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Dual-dual formulation for a contact
problem with friction

Abstract: A variational inequality formulation is derived for some frictional con-
tact problems from linear elasticity. The formulation exhibits a two-fold saddle
point structure and is of dual-dual type, involving the stress tensor as primary
unknown as well as the friction force on the contact surface by means of a La-
grange multiplier. The approach starts with the minimization of the conjugate
elastic potential. Applying Fenchel’s duality theory to this dual minimization
problem the connection to the primal minimization problem and a dual saddle
point problem is achieved. The saddle point problem possesses the displacement
field and the rotation tensor as further unknowns. Introducing the friction force
yields the dual-dual saddle point problem. The equivalence and unique solv-
ability of both problems is shown with the help of the variational inequality
formulations corresponding to the saddle point formulations, respectively.
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1 Introduction

The objective of this paper is to derive a dual-dual variational inequality for-
mulation of some frictional contact problems from linear elasticity. The primary
unkown of this formulation is the stress tensor which is an important quantity
in engineering sciences. As in primal formulations for this kind of problems the
displacement field is approximated, the stress tensor has to be computed in
a postprocessing which reduces the polynomial order of the corresponding ap-
proximation and yields a further source of error. This error-prone computation
is avoided within our proposed approach.

The solvability of variational problems having dual-dual form was investi-
gated by Gatica [9]. Based on this work Gatica et al. [11, 13] derived dual-dual
mixed formulations for problems in elastostatics and exterior transmission prob-
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lems using the coupling of finite elements and boundary elements. Dual mixed
finite element methods for nonlinear elasticity are presented in Gatica et al.
[5, 10]. The latter work presents a formulation having three-fold saddle point
structure. Maischak [20] presents a dual approach for a transmission problem
with Signorini conditions. For a transmission problem with friction a similar ap-
proach is presented by Maischak and Stephan in [21]. Kunisch and Stadler [19]
use Fenchel’s duality theory to derive the dual problem with the friction force
as additional Lagrange multiplier for a contact problem with Tresca friction.
Furthermore, Belhachmi et al. [6] present a dual formulation for some unilat-
eral crack problems in elasticity. Here, the authors consider a contact problem
where no friction occurs. Note, that the presented work considers both types of
variational inequalities. The first type resulting from the normal part and the
second type resulting from the friction in the contact conditions, respectively.

The paper is organized as follows. In Section 2 we introduce a model prob-
lem and its corresponding dual and primal minimization problems. In Section
2.1 we start with the dual minimization problem which arises from the minimum
principle of the conjugate elastic potential and derive its conjugate problem, i.e.
the corresponding primal minimization problem. Applying Fenchel’s duality the-
orem, see e.g. [16], we derive a saddle point formulation (11) where the displace-
ment field and the rotation tensor act as Lagrange multipliers. The equivalence
between the saddle point problem and the two minimization problems (primal
and dual) is proven in Theorem 2.2. The corresponding equivalent dual vari-
ational inequality formulation involves a non-differentiable friction functional.
Therefore, another Lagrange multiplier, denoted the friction force, is introduced
in Section 3. This leads us to another saddle point problem and the equiva-
lent dual-dual variational inequality formulation having two-fold saddle point
structure. Theorem 3.3 proves the equivalence of the dual variational inequality
problem and the dual-dual variational inequality problem and finally, Theorem
3.4 states existence and uniqueness for both variational inequality problems.
Numerical experiments based on our approach are obtained in [1] and will be
reported in a forthcoming paper.

2 Dual variational inequality formulation of a
frictional contact problem

Let us consider the following contact problem in elasticity with Tresca friction.
Assume a linear elastic body occupying the open bounded domain Q@ ¢ R¢, where
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d = 2 or 3. The Lipschitz-boundary I' := 912 is divided into three disjoint parts,
the non-empty Dirichlet boundary I'p where we assume homogeneous Dirichlet
conditions to hold, the Neumann boundary I'y where a prescribed traction is
acting on the body and the contact boundary I'c where the body is supposed to
come into contact with a rigid foundation, see Figure 1. For ease of demonstra-
tion we assume that the contact boundary I'c and the Neumann boundary I'
do not touch, i.e. Tc N Ty = 0. However by suitable modifications our analysis
also applies to the other case (see Remark 2.3). Then the displacement vector
field u(x) in each material point x €  satisfies the following PDE:

\ Ly Tp —diveo(u)=f inQ,

¢ u=0 onlp,
r o(u)-n=ty9 only,
9, I'c Up < g; op <05 (un - g)an =0 on I'c,

ot <F; op-w +Flu| =0 onTlg.

(1)

Fig. 1. Boundary distribution

Here, the stress tensor o(u) is connected to the strain tensor ¢(u) via Hooke’s
law for linear elasticity, i.e. o(u) := C : e(u) with the elliptic and symmetric
Hooke’s tensor of fourth order C, see e.g. Duvaut and Lions [7]. The body force
f € L2(Q), the prescribed traction to € H_%(FN), the positive gap function
g€ H%(Fc) and the positive friction function F € L>°(T'¢) are assumed to be
given. On the contact boundary I'c we observe the decompositions u = u,n+u;
and o -n = o,n+ o, of the displacement and the traction into their normal and
tangential parts, where n denotes the unit normal exterior to the boundary T"
and

Up = U- 1, U; :=u— upn, on:=nl .o-n, Ot =0-n—0yN.

