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1. Introduction

Turing in his pioneering work in 1952 [16] proposed that a patterned distribution of two chemical sub-
stances, called the morphogens, could trigger the emergence of cell structures. He also gives the following
explanation for the formation of the morphogenetic pattern: It is assumed that one of the morphogens, the
activator, diffuses slowly and the other, the inhibitor, diffuses much faster. In the mathematical framework
of a coupled system of reaction—diffusion equations with hugely different diffusion coefficients it is shown by
linear stability analysis that the homogeneous state may be unstable. In particular, a small perturbation of
spatially homogeneous initial data may evolve to a stable spatially complex pattern of the morphogens.

Since the work of Turing, many different reaction—diffusion system in biological modelling have been
proposed and the occurrence of pattern formation has been investigated by studying what is now called
Turing instability. One of the most popular models in biological pattern formation is the Gierer—Meinhardt
system [7], see also [11]. In two dimensions in a special case after rescaling it can be stated as follows:

2
ut:€2Au—u+“T,u>OinQ,

v = DAv — v +u?,v > 0 in , (1.1)
gu = 8v — 0 on 0N.

The unknown functions v = wu(z,t) and v = v(x,t) represent the concentrations of the activator and
inhibitor, respectively, at the point € Q C R? and at a time ¢ > 0. Here A is the Laplace operator in R?,
Q2 is a smooth bounded domain in R?, v = v(z) is the outer unit normal at z € 9.

Throughout this paper, we assume that

0<e<1,0<D<1, (1.2)

7 > 0 is a fixed constant independent of £, D and x. Further, the diffusivities € and D do not depend on x
but they are both small constants. In this paper, we further assume that

e V5 < e < VD. (1.3)

This means that € is much smaller than D. On the other hand, € cannot be exponentially small compared
to v/D.

In this paper, we study the Gierer-Meinhardt system in a bounded and smooth two-dimensional domain.
We prove the existence and stability of a cluster consisting of £ boundary spikes near a nondegenerate local
maximum point P° of the boundary curvature h(P).

A spike cluster is the combination of several spikes which all approach the same point in the singular
limit. The main idea underpinning these stable spike clusters is the following: due to the small inhibitor
diffusivity the interaction between spikes is repulsive and the spikes are attracted towards a nondegenerate
local maximum point of the boundary curvature. Combining these two effects can lead to an equilibrium of
spike positions within the cluster such that the cluster is linearly stable.

Highlights of the Gierer-Meinhardt system in this setting include the following: it contains three different
length scales: O(1) scale of boundary curvature, O(v/D) scale of inhibitor diffusivity and O(e) scale of
activator diffusivity; it is biologically relevant since it can model a hierarchical process (pattern formation
of small-scale structures induced by the boundary of a pre-existing large-scale domain; the expressions for
spike positions and eigenvalues can be made explicit and often have a particularly simple form.

The spike cluster solutions considered in this paper show multiple scales which appear in a robust and
stable manner. A real-world biological example incorporating multiple scales similar to those in spike clusters
is the pattern formation of the head (more precisely, hypostome), tentacles, and foot in hydra. Meinhardt’s
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model [12] correctly predicts the following experimental observation: with tentacle-specific antibodies, Bode
et al. [2] have shown that tentacle formation is a two-stage process: (i) after head removal tentacle activation
first reappears at the very tip of the gastric column; (ii) then this activation becomes shifted away from the
tip to a new location, where the tentacles eventually appear. This tentacle pattern incorporates multiple
lengthscales such as the diameter of the gastric column, the distance between tentacles, and the diameter
of tentacles. Both the dynamical process and the final pattern of tentacle formation resemble the behaviour
of the Gierer-Meinhardt system considered in this paper.

Let us now summarize the analytical approach employed in our paper. The existence proof is based on
Liapunov—Schmidt reduction. The stability of the cluster is shown by first separating the eigenvalues into
two cases: large eigenvalues which tend to a nonzero limit and small eigenvalues which tend to zero in the
limit D — 0 and ﬁ — 0. Large eigenvalues are then explored by deriving suitable nonlocal eigenvalue
problems whose stability follows from [18]. Small eigenvalues are calculated explicitly by an using asymptotic
analysis with rigorous error estimates for which the curvature of the boundary plays the key role similar to
the analysis in [19]. However, in this paper, due to properties of the spike cluster, the small eigenvalues are
of two different orders, whereas in [19] all small eigenvalues have the same order.

Before we state our main results, let us mention some previous ones concerning various regimes for the
asymptotic behaviour of D.

The repulsive nature of spikes has been shown in [6]. The existence and stability of a spike cluster made
up of two boundary spikes has been established in [5].

For the strong coupling case, i.e. D ~ 1, the second and third authors constructed single-interior spike
solutions [22]. In [24], they continued the study, and proved the existence of solutions with k interior spikes.

Moreover, it is shown that this solution is linearly stable for 7 = 0.

For the weak coupling case D — oo, in [23] the second and third authors proved the existence of multiple
interior spike solutions.

