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The well-known theorem of Dybvig, Ingersoll and Ross shows that the long zero-
coupon rate can never fall. This result, which, although undoubtedly correct, has
been regarded by many as surprising, stems from the implicit assumption that the
long-term discount function has an exponential tail. We revisit the problem in the
setting of modern interest rate theory, and show that if the long “simple” interest
rate (or Libor rate) is finite, then this rate (unlike the zero-coupon rate) acts viably
as a state variable, the value of which can fluctuate randomly in line with other
economic indicators. New interest rate models are constructed, under this hypothesis
and certain generalizations thereof, that illustrate explicitly the good asymptotic
behaviour of the resulting discount bond systems. The conditions necessary for the
existence of such “hyperbolic” and “generalized hyperbolic” long rates are those of
so-called social discounting, which allow for long-term cash flows to be treated as
broadly “just as important” as those of the short or medium term. As a consequence,
we are able to provide a consistent arbitrage-free valuation framework for the cost-
benefit analysis and risk management of long-term social projects, such as those
associated with sustainable energy, resource conservation, and climate change.
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I. INTRODUCTION

The purpose of this paper is to present a class of models suitable for addressing various
aspects of the interest rate risks associated with the valuation and appraisal of long-term
social projects. The planning of such projects poses a major challenge to our understanding
of the theory of interest rates. The issue is: how should we discount a set of cash flows
occurring in the distant future in such a way that the resulting present value can be used
rationally for the purpose of deciding whether or not to fund a long-term social project that
produces these cash flows? If one uses an exponential discount factor, then a large cash flow
occurring in the distant future may as a consequence be assigned what some might regard as
an unfairly low present value, insufficient to justify the costs involved in funding the project.
Or if the project is designed to prevent the equivalent of a large negative cash flow in the
distant future, then with exponential discounting the present value of the loss one intends to
prevent may seem disproportionately small in comparison with the cost of the prevention.
The matter is of a socio-political nature, and is not easily resolved. When one is consider-
ing the present value of benefits that will accrue to future generations, one cannot treat the
problem as if it were that of finding the present value of a delayed benefit that will accrue
to oneself. The discounting has to be carried out as if one were a trustee for the future. But
it is too much to ask that one should live entirely for posterity, working on projects for the



benefit of the remote future while living a life of austerity in the present, so a compromise
has to be reached. The compromise is “social discounting”. In practical terms this means
using a discount function { Py}~ that falls off for large ¢ not like Py ~ e~ for some “ex-
ponential” rate r > 0, but much more mildly, like Py; ~ (1 + A"'Lt)™* for some index A > 0
and some “generalized hyperbolic” rate L > 0. In that case we say that { Py }i~o is a social
discount function, and is asymptotically of the generalized hyperbolic or tail-Pareto type.

But is it possible to develop consistent mathematical models for interest rates having
such properties? Is it possible to construct a dynamical framework for the valuation of
projects in situations where one of the main determinants of value is the discount factor
being used? Can we allow for the fact that the discount factor may fluctuate in time in
line with changing social attitudes or with the arrival of new information that may have a
bearing on the balance of the allocation of resources to the present and the future?

Our goal is to provide the basis for a positive answer to these questions. The paper is
structured as follows. In Section II we discuss the pros and cons of exponential discounting,
and we present some of the arguments for social discounting. The exponential system is
advantageous on account of its simplicity and the fact that it is time consistent. We observe
that if an arbitrage-free system of discount functions is time-consistent, then it is exponential,
with a constant rate. In practical applications, however, we need to allow for the interest
rate system to have stochastic dynamics, and to admit the input of an essentially arbitrary
initial discount function. Is it consistent to require that the long end of the discount function
be of the tail-Pareto type?

Arguments for social discounting fall in two categories. Firstly, we have normative argu-
ments. These are moral, ethical, and political in character. Such arguments are compelling,
but are not universally supported, and are difficult to formulate in a scientific language. The
normative arguments do, nevertheless, provide a mandate for the development of a theory of
social discounting in a framework of sufficient rigour that its principles can be consistently
applied in situations where they are needed. Secondly, there is a vein of argument main-
taining that social discounting arises as a consequence of aggregative effects acting across
society. Whether or not this is actually the case is debatable; but aggregative effects are
important as part of the general argument that social discounting should be applied even
in situations where a majority of the individuals of which a society is composed are short-
termists. We present a simple but useful example of the aggregation effect, which also leads
one in a natural way to an important class of social discount functions, namely those for
which the asymptotic behaviour is of the tail-Pareto type mentioned above.

On the other hand, if one aggregates over the time preferences of a finite number of indi-
viduals each of whom is an exponential discounter, then the aggregate discount function is
itself asymptotically exponential, and the resulting asymptotic rate is equal to the lowest of
the discount rates applied by the various individuals. This point, made by Weitzman (1998),
has been employed to argue that one can use exponential discounting in applications, and
that the appropriate asymptotic rate should be the lowest among those in principle attain-
able. Weitzman’s argument, which at first sight seems comforting to those who would like to
motivate the use of a low exponential discount rate for the valuation of social projects, leads
to a difficulty once one imposes the absence of arbitrage. In particular, absence of arbitrage
in a deterministic interest-rate model implies that the long exponential rate of interest must
be constant. In the situation where one considers the aggregation of a finite number of ex-
ponential discounters, this constant is indeed the lowest rate among the various rates being
aggregated; but the result is true generally, and holds independently of aggregative effects.



In short, the long exponential rate has no dynamics. In the context of a general arbitrage-
free stochastic interest rate model, it is also the case that the behaviour of the long expo-
nential rate is constrained. One has the so-called DIR theorem (Dybvig, Ingersoll and Ross
1996): long exponential rates can never fall. The degenerate behaviour of the long expo-
nential rate complicates the use of exponential discounting for long-term project valuation,
for it implies that one cannot use the long exponential rate as a state variable. This seems
to run contrary to intuition, for we would like to think that the long rate should fluctuate,
should adjust to changing circumstance, should reflect the receipt of new information. In
particular, we are unable to plan now for how we would react in the future if the long rate
were to drop, or to hedge against that possibility. In this paper we show how the issue can
be resolved by the use of social discounting. We shall argue that the long exponential rate is
not the rate that one should be considering in the first place—that the long exponential rate
should be modelled as taking the value zero, and that attention should be focussed instead
on a long rate of interest more suitable for the construction of dynamic models for social
discounting.

With this programme in mind, in Section III we consider the valuation of long-term
investment projects. We adopt a pricing kernel method, under the minimal assumptions
laid out in Definition 1, and look at the idealized situation in which one envisages a project
leading to a random real cash flow Hr at some distant time 7. The cash flow represents
the benefit that results from the project. The value of the project at any earlier time ¢ > 0
(where t = 0 is the present) is given by the pricing formula (8), and in the case of a unit
cash flow we obtain the price P at time ¢ of a unit discount bond that matures at 7.

In Section IV we define the various interest rates associated with a discount bond system
and discuss their relation to one another. These include in particular the exponential (or
continuously compounded) rate Ry and the Libor (or simple) rate L. It is worth remarking
that we have no need in our general analysis to assume the existence of the short rate or the
instantaneous forward rate system. In Definition 2 we introduce a family of “tail-Pareto”
rates denoted Lg), indexed by a parameter A € (0,00). The tail-Pareto rates play a key role
in the development of models for social discounting.

In Section V we introduce the associated asymptotic rates, and we develop some of the
mathematical tools necessary for a consistent treatment of long rates in a general setting.
The asymptotic rates are defined by use of the superior limit, in line with the treatment
of the long exponential rate proposed by Goldammer and Schmock (2012). We write Rjo.

for the long exponential rate, L;., for the long Libor rate, and LEQ for the long tail-Pareto
rate with index A. In Proposition 1 we show that the long exponential rate is non-negative.
This result arises as a consequence of the general form of the “transversality” condition
introduced in part (c) of Definition 1. In Proposition 2 we observe that if Ry, > 0, then
Lo = 00, whereas if L;,, < oo, then R;c = 0, and in Propositions 3 and 4 we show
that similar relations hold for tail-Pareto rates. These results show that there is a natural
stratification of interest rate models according to the asymptotic properties of the discount
bond system.

In Section VI, Proposition 5, we prove a rather general version of the DIR theorem
extending results of Hubalek et al. (2002), framed in a way that makes it possible, under
minimal assumptions, to compare the properties of long exponential rates to those of the
long Libor and long tail-Pareto rates. In Section VII we show that, in contrast to the long
exponential rates, which are highly constrained, the long Libor and tail-Pareto rates are
fully dynamical. This property is already evident in arbitrage-free deterministic models: in



Propositions 6, 7, and 8, we show that the long exponential rate is constant in a deterministic
model (whatever the initial term structure), whereas the long Libor and long tail-Pareto
rates are variable, and are determined by the freely specifiable initial term structure. Then
we consider the problem of determining the asymptotic conditions that have to be imposed
on the pricing kernel to ensure that the resulting system of discount functions is socially
efficient. A solution to this problem is presented the case of discount bond systems that are
asymptotically of the Libor or tail-Pareto type with the introduction in Definition 3 of the
idea of a pricing kernel of the tail-Pareto type, leading to Propositions 9 and 10.

We are thus led to the conclusion that to develop a theory of social discounting in a
stochastic setting it suffices to set the long exponential rate to zero, and to require that
the pricing kernel should have properties sufficient to ensure that the interest rate system
is asymptotically tail-Pareto. Building on this principle we proceed in Section VIII to
construct some explicit examples of socially efficient interest rate models that are both
fully dynamic and arbitrage-free. In particular, in Proposition 11 we present an example
of a one-factor rational model driven by a positive martingale. The model contains two
deterministic functions which can be chosen in such a way as to ensure that the social
discounting properties are in place. The long Libor rate can be worked out explicitly, and
we show that it acts as a state variable for the model. The construction of a family of interest
rate models admitting a long tail-Pareto rate of any specified index as a state variable is
presented in Proposition 12. Finally, in Proposition 13 we construct an explicit two-factor
model for social discounting, in which both the short rate and the long rate act as state
variables. Rather strikingly, the resulting bond prices turn out to be linear in the short
rate, and inversely linear in the long rate. As a consequence, the two-factor model is highly
tractable, and hence suitable for consideration as a possible starting point for practical
implementations, simulation studies, and scenario analysis.