The last boundary conditions in the boundary value problem (1) state the
friction law of Tresca friction. A more physical law would be the Coulomb friction
law, see e.g. Kikuchi and Oden [17, Chapter 10], which reads

if lo¢| <pglon], thenu, =0 on ¢,

(2)

if |o¢| =pslon|, then 3s>0: u=—soy on I'c.

Here py > 0 is the friction coefficient, which is assumed to be uniformly Lipschitz
on I'c. Tt specifies how strong the body is sticking to the rigid foundation when



4 —— M. Andres, M. Maischak, and E.P. Stephan DE GRUYTER

coming into contact at some point x € I'c. The second line in (2) is equivalent
to

ot -u = —pflop|luy]  onTe. 3)

When considering real life problems the friction coefficient, being not nec-
essarily constant is usually not known exactly since it depends on the material
properties of the body €2 and the rigid foundation as well as on the roughness of
both materials at each point. The last factor is a local property that changes in
each material point. Nevertheless we restrict ourselves to some constant values
for the friction coefficient which is sufficient for our purpose.

However, a direct treatment of contact problems with Coulomb friction
seems difficult and in some cases even impossible. The first result concerning
existence of a solution for a sufficiently small friction coefficient was discovered
by Necas et al. [23]. To approach the Coulomb friction law, Necas et al. [15, see
Chapter 2.5.4] propose a fixed point iteration. We give a short abstract of this
approach and refer to the above references for more details.

For given Fy € L>(T'¢) and pig, both positive, we compute Fyq := pif lo®|
where oF is the normal stress on I'¢ of the solution of the contact problem (1)
with given Tresca friction function F; > 0. We proceed until some stopping
criterion is reached. For convenience we drop the index k of the friction function
F. Note that we demand F to be in L>°(I'¢) and not in H3 (T'¢) as we would
expect from the definition above. The reason for this assumption will be seen
later in this work.

In order to derive a dual variational inequality formulation of problem (1)
we consider the dual minimization problem on the Hilbert space

d
X = H(div, Q) = {7 e R4 . r;; € L*(Q), Zaﬂij € L¥(Q), Vi,j=1,....d}.
j=1

The corresponding set of admissible functions is
K = {reX: r=7", —divr=f inQ; 7-n =ty on Ix;
|7¢| < F, 7 <0 on ¢}

The conjugate energy functional reads

. 1
Jr) = Larr) - g(r)
involving the continuous bilinear form a(-, -) and the continuous linear form g(-)

defined by

a(o, 1) := /0’ :C7 T da, g(7) == /ng ds.

Q Te
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The bilinear form af(-,-) is coercive on the subset of all functions 7 € X with
div T = 0, which is a consequence of the definition of C™!, see e.g. Duvaut and
Lions [7]. The minimum principle of the conjugate elastic potential states that
the stress tensor (u) of the solution of (1) minimizes J(-) over K. This leads
us to the dual minimization problem.

Find o € K such that

Jo)<J(r) VreK. (4)

The functional .J (+) is coercive on I~{, strictly convex and continuous and there-
fore, we have the existence of a unique solution for the dual minimization prob-
lem (4), see Ekeland and Témam [8, Proposition 1.2 in Chapter II].

Analogously, we introduce the primal minimization problem corresponding
to problem (1).

Find u € K, such that
J(u) < J(v) VvekK,. (5)
Here, the closed convex subset K, is defined by
K, := {v €cHYQ):v=00onTp, v, <gae. on I‘c}.

The energy functional J(v) := Za(v,v) — L(v) + j(v) involves the coercive
(I'p has nonzero measure), symmetric and continuous bilinear form a(,-), the
continuous linear form L(-) and the continuous but non-differentiable functional
j(+) defined by

a(u,v) = /E(u) L Cre(v)de, L(v):= / fov o+ / tovds, j(v)i= / Flvi| ds.
Q Q 'y T'e

For the primal minimization problem (5) and the dual minimization problem
(4) the following result holds.

Lemma 2.1. Letu € K, ando € K be the solutions of the primal minimization

problem (5) and the dual minimization problem (4), respectively. Then there
holds

oc=C:e(u) and J(u)+ J(oc)=0.

The proof follows Necas et al. [15, see Section 1.1.12] and will be omitted. See
[1, Theorem 3.3] for a detailed proof.
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2.1 Saddle point formulation

We want to apply the theory of Fenchel’s duality to the dual minimization
problem (4). This leads us to a variational inequality formulation which may
be handled numerically. A detailed introduction to this topic can be found in
[8, 16].

The first step is to derive a saddle point formulation that is equivalent to
the minimization problems (4) and (5). We state the dual minimization problem
(4) as a minimization problem over the space X in order to apply the duality
theory. The operators acting on the stress tensor in the constraints within the
convex set K lead us to the definition of the space

Y =L2Q) x SxH 2(Ty) x H 2(T¢) x H 2(T¢),

where the spaces S and H2 (T'¢) depending on the dimension d are defined by

{LQ(Q), if d =2

M3 (Te) = [H (Do) (6)

L2(Q), ifd=3"

The choice of the spaces in (6) will be explained next. In the first case the defini-
tion results from the definition of the antisymmetric tensor as(7) := (7 — 1)
of a tensor 7 € X. In the two-dimensional case this tensor contains only one
term, namely %(7’12 — T91) whereas in the three-dimensional case the antisym-
metric tensor contains three terms. Defining the space of antisymmetric tensors

S := {n e L?(Q)%*? : as(n) = n} and the operator as : X — S

Ti2 — 721,  ifd=2,
as(t) := Ti2—T21 )
T13—7s1 |, if d =3,
T23—T32

we make the following observation. For 7 € X, n € S and n € S with n = n, if
d=2and n =1y, N2 =13 and n3 = 1,3 if d = 3 it holds n : as(7) = n-as(7).
In the following we will always identify the tensor n € S with its corresponding
component vector n € S as described above.

