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1 Introduction

In this note we deal with the liftability of vector fields over the projection onto the param-
eter space for SO(2)-equivariant universal unfoldings (under contact equivalence) of O(2)-
equivariant problems of corank 2 and the application of those results to the path formulation
for bifurcation problems with the forced symmetry breaking from Q(2) to SO(2). In the non
equivariant case it is well known that vector fields are liftable over the projection if and
only if they are tangent to its discriminant and that they form a free module (cf. [14]). In
[7] we discussed equivariant cases under finite groups where the two modules are different,
although both are free. Here we have continuous Lie groups, with a simple action, but both
modules are again equal and free.

Forced symmetry breaking occurs when the symmetry of the equations changes when a
parameter is varied. In previous works we studied forced symmetry breaking in bifurcation
equation from O(2) to some of its subgroups using a modification of the standard theory
of [13] (no symmetry at all in [6], D, in [5] and SO(2) in [8]). We use this last example to
illustrate the use of path formulation to study bifurcation problems in the case of continuous
Lie group actions. Bifurcation diagrams are identified with paths in the parameter space of
the SO(2)-universal unfolding Fj of the cores fy(z) = f(z,0). Equivalence between paths is
given by diffeomorphisms preserving the discriminant A® of the projection 7 of I '(0) onto
the unfolding parameter space of F). Without symmetry, the tangent space of the group
of those diffeomorphisms is the module of liftable vector fields. In our case this module
corresponds to the whole module of vector fields tangent to the discriminant so the group
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of liftable diffeomorphisms is the whole group of liftable diffeomorphisms preserving the
discriminant.

In [10] we have shown how path formulation follows directly from the algebra of the
parametrised contact equivalence theory, here in its version for forced symmetry breaking of
[8]. This is the object of Chapter 2. Finally, we show in Chapter 3 that we get the module
of liftable vector fields directly from the geometry of the situation. To exploit fully methods
from algebraic geometry we complexify our situation and work in the holomorphic realm. As
long as we consider real germs of finite codimension (hence finitely determined) our results
are valid for real germs viewed as real slices of the complex objects.

1.1 Notation

We consider the actions of C* and Z, on the complex plane given by ¢ : (21, 22) — (tz1, 1 23)
and x : (z1,22) — (22,21). Together they form an action of the semi-direct product Q* =
Zy x C* This is the complexification of the usual orthogonal action of @(2) on R? ~ C by
setting z; = z and z; = z. We denote by My(C) the set of 2 x 2-matrices with complex
coefficients and by GLy(C) the subset of invertible 2x2-matrices. The identity in GLy(C) is
denoted by 5.

The derivatives are denoted by subscripts, f, for % ..., and the superscript ¢ denotes the
value of any function at the origin, f° = f(0), f2 = f.(0) .... When clear from the context
we still use z for (21, z3) € C% For any variable, or set of variables, a € C" we denote by O,
the ring of analytic germs f : (C" 0) — C and by M, its maximal ideal. For b € C™, let (5(1,1,
denote the O,-module of analytic germs ¢ : (C™ 0) — C™, and /\7la7b its submodule of germs
vanishing at the origin. When b is clear from the context, we denote (5(17;, by (5(1 and Ma,b
by M_. In the real case we denote by &, and by c‘,:;?b the corresponding ring and modules of
smooth germs. We use the superscript I' to indicate the rings of [*invariant or the module of
[*equivariant germs. Let R be a ring, we denote by <my ... my > the R-module generated
by the m;’s over R.