II. ASPECTS OF SOCIAL DISCOUNTING

Not long ago, in an article in the Financial Times (Warrel 2013), it was reported that
Andrew Haldane, then director of financial stability at the Bank of England, while addressing
a conference on the role of higher education in boosting the economy, told delegates the
following;:

We know that financial markets discount rather too heavily projects with a long
life that yield returns in the distant future, to the extent that some of those
projects may not be initiated in the first place.

Haldane’s remarks are indicative of the importance of the unresolved issues and the ongoing
debates concerning the form of the discount function that should be used in the cost/benefit
analysis of proposals for long-term projects carried out for the benefit of society. At the
heart of the matter is the inadequacy of the standard discounted utility-of-consumption
model as a basis for rational decision making when the beneficiaries of future consumption
are not the same as the beneficiaries of present consumption. The use of the exponential
discount function for this purpose, with a flat rate of discount, is problematic, because even
for small values of the discount rate the effect of continuous compounding can reduce the
present value of benefits secured for the distant future to virtually nothing. As a conse-
quence, various alternative proposals as to how long-term discounting should be carried out
have been put forward and put into practice. It seems, or so it is argued, that for social



purposes some form of “hyperbolic” discounting is required, where the rate of discount is a
decreasing function of the time interval over which the rate is applied, with the effect of en-
hancing the relative importance of benefits accruing to the future. What is the justification
for such an approach, and does it make sense scientifically? Numerous authors have con-
tributed to various aspects of this discussion, including for example Arrow (1995), Arrow
et al. (1996), Azfar (1999), Chichilnisky (1996), Farmer and Geanakoplos (2009), Gollier
(2002a,b), Groom et al. (2005), Harvey (1994), Henderson and Bateman (1995), Jouini et
al. (2010), Laibson (1997), Lengwiler (2005), Lind (1997), Loewenstein and Prelec (1992),
Nocetti et al. (2008), Reinschmidt (2002), Schelling (1995), and Weitzman (1998, 2001), to
name a few.

The debate on the choice of the long-term discount function can be approached in various
ways. Omne might simply assume that the discount function is exponential, and let the
problem be the determination of the rate. The choice of discount rate then becomes the
lightning rod through which politically charged opinions are channeled. The exponential
discount function has the preferred status of being “time consistent”. Let time 0 denote
the present, and write P,y for the value at time ¢t > 0 of a unit cash flow occurring at time
T > t. Let the initial discount function be known. We shall assume (a) that {Pyr}r=o is
a continuous function of 7', and (b) that liminfr_,., Pyr = 0, which is sufficient to ensure
good asymptotic behaviour for the initial discount function without necessarily requiring
that it should converge for large 7. We shall say that a system of discount functions is
time-consistent if Pyp = Py for all ">t > 0. Then in the absence of arbitrage a system
of discount functions is time-consistent if and only if P,y = e ™79 for some constant r > 0.

The argument is as follows. By stationarity, we have Py = Py r—; and thus Py = f(T'—1)
for some continuous function f: RT — [0, 00) satisfying f(0) = 1 and liminf, ., f(z) = 0.
Absence of arbitrage implies Py = Pyr/Pot, and thus f(T'—t) = f(T)/f(t). Setting x = T—t
we obtain the Cauchy functional equation f(t + x) = f(t)f(z). We can show that for any
rational K the functional equation implies that f(K) = exp(—rK) for some real r. (i) Let
m be an integer, and set t = 1/m and = 1—1/m. Then f(1) = f(1/m)f(1—1/m), and by
iteration f(1) = f(1/m)™, or equivalently f(1/m) = f(1)}/™. (ii) Next, let n be an integer,
and set T'=n/m, and t = 1/m. Observe that f(n/m) = f(n/m —1/m)f(1/m), and hence
by iteration f(n/m) = f(1/m)". Finally, combining (i) and (i), we have f(n/m) = f(1)"™.
Now define r = —In f(1). Then f(n/m) = exp(—rn/m), and hence f(K) = exp(—rK) for
all rational K > 0. By continuity it follows that f(z) = exp(—rz) for all real x > 0.
Therefore P,y = ¢ """ and to ensure that liminf,_,, f(z) = 0 we require 7 > 0. In fact,
the Cauchy functional equation can be solved under measurability alone, without continuity
(Aczél 1966, Letac 1978). It follows that if the initial discount function is measurable, then
absence of arbitrage and time consistency imply that the discount factor is exponential.

Nevertheless, exponential discounting over the long term is problematic: if agreement
is reached on a choice of exponential discount factor for a particular period, the resulting
discount for a longer period at the same rate may be too severe, leading to a situation where
one approves a project producing a benefit to society in 200 years, and yet rejects a project
producing the same benefit in 300 years. Why should those living 200 years from now be
treated better than those living 300 years from now? There is a school of thought dating back
to Ramsey (1928), represented more recently in Stern (2007), that maintains that little or no
“pure time discount” should be applied in intergenerational allocation problems—and that
the only justification for the inclusion of a pure time discount in the decision-making process
is to allow for the possibility that a calamity will prevent the benefit of the project from being



realized. If one assumes that such a calamity is unpredictable—a war, a natural disaster, or
a political decision to abort the project—then the use of an exponential discount factor with
a constant rate of discount to take that possibility into account may be reasonable. The
long-term discounting arising from calamity risk is analogous to the discounting arising in
financial markets from credit risk, is separate from that arising from time preferences, and
should be incorporated into the random variable describing the payoff of the project.

Alternatively, following the lead of the financial markets, we can reject altogether the idea
that the discount function should necessarily be time consistent. For maturities beyond the
reach of the financial markets it is arguable that the discount function is determined by the
relative weight placed by society on the long term and short term benefits accruing to itself.
A responsible society will then assign a reasonable balance in such a weighting, allowing for
the fact that the future has no vote, and that the present must act in a fair way both on its
own behalf and for that of the future. This point of view on the intergenerational allocation
issue seems to have rather wide support (see, e.g., Arrow 1995).

Apart from such normative considerations, the view has also been put forward that social
discounting might originate as a byproduct of the effects of aggregation. To see how this
works, we construct the following model, which, despite its simplicity, has some surprising
features. Let R be a random variable taking values in R*, and consider the random discount
function {e™f},.. We interpret R as the discount rate associated with an individual chosen
at random in a heterogeneous population, and one can think of

Pu= [ e tutan) 1

as the “aggregate” discount function of that population. Here p(dr) = P(R € dr) is the
probability measure on R™ associated with R. Thus, R represents the diverse views held
over what the discount rate should be, and the aggregate discount function is obtained
by averaging over the views of the various members of the population. For example, if
p(dr) = >, piby,(dr), where 6,,(dr) is the Dirac measure centred at r; for i = 1,2,...,n,
and where py, ps, - - - , p,, are nonnegative numbers satisfying > . p; = 1, then Po; = >, pe™ ",
and it follows by 'Hopital’s rule that

Too := — lim 1ln Py; = min r;. (2)
t—oo t i

We see that the aggregation of any finite number of exponential discounters is asymptotically

exponential, and that the asymptotic rate is the minimum of the various individual rates

under consideration. Weitzman (1998) argued on that basis that the far-distant future

should be discounted at the lowest possible rate. On the other hand, if we model R by

setting pu(dr) = 1{r > 0} L~'e™"/Ldr for some mean rate L > 0, we find that

1
1+ Lt

Py (3)
In other words, the effect of spreading the discount rate by use of an exponential distribution
is that the aggregate discount function is of the so-called hyperbolic type. Equivalently, if
we know that the population consists of exponential discounters, but if all we know of their
views is that their mean rate of discount is L, then from an information-theoretic perspective
the least-biased model for the discount function is given by (3). As another example of



such probability-weighted discounting (Brody and Hughston 2001, 2002; Weitzman 2001),
consider the case for which R has a gamma distribution of the form

p(dr) = 1{r > 0} o te=0mdr, (4)

1
A
where 0, A > 0. A calculation shows that the discount function takes the form of a Pareto
tail distribution, given by Py = [0/(0+1)]*, with shape index )\ and scale parameter 6. Then
if we set @ = \/L we are led to the key expression

1 A
Py=|—o| .
ot {1+A1LJ (5)

Thus we obtain a two-parameter family of discount functions of the generalized hyperbolic
type (Harvey 1986, 1994; Loewenstein and Prelec 1992), characterized by a flat term struc-
ture with a constant annualized rate of interest L, assuming compounding at the frequency
A over the life of the bond (A need not be an integer). For example, if A = 2, then for a
bond of maturity ¢ we apply simple discounting at the annualized rate L over a period of
length %t, and then compound this by applying the same discount factor a second time to
obtain Py;. The case A = 1 (hyperbolic discounting) is that of a flat rate on a simple basis,
whereas the limit A — oo gives a flat rate on a continuously compounded basis. For fixed A,
short-maturity bonds are compounded at a higher frequency per annum than long-maturity
bonds. For a given interest rate L, the effect of increasing A is to deepen the discount.

The interpretation of the discount function as a tail distribution (Brody and Hughston
2001, 2002) can be set in a rather more general context, including the examples cited above
as special cases. On a probability space (2, F,P) let the random variable R satisfy R > 0.
Then there exists a random time 7 such that for all ¢ > 0 we have

P(r>t)=E[e™]. (6)

The proof is as follows. Let Z be a standard exponentially-distributed random variable with
the property that R and Z are independent, and set 7 = Z/R. Then we have

P(r>t)=E[1{Z € (tR,0)}| =E {/OOO 1{z € (tR,00)}e*dz| =E [e7"F]. (7)

If R admits exponential moments, and thus is “small” in its tail distribution, then 7 = Z/R
has a “heavy” tail distribution (Cinlar 2011, chapter 2, 62-63). This explains how the
effective discount function that results when we aggregate over a spread of exponential
discounters can take the form of a heavy-tailed discount function. Whether social discounting
can be justified entirely on the basis of aggregative arguments is an open question; it seems
that eventually some version of the normative argument has to be brought into play—that it
is ultimately a positive decision that we have to make as a society to put social discounting
into action. Nevertheless, aggregation does have the effect of enhancing arguments in favour
of the use of social discounting in the decision-making processes leading up to the funding
of a long-term project. Aggregation of the diverse views on the rate at which exogenous
calamity might occur will result, by the argument above, in a social discount function, rather
than an exponential discount function, for that element of the overall discount.