In the second case we define the unit tangential vectors

1 —
t:=("2) if d=2, and t :—HGEZ?), to:=nxt; if d=3.
‘(n?,fni’)‘ ni—n2z
ny—nz

For v € H}(Q2) and 7 € X we then define

Vg, =V -ty vy, =V etg

v =v-t ) .
if d=2, T, =Te-t1=t;-7-n if d=3.

Tti=T¢-t=t-7-n
Ty =Tt ta=1ta-7-n
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If we furthermore define the operator t : H=2 (Te) — H_%(Fc)
t-v, if d=2,
t(v) == - .
(t2~v)’ if d=3,

then we have vy = t(v¢) and 7y = t(7), if d = 2 and vy, = t(vy); and 7, = t(7y);
for i = 1,2, if d = 3. This leads to |v¢| = |v¢], |T¢| = |7¢| and v¢ - T4 = vp7¢ in
the two-dimensional case and |v¢| = |vg, t1 + veytal, |7 = |7, t1 + T2,t2] and
Vi Tt = U Tt, + Ve, Te, in the three-dimensional case.

Therefore, we define the operator A € £L(X,Y) as follows

AT = (A7, Ao, A7, A7, A7) := (divr,as(7), 7 - 0, t(7 - n), 7). (7)
If we now define the convex set
Ky = {(V:§a¢7,uta,un) €EY:v+f=0,{=0,¢=to, | <F, pn < 0}

then we can state problem (4) as follows.

Find ¢ € X such that
J(o) + Ix(Ao) < J(7) + Ix (A7) vVreX. (8)
Here, the indicator function is defined with respect to the convex set Ky, i.e.

07 if (v7§71/]7/1/t7/j’7l) € KY7

0, else.

IK(Vv 5’ w: Mt /,l,n) = {

Following the theory of Fenchel’s duality we define the perturbed problem.
Find o € X such that fory € Y

Ooy) <@(ry) V7eX, (9)
where the functional ® : X x Y — (—o0, o] is defined by
®(r,y) = J(r) + I (AT +).

For y = 0 the perturbed problem (9) is obviously equivalent to the minimization
problem (8).

Let us compute the Lagrange functional L : X x Y’ — R U {—o00, 00} with
respect to ®(-,-) defined by
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L(m5u,m, A, An) := = sup {((w,7, ¢, A, An),y) — (7, ¥)}
yEY

&(Tv T) + B(uv n$; T) - F(ua (P)

2 if A, >0,
=93 +doi(A, 1) —j(A) +don (A, T) — g(7),
— 00, else,
(10)

with

Blangir)i= [(uedivr s y-astr)dot [ oo nds

I'n
F(u, ) ::—/u-fdgn—i—/<,o-1:0ds7
Q Tn
det(Ae,T) = /)\t t(7-n) ds and don(An,T) = /)\nTn ds.
T'c T'e

The result is evident since the supremum is attained for A7 +y € Ky and
therefore v.= —(divr+f), £ = —as(7) and ¥ = to—7-n. For the tangential part
on the contact boundary the supremum in (10) is obviously attained for |u: +
t(7-n)| < F. Assuming A\; # 0 and using (p¢ +t(7 - n)) Ay < |pe +t(7 - n)||Ae] <
F|At| we observe

D ie) /ﬂMm—/<rm&@:ﬂm—%m&m.

Taking u; = \T};I)\t — t(7 - n) the upper bound for the supremum is achieved.
If Ay = 0 the supremum is zero as well. For the normal part on the contact
boundary the supremum is clearly obtained for u, < —7,. If A, < 0, then
the supremum is infinity. Otherwise, if A\, > 0 the supremum is attained for
n = —Tn. We have the following saddle point problem

Find (o;u,7, @, A, A\n) € X XY’ such that for all (7, v, &, 2, pg, un) € XxY'

L(U§V7£»'¢)>Nt7un) < L(U;uanasoa)‘t»)‘n) < L(T;uvnv‘P’)‘tv)‘ﬂ)' (11)

The following theorem states equivalence between the saddle point problem
(11) and the dual and primal minimization problems (4) and (5). Within the
proof we first show, that the primary unknown o of the saddle point formula-
tion is in the convex set K. The restriction of the left inequality of the saddle
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point problem to this convex set leads to the dual minimization problem whereas
the right inequality permits the interpretation of the Lagrange multipliers, i.e.
the dependence of the multipliers (7, ¢, At, A\n) on the displacement u. The sec-
ond assertion uses the equivalence of the minimization problems to appropriate
variational inequality problems.

Theorem 2.2. The saddle point problem (11) is equivalent to the minimization

problems (4) and (5) in the following sense.