2 Path Formulation for (0(2),SO(2))-Forced Symmetry
Breaking Bifurcation

Following from the broad outline of [11] and the general framework of [3], we presented in
[8] a general theory of unfoldings, finite determinacy and the recognition problem for forced
symmetry breaking bifurcation problems of the type f : (R*xR? 0) — (R? 0) where

f(za/\) :fl(ZvA)_{_Mf?(Z?)‘nu) (2'1)

with fi, f2, ©(2),SO(2)-equivariant, respectively, for their orthogonal actions on R% We
identify (as real vector spaces) C with R? given by z = z + iy. We denote the bifurcation
parameters by A = (A, x). In complex notation, the set of smooth equivariant bifurcation
problems of type (2.1) is the module 58(/3))’8@(2) =<z>g,, T <z,0i2>g@n) Where u = 2z is

the unique generator of the ring of SO(2)-invariant germs.
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2.1 Contact equivalence

Let f,g € 5(3%’8@(2) be two bifurcation maps like in (2.1), f is contact equivalent to g if
f(z,8) = T(z,A) g(X(2,A), L(A)) (2.2)

where T is an equivariant matrix and (X, L) is an equivariant local change of coordinates
around the origin in the (z,A)-space such that det7(0,0) > 0, X(0,0) = 0 = L(0),
det X,(0,0) > 0, det Ly(0) > 0, L2(A,0) = 0 and (7} X, L) are O(2)-equivariant when
=0 and SO(2)-equivariant when p # 0. The change of coordinates (2.2) means that the
zero-sets f~1(0) and g='(0) are diffeomorphic under the local diffeomorphism (X, L) which
preserves the orientation of the (z, A)-space, the (A, p)-slice structure of the zero-set and its
symmetries.

The set of contact equivalences (7, X, L) has a group structure of semi-direct product

by composition. We denote by IC;?(Q)’S@)(Q) the group of contact equivalences (7, X, L) act-

ing on 5‘-8(3,8@(2) consisting of (T, X, L) that are OQ(2)-equivariant when p = 0, but only

SO(2)-equivariant when p # 0. Nevertheless, IC?@)’S@(Q) is a geometric subgroup of contact
equivalences, hence it satisfies the abstract theorems of the general theory of [3]. We get
thus the theories for universal unfoldings and determinacy with estimates of the higher order
terms P(f), terms we can discard in each contact class of the normal forms. The following
questions have been dealt with in [8].

1. To classify the bifurcation germs of topological codimension less or equal to 2 in relation
to the change of coordinates (2.2).

2. To solve the recognition problem for these normal forms.
3. To describe the different bifurcation diagrams obtained by perturbing the normal form,

that is, to study the universal unfolding of each normal form.

2.2 Path equivalence

Another approach is to associate with a bifurcation map f, a “path” in the space of defor-
mation parameters of the core fj of f where f(z) = f(z,0).

2.2.1 Paths
Consider the bifurcation map f as an unfolding of fy with parameter A. When A = 0, the
group of contact equivalences IC;?(Q)’S@(Q) simplifies into %), the classical group of O(2)-

equivariant contact equivalences without distinguished parameters. A germ f is said to be
of finite core if f; is of finite K%®Lcodimension. It is straightforward to see that, for each
n > 1, there are exactly two cores of codimension n, namely fy(z) = €,u"z where €2 = 1.
We look at the SO(2)-equivariant universal unfolding of f; because of the forced symmetry
breaking problem. Compared with the other (finite) subgroups of O(2), a finite core is also



of finite KP(Lcodimension, equal to m = 2n. We choose the basis of the K5?CLnormal

space so that F(z, a,0) is the X®®Luniversal unfolding of f;. Explicitly, the X5?Luniversal

unfolding of f, with parameters v = (a, 3) € R*"is Fy(z,a ) = eu™z + S0~ (a; + i) u'z.
From the S®®Ltheory of unfoldings, there exists a mapping of unfoldings such that

f(z,A) = T(z,A) Bo(X (2, ), 7(A)) (2.3)

where 7 : (R%0) — (R™0) (that is, 7(0) = 0) is the path associated with f. Note that T
and X are invertible like in (2.2) but 7 is usually obviously not. On the other hand, (2.3)
means that f and 7*Fj are contact equivalent with equivalence (7, X, I5). In [9] we show that
we can construct the path 7 so that 5(X,0) = (@()),0). The space of paths B, is defined
as the set of paths (p,0) + pg where p € gA and ¢q € EA. To be more precise, it is a finitely
generated module over the system of rings {Ex,Ex}, P =< (1,0) >¢, + < (1,0),(0,1) >¢,
SO

7(A) = (@D (V) + pa? (A), pB(A)).