III. VALUATION OF LONG-TERM PROJECTS

To pursue matters further, we proceed to consider the problem of project valuation and
appraisal, with a view to the case where the benefits of the project accrue in the long
term. Our goal is that of isolating those aspects of the problem that are associated with
how one models the long rate of interest. We take the view that the cost/benefit analysis
and risk management of investments in long-term projects can be formulated within the
same framework as that used for financial modelling in general. This may involve various
idealizations of concepts developed for the analysis of mature markets; but any endeavor
to deal with long term financing will involve some such idealizations—and if one makes
assumptions that are precise rather than vague, this should not be regarded as a drawback.

We fix a probability space (€2, F,P) with a filtration {F;}+>¢ satisfying the “usual condi-
tions”. Here P denotes the real-world measure. Equalities and inequalities between random
variables are understood to hold P-almost-surely. We write E;[-| for conditional expecta-
tion with respect to F; under P, and we write mF; for the space of F,-measurable R-valued
(extended) random variables. Prices are generally expressed in real terms. Price processes
are modelled by cadlag semimartingales. To ensure the absence of arbitrage we assume the
existence of an established pricing kernel (stochastic discount factor, state-price density).
More precisely, we have the following:

Definition 1. By a pricing kernel we mean an {F;}-adapted cadlag semimartingale {m }+>0
satisfying (a) m > 0 fort >0, (b) E[m] < oo fort >0, and (c) liminf, o E[m] = 0, such
that if an asset with value process {Si}i>o delivers a single bounded cash flow Hr € mFr at
time T, then its value at time t > 0 is given by

1
Sy = ﬂ{t<T}ﬂ__t E,[mrHr). (8)

In the case of a long-term social project, it may not be obvious that the valuation principles
outlined above are applicable, for the idealizations involved extend in some respects beyond
the domain of validity of asset pricing theory as it is presently understood. Nevertheless, we
know that if the pricing operator is linear, and satisfies a few simple consistency conditions
(Rogers 1998, Jobert and Rogers 2006), then it must be of the form (8). If a project is on
a sufficiently large scale that its success or otherwise would have a nontrivial (rather than
merely perturbative) effect on the economy, then one might take the view that the use of a
linear pricing operator is inappropriate. Climate change projects, for example, if pursued on
a global basis, could fall into that category. We put such concerns to one side, and pursue
the problem of long-term project valuation in the spirit indicated, with the hope of gaining
at least some insights. The difficulties, such as they are, are already apparent in the case of a
long-term project that generates a single payoff Hr at some distant time 7". The cash flows
involved with realistic projects are more complicated, but the main conceptual issues are
present in this simplified version of the problem. It goes without saying that uncertainties
arise when one attempts to model the probability assignments associated with any aspect
of the distant future.

IV. INTEREST RATE SYSTEMS

For an overview of the application of pricing kernel models to interest rate theory, see Hunt
and Kennedy (2004). In the case of a so-called discount bond (or zero-coupon bond) that



generates a single real cash flow of unity at 7', the price at ¢ is given, according to (8), by

Prr = —Eyfmr] )
T
fort <T and P,y =0 for t > T, with lim;_.r P, = 1. Then for each fixed T" > 0 the price
process { Pyr} is defined for all ¢ > 0. The initial bond price is Pyy. As t approaches 7', the
price approaches unity, then drops abruptly to zero at T" when the principal of unity is paid
out in the form of a single cash low—and thereafter the bond has value zero.

Asymptotic properties of the discount bond system are best pursued by consideration
of the various interest systems associated with it. It may be helpful therefore if we recall
the relevant definitions (see, e.g., Brigo and Mercurio 2007, Filipovi¢ 2009). The so-called
continuously-compounded (or exponential) rate R;r is defined for 0 < ¢ < T by the relation

Py = exp [—(T — t) Rer]. (10)
Next, we define the so-called Libor rate (or “simple” interest rate) Ly for 0 <t < T by

1

P = .
T+ (T —t) Ly

(11)

In general, the relation between L;7 and R;r is tenor dependent. More specifically, we have

Ry = In (1+ (T —t)Ler). (12)

T—1

The logarithmic inequality Inz > 1 — 27!, which is valid for all z > 0 and holds as a

strict inequality if x # 1, implies In Py > 1 — P!, and therefore —(T — ¢)"'In Py <
(T —t)"Y(P;' — 1). Thus we obtain Ry < Ly, which holds as a strict inequality except
when both rates vanish. It is perhaps obvious that the continuously compounded rate should
be lower than the Libor rate, but bear in mind that the inequality R, < L;r remains true
even when interest rates are negative.

It turns out to be useful in what follows to introduce a parametric family of rates that
in a certain sense interpolate between the exponential rates and the Libor rates, which we
call tail-Pareto (or generalized hyperbolic) rates. The tail-Pareto rates are important in the
development of general arbitrage-free interest rate models for social discounting.

Definition 2. For each choice of the index A > 0, the tail-Pareto rate Lg) 1s defined for
0 <t<T by the relation

P — ! ] . (13)

14+ A N(T — t)LY

Note that if we put t = 0 and assume that the tail-Pareto rate L(()’}) is flat (constant) across

maturities, one is led back to the generalized hyperbolic discount function (5). Thus one
sees that interest rate models for which the tail-Pareto rates are asymptotically well behaved
may make viable candidates for consideration as dynamic models for social discounting. The
Libor system is given by A = 1. For fixed ¢,7T such that 0 <t < T, and for fixed o, 5 > 0,
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any two of the interest rates R;r, ngi), and LE? can be expressed as functions of one another.
In particular, we have

Ryr =

A _ A
——n (1 FATNT - t)L§T>> (14)
and
(0%

(a)
LtT - T _¢

B/
{(1 YT - t)L,Eé?)) - 1} . (15)
It is then an exercise to check that if a > § > 0 we have
R < L7 < Ly, (16)

To obtain the inequality on the left, insert z = Pt_Tl/ “into lnz > 1 — 27!, and the result
follows after some rearrangement. To obtain the inequality on the right, let the function

Bz, \) = Az —1) (17)
be defined for z > 0 and A > 0. A calculation shows that

0P (z, \)
oA
for all z > 0 and A > 0, by virtue of the logarithmic inequality. But

= 2 (I (1-1/2YY) <0 (18)

LY = (T =)' (P, \), (19)

and it follows from (18) that the tail-Pareto rate decreases as A increases.

V. ASYMPTOTIC PROPERTIES OF INTEREST RATES

With these facts at hand, we are in a position to investigate the asymptotic properties of
interest rates. One of the advantages of the use of pricing kernels is that one is able to avoid
the potential pitfalls that can arise with the use of change-of-measure arguments in the
asymptotic analysis of interest rates (Delbaen 1993, Karatzas and Shreve 1998, section 1.7).
As various long rates can be defined, we need to understand their relation to one another.
Suppose, for example, that R,y converges in some appropriate sense to a long exponential
rate Ry, and that Ly converges likewise to a long Libor rate L. Then a glance at (12)
shows, at least heuristically, that if L;, is finite and nonnegative, then R;,, must vanish,
and that if R, is strictly positive, then L;,, must be infinite. Our goal is to understand
the sense in which these statements are true, and to investigate the consequences.

A subtlety arises, however, from the observation that although it has usually been as-
sumed in the literature (as, for example, in Hubalek et al. 2002) that for fixed ¢ the expo-
nential rate R;7 should converge for large maturity, the theory of the long exponential rate
can be developed in a much more general setting (Goldammer and Schmock 2012), where
the condition of convergence is relaxed and the long exponential rate is defined by

Ry = limsup (—

T—o00
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In fact, the general theory of interest rates is in some respects more transparent without the
assumption that the exponential rate converges. This principle carries through to the case
of social discounting, and we are thus led to define the long Libor rate by

1
Lo, = limsup T (Pt_Tl — 1) ) (21)

T—o0 —1

Similarly, for the long tail-Pareto rate with index A\ € (0,00) we write

A _
— 00

In practice, we find that the conditions of Definition 1 are just sufficient to ensure that the
resulting rates have good asymptotic behaviour, even in the absence of convergence.

To proceed from here we need to develop some mathematical tools that will enable us to
provide suitably general definitions of the superior limit and the inferior limit when these
operations are applied to parametric families of random variables in the situation where the
parameter space is R*. We have in mind, for example, the case of a family of exponential
rates { Rt t1s foer+ C mF;, where x = T —t is the Musiela parameter. The usual operations
of sup, inf, lim sup, and lim inf act pointwise over €2 on countable sets of random variables,
and map such sets to random variables. In the case of an uncountable set of random variables
parameterised by R* rather than IN, the standard definitions need to be suitably adjusted.

For this purpose we recall briefly some facts about the so-called essential supremum of a
set of random variables (Karatzas and Shreve 1998, Jeanblanc et al 2009, Lamberton 2009,
Follmer and Schied 2011). Let R denote the extended real numbers. We fix a probability
space (€, F,P), and for some index set A, not necessarily countable, we let = = {{\, A € A}
be a set of R-valued random variables labelled by the elements of A. It can be shown that
(up to null sets) there exists a unique R-valued random variable £*, called the essential
supremum of =, and denoted esssupZ or esssupy,c,{£a}, with the property that for any
R-valued random variable Z it holds that Z > &, for all A € A if and only if Z > &£*.