1) If (o;u,m, 0, M, A\n) € X x Y’ is a saddle point of (11), then o € K is
the unique solution of the minimization problem (4). Furthermore, it holds
c=C:e(u)inQ, n=as(Vu) in Q, u=0o0onTp, u+¢e =0 onTy,
t(w)+Ar =0 on T and up + Ay =g on Te.

(ii) Ifo € K is the unique solution of the dual minimization problem (4) and
u € K is the unique solution of the primal minimization problem (5), then
(o;u,as(Vu), —ulry, —t(u) Ire, 9 — unlre) € X x Y’ is a saddle point of
(11). Since o and u are unique, the saddle point is unique as well.

Proof. (i) Note that the left inequality in (11) holds true for all y, € H2(T'¢)
with p, < 0. Without loss of generality we therefore restrict the Lagrange
multiplier concerning the normal part on the contact boundary of the saddle
point problem to

1 ~
pn € HZ (Dg) = {u € H%(FC) :p4 >0 a.e. on FC}
and define
~ 1 ~1 ~1
Y/ =L*Q) x S x H2(I'y) x H2(T¢) x HE (T¢).

Assume (o;u,7,, A\, A\p) € X x Y/ being a saddle point of (11). Then, since
~1

2\n € H} (I'¢), we can insert (0,0,0,0,0) € Y/, and (2u, 2, 2p, 2);, 2)\,) € Y/,

into the left inequality of (11). Noting that

Te T'e
we conclude after subtracting L(o;u,n, @, A\, A\n)
B(u,n,¢;0) = F(u,¢) +don(An,0) +doe(Ae,0) —j(A) =0 (12)

and the left inequality of (11) reduces to

B(v.§¢;0) = F(v,¥) + don(pn, 0) + dei(pe, o) — j(pe) <0
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for all (v, &, 9, pe, pn) € Yy If we take (£v,0,0,0,0) € Y/, with v € L?(Q) we
observe

/ (f+dive)de =0 VveL3Q)
Q

from which we deduce —dive = f in Q. In the same way by inserting
(0,4£,0,0,0) € Y/, for € € S and (0,0,+%,0,0) € Y, for ¢ € Hz(Ty),

respectively we have
/£~as(0)dx =0 Vées,
Q
/{p-(a-nfto)ds =0 Vap e %(FN)

and we conclude ¢ = ¢7 in Q and o - n = tg on I'y. For (0,0,0,0,u,) € Y,
~1
with p, € H} (I'c) we observe

~1
dC,n(/ano') = /Hno'n ds <0 Y pn € H_i(FC)
e

and thus 0, < 0 a.e. on I'c. Finally, if we insert (0,0,0,/,0) € Y/  with
fir € Hz (L) such that t(o - n) fiy = |t(c - n)||fi¢| we have
dealin o) () = [ (o e~ Fll)ds = [ (ol = Pl as <0
Fc FC

and since |u¢| > 0 on I'c, we have |oy| < F a.e. on ', which means o € K.
Using (12) the right inequality of the saddle point problem reduces to

a(o,0) —g(o) < J(7) + B(u,n,¢;7) — F(u, ¢)
+ dC7l()\n77_)+dCt(>\t7 )_]()\t)

J(o) =

l\.’)\H

vVr1eX.
Restricting 7 to the convex set K we have B(u, 7, ¢;7) — F(u, @) = 0. Further-
more, with 7, <0, A, > 0 and |7¢| < F on I'¢ there holds

dC,n()\n»T) <0 and dC,t()\tv T) - ]()\t) <0
Now the right inequality of the saddle point problem (11) restricted to K reads

J(0) < J(1) + dopn(Mn, ) + dor(Me, 7) — 5(N) < J(1) V7 eK,
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which means o € K is the solution of the dual minimization problem (4). Ad-
ditionally the right inequality in (11) states that ¢ minimizes the functional
L(:;v,& 4, pt, pin) in X. The linear forms that only act on Lagrange multipliers
can be regarded as constants within this minimization problem and so we have
for all 7 € X

1.
50’(07 U) - g(O’) + B(U, 7, P; 0) + dC,n(Ana J) + dC,t()\t, J)

1
< Si(r,7) — g(r) + B0, @:7) + den (s ) + (7).

Now X as a Hilbert space is evidently closed and convex and the above func-
tional is Gateaux differentiable with respect to 7. Therefore using the theory of
variational inequalities (see e.g. Kinderlehrer and Stampacchia [18]) the above
minimization problem is equivalent to the following variational inequality prob-
lem of finding o € X such that

&(U,T*O’) 79(7—70-) +B(ua77790§7'*0)
+den(An, 7 —0)+do(N,T—0) >0  VreX.
(13)

Choosing 7 = +¢+0 with ¢ € [C§°]?*2N X with the subspace X C X of sym-
metric tensors, the bilinear form concerning 7 and the terms on the boundaries
vanish and we have

/a;c—l :¢dx+/u-div¢>d:c:0 V¢ € [C5°72 N X,
Q Q
Integrating by parts and using the symmetry of ¢ in the right integral leads to

/u-div¢dx:—/Vu:¢dx /Vu:%(qﬁ—i—(z)T)dx
Q

Q

Q

/

/(U:Cfl—e(u)):qﬁdmzo Y ¢ € [C5°12*% N X,
Q

(Vu+vul): ¢de = —/g(u) tpdx

Q

N —

and so the above equation reads

which means ¢ = C : e(u) in Q. If we do not require ¢ to be symmetric in the
above choice of 7, then again integrating by parts and using o : C~1 = £(u) the
variational inequality reduces to

/[5(u) —Vu—i—n} :d)da::/(n— %(Vu—VuT)) cpdr=0 Y ¢ € [C5°]?*2
Q Q
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and therefore n = 2(Vu — Vu”) in Q and accordingly n = as(Vu). Next we
observe by choosing 7 € X, and using ¢ : C™! = £(u)

/s(u) : (T—J)dm+/u-div(r—0)da::/u~(T—U)-nd8.