2.2.2 Path equivalence

We can now define an equivalence between two paths with the same core. That is, 7,5 :
(R%0) — (R™ () are path equivalent if

7(A) = H(A,5(L(A))) (2.4)

where L : (R%20) — (R%0) and the A-parametrised family H : (R**™0) — (R™0) are
orientation preserving local diffeomorphisms on (R™, 0). Moreover, we ask that H preserves
the discriminant A% of F in the sense that H(A, Af%) C A% for all A € (R%0) and lifts
to diffeomorphisms of (R?*™ 0) that preserves Fy *(0). The discriminant A of Fj is the
set of values of v where F) is singular. Because O(2) is continuous, this set corresponds to
the whole of the projection of the zero set so A" = { v | 3z, F(z,v) =0 }. For forced
symmetry breaking we have to assume also that path equivalence preserve the section =0
of the discriminant.

For a fixed core fj, the group of path equivalences is denoted by Kar. This group is
a geometric subgroup which acts on the space of paths, hence the general theory of [3]
applies. Remark that we cannot in general simplify H in (2.4) as a A-parametrised matrix
like with the usual contact equivalence. An explicit description of the diffeomorphisms H
is in general very hard, if not impossible. Nevertheless, the tangent space of 4 can be
determined explicitly. It involves the module Derlog(Af) of vector fields tangent to the
discriminant A and respecting the section 3 = 0. More explicitly it is the submodule of
{ce&,|&h)eI(AP), Vh € AP } respecting the section 3 = 0 of AR, Therefore the
extended tangent space to 5 = (p,0) + ugq is

T.KA(Y) = 7*Derlog(AF°){gth}~l— <(pr,0)>¢g, + <p(px,0),q+ pg,>¢, -

The following results follow from [10].



Theorem 2.1. (a) If f € gg(j;S@@) has a core of finite K®2Lcodimension, there exists a

path 4 such that f is IC}?@)’S@(Q)—equivalent to Y*K).

(b) cod;CAFOf_y < oo if and only if cod,oes0x Y Fo < co. In that case, a map G is a Kar-
A

universal unfolding of 7 if and only if G*F; is a ICg(Q)’SQ(z)—universal unfolding for ¥*k;.

(¢) Let %42 be two smooth paths in B,. Then, 7' is Ksrequivalent to 5% if and only if
SRy is KPS0 equivalent to 52K for finite codimension problems.

In general, the group IC?@)’S@@) induces an equivalence of theory for paths of finite codi-
mension with the subgroup of Kar of diffeomorphisms that are ‘liftable* over the projection
7R, from the zero-set of F) onto the the space of parameters R™ It Section 3 we show that,
as in many other cases, like the non equivariant case, this subgroup is actually the whole of

Ko

2.3 Explicit Derlogs in Real Form

In this section we discuss the real form of Derlog(A) for the three cores we need for the
classification of Theorem 2.2. In its liftable form, a vector field £ : (R™ 0) — (R™0) is in
Derlog(A) if there exist germs X and T such that

(F0): X(z,7) + (F0), () = T(2,7) F(z,7),
(F9):(2,0,0) X(2,0,0) + (F)4(2,,0) {(,0) = T(2,0,0) F(z,,0).

Note that, because of the SO(2)-equivariance, the lifts are not unique, they are given modulo
(—y,x,0,0) which is in the kernel of (F)), modulo T'F.

The generic case is fy(z) = euz (core I). Its SO(2)-unfolding is (eu + a)z + ifz and
Derlog(A) is freely generated by

flz(g), 52:<—a@2) 25)

where A% is 3(a? + 3?) = 0. The lifts are (z,2&;) and (—(eu + a)z, 2&,), respectively.
For the next case, fy(2) = e;u®z (case II), of SO(2)-unfolding (eau® + oy + agu, 31 + Bour),
the discriminant is given by