That is to say, we require (a) that & > &, for all A € A, and (b) that if Z is any
other random variable satisfying Z > &, for all A € A, then Z > &*. It can be shown
that there exists a countable subset {£), }new C = such that esssup= = sup,, &, where
the supremum is taken pointwise over ). The essential infimum of = is defined by setting
essinf = = essinfyep{&)} = —esssupyca{—€,\}. In particular, it holds (a) that essinf = < &,
for all A € A, and (b) that if Z is any R-valued random variable satisfying Z < &, for all
A € A, then Z < essinf =. When there is no danger of confusion, we can abbreviate the
notation by writing esssup, &, for esssup,c,{&,}, and essinfy &, for essinfyep{&n}-

We say that a set of random variables = is directed if for any two elements &,, £z € = there
is an element &, € = satisfying &, > max(,,&s). It can be shown that if = is directed then
there exists a nondecreasing sequence {&), tnew in = such that esssup,ca{&r} = sup, &, =
lim,, o0 €,. This situation arises, for example, in the case where A = R™ and = is linearly
ordered in the sense that &, < ¢, for x <y, where z,y € R™.

Useful inequalities arise from comparison tests. Let A = {A)} ea and B = {B)}ea be
sets of random variables parametrized by the same parameter space A. Then if A, > B, for
all A € A one can show that esssup A > esssup B. For clearly we have esssup A > A, > B,
for all A € A. By the definition of esssup, if Z > B, for all A € A we have Z > esssup B.
Then we let Z = esssup A, and the result follows. Similarly, we have essinf A > essinf B.
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For clearly we have essinf B < By < A, for all A € A. By the definition of essinf, if Z7 < A,
for all A € A we have Z < essinf A. Then we let Z = essinf B, and the result follows.

Now suppose we specialize to the case A = R™, and write x,y € R" for typical points of
the parameter space. Then we define

limsup A, = essinf esssup 4, , (23)

T—00 z€RT y>z

which acts as an extension of the classical definition lim sup,, A,, = inf, sup,),,, A, for count-
able sets. For the essential extension of liminf,, A, = sup, inf,,>, A,, we define

liminf A, = esssup essinf A, . (24)

T—00 reR+  Y2T

If the essential superior limit and the essential inferior limit are equal, the resulting essential
limit is denoted lim,_,,, A,. To make the notation slightly less cumbersome we suppress the
“ess” in front of lim sup, lim inf, and lim when it is clear from context that essential versions
of the operations are required.

Now suppose that A = {A,},cr, and B = {B,},cr, are sets of random variables
parameterised by R*. If A, > B, for all z € R" then. limsup A > limsup B and liminf A >
lim inf B, where lim sup and lim inf are both understood in the “ess” sense described above.
The definitions of esssup and essinf depend on the choice of o-algebra. This choice will
not always be stated, but will usually be evident from the context. For example, in the
case of equations (20), (21) and (22), the relevant o-algebra is F;, and as a consequence the

asymptotic rates Rioo, Lico, L&)} are by construction F;-measurable. With these conventions
in place we have a precise statement of the asymptotic operations involved in the definitions
of the long exponential rate, the long Libor rate, and the long tail-Pareto rates.

In what follows we need the following useful lemmata, which arise as essential extensions
of well known classical theorems for denumerable sequences. A version of Lemma 1 holding
under slightly more general conditions can be found in Lamberton (2009). A variant of
Lemma 2, under somewhat different assumptions, appears in Doob (2001), Appendix IV.
It will be convenient for applications to present the conditional versions of the relevant
statements. We fix a probability space (2, F,P) and let G C F be a sub-o-algebra.

Lemma 1. Let {¢,}.cr+ be a set of nonnegative integrable random variables having the
property that ¢, > ¢, if v >y and such that E [esssup, ¢,| < co. Then it holds that

esssup E [@3 ‘ g} =E {ess Sup ¢, ‘ g} . (25)

Proof. Because the set {¢,}.er+ is directed, there exists a sequence {¢,, }new such that
esssup, ¢, = sup,, ¢,,,. By the monotone convergence theorem we thus have

E {ess sup ¢, g} . (26)

x

Q} =K {sup O, Q} =supE [%n
We shall show (a) that sup,, E[¢,, |G] > E[¢,|G] for all z > 0, and (b) that if Z > E[¢,|]]
for all z > 0, then Z > sup, E[¢,,|G]. For all z > 0 we have esssup, ¢, > ¢,, and
hence sup,, ¢, > ¢., and thus E [sup, ¢, |G] > E[¢.|G], and therefore by use of the mono-
tone convergence theorem sup,, E [¢,, |G] > E[¢.|G], and that gives (a). Now suppose that
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Z > E[¢,|G] for all x > 0. Then clearly Z > E[¢,,|G] for all n € N. By the defini-
tion of supremum we then have Z > sup, E[¢,, |G], and that gives (b). It follows that
sup,, E[¢., |G] = esssup, E[¢,|G], and by use of (26) we obtain (25). O

Lemma 2. Let {1,}.cr+ be a set of nonnegative integrable random wvariables such that
E [liminf, , ¥, | < 0o. Then it holds that

liminf E [¢, | G] >E [lim inf 1, g} : (27)
Tr—r00 r—r00
Proof. For each value of x > 0 we have
Y, > essinf ), (28)
y>x

for all y > x. Taking the conditional expectation with respect to G on each side, we obtain

E[y,|G] > E {ess inf 9,
y>x

; -
for all y > x. By the definition of essinf it therefore holds that

essinf E [¢,|G] > E {ess inf 1,
y>z y>x

g} . (30)

This is an inequality of the form A, > B,, where {A,}.cr+ and { B, }.cr+ are curves in mg.
As a consequence we have esssup, A, > esssup, B,, from which it follows that

g} . (31)

ess sup ess>inf E[,|G] > esssupE [ess>inf 1y
T y=zx x y=z

But {essinf,>, ¢, }.er+ is an upward-directed set of nonnegative random variables, so by
Lemma 1 we have

Q} =FE [ess sup ess inf 1,
x y>x

J -

esssup E |essinf ¢,
x y>x

which by (31) gives

Q} ; (33)

ess sup ess>inf Ef,|G] > E {ess sup ess>inf 1y
T y=zx T yzzx

which is (27), and that concludes the proof. O

We are now in a position to establish a set of general relations satisfied by the various
long rates under the assumptions that we have made. We begin with the following:

Proposition 1. The long exponential rate is nonnegative.

Proof. We wish to show that R, > 0. By part (c) of Definition 1, and Lemma 2, we obtain

0 = liminf E [77] = lim inf E [E, [77]] = E [lim inf E, [WT]] , (34)

T—o0 T—o0 T—o00
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from which we deduce that liminfr_,, E; [r7r] = 0 and hence liminfy_,o, Py = 0, or equiv-
alently, using the Musiela parameter,

lim lnf Pt,t+z =0. (35)
T—00

On the other hand, by the definition of Ry, given at equation (20) we have

Rtoo = — hm inf.f_l 1n Pt,t—l—x . (36)

T—00

Now clearly Py, > 7 !n P, iy, for x > 1. Thus we have a pair of curves in mJ#; given by
A, = Pyyip and B, = 27! In P4, such that A, > B, for all # > 1, from which we conclude
that liminf, A, > liminf, B, and thus that liminf, P ;, > liminf, z~!ln P, 4 4o. It follows
then from (35) and (36) that R > 0. O

As a consequence of Proposition 1 taken together with the inequalities (16) it should be
evident that all of the asymptotic rates are positive, and that for o >  we have

0< R < LI? < LY. (37)

The relation between the long exponential rate and the long Libor rate can then be stated
more sharply as follows:

Proposition 2. If Ry, > 0, then L;s, = 00, whereas if Lo, < 00, then Ry = 0.

Proof. First, we observe that the function ¢ (z) defined for z € (—1,00)\{0} by

¥(z) = %ln (14 2) (38)

and for z = 0 by 1(0) = 1 is strictly decreasing. This can be checked by use of the inequality
In(1+ 2) > z/(1 + z), which holds for all z > —1. It follows that for all z,y, L € R such
that y > 2 > 0 and L > —y~! we have

1 1
~In(1+yL) < —-In(1+2zL). (39)
Y x
Now, by equation (12) we have
1
Rt,t-i—ac = ; In (]_ + th,t—i—a:) (40)
for z > 0, and we know that L, s, > —z ' It follows by (39) that for y > 2 > 0 we have
1 1
Rt,t—i—y = 5111 (1 + th,H—y) S E In (1 + th,t—i—y)- (41)

For fixed > 0 we thus have a pair of curves in mF; given by A, = y ' In (14 yL;s4y)
and B, = r'n(1+ xLtyty) such that A, < B, for all y > z, from which we conclude that
esssup, A, < esssup, By, and therefore

1 1
esssup Ry 1, = esssup —In (1 + yLyyty) < esssup —In (1 + 2L 4py). (42)

y>x y>z Y y>z L
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By the monotonicity of the logarithm we can rearrange the term on the right to obtain

1
esssup Ryrry < —In (14 xesssup Liypy). (43)
y>x Z y>w

Again we have a system of inequalities involving a pair of curves in mJF;. Therefore, applying
essinf, to each side of (43) we get

1
Ry = limsup Ry ¢y, = essinfesssup Ry 4, < essinf |—In (1 +zesssup Lyyiy)| . (44)
T—00 z y>x z X y>x

Let us write J for the term on the right side of (44). By the definition of the essential
infimum we know that

1
—In(1+zesssup Lyypy) > J (45)
T y>x
for all x > 0. It follows that
1
esssup Ly vy > — [exp(zJ) — 1]. (46)

y>z ;
Now suppose that J > 0. If we apply essinf, to each side of the inequality above, we get

essinfesssup Lg 4y = limsup Ly ¢y, = Lioo = 00. (47)
x y>x T—00

Thus we conclude that if L, < 0o then we have J < 0 and hence R;, < 0. But we know
that R > 0 by Proposition 1. Therefore, if L;,, < co we have R, = 0, and if R > 0
we have L;,, = 00, as claimed. O

We leave it to the reader to verify that starting from (14) and using an argument similar
to that employed in the proof of Proposition 2 we obtain the following inequalities relating
the long exponential rate and the long tail-Pareto rate.