Q Q r
If we take 7 € X in (13) with7-n=0-non'yUlcand 7-n=+¢+o0-n
on T'p for some ¢ € H2(TI'p) we get with (-,-) denoting the respective dual
pairing

(W )r, =0 Ve ecH ()

which leads to u = 0 on I'p. In the same way by choosing 7 € X with7-n =0'n
onT¢ and 7-n =+t +0-non 'y for some ¢ € H-2 (I y) we get

(ut @)@y =0 VypecH :(Iy)
and so u = —¢ on I'y. Next choosing 7 € X3 with 7-n = ¢ -n on I'y,
7-n =+ +0o-nonl'c for some ¢ € H_%(I‘C) where t(v) = 0 and 1, = 9 €
H_%(FC) we get
((un + A = g)P)re =0 Ve H3(Te),

from which we deduce u,, + A\, = g on I'c. Finally, we choose 7 € X with
T n=c-nonI'yUTlp,7-n==+%+0-nonl¢ for some 1 € H_%(Fc) with
Y =0 and t(p) = € H~2(T¢) to get

(W) +A), e =0 Ve H3(Te),
which states t(u) = —A\; on I'c and concludes the first assertion.

(ii) To prove the second assertion we let o € K be the solution of the dual
minimization problem (4) and u € K, the solution of the primal minimization
problem (5). Then due to Lemma 2.1 we have o = C : £(u) in €. Since 0 € K
we have

B(v,&%;0) = F(v,) =0V (v,& %) € L(Q) x § x H3 ().

Furthermore, the primal minimization problem (5) is equivalent to the varia-
tional inequality problem of finding u € K, such that

a(u,v—u)—L(v—u)+jv)—ju) >0 VvekK,.
Letting v = u + v with ¥ € Ko, then v € K and we have

/a:E(V)dx—L(fl)—i-j(u—&—{f)—j(u)20 Vv e Ko.
Q
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Using o € K and Green’s formula the above inequality reduces to
/f)nands +/t(\7)t(0 ‘n) ds +/}"|t(u+\7)|ds —/}'|t(u)|d5 >0 VvekKy.
To To To T

Now choosing v € Ko with ¥, = 0 and t(v) = £t(u) on I'c we have using
)\t = — t(u)

dea (@) — §(0) = —(dea(t(u), o) + j(u)) = — / () oy ds — / Fle(u)|ds = 0.

T'c T'c

Analogously to the above argumentation we can write the dual minimization
problem (4) as a variational inequality problem of finding o € K such that

a(o,71—0)—g(t—0) >0 VreK.
If we now define
Kn:={ve H'(Q) :dive(v) =0in Q,v=0o0nTp, e(v) -n=0on Iy,
t(e(v) -m) =0 and e(v), < —oy, on FC},

we have 7 = 0 + ¢(v) € K for all v € K,. Integrating by parts in the above
inequality and using o : C™! = ¢(u) and v € K, leads to

a(w—o—):/g(u);g(v)dxz—/u-divg(v)dH / u-e(v)-nds

Q Q I'nUle
= /un e(v)nds > g(e(v)) Vvek,.
T'e

Noting that o, < 0 < —0,, we can choose v € K,, with &(v),, = £, on T'¢ in
the above inequality and using A\, = g — u,, we arrive at

dC,n(An7U) = - /(Un — g)()‘n ds = 0.
Ie

~ ~ ~1

Since 0 € K we observe for p; € H%(Fc) and p, € H} (c) with 7 >0
t(o-n) pe <|t(o-n)||p| < Flpe] and  oppn <0

and therefore we can state the left inequality of the saddle point problem (11)

L(U;V7£7¢aut7un) = j(U) + B(V3§7¢;O') - F(V7’l/)) + dC,n(:uTMU)
+de(pe, o) — j(ue) < J(0) = L(gsu,m, 0, Ay An).
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To prove the right inequality we first observe for 7 € X

1
L(O—v u,n,e, Atv )"ﬂ) - L(T7 u, 17, e, )‘tv /\n) = _5&(0— - 7,0 — T) + d(O’, g — T)
—g9(oc —7)+ B(u,n, ;0 = 7) +don(An,0 = 7) +dot (A, 0 — 7).
Integrating by parts and using n = %(Vu —Vu”) = Vu — ¢(u) leads to

L(O’, u, 7]»4P7/\t7 )\n) - L(T7 u, 17, e, )‘ta )\n)

1_ -
Z—ia(J—T,U—T)-i-a(U,O'—T)—/Vu:(O’—T)dl‘

Q

+ [u-ctw):o-nar+ [re) o) mis

Q I'n

+ [ (t(a)+x)t((oc —7) -n) ds+ [ (up — g+ Ap)(on — 7n) ds vreX
! !