Further, they showed that there are stability thresholds

Dl(E) >D2(€) > e >Dk(5) > ...

such that if lim._.q D’“T(E) > 1, the k-peak solution is stable and if lim._,q

unstable. Multiple spikes for the Gierer-Meinhardt system in a one-dimensional interval have been studied
n [15,9,25] and on the real line in [4].

In [19] the existence, uniqueness and spectral properties of a boundary spike solution have been studied

D’;D(E) < 1, the k-peak solution is

for the shadow Gierer-Meinhardt system (i.e. after formally taking the limit D — o).

In [26] the existence and stability of N-peaked steady states for the Gierer—-Meinhardt system with
precursor inhomogeneity has been explored. The spikes in the patterns can vary in amplitude. In particu-
lar, the results imply that a precursor inhomogeneity can induce instability. Single-spike solutions for the
Gierer-Meinhardt system with precursor including spike dynamics have been studied in [17].

Previous results on stable spike clusters include a stable spike cluster for a consumer chain model [27]
and a stable spike cluster for the one-dimensional Gierer—-Meinhardt system with precursor inhomogene-
ity [29].

Polygonal spike patterns for the Gierer-Meinhardt system in the two-dimensional plane have been de-
rived in [3]. Polygonal stable spike clusters have been considered in [30] in the interior of a bounded
two-dimensional domain near a local minimum of a precursor inhomogeneity. Work on polygonal stable
spike clusters for the Gierer—-Meinhardt system on a two-dimensional Riemannian manifold near a local
maximum of the Gaussian curvature is in progress [1].

For more background, modelling, analysis and computation on the Gierer-Meinhardt system, we refer
to [28] and the references therein.
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2. Main results: existence and stability

Let Q C R? be bounded and smooth two-dimensional domain. Let w be the unique solution in H'(R?)
of the problem

Aw—w+w? =0,
(2.1)

w(0) = maxyerz w(y), w(y) = 0 as |y| — oo.

For the existence and uniqueness of (2.1), we refer to [10] and [13]. We also recall that w is radially symmetric
and

w(y) ~ [yl "2 as Jy| - 00
and
w'(y) = —(1+o(L)w(y) as |yl — oo,
where w’ is the radial derivative of w, i.e. v’ = w,(r).

Theorem 2.1. Let k be a positive integer, and P° be a nondegenerate local mazimum point of the curvature
h(P) of the boundar%; o0N.

Then for 0 < e Vb < e < VD < 1, the Gierer-Meinhardt system (1.1) has a k-boundary spike cluster
steady-state solution (ue,v.) which concentrates near P°. In particular, it satisfies

k
Dga x_Pi,e
e

€2 4
=1

where Py — P% ase — 0 fori=1,2,... k.
Further, we have

1
VD

€

fUN

log

and
|P7;7PZ'_1‘N\/DIOg£—J, 222,,]€
eD

Remark 2.1. The spike cluster is established by a balance between repelling spikes and attracting boundary
point of local maximum curvature.

Theorem 2.2. The k-boundary spike cluster solution given in Theorem 2.1 is linearly stable if T is small
enough.

Remark 2.2. There are eigenvalues of two different orders: n—1 eigenvalue related to repelling of neighbouring
spikes are of order €3 log f—j‘j, and one eigenvalue stemming from the curvature of the boundary (corresponding
to synchronous motion of all spikes) is of order 3.

We confirm and illustrate (see Figs. 1-4) the main results by a few numerical computations which have
been performed using the Software COMSOL. The patterns shown have been obtained as long-term limits
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Fig. 1. Clustered spiky steady state of (1.1) for €2 = 0.00004, D = 0.001. Shown is a boundary spike cluster consisting of 11 spikes.
The activator A is displayed in a three-dimensional surface plot.

Fig. 2. Clustered spiky steady state of (1.1) for €2 = 0.00004, D = 0.001. Shown is a boundary spike cluster consisting of 6 spikes.

of the time-dependent Gierer—-Meinhardt system. Initial conditions are chosen as follows: the activator
possesses a sharp peak near the maximum point of mean curvature combined with small-scale oscillations
at the boundary, e.g. given by
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05 -2

Fig. 3. Clustered spiky steady state of (1.1) for € = 0.00004, D = 0.001. Shown is a boundary spike cluster consisting of 2 spikes.

05 -2

Fig. 4. Clustered spiky steady states of (1.1) for €2 = 0.00004, D = 0.001. Shown is a steady state of two boundary spike clusters
consisting each of 6 spikes.

u(z,0) = 36—100000(1—0.25x§—4m§)6—100¢(2 — c0s(1000¢))

close to the point 1 = 2,29 = 0, where ¢ = arctan(zs/x1). For the inhibitor we have simply taken
v(z,0) = 0.
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This paper is organised as follows. In sections 3-5 we show existence of the spike cluster steady state by
using Liapunov—Schmidt reduction. In section 3 we introduce an approximation to the spike cluster steady
state. In section 4 we use the Liapunov—Schmidt method to reduce the problem to finite dimensions. In
section 5 we solve this reduced problem. In sections 6—7 we study the stability of this spike cluster steady
state. In section 6 we consider large eigenvalues. Finally, in section 7 we study small eigenvalues. In two
appendices we show some technical results: in appendix A (section 8) we prove Proposition 4.1 and in
appendix B (section 9) we compute the small eigenvalues.