Proposition 3. For all A > 0 it holds that if Rie > 0, then Lgi‘g = 00, whereas if L§§3 < 00,
then Rio = 0.

Then in the case of a general pair of tail-Pareto rates we have:

Proposition 4. For all a,f € (0,00) such that o« > (it holds that if ngg > 0, then
Lgfg = 00, whereas if Lgfo) < 00, then ngg =0.

Proof. By (15) we have
Bla
LEC;ZFI =ar? {(1 + B LE@LQ - 11 : (48)
Now, one can check that for p < 1 the function p,(z) defined for = > 0 by

ppla) = (142 ~ 1] (19)
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is strictly decreasing. It follows that if a > g then for y > 2 we have

_ B B/a
ay~! [(1 + 87y Lgﬁy) -1

Bl
<ar? [(1 + B Lg%) — 1} : (50)

For fixed = > 0 we thus have a system of inequalities involving a pair of curves in mJF;, from
which we conclude that

. 1 1, 8\
esssup Ly, = esssupay (1 + 08y Ly t+y> -1 (51)
y>z y>a 7
-1 e e
< esssup ax (1 + 8 th,t+y) —-11, (52)
y>w

and therefore by the monotonicity of the function (1 + z)? we obtain

esssup Ly, < oz

y>w B y>w

Ble
<1 + B!z esssup Lgi)ﬂ/) — 1] . (53)

We have again a system of inequalities involving a pair of curves in mJF; . Therefore, applying

essinf, to each side of (53) we obtain
Ble
(1 + B 'z esssup Lg%) —11]. (54

y>w

ngo) = essinfesssup LY, , < essinf [ az™!
v yza x

Let us write K for the right side of (54). By the definition of the essential infimum we have

Ble
axr ! (1 + 87z ess>sup Lﬁﬁ)ﬂ) — 1] > K (55)
Yy=x
for all z > 0. It follows that
ess sup Lgily > Ba! [(1 +alz K)a/ﬁ - 1] . (56)

y>x

Now suppose that K > 0. Because o/ > 1, it should be evident that if we apply essinf,
to each side of the inequality (56) we get

ess inf ess sup L;@ry = lim sup LE@FI = Lgfc)) = o0. (57)

z y>x T—00

One sees that if Lgfo) < oo then K < 0 and hence LE?O) < 0. But we know that L,Ego) > 0.
Therefore, if LEQ < 0o we have L{?) = 0, and if L,E;Q > (0 we have Lgfg = 00, as claimed. [

too

We conclude that term structure models can be categorized by their asymptotic structure,
and that models for which the long exponential rate is nonvanishing are distinct from those
for which one of the long tail-Pareto rates is finite and nonvanishing. This leads us to
reconsider the status of the well-known theorem of Dybvig et al. (1996). The DIR theorem
shows that the dynamics of long exponential rates are severely constrained. But what if
one of the long tail-Pareto rates is finite? Is it similarly constrained? This we proceed to
investigate, for the answer is of relevance to the construction of models for social discounting.
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VI. ASYMPTOTICS OF EXPONENTIAL RATES

We shall present a proof of a rather general version the Dybvig-Ingersoll-Ross theorem. This
will be framed in the same setting in which we carry out our asymptotic analysis of interest.
It will be helpful if we begin with a brief synopsis of the assumptions we have made. We
fix (Q, F,P), where P is the real-world measure, together with a market filtration {F;}>o.
Equalities and inequalities hold P-almost-surely. We fix a numeraire and an associated
pricing kernel satisfying (a) m > 0, (b) E[m ] < oo, and (c¢) liminf, , E[m;] = 0, in line
with Definition 1. The price at time ¢ of a discount bond that delivers one unit of the
numeraire at maturity is given by (9). The exponential rate Ry is defined by (10), and the
long exponential rate Ry is defined by (20). For convenience, we set X;r = exp(—Ryr), and
write Xyoo = exp(—Ris). Under these assumptions we know that R, > 0 for all ¢ > 0 by
Proposition 1, and therefore that X, is integrable. It follows that R, > R fort > s> 0
if and only if

E [(Xtoo — Xsoo)ﬂ =0. (58)
In the argument below, we shall require the conditional Holder inequality. Let G be a sub-
o-algebra of F on (2, F,P). Let A and B be random variables such that E[|A|?] < co and
E[|B|?] < oo, where p, g satisfy 1 < p < oo, 1 < ¢g<ooand p~ !+ ¢! =1. Then we have
E[l4B||6] < E[lAP|g)"" ®[1B|6)"". (59)
With these preliminaries at hand, we are in a position to establish the following:
Proposition 5. R;,, > R fort > s> 0.

Proof. Under the stated assumptions, we wish to show that (58) holds. By the definition of
Ry given at (20) we have

Xyoo = liminf(Pyr) 7, (60)
T—o0
and therefore
E, [Xtoo ]I(Xtoo > Xsoo)] = E, [hj{n 1nf(PtT)ﬁ ]I(Xtoo > Xsoo)]
—00
= E, [hj{n inf(m, Pyr) T 1(Xioo > Xsoo)} ) (61)
—00

on account of the fact that the assumption that the pricing kernel is strictly positive implies

1

liminf 7,/ ~" = 1. (62)
T—o0
By use of Lemma 2 we thus obtain
IEs [Xtoo ]l(Xtoo Z Xsoo)] S 1171}1 inf Es |:<7T1€P1€T)ﬁ ]I(Xtoo 2 Xsoo)] . (63)
—00

Now, by the conditional Holder inequality we have

1 1

E, [(mPr) ™7 1(Xino = Xoe)| < (Bs [mPer]) ™ (B [1( Koo = Xono)])' 7

1 —S8

— W?(XS )T*

1

(Es []l (Xtoo 2 Xsoo)] )1_ﬁ7 (64>

N

o
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where in the second step we use the martingale condition on 7; Py, along with the fact that

PST == (XST)Tis- (65)
Furthermore, we observe that
liminf 77 (Xor) 7 (By [1(Xpe > Xooe)] )7 = Xooo By [1(Xio > Xooo)] . (66)

T—o00

This can be checked by taking the logarithms of the terms appearing on each side of (66),
and using the fact that the logarithm is monotonic to swap the order of the liminf and the
In operations on the left. It follows that the expression on the right side of (63) satisfies

liginf B | (7 Prr) ™7 1 (X > Xono)| < By [Xono 1(Xine = X)), (67)
— 00

where on the right side of (67) we have used the fact that Xy, € mF,. We have thus
established that

Es [(Xioo — Xsoo) 1(Xioo > Xsoo)] <0, (68)

from which if follows that (58) holds, and therefore that R;., > R for ¢t > s > 0. O

The DIR theorem, which is applicable both to real and nominal interest rates, has been
discussed by a number of authors (Biagini and Héartel 2012; Cairns 2004a,b; Deelstra 2000;
El Karoui et al. 1998; Goldammer and Schmock 2012; Hubalek et al. 2002; Ingersoll 2010;
McCulloch 2000; Kardaras and Platen 2012; Schulze 2009; Yao 1999), and various alternative
proofs and generalizations have been proposed. The rather general version of the theorem
presented above builds in various respects on the influential paper of Hubalek et al. (2002),
and improves on the argument of that work by (i) incorporation of the elements of a shortened
proof of the “technical lemma” of Hubalek et al. (2002) due to Rogers and Tehranchi (2010),
(ii) use of the superior limit in the definition of the exponential long rate, following the
proposal of Goldammer and Schmock (2012), and (iii) introduction of the pricing kernel
as a basis for the imposition of the absence of arbitrage, which allows us to frame the
argument under PP, and hence to eliminate the various changes of measure used by Hubalek
et al. (2002), Goldammer and Schmock (2012), and others.

In addition to the exponential rates and Libor rates introduced in Section IV, another
system of interest rates that often finds use is that of the so-called zero-coupon rates. These
rates had their origins in the industry, where they turned out to be useful in swap markets.
Zero-coupon rates depend on a real parameter k > 0 that has dimensions of inverse time
and determines a “compounding frequency”. If we let the unit of time be a year, then x = 1

represents annual compounding, x = 2 represents semi-annual compounding, and so on.

The zero-coupon rate Zt(;) for compounding frequency x is defined by the relation

] o (69)

[
Py = [1 + EZt(T)

Compounding is carried out at the same frequency per annum for bonds of any maturity.
In applications, the factor 7' — t is sometimes replaced by a function 7(¢,7") to handle day
count conventions (see, e.g., Brigo and Mercurio 2007), but this need not concern us here.
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For fixed k, the relation between the zero-coupon rates and the exponential rates is given
by

1
Rip = k1n {1 + Ezt(;)] : (70)

and we see that there is a one to one relation between the exponential rates and zero-coupon
rates that does not depend on the tenor. In particular, the values of the long exponential
rate and the long zero-coupon rate are are in one to one correspondence, and if we set

Zt(:g = limsup (P;TI/H(T_t) — 1) , (71)
T—o0
then it follows that
)
Riw=rln |1+ —-2Z,1|. (72)
K

From a mathematical perspective, the exponential system is somewhat easier to work with,
which may be why later authors prefer to rephrase the results of Dybvig et al. (1996) in that
system. Because Dybvig et al. (1996) work with zero-coupon rates (with unit compounding),
rather than exponential rates, we have developed the relation between the two systems in
sufficient detail to enable statements about exponential rates to be translatable by the
reader into statements about zero-coupon rates. As the correspondence is one to one, even
at infinite maturity, it suffices to work with one system or the other. By equation (72)
together with Proposition 5, we see in particular that long zero-coupon rates can never fall.
One should note, incidentally, that although there is a superficial resemblance between the
zero-coupon rates with compounding frequency x, defined by (69), and the tail-Pareto rates
with index A, defined by (13), these systems are distinct, and their asymptotic behaviour is
different. In fact, if the compounding frequency in the zero-coupon system is made tenor-
dependent by setting k;r = A/(T —t) for fixed A, then one obtains the tail-Pareto system.