Finally, using the definitions for ¢, A,, and \; the boundary integrals vanish
and with e(u) = C~! : ¢ we can show the right inequality of the saddle point
problem (11)

1
L(U;uvnasoa)‘h)‘n) - L(T;u7n>(la7>\ta)\n) = 756’(0’ - 7,0 — T) < 0 Ve X7

where the inequality is due to the ellipticity of the bilinear form a(:, -). O

To conclude this section we have the following dual variational inequality prob-
lem, being equivalent to the saddle point formulation (11).

Find (031,71, ¢, A\, An) € X x Y/, such that

&(7'7(7)+B(ua77790§7')+dC,t()\t,7)+dC,n()\na7) = g(T) VTEX

B(V,ﬁﬂl’;a) :F(V7¢) V(V»§,¢)€Z
dee(pe — My o) — () + §(Ae) < 0 Y us € H3(To)
de,n(n — Ay o) < 0 Vu,eHI(To)

(14)
with Z 1= L2(Q) x § x H2(T'y).

Remark 2.3. If the contact boundary U'c and the Dirichlet boundary I'p have
positive distance, then we deal with H: (Te) for A¢ and A\y,. The above theory is
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still valid, since we can regard the Lagrange multipliers on the boundary parts
as one function on I'y ;== Tc U N. In this case we decompose XcH? (Ts) into
the corresponding parts on the boundaries, where we approximate /~\|FN with

1 ~
some p € H*(Tn) := {x|ry : X € H%(Fg)} and take ¢, Ay € H%(Fc) with
Mt 4+ Apn = S\\FC. Then inspection of the proof shows that a corresponding
modification of Theorem 2.2 remains valid in this case with

-/

Y = L2(Q) x § x H? (T'y) x H} (To) x HE(Te).

instead of Y'.

3 Dual-dual variational inequality formulation
of a frictional contact problem

Since the j-functional in the saddle point formulation (11) is non-differentiable

we introduce another Lagrange multiplier in order to approximate the unit di-

rection vector of the tangential displacement vector A; on the contact boundary

I'c. In 2D this corresponds to the sign of A\;. First, we have to restrict the new
Lagrange multiplier to the support of the friction function F. We set

Ac :=supp F and vt = || a.e.on Ag,
with
vel:={re[L®Ac)* |k <1, ae. on Ac}

and define the bilinear form

=

q(k, @) ::/J-'ﬁ,uds for K € A, p € H2 (D).

I'c

Defining X := X x A we consider the following saddle point formulation.
Find (o,v;u,7m,0, ¢, An) € X x Y/, such that for all (7,x;v,&,, e, pn) €
X <Y,

L(o,v; v, 6,9, it pin) < L(o, v;u,m, 0, A, \n) < L(7, 830,71, 0, A, A)  (15)

where

L(Tﬂi;vfﬂ/’vﬂhﬂn) = &(Ta T) - 9(7—) +B(Vag7¢;7) - F(V7'¢)

N | =

+ dC,t(Mt» T) - q(/"h KJ) + dC,n(,Um T)~
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Analogously to Section 2 we have the saddle point formulation (15) being
equivalent to the following dual-dual variational inequality problem.

Find (o,v;u,n, 0, A\t, A\n) € X x Y/, such that

d(7—70)+B(uan7¢;7-)+dC,t()‘t7T)+dC,’ﬂ(>\n’T) = g(T) vreX

B(v,&,v;0) =Fv,¢) V(v.{& ) ez
dot(pe, o) — alpe, v) = 0 Vo € H2(Te)
Ao (ttn — An,y ) < 0 VpneHI(To)
(ks — v, Ar) < 0 VkeEA
(16)
Remark 3.1. Note that the last inequality in (16) induces
vAt = [M\| a.e. on Ag, (17)

since taking k = W lac € A we get

/.7'-(|>\t‘ *V)\t)dS S 0.
I'e

But as v € A we have |M\¢| — vAy > 0 and thus

/.F(l/\t‘ —I/)\t)dS >0 = /-F(|)\t| —V)\t)ds:O.
I'e e

Since the friction function F is positive on Ac we conclude (17). If Ay =0 on
some part I’g C Ac we are in the situation where the body is sticking on the
rigid foundation. Then from (17) we have that v € A can be chosen arbitrarily.
But in this case, we have from the third equation in (16) by taking p € ﬁ%(f‘c)
with supp(pe) C T'E

0= /,ut(t(a-n) ~Fv)ds = Fv=t(oc-n) on T (18)
ry
Finally, if \x # 0 we conclude from (17) and (18)

_LZM vt(o-n)=|t(oc-n)| =
V=l S Temy N VMo =l n)=F. (19)
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Corollary 3.2. For the normal stress o, and the tangential stress t(c -n) on
I'c we conclude

on <0 and log| < F on Te.

Proof. The first assertion follows from (16), by choosing u, = 0 and u, = 2,
in the first inequality of (16) and using the fact, that u, > 0 on I'c. The second
assertion follows due to Remark 3.1. O

The next theorem shows the equivalence of the two variational inequality prob-
lems (14) and (16). The proof uses Remark 3.1 and the Hahn-Banach theorem.

