorktieaults,

Remark 3:Under the constraint of the event rules, the ewpr) W€ @pply the event-based consensus control to an exampiemsys
may not always be taken as the worst caisg:) during the dynamics PY numerical simulation in this section. .
evolution. In other words, some non-worst cases may happengd Consider a network of four agents, whose topology is repre-
the process. Fortunately, it is clear from (19) that, wita tolutions SE€nted by the graply = (V. &, A) with the set of the nodes
(Pe, Qu, Ko, £i) to (20)-(21) subject to (22), thél.. consensus Y = 11.2:3,4}, set of agents® = {(1,2),(1,3),(2,1),(2,3),
performance requirement (15) can be satisfied even in thewoost (3 1): (3,2), (3, 4), (4,3)}. The individual dynamics of agents are

cases. given by (7) with the following parameters

In the following theorem, an explicit algorithm is given torapute A 0.98 + 0.04 sin(0.12k) 0.4
the controller parameter&;, and estimator parameters, in each k= 0.15 —0.75 4 0.2 cos(0.1k)
step of the time-varying consensus process.

Theorem 1:Consider the multi-agent systems (1) with the Br =[08+02sin(0.4k) 0.5]"  Ep =0.04

estimator-type consensus protocol (5) and the event-basetlanism  Cj, = [ 0.82 0.62 + 0.35c0s(0.3k) | M, =[0.7 —0.64 ]
(10). Let the disturbance atten.u.ation Igvpl> 0, ppsitive sgalars Dy = [0.16 + 0.05 cos(0.3k) 0.18 ]T

0 > 0, e1 > 0 and the positive definite matriX¥” be given.

The augmented system (14) satisfies fhe consensus performance The process and measurement disturbances belongifg [t T’
requirement if there exist solutiof®,, Qx, K, L}) to the backward are selected as random variables uniformly distributechénregion
RDEs (20) and (21) subject to (22) with the controller andnestor  [—0.05,0.05] and [—0.5, 0.5], respectively. In this simulation, we

parameters given as follows: choose the thresholds = 0.28, the scalarg; = 0.01 andfd = 1.8.
The H., performance indexy, the positive definite matri/” and
* 1 2 N 1 2 N
K = —[8", 5( N AR A AR At (24) the time horizoril’ are taken a$, diag, {2.8, 2.8}, 80, respectively.
L =] HS{ K ). 7,{;1\’) li ,,lil), 1,122)7 .. 7,,}21\’) f The initial positions of four agents are uniformly distribd between

—5 and 5. According to Theorem 1, thé/,, performance index

where R for the multi-agent system can be guaranteed with the clbetro
g, 2 H;ilgngJrlAk 2 [pOT T L §NTT parametersK;, and estimation parameters, computed in each
H L [RDOT AT . pNTIT iteration. Simulation results are presented in Figs. 1li¢s.F1-2
depict the state trajectories afi(k) (i = 1,2,3,4) whose j-th
%c—(IN®Ck) [ <1)T7V£2)T7,,,7 T T p j i(k) (i 12,3,4) J

T I element is denoted bygj)(k) (j = 1,2). The consensus errai(k)
k

A QY A T ()T
Sey Qk+1( m @ BrBKe) = [ R " ke can be found in Fig. 3 from which we can see that the time-ngryi
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Fig. 3. The consensus erref(k) Fig. 4. The triggering instants

multi-agent system achievd$., consensus over a finite horizon. In

addition, Fig. 4 shows that the execution frequencies (ffarmation

broadcast and actuator adjustments) are dramaticallyedsed. As

a result, the superiority of the proposed event-based msthais
clearly shown.

V. CONCLUSIONS

This paper has addressed the consensus problem for ditonete

varying multi-agent systems with external disturbances. ekent-
based estimator-based output feedback protocol has bepogad
to generate the control signals. Subsequently, by utdizime H

The state trajectoriesz(.l)(k) Fig. 2. The state trajectoriesz(.Q)(k)
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analysis techniques, a set of RDEs has been derived to deeerni2?]
whether theH., performance constraint is met, and then the ap-
propriate Hoo controller as well as the estimator parameters haygs)

been designed under the worst situations. In the end, astrdlive
example has been presented to demonstrate the effectvehdise
theoretical results proposed in this paper.
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