VII. ASYMPTOTICS OF TAIL-PARETO RATES

To get a better sense of the asymptotic properties of interest rates implied by the DIR
theorem, it will be useful to examine first the case of a deterministic interest rate model. One
finds that the arbitrage-free condition results in a strong constraint on the long exponential
rate process. We have the following:

Proposition 6. In a deterministic interest rate model, the long exponential rate is constant.

Proof. By the definition of exponential rates we have that Py = exp|—(T — t)Ryr| for
0 <t < T and Py = exp|[—tRy] for t > 0. In the case of a deterministic interest rate
system, absence of arbitrage implies that P,y = Pyr/ Py It follows that

TRor — tRy
Rp=—F"¢+—". 73
i = LT (73)
Writing Ryoo = limsupy_, ., Ror, we see that Ry = Ry for all ¢ > 0. [

On the other hand, in the case of a deterministic social discount function the behaviour
of the associated long rate of interest is completely different. We have:
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Proposition 7. In a deterministic interest rate model, if the long Libor rate is initially
finite, then it is finite for all time and given by Liso = Pot Looso-

Proof. By the definition of the Libor system we have Py = 1/[1+4 (T —t)Lyr]. In the absence
of arbitrage we have P, = Pyr/ Py, and therefore

1 TLor — tLo;
14 tLy T—t '

(74)

tT

If the initial long rate Lo, = limsup,_,. Lor = 1/(liminfr_o T Pyr) is finite, it follows
that Lo, = limsupy_, . Lir = Looo/(1 + tLg;) is finite for all ¢ > 0. O

One sees that if the long Libor rate is finite and nonvanishing, then it carries the full
information of the initial term structure. More generally, we have:

Proposition 8. In a deterministic interest rate model, if the long tail-Pareto rate of index
A is inatially finite, then it is finite for all time and given by Lg’\) = Polt//\L()‘).

00 0o

Proof. By the definition of the tail-Pareto system we have Py = [1 + AT — t)Lg;)]_’\. In
the deterministic case a calculation shows that

1
1+ A-1eLfy

TLy) —tL§)

A

(75)

If the initial rate L5 = limsupy ., L) = 1/(liminfy_o T*Poy) is finite, it follows that
(2

LY =limsup, . LY = Loso /(1 + A~1LEY) is finite for all ¢ > 0. O

With these facts in mind, we are led to ask for conditions on the pricing kernel in a general
semimartingale model sufficient to ensure that the resulting interest rate system is “socially
efficient” in the sense that the associated discount bonds are asymptotically tail-Pareto with
index A € (0,00). This notion can be formalized somewhat more precisely by:

Definition 3. A pricing kernel {m:}1>0 will be said to be asymptotically tail-Pareto with
index X if it holds that (a) liminf, . t*m > 0 and (b) liminf, . E[t*m] < oco.

Then we are able to obtain the following:

Proposition 9. (Socially-efficient discount bond systems) If a pricing kernel is tail-Pareto
with index A, then for all t > 0 the associated discount bond system satisfies

0 < liminf T* Py < oo. (76)
T—o0

Proof. To establish the inequality on the left-hand side of (76), we note that by condi-
tion (a) of Definition 3 we have lim infr_,o, T*7r > 0, and hence E;[liminfy_,o T*77] > 0
for t > 0, which implies by Lemma 2 that liminfr_. T Eirr] > 0, and therefore
lim infy o TPy > 0. To establish the inequality on the right-hand side of (76), we observe
that liminfy_,o, T*Pir < oo iff liminfr_,o TE[77] < oo, for 7, > 0. Then we note that

E [lim inf T E,[r7] gliTmianE[TAwT] < o0, (77)
—00

T—o0

where the first inequality in (77) follows by Lemma 2 and the tower property, and the second
inequality follows by condition (b) of Definition 3. Thus we obtain (76). O
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Proposition 10. (Long tail-Pareto rates) If a pricing kernel is tail-Pareto with index X,
then the associated tail-Pareto rate satisfies

0< LY <o (78)
for allt > 0, and takes the form
LY = A(m/0)', (79)
where {0 }i>0 is a strictly positive supermartingale.

Proof. 1t follows from Definition 2 that

1 t —A
lim inf 7Py = lim inf {f e (1 _ —> L,Sé?} : (80)

T—o00 —00 T

and therefore by monotonicity of the logarithm we have

. N E AV
In llTIILIOI.}fT)\PtT = liminf In [T+)\ 1(1_T> LET)}

T—o0
. 1 _ t A
= —Aln hjrp_}sip {T + 27t (1 — T) LET)}
= —\Aln [A‘llimsup Lﬁ;)} . (81)
T—o0

Rearranging terms, we deduce that

LY = A [hm inf T2 Py

T—o0

}_W , (82)

from which (78) follows at once by use of Proposition 9. We also see that (79) holds, where

01 := lim inf E [T 7r] > E, [lim inf T 7] > 0, (83)
— 00

—00

by use of Lemma 2. We note that the strict inequality above follows by virtue of condition
(a) of Definition 3. Finally, by Lemma 2 again and the tower property we have

E;[6,] = Bs[lim inf E, [Trr]] < lim inf E, [T rr] = 0, (84)

which allows us to conclude that {6,} is a strictly positive supermartingale. O

VIII. INTEREST RATE MODELS FOR SOCIAL DISCOUNTING

It turns out that one can construct a set of rather explicit examples of dynamic interest
rate models admitting socially discounting. These examples come about as variants of the
so-called “rational” models that arise in the Flesaker-Hughston theory (Bjork 2009, Brody
and Hughston 2004, Brody et al. 2012; Cairns 2004a,b; Flesaker and Hughston 1996, 1998;
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Goldberg 1998; Hughston and Rafailidis 2005; Hunt and Kennedy 2004; Jin and Glasserman
2001; Musiela and Rutkowski 2005; Rutkowski 1997).

For simplicity, we consider first an asymptotically “hyperbolic” long-rate structure, corre-
sponding to the case A = 1. This will then be followed by a generalisation to the tail-Pareto
case A € (0,00).

Let us write I't for the space of strictly positive functions f: RT — R* \ {0} such that
{fi}i>0 € CY(RT) and liminf, ,, f; = 0. The derivative of f will be denoted f’. We fix a
probability space (2, F,P) with filtration {F;} and let {M;} be a strictly positive martingale
normalized to unity at ¢ = 0. Let {a;}, {b:} be elements of I'" satisfying liminf; .., ta; = a,
liminf, o tby = b for a,b € R* such that a +b > 0. Let the initial discount function
Pyt = a; + b, be given for t > 0 as an input to the model.

Proposition 11. (Existence of long Libor-rate state-variable models) The pricing kernel
defined by m = a; + b My determines an arbitrage-free one-factor interest rate model, for
which one can choose the relevant state variable to be either the short rate, given by

(l; + b;Mt
r— L 85
! ag + tht ( )
or alternatively the long Libor rate, given by
a + by M,
Lioo = ———7. 86
t a + bMt ( )

Proof. Under the stated assumptions we find that the discount bond system takes the form

ar + bTMt

Pr = .
i a + tht

(87)
A calculation shows that the short rate r, = — (09, Py )|u=¢ is given by (85), and that the long
rate Lio, = 1/liminfr . TPy is given by (86). Because r; and Ly, are rational functions
of M;, we can invert these relations to obtain M; as a function of r; or as a function of L;.,
allowing us to express Py as a rational function of r; or as a rational function of L;,,. U

In fact, we find that the discount bond price, when expressed as a function of the short
rate, takes the form

PT - (aTbé - bTa:g> -+ (aTbt — bTat)T't
T =

88
atbg — bt(lg ’ ( )

and when it is expressed as a function of the long rate, takes the form
PtT _ (CLTb — bTCL) + (ath — btaT)Lt_oi ' (89)

(atb — bta)

Thus we see that P,r is linear in r; and inversely linear in L;.

It may seem artificial to have the entire term structure driven by a single rate, but this is
an artifact of the one-factor setting, and is a feature of many interest rate models. Indeed,
whether or not this particular model is directly useful in applications, it does establish the
fact that one can construct fully dynamic term-structure models admitting a long-rate state
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variable, and it seems to be a characteristic property of the theory of social discounting that
this possibility is admitted.

Note that we have not assumed that the functions {a;}, {b:}, {ta:}, and {tb;} are con-
vergent for large ¢. In practical examples we typically would assume convergence, but the
construction above illustrates the fact that the theory carries through smoothly without
such an assumption.

Likewise, we have not assumed that {a;} and {b;} are decreasing, so in principle the short
rate is able to assume negative values now and then, which in a theory of real interest rates
is not unwarranted. For finite maturities the Libor rate is able to assume negative values as
well. In particular, we have

1 (CLt — CLT) + (bt - bT)Mt

L.y =
= T—1t (]JT—f—bTMt

(90)

Clearly if a; < ar or by < by, then negative Libor rates can arise. On the other hand, for
applications to nominal interest rate systems one can require that {a,} and {b;} should be
decreasing, in which case interest rates are positive.

It should also be noted, incidentally, that we can drop the condition that {a;} and {b;}
should be differentiable. Then we obtain a long-rate state variable model for which (86) and
(89) still hold, even though the short rate is not defined.

In the case of a rational model with a tail-Pareto pricing kernel of general index A € (0, 00)
the setup is rather similar to that of the hyperbolic case. We let the pricing kernel take the
form 7 = a; + b;M; where {a;} and {b;} are elements of 't satisfying liminf, .., t*a; = a
and liminf, . t*b; = b for a,b € RT such that a +b > 0. For convenience we set @ = a A~
and b = b A™*. Then the pricing kernel satisfies the conditions of Definition 3, and with the
help of Proposition 10 one concludes the following:

Proposition 12. (Existence of long tail-Pareto rate state-variable models) In a single-factor
rational model with a tail-Pareto pricing kernel, the long tail-Pareto rate takes the form

W [ + by M, A
too T — 7 ’ (91>
a + bMt

and acts as a state variable for the associated discount bond system, which is given by

(apb — bra) + (abr — btaT)(ng\c)))*)‘

P+ = —
o (atb — th_L>

(92)

We note, in particular, that for each maturity 7" the bond price depends inversely on a power
of the value of the tail-Pareto rate at time ¢, where the power is given by the index .