Theorem 3.3. The variational inequality problems (14) and (16) are equivalent
in the following sense. If (o;u,m, 0, A\, A\n) € X x Y/, is a solution of (14),
then (o,v;u, 1,9, A, \n) € X x Y/ solves (16) with v := &—NAC € A. On
the other hand if (o,v;u,m, @, A, A\n) € X x Y’ is a solution of (16), then
(o5u,m, 0, Aty An) solves (14).

Proof. Let (o,v;u,n, @, M\, An) € X x Y’ be the solution of (16). To prove
that (o;u,7m,¢, A\, A\n) € X x Y/ is a solution of (14), we only have to show
the inequality in (14) concerning the tangential displacement on the contact
boundary. With v € A we have

~alvi) = [ Fomds = = [ Fplds = ~itu) ¥ € HE o).
T To

Using (17) we deduce q(A\¢,v) = j(A+) and the third equation in (16) finally
leads to
0= dC’,t(ut: U) - Q(p’h V) = dC,t(/j/t - )‘tv U) - Q(Mt: V) + Q()‘ta V)
>deot(pe — A, 0) — 5(pe) +5(Ae) Ve eﬁ%(Fc).

But this is just the first inequality in (14).

On the other hand let (o;u,7, ¢, At, \n) € X x Y/, be the solution of (14).
For 0 € X fixed, we have d,(p) := dc(p,0) is a continuous linear functional
on Hz (T'¢). Choosing iy = 0 and gy = 2)¢ in the first inequality of (14) we get
dct(Ae,0) — j(A¢) = 0 and the inequality reduces to

ey (i, o) = j(u) <0 Vg € HE (D) (20)
Taking 1y = +pu € H2(C¢) in (20) we get

lde,i(p,0)| < () Ve Hz(Te).
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As F € L>®(I'¢) € LY (I'¢) we can define the mapping
mH2(Te) = LNTe), p— Fu.
Taking into account the positivity of F we have
. ~1
deatno) <50 = [ Flulds = [1Fulds = Imuliwey ¥ ue # o,
T T

which is a seminorm on L'(I'¢) and therefore sublinear. Since ﬁ%(Fc) C
LY(T'¢) the assumptions of the Hahn-Banach theorem, see e.g. Yosida [25, Chap-
ter V], are fulfilled and we have the existence of some linear functional d, on
LY(T'¢) which is an extension of d, such that

do (1) < |mpllrirey ¥ ue LH(Te).

For 1 € L' (I'¢) we have the existence of v € L>(T¢), the dual of L!(T'¢), with
I[v[[Leerey <1 = v €A and

||M||L1(Fc) = (1, v).

Here (,-) denotes the duality product. This can be seen very easily from the
definition of the L'-norm as the supremum of the duality product over all dual
functions k € L*>(T'¢)

lullirey = sup (u,K).
[l oo (rg) <1
The supremum is assumed for v = ﬁ € L™(I'¢). Since d, is an extension of
d, we have

do(4) = doalp,0) < (or) = [ Fomds =alu,v) ¥ e BT,
| el

If we take p = +u; € H2 (D¢) we finally arrive at
do(pue,0) = qlpe,v) ¥ pe € HE (D).
Finally, due to the choice of ¥ we have
vhi=| M| >N = qA,k—1v) <0 VEKEA,
which completes the proof. O

The above derivations permit us to state existence and uniqueness results of the
variational inequality problems (14) and (16).
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Theorem 3.4. (i) There exists exactly one solution (o;u,1n,@, A\, A\p) € X X
Y’ of the dual variational inequality problem (14). N

(ii) There exists exactly one solution (o,v;u,n,9, A\, A\n) € X x Y/ of the
dual-dual variational inequality problem (16).
Moreover, Theorem 8.3 shows how the solutions of the two problems are

related.

Proof. In Section 2 we have seen that the dual variational inequality problem
(14) is equivalent to the saddle point problem (11). Due to Theorem 2.2 we have
the equivalence of the saddle point problem (11) with the primal minimization
problem (5) and the dual minimization problem (4). Since both minimization
problems are uniquely solvable we have that the saddle point problem (11) as
well as the dual variational inequality problem (14) are uniquely solvable.

The second statement follows directly from Theorem 3.3 and the existence
and uniqueness of the dual variational inequality problem (14). Note that the
uniqueness of the additional Lagrange multiplier v follows from the restriction
to the support of the friction function F as explained in Remark 3.1. O

Remark 3.5. In the case Tc NTp = 0, i.e. when Tc NTn # 0, we modify
our setting as in Remark 2.3. Further we take v € A == {k € H Y/?(A¢) :
|k| <1, a.e. on Ac}. Then the modification of Theorem 3.4 reads: There exists
exactly one solution (o;u,n,@, A\, A\n) € X X ?/_,_ of the dual variational in-
equality problem (14) with ¢ € ﬁ1/2(FN),,ut € H2(T¢), pin € HE (T¢). There
exists exactly one solution (o,v;u,n,®, A, An) € X X A x ?ﬁ,_ of the dual-dual
variational inequality problem (16).