Bo(0f + 1) (€237 + a1 B2 — 231 32) = 0,
with Derlog(A) freely generated by

20 a1y ﬂ1§2 a1

_ Qg | 2ex . B35 | ek

&= 261 |7 &= asfBr |’ & = —a 3o b= B132
Bo €2/ €231 — a3y 0

The lifts are (z,2£1), ((e2u + a2)z,2&s), (0,&3) and (faz, 284), respectively.
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Finally, we shall need fy(z) = esuz (case III), of SO(2)-unfolding (eyu?® + oy + agu +
azu? By + Bou + B3u?). Tts Derlog is freely generated by

§ila, B) = (Bai, 200, a3,3061,208,, Bs),

E2(a, B) = (Besaras, 3 + €30003, 3az, 2e303 01, 201 + €333, 2),

&la,B) = (eaian + ara; — a1 + 2630102, —€301 05 + 2630103 + 2000 + 26333, 3 + e300 + 333,
€331 — 2e301 02 — 51@37 3esaz 1 — €301 33 — 2€30i 02, 301 — 2€300233 + 5§)a

(o, B) = (20103, €361 + B3, €352, 203153, 233, 0),

&, 8) = (20na0,20105 + a2, €301 + 203, 20102, 53, €36203),

So(a, B) = (B1Bs, B2, 53?, —a1 33, €301 — Qaf33, €302 — a3 f33).

The lifts are (z,2&), ((u+ €e3a3)z, 2&), ((u* + e3as + desan — (3)z, 283), (B2, 284), ((Bzu —
B2)z,2¢5) and (0, &), respectively.

Remarks. 1. Note that the real discriminants are to be seen as the real slices of the
discriminants of the complexification of Section 3 where the calculations are sketched.

2. Note that Derlog(AR) =< & ... &, >0, ®<E&ui1 - Em >0, where &(a,0) =0, n+1 <
1< m.

2.4 Classification

We recover then the classification obtained by direct methods using IC 21800) n [8].

Theorem 2.2. The paths in 73m of topological K yr-codimension up to 2 are listed in the
following table. The symbols T’ II* and HI; represent the paths, of Q(2)-codimension n,
of topological codimension 7 corresponding to the normal forms for the cores I, II and III,
respectively. The normal forms correspond to paths (@, u3). Note that the elements of the
normal space do not include the terms in the modal parameters of the normal forms.

CASE NORMAL FORM NORMAL SPACE top-cod | cod
0 O\, €0) 0 0 0
I;{ (5/\7 K1A + KJ?M) ( ) ) 1 1
I3 (0N, K1\ + K5p?) (0,1), (0, u) 2 2
2 (O, Kot + K3\?) (0,1),(0,A) 2 2
I% ((52)\2 + Kolt, /€1>\) (1 0), (0 1) 2 2
II% (5)‘7076070> ( 717 ) 1 1
II% (6)‘7mlluum2,u+ /15/1’27’%6> (07 17070)7 (0707 17 ) 2 4
II% ((52)\2, mg/\,Eo,O) (1 O O 0), ()\,O, ) 2 3

T2 (6X,0,0, ¢, 0,0) (0.1,0,0,0,0),(0,0,1,0.0,0) |2 2




The modal parameters are m;y, my, m3 with conditions mima(eams — kgmy) # 0 and
m32 # 4eydy. The coefficients €, €3, 0, 09, K, ki, @ = 0,1,2,3, 5,6, are all non zero, normalised to
+1.

Proof. We use the calculations for Krg. We need to calculate the pullback by % of
Derlog(A™). For the core I, Derlog(A®) e, g,3 =<& >¢, + < pé1,& >¢,. For the core II,
Derlog(AP) (e, e,y =<&1,&0 >, + < péi, pa, &3, & >¢,, ete. For instance for If, ¢ = 1,2a,2b
and 2, the paths are given by a¥()\) = 6\, a®(A) = 0 and we have different 3’s. After
some calculations using (2.5), we find that the extended tangent space is equal to

<L <[ 5 20 ] vl on |- Lo o 2
upy |6 T By || B=0n || BHuBy—o0Nuby || A3y +u6%By | T

Replacing by the different expressions for 3 and evaluating the normal spaces we get all the
results. O