As a somewhat more realistic dynamical model of the term structure, an explicit example
of an arbitrage-free two-factor state-variable model based on both the short rate and the
long rate can be constructed as follows. Let {M;} and {N;} be a pair of strictly positive
martingales normalised to unity at ¢ = 0. Let {a;}, {b:}, {c:} be elements of I'" satisfying
liminf; ,. ta; = a, liminf;_, tb; = b, liminf,_, tc; = c for finite a, b, ¢ such that a+b+c > 0.
Let the initial term structure Py, = a; + b; + ¢; be given for ¢ > 0. Then we have:
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Proposition 13. (Existence of long-rate/short-rate two-factor state-variable models) The
pricing kernel my = a; + by M; + ¢, Ny determines a two-factor interest rate model, for which
the state variables include the short rate, given by

(Ig + b;Mt + C;Nt
ay + tht + CtNt’

(93)

Ty =

and the long Libor rate, given by

_ap + b My + o Ny
foo = a,‘l—bMt‘l—CNt‘

(94)

Proof. Under the stated assumptions we find that the discount bond system is given by

. ar + bTMt + CTNt
o a; + b My + Ny

(95)

A calculation establishes that 7 is of the form (93), and that L. is of the form (94). Because
r; and L;o, are rational functions of M; and N;, we can invert these relations to obtain M;
and N, in terms of r; and L, thus allowing us to express P in terms of r; and L;o,. [

In fact, we find that the discount bond price takes the following form when it is expressed
as a function of the long rate and the short rate:

Pir = Fyp + Gypry + Hip L (96)

too

where the three deterministic coefficients appearing above are given by

(bgct — C;bt)aT + (C;Clt — (Z;Ct)bT + (a;bt — b;at)CT

For = 97
o (byc — cib)ay + (ca — age)b, + (agh — bra)d, (97)
G = (ber — cby)ar + (cay — acy)br + (aby — bay)cr (98)
T (bie — eb)a) + (coa — a)b, + (asb — ba)d,
and
Ho — (bc, — cby)ar + (ca, — ac,)br + (ab, — ba,)cr (99)

(bic — eib)ay + (cra — age)b, + (ab — ba)c,

It is interesting to observe that the discount function is linear in the short rate and
inversely linear in the long rate. This can be compared to the single-factor model, where
the discount function can be expressed either as a linear function of the short rate or as an
inversely-linear function of the long rate. It is striking indeed that such a simple expression
emerges for the bond price in a two-factor model, and it should be evident that an n-factor
version of the model can be developed by the same approach. In the general case, the
bond price can be expressed as a function of the short rate, the long rate, and one or more
intermediate rates, and the long rate can be of the tail-Pareto type, following the example
introduced in Proposition 12.

To keep matters general, we have not imposed the Markov property in any of the examples
we have considered above, and indeed the overall framework is non-Markovian. Nevertheless,
it is straightforward to construct explicit examples that are Markovian. For instance, if
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we let the positive martingales in Propositions 11 and 12 be geometric Brownian motions
(with deterministic time-dependent volatilities) then the resulting models are Markovian. In
particular, it is possible to show that the long-rate state variable follows a diffusion process
of the special “polynomial” type (with quadratic volatility, and cubic drift) discussed in
Brody and Hughston 2004, example 4.2.

Similarly, by letting the positive martingales in Proposition 13 be geometric Brownian
motions, one can construct a two-factor Markov model in which the short rate and the long
rate jointly follow a diffusion process. In this connection we recall that one of the surprising
conclusions of Dybvig et al. (2006) was, in their words:

Theorists building term structure models should take the results as a caution
about what assumptions can be made about interest rates in a no-arbitrage
context. For example, assuming that either the long zero-coupon rate or the
long forward rate follows a diffusion process necessarily implies arbitrage, so
neither rate can be used as a factor in a multifactor diffusion term structure
model.

To this we might add as a further caution that theorists should take note of any implicit
assumptions they may be building into the asymptotic behaviour of a term structure model.
It should be emphasised, on the other hand, that the DIR theorem is perfectly compatible
with the existence of arbitrage-free models admitting long Libor rate and long tail-Pareto
rate diffusions, for in such models the long zero-coupon rate vanishes.

A rather explicit example of the prescriptive use of a social discount function can be found
in The Green Book: Appraisal and Evaluation in Central Government, Annex 6, issued by
HM Treasury (2003 edition, updated July 2011), which presents a table of the relevant
STPRs (“social time preference rates”) to be used for various time periods in the appraisal
of proposals for social projects in the United Kingdom. The prescribed rates (which are
quoted as usual on an exponential basis) range from a flat 3.5% for periods up to 30 years,
to 3% for periods from 31 to 75 years, then 2.5% for 76 to 125 years, and so on, levelling out
flat again at 1% for 301 years or more. The method of calculation used to arrive at these
figures, which is briefly described in Annex 6, and is based on a version of the well-known
formula of Ramsey (1928), includes in the calculation of the 30 year STPR the following
ingredients: a catastrophe rate of about 1%, a pure time preference rate of about 0.5%,
and an elasticity-adjusted growth rate of about 2%, making a total of 3.5%; and in item 10
(under the heading “long-term discount rates”) one is told:

Where the appraisal of a proposal depends materially upon the discounting of
effects in the very long term, the received view is that a lower discount rate for
the longer term (beyond 30 years) should be used.

This example illustrates the point that, at least for the time being, input parameters for social
discounting models cannot very easily be backed out from prices available in liquid financial
markets, and indeed it remains a challenging problem in the construction of any long-
term interest rate model to determine how one should proceed on the matter of calibration
and estimation. Nevertheless, given the steady increase in long-dated paper being issued in
various markets, one should not be too discouraged. It takes time for new financial markets to
develop, and one should perhaps recall that before the advent of the USD markets for swaps,
caps, floors, and swaptions in the 1980s, the scope for systematic market calibration of even
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simple models for nominal interest rates was rather limited. In the meantime, we have a tool
that can be used for simulation studies, scenario analysis, and price quotation. It is worth
mentioning in conclusion that while the theory that we have described has been constructed
primarily with a view to applications to very long-term social projects, the resulting models
are in principle applicable to matters concerning medium-long-term financial contracts as
well—for example, to the problems associated with pension fund valuations and non-life
insurance claims reserving, which tend to be to some extent outside of the immediate reach of
liquid financial markets but are certainly in need of sensible regulation and risk management.
In such a context, application of an element of social discounting would tend to lead to the
recognition of a need for higher levels of pension contributions and insurance premiums.
This would be particularly true in the case of state-sponsored schemes.

Acknowledgments

The authors are grateful to I. Buckley, M. Grasselli, T. Hurd, S. Jaimungal, A. Kirman,
M. Ludkovski, E. Mackie, D. Madan, D. Meier, B. Meister, T. Pennanen, M. Pistorius,
T. Tsujimoto, H. Tuenter, J. Zubelli, and seminar participants at the UK Mathematical
Finance Workshop, King’s College London (June 2013), the Focus Program on Commodities,
Energy and Environmental Finance, Fields Institute, Toronto (August 2013), the Workshop
on Advances in Financial Mathematics, Brunel University London (September 2013), the
INET Workshop on Mathematics for New Economic Thinking, Fields Institute, Toronto
(November 2013), Research in Options, Rio de Janeiro (December 2013), the Ninth WBS
Fixed Income Conference, London (March 2014), the Casablanca Stock Exchange (May
2014), the Eighth World Congress of the Bachelier Finance Society, Brussels (June 2014),
the London-Paris Bachelier Workshop on Mathematical Finance, Paris (September 2014),
and ITMO University, St Petersburg (November 2014), where preliminary versions of this
work have been presented, for helpful comments. We have benefitted also from a number of
useful suggestions made by the referees.

References.

[1] Aczél, J. 1966 Lectures on Functional Equations and their Applications (New York:
Academic Press).

[2] Arrow, K. J. 1995 Intergenerational equity and the rate of discount in long-term so-
cial investment. In Contemporary Economic Issues: Economic Behavior and Design.
M. Sertel (ed.), 4, 89-102 (New York: Basingstoke and Macmillan).

[3] Arrow, K. J., Cline, W. R., Maler, K-G., Munasinghe, M., Squitieri, R. and
Stiglitz, J. E. 1996 Intertemporal equity, discounting, and economic efficiency. Chap-
ter 4 in IPCC, Climate Change 1995: Economic and Social Dimensions of Climate
Change (Cambridge: Cambridge University Press).

[4] Azfar, O. 1999 Rationalizing hyperbolic discounting. Journal of Economic Behavior
and Organization 38, 245-252. (doi:10.1016/S0167-2681(99)00009-8)

[5] Biagini, F. and Hértel, M. 2014 Behaviour of long-term yields in a Lévy term struc-
ture. International Journal of Theoretical and Applied Finance 17, 1450016. (doi:
10.1142/50219024914500162)



[6]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[21]

27

Bjork, T. 2009 Arbitrage Theory in Continuous Time. Third edition (Oxford: Oxford
University Press).

Brigo, D. and Mercurio, F. 2007 Interest Rate Models — Theory and Practice. Second
edition (Berlin: Springer).

Brody, D. C. and Hughston, L. P. 2001 Interest rates and information geometry. Pro-
ceeding of the Royal Society London A457, 1343-1364. (doi:10.1098 /rspa.2000.0722)

Brody, D. C. and Hughston, L. P. 2002 Entropy and information in the interest rate
term structure. Quantitative Finance 2, 70-80. (doi:10.1088/1469-7688/2/1/306)

Brody, D. C. and Hughston, L. P. 2004 Chaos and coherence: a new framework
for interest rate modelling. Proceeding of the Royal Society London A460, 85-110.
(doi:10.1098 /rspa.2003.1236)

Brody, D. C., Hughston, L. P. and Mackie, E. 2012 Rational term structure models
with geometric Lévy martingales. Stochastics: An International Journal of Probability
and Stochastic Processes 84, 719-740. (doi:10.1080,/17442508.2012.689835)

Cairns, A. J. G. 2004a Interest Rate Models: An Introduction (Princeton: Princeton
University Press).