4 Numerical experiment

In order to confirm that the dual-dual variational inequality problem (16) is
useful for applications a numerical example is presented next. The discrete vari-
ational inequality problem corresponding to (16) reads.
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Find (Uh,yﬁ;uh,nh,goﬁ,)\?,)\ﬁ) € Xy, x ?: such that

d(ahﬂ') + B(uh; nh, goi"; T)+ dc’t()\?,r) + dc,n(/\fi, 7)=g(T) V1 e Xy,
B(v,& ;0™ = F(v,%) Y(v,&, %) € 2y,

dc,t(ﬂtﬁh) — q(pet, Vh) = 0 Vg € Cj,
A (i = X, 0™) <0 Vpec
Q(/\?N‘i_yﬁ) < 0 Vk € Ail’

(21)

where X, := Xy x Ay, Y| 1= Z,xCj xCF and Z, := My x Sy x Ny, Within the
formulation we choose the PEERS elements, see Arnold et al. [3], to approximate
the triple (o, u,n). For the displacement on the Neumann and contact boundary
we choose continuous hat functions, and the friction force on the active part of
the contact boundary is approximated by piecewise constant functions. The finite
element discretization (21) of the dual-dual formulation is based on different
mesh sizes for the primal variables and Lagrange multipliers, which is indicated
by the different parameters h,h and h. The necessity of different mesh sizes
results from discrete inf-sup conditions which guarantee the unique solvability
of discrete system (see also Babuska and Gatica [4], Gatica and Maischak [12],
Schroeder [24]). Lemma 3.28 and Lemma 3.29 in Andres [1] give the following
discrete inf-sup conditions.

For the bilinear form . ) )

B(Thv (vhv Ehv ¢h’ M?v MZ)) = B(Th7 th §h7 "ph) + dC,t(M?a Th) + dC,n(/’LZ’ Th)
there exists 0 < Cp < 1,31 > 0 independent of h and h such that for all h < Coh
and (Vha gha ¢h7 ,U,?, :U"r};) € ?h

B (v €0 "l i)
sup 7
0#£ThEX), 7%

> Bul| (v eyl )y (22)

For the bilinear form ¢(-,-) there exists 0 < Co < 1 and B2 > 0, where S
depends on F such that for all h < CA'olAz and for all x € L,

sup q(p, k)

> B |kl _1 (23)
reCy ||M|‘g%(rc) 2:h

with the mesh dependent norm ||| _ 1 .- A detailed discussion on the discretiza-
tion of problem (16) can be found in Andres [1] and Andres et al. [2].

Let us consider the domain Q := [—4,4] x [—1, 1] with boundary I" divided
into the Dirichlet part T'p := {—4,4} x[—1, 1], the Neumann part Ty := [—4, 4] x
{1} and the contact part I'c := [—4,4] x {—1}. We choose Young’s modulus
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E := 200000 and Poisson’s ratio v := 0.25 which leads to the Lamé coefficients
A = p = 80000. The friction coeficient is j1y = 0.5. Note, that we have solved the
contact problem with Coulomb friction, see (2), using the fixed point algorithm
for a series of contact problems with Tresca friction that is discussed in Section
2. The volume body force is set to zero, furthermore we assume, that the body
is subject to the boundary traction

2 14)), if 21 €[-2,2],
0, else,

on the Neumann boundary I'. The body is fixed at the Dirichlet boundary I'p.
On the contact boundary we assume the body €2 to come into contact with a
rigid foundation which has the positive distance

%7 if 1 < _27
g:=< 0.1, if 1 €(-2,2),
$7 itz > 2.

The discrete problem (21) is solved with a nested Uzawa-type algorithm, see
Andres [1] for details. The following figures show the approximated solutions
for a scheme of about 250000 degrees of freedom. The computation took ten
minutes on an 8 core computing system with 2.93 GHz and 48GB. Each core
uses two Intel Nehalem X5570 processors.

4000
3000
2000

1000

-4 3 2 -1 0 1 2 3 4
Fig. 2. Von Mises equivalent stress in ).
In Figure 2 the von Mises equivalent stress for plane strain is illustrated.

Using the theory of Nedas and Hlavacek [22, Section 10.2] and the yield criterion
of Han and Reddy [14, Section 3.3] we can derive the following equation for the
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von Mises equivalent stress for plane strain

N

0p = ((1/2 — v+ 1D[o?] + 03] + (207 — 20 — 1)oy1000 + 3012) ,

where v denotes Poisson’s ratio. Note, that we have used 3 (o7, + o) instead
of 3012 in the above equation, as the approximated stress tensor does not have
to be symmetric. The singularities of the equivalent stress in the corners of the
domain are due to the change of the boundary conditions and will be neglected
in the following discussion.

0
S 5000
-5000

0 s

-10000

-15000) -5000r

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Fig. 3. Normal stress o on T'c. Fig. 4. Tangential stress o' on T'c.

Fig. 5. Normal displacement Af‘L — g (red). Fig. 6. Tangential displacement ){“” on T'c.

Figures 3 and 4 show the normal stress and the tangential stress on the con-
tact boundary, respectively. We can see, that the inequalities of Corollary 3.2 are
fulfilled. Here, the absolute value of the tangential stress does not exceed yipol.
Furthermore we observe a small zone on I'c around the point P = (0, —1.0),
where the body is sticking on the obstacle. This observation is verified by Figure
6, where the tangential displacement, i.e. )\é, is shown.

Finally, Figure 5 shows the normal displacement —u,, = )\E— g on the contact
boundary, where we have chosen the equation using the Lagrange multiplier )\2
and the gap function g according to Theorem 2.2. For a better demonstration
of those areas on I'¢, that are in contact, the rigid foundation is also illustrated
in dashed blue lines.
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