2.5 Comments on the relationship between the two approaches

Although the two theories coincide for finite codimension problems, we can make the follow-
ing remarks.

e The set-up for path equivalence is independent of the number of parameters and their
structure. If X € R¥ the paths are maps 7 : (R¥ 0) — (R™ 0) and the contribution of
Derlog Af in the tangent spaces does not depend on k. The path formulation makes
explicit which singular behaviour is attributable to the core, which to the paths.

e To establish path equivalence we actually need to complexify the situation to establish
the result we use about the Derlogs, but nothing will be lost because we are only
interested in germs of finite codimension, that is, equivalent to polynomials.

e Solving the recognition problem using the group action of IC?@)’S@(Q) is easier for explicit

simplification to the normal forms.

3 Liftable Vector Fields

3.1 C*Theory in OF

The rings of C*invariant germs is generated by @(z) = 232 which is also x-invariant. The
module (’)((C* of C*equivariant maps with parameter a € (C™ 0) is generated by Z;(z) =

z,a)
(21, 22), Zo(2) = (iz1, —izz) and the module O(E*a) of O*equivariant maps is generated by Z;.
We choose our basis so that the algebra in the complexified situation equals the algebra in
the real case. We use the standard equivariant contact equivalences K" with groups I' = C*
or 0" To calculate the tangent space for K& we need the module of C*equivariant matrices
1 ' 2
acting on C2 It is generated by M; = ( 0 (1) ), My(z) = ( é _0 ), M;(z) = ( Zg Z(l) )

¢ 2
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£ 2
and My(z) = ( —Z'Zg 22(1) . The extended tangent space of f(z) = r Z; + s Zs, identified
with (r,s), is generated by (r,s), (—s,7), (us,0), (0, us) and (r + 2ur,, s + 2us,,).

To construct the space of paths, we need to get the C*-universal unfoldings of the O*
equivariant cores. Before complexifying the situation, recall that the cores f; of finite
KOCLcodimension are given by fy(z) = e,u"z for some n € N. Thus T,K5P?)(f) =<
(u™ 0), (0, u™) >¢,= M™ so fy is always of finite KS?Lcodimension and its SO(2)-universal
unfolding is equal to (e u™ 4+ Y7 oyu? ")z + (320, Bju/~")iz. Let F(z,a) = (R(u,a) +
iS(u,a)) z be a germ in 67(3%2), and so its complexification is (F, F') = R(u,a) Z; + S(u, a) Zs.
We keep track of the sign of u* to be able to go back to the real case.

The discriminant of Fy is formed of 3 varieties: R(0,a,b) =0, S(0,a,b) and P(u,a,b) =
Q(u,a,b) = 0 that correspond to the projection of the zero-set of Fy.

3.2 C(C*Derlog

For our 3 cores we can use directly the following result of Saito’s to show that the liftable
vector fields and the vector fields tangent to the discriminant form the same free module.

Theorem 3.1. (Saito [16]) If the vector fields {£;}7, are in Derlog(A®) and the deter-
minant they form |¢; ...&,| is a reduced defining equation for Af then they generate freely
Derlog(Af).

The general fact that the C*Derlogs are always free modules and correspond to the
liftable vector fields follows from the same type of arguments as in the general case, but we
need to check some conditions explicitly. Note first that, from the Malgrange Preparation
Theorem, the normal space N K (F) = @(E;) JT.KE(F) is freely generated as an Oymodule
by {h;}",, say. The following formula

pla) = Y- aia@ hi(2)

defines a linear epimorphism:

om % NKY(R) — 0.

The kernel of ¢ is the C=Derlog of liftable vector fields of Fy (in [10] we called this kernel
the algebraic Derlog of A™). That it is free follows from the method of Teissier ([17]) as
adapted by Damon ([4]) because those modules are still Cohen-Macaulay (cf. [2, 15]). The
support of the kernel of ¢ is the projection of the zero-set of F) onto the parameter space.

To see that vector fields tangent to the discriminant lift over the projection we use the
necessary and sufficient conditions for liftability in [1]. Note that the orbit space of C? by
the C*action is smooth (cf. [15]).
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