Cairns, A. J. G. 2004b A family of term-structure models for long-term risk manage-
ment and derivative pricing. Mathematical Finance 14, 415-444. (doi:10.1111/j.0960-
1627.2004.00198.x)

Chichilnisky, G. 1996 An axiomatic approach to sustainable development. Social
Choice and Welfare 13 (2), 231-257. (doi:10.1007/BF00183353)

Cinlar, E. 2011 Probability and Stochastics (Berlin: Springer-Verlag).

Deelstra, G. 2000 Long-term returns in stochastic interest rate models: Applications.
ASTIN Bulletin 30, 123-140. (doi: http://dx.doi.org/10.2143/AST.30.1.504629)

Delbaen, F. 1993 Consols in the CIR model. Mathematical Finance 3, (2) 125-134.
(doi:10.1111/§.1467-9965.1993.tb00082.x)

Doob, J. L. 2001 Classical Potential Theory and Its Probabilistic Counterpart. Reprint
of the 1984 edition (Berlin: Springer).

Dybvig, P. H., Ingersoll, J. E. and Ross, S. A. 1996 Long forward and zero-coupon
rates can never fall. Journal of Business 69, 1-25. (www.jstor.org/stable/2353247)

El Karoui, N., Frachot, A. and Geman, H. 1998 A note on the behaviour
of long =zero coupon rates in a no arbitrage framework. Working pa-
per. (http://libra.msra.cn/Publication/2603642/a-note-on-the-behavior-of-long-zero-
coupon-rates-in-a-no-arbitrage-framework)

Farmer, J. D. and Geanakoplos, J. 2009 Hyperbolic discounting is rational: valuing
the far future with uncertain discount rates. Cowles Foundation Discussion Paper No.
1719, New Haven, CT: Yale University.



22]
23]

[24]

[25]

[26]

[27]

28]

[29]

[31]

32]

33]

[36]

[37]

28

Filipovi¢, D. 2009 Term Structure Models: A Graduate Course. (Berlin: Springer).

Flesaker, B. and Hughston, L. P. 1996 Positive interest. Risk 9, 46-49. Reprinted in
Vasicek and Beyond, L. P. Hughston, ed. (London: Risk Publications, 1996).

Flesaker, B. and Hughston, L. P. 1998 Positive interest: an afterword. In Hedging
with Trees: Advances in Pricing and Risk Managing Derivatives, M. Broadie and
P. Glasserman, eds. (London: Risk Publications).

Follmer, H. and Schied, A. 2011 Stochastic Finance, third edition (Berlin: Walter de
Gruyter).

Goldammer, V. and Schmock, U. 2012 Generalization of the Dybvig-Ingersoll-
Ross theorem and asymptotic minimality Mathematical Finance 22, 185-213.
(doi:10.1111/§.1467-9965.2010.00459.x)

Goldberg, L. R. 1998 Volatility of the short rate in the rational lognormal model.
Finance and Stochastics 2, 199-211. (doi:10.1007/s007800050038)

Gollier, C. 2002a Discounting an uncertain future. Journal of Public Economics 85,
149-166. (doi:10.1016/S0047-2727(01)00079-2)

Gollier, C. 2002b Time horizon and the discount rate. Journal of Economic Theory
107, 463-473. (doi:10.1006/jeth.2001.2952)

Groom, B., Hepburn, C., Koundouri, P. and Pearce, D. 2005 Declining discount rates:
the long and the short of it. Environmental and Resource Economics 32, 445-493.
(doi:10.1007/s10640-005-4681-y)

Harvey, C. M. 1986 Value functions for infinite-period planning. Management Science,
32, 1123-1139. (doi:10.1287/mnsc.32.9.1123)

Harvey, C. M. 1994 The reasonableness of non-constant discounting. Journal of Public
Economics 53, 31-51. (doi:10.1016/0047-2727(94)90012-4)

Henderson, N. and Bateman, 1. 1995 Empirical and public choice evidence for hy-
perbolic social discount rates and the implications for intergenerational discounting.
Environmental Resource Economics 5, 413-423. (doi:10.1007/BF00691577)

Hubalek, F., Klein, I. and Teichmann, J. 2002 A general proof of the Dybvig-Ingersoll-
Ross theorem: long forward rates can never fall. Mathematical Finance 12, 447-451.
(doi:10.1111/§.1467-9965.2002.tb00133.x)

Hughston, L. P. and Rafailidis, A. 2005 A chaotic approach to interest rate modelling.
Finance and Stochastics 9, 43-65. (doi:10.1007/s00780-004-0135-6)

Hunt, P. J. and Kennedy, J. E. 2004 Financial Derivatives in Theory and Practice.
Revised edition (Chichester: Wiley).

Ingersoll, J. 2010 Positive interest rates and yields: Additional serious considerations.
In Handbook of Quantitative Finance and Risk Management C.-F. Lee, A. C. Lee and
J. Lee, eds., 1503-1522 (New York: Springer). (doi:10.1007/978-0-387-77117-5_102)



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[53]

29

Jeanblanc, M., Yor, M. and Chesney, M. 2009 Mathematical Methods for Financial
Markets. (London: Springer-Verlag).

Jin, Y. and Glasserman, P 2001 Equilibrium positive interest rates: a unified view.
Review of Financial Studies 14, 187-214. (doi:10.1093/rfs/14.1.187)

Jobert, A. and Rogers, L. C. G. 2002 Valuations and dynamic convex risk measures.
Mathematical Finance 18, 1-22. (doi:10.1111/j.1467-9965.2007.00320.x)

Jouini, E., Marin, J.-M. and Napp, C. 2010 Discounting and divergence of opinion.
Journal of Economic Theory 145, 830-859. (do0i:10.1016/j.jet.2010.01.002)

Karatzas, I. and Shreve, E. S. 1998 Methods of Mathematical Finance. (New York:
Springer-Verlag).

Kardaras, C. and Platen, E. 2012 On the Dybvig-Ingersoll-Ross theorem. Mathemat-
ical Finance 22, 729-740. (doi:10.1111/j.1467-9965.2011.00476.x)

Laibson, D. 1997 Golden eggs and hyperbolic discounting. Quarterly Journal of Eco-
nomics 112, 443-477. (doi:10.1162/003355397555253)

Lamberton, D. 2009 Optimal stopping and American options. Lecture notes, Cours
Bachelier. Université Paris-Est, Laboratoire d’analyse et de mathématiques ap-
pliquées. (http://www.fmf.uni-lj.si/finmath09/ShortCourseAmericanOptions.pdf)

Lengwiler, Y. 2005 Heterogeneous patience and the term structure of real interest
rates. American Economic Review 95, 890-896. (doi:10.1257/0002828054201288)

Letac, G. 1978 Cauchy functional equation again. American Mathematical Monthly
85, (8) 663-664. (doi:10.1257/0002828054201288)

Lind, R. C. 1997 Intertemporal equity, discounting, and economic efficiency in water
policy evaluation. Climatic Change 37, 41-62. (doi:10.1023/A:1005349311705)

Loewenstein, G. and Prelec, D. 1992 Anomalies in intertemporal choices: evidence and
an interpretation. Quarterly Journal of Economics 107, 573-597.
(doi:10.2307/2118482)

McCulloch, J. H. 2000 Long forward and zero-coupon rates indeed can never fall,
but are indeterminate: a comment on Dybvig, Ingersoll and Ross, Working Paper
00-12, Ohio State University, Department of Economics. (http://economics.sbs.ohio-
state.edu/pdf/mcculloch/Dir.pdf)

Musiela, M. and Rutkowski, M. 2005 Martingale Methods in Financial Modelling
(Berlin: Springer-Verlag).

Nocetti, D., Jouini, E. and Napp, C. 2008 Properties of the social discount rate in a
Benthamite framework with heterogeneous degrees of impatience. Management Sci-
ence 54, 1822-1826. (doi:10.1287/mnsc.1080.0904)

Ramsey, F. M. 1928 A mathematical theory of saving. Economic Journal 538, 543-559.
(www.jstor.org/stable/2224098)



30

[54] Reinschmidt, K. F. 2002 Aggregate social discount rate derived from individual dis-
count rates. Management Science 48, 307-312. (doi:10.1287/mnsc.48.2.307.259)

[55] Rogers, L. C. G. 1998 The origins of risk-neutral pricing and the Black-Scholes formula.
In Handbook of Risk Management and Analysis, C. O. Alexander, ed. (Chichester:
Wiley), 81-94.

[56] Rogers, L. C. G. and Tehranchi, M. R. 2010 Can the implied volatility surface move by
parallel shifts? Finance and Stochastics 14, 235-248. (doi:10.1007/s00780-008-0081-9)

[57] Rutkowski, M. 1997 A note on the Flesaker-Hughston model of the term structure of
interest rates. Applied Mathematical Finance 4, 151-163.
(doi:10.1080/135048697334782)

[58] Schelling, T. C. 1995 Intergenerational discounting. Energy Policy 23, 395-401.
(doi:10.1016/0301-4215(95)90164-3)

[59] Schulze, K. 2009 Asymptotic maturity behavior of the term structure. Working paper,
McMaster University, Hamilton, Ontario. (http://ssrn.com/abstract=1102367)

[60] Stern, N. 2007 The Economics of Climate Change: The Stern Review (Cambridge:
Cambridge University Press).

[61] Warrel, H. 2013 Universities are ‘perfect foil’ for markets, says BoE official. Financial
Times (London), 30 May 2013 issue, UK print edition.

[62] Weitzman, M. L. 1998 Why the far-distant future should be discounted at its lowest
possible rate. Journal of Environmental Economics and Management 36, 201-208.
(doi:10.1006/jeem.1998.1052)

[63] Weitzman, M. L. 2001 Gamma discounting. American Economic Review 91, 260-271.
(doi:10.1257 /aer.91.1.260)

[64] Yao, Y. 1999 Term structure modeling and asymptotic long rate. Insurance: Mathe-
matics and Economics 25, 327-336. (doi:10.1016/S0167-6687(99)00025-6)

To appear in Mathematical Finance