3. Introduction of the approximate solutions
In this paper, we consider the following problem:

52Au—u+%zoinﬂ,

DAv—v+u?=01in Q, (3.1)
%:%:001169,

where  C R? is a bounded and smooth two-dimensional domain.
Let P° be a nondegenerate maximum point of the boundary curvature h(P) on the boundary of Q. For
P e 09,

VT(P) = 87_(P)7

where % denotes the tangential derivative with respect to P at P € 0). We will sometimes drop the
variable P if this can be done without causing confusion.

In this section, we construct an approximation to a spike cluster solution to (3.1) which concentrates
at PY.

The approximate cluster consists of spikes 0_250’1'1”(1-_5&) which are centred at the points P; for ¢ =
1,---,k, where 0 = % and the amplitude &, ; satisfies
1
50,2’ ~

Llog L Jrz w? d

(see (3.38)).
Let Py, -, Px be k points distributed along the boundary 92 such that we have for i =2,--- |k

2
P~ Pi- & 3 & o h(P) ‘ .
Tl — log -D +3 log log -D + log(—WT) +log[(i —1)(k+1—-14)]| <n (3.2)
and
1 ¢
%ZH — P <nVDlog 5—2’), (3.3)
i=1

where vy is given in (5.10) below. Further, n > 0 is a small constant independent of € and D. The reason
for assuming (3.2) and (3.3) will become clear in Section 5 when we solve the reduced problem.
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Remark 3.1. By (3.2), the distance of neighbouring spikes satisfies

|Pz — Pi—l‘ ~ C’\/Elog 5—0.
eD

Since we want to construct multiple boundary spikes which collapse at one point, we require that assumptions
(1.2) and (1.3) hold.

After re-scaling,
W(z) = o?u(ez), 0(z) = o?v(ez),
if we drop the hat and still denote solutions by (u,v), equation (3.1) is equivalent to

Au—u+1;—2:0inQE,

Av — v +u? =01in Q, (3.4)
% = % =0 on 0,

where Q. = ¢71Q.
From now on we will deal with (3.4). Before introducing an approximation to the spike solutions, we first
define some notation.

Fixing P = (P, -+, P;) such that (3.2) and (3.3) hold, we set
Ay ={p°=c'P°: Py,---, Py such that (3.2) and (3.3) hold }. (3.5)

We are looking for multiple spike solutions to (3.4) of the form

k
{ u(z) ~ Zi:l £o,iPwp, (= —pi)s (3.6)
U(pi) ~ 50’,1;7
where Pw,, (2 — p;) is defined to be the unique solution of
2 . ou
Au—u+w(-—p;)° =01in Q. p,, Y 0 on 09 .. (3.7)

Here Q. ,, = {z : 2+ p; € Q.}, the function w has been defined in (2.1) and &, @ = 1,--- ,k are the
heights of the spikes, which will be determined in (3.38).

3.1. The analysis of the projection Pwy(z — q)

Before calculating the heights of the spikes, we need some preliminaries of the projection Pwy,(z — p;)
defined in (3.7) which are rather standard by now. Some of these results have been derived in [20,21].

Let P € 0f). We define a diffeomorphism straightening the boundary. We may assume that the inward
normal to OQ at P is pointing in the direction of the positive x5 axis. Denote B'(R) = {x € R?||x;1| < R}.
Then since 0f2 is smooth, we can find a constant R such that 92 can be represented by the graph of a smooth
function pp : B'(R) — R, where pp(0) = 0, and p/»(0) = 0. From now on, we omit the use of P in pp and
write p if this can be done without causing confusion. So near P, 92 can be represented by (z1, p(z1)). The
curvature of 99 at p is h(P) = p”(0). Let Q1 = QN B(P,R) = {(x1,22) € B(P,R)|xa — P> > p(x1 — P1)},
where B(P, R) = {z € R?||z — P| < R}.
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After rescaling, it follows that near p = g, the boundary 99, can be represented by (21 —p1,e *p(e(z1 —
p1))), where (21,22) = e (1, 22) and p = (p1,p2)- By Taylor expansion, we have

e p(e(z1 — 1)) = %p"m)s(zl —p)?+ ép‘” (0)2(z1 — p1)® + O(3 (21 — p1)*). (3.8)

Let hy(z) = w(z — p) — Pw,(z — p). Then h, satisfies

ohy o (3.9)

Ahp(z) — hp(z) =0, in Q,
5L = myw(z —p) on 0Q.

For z € Q. = %Ql we set

Y1 = 21 — P1,
{ (3.10)

Yo = 20 — p2 — & 'p(e(z1 — p1))-

Under this transformation, the Laplace operator and the boundary derivative operator become
Az = Ay + (0'(41))Oyays — 20/ (e91)Dyrye — €0 (91)Dys,
’ 2y % 9 / ’ 2
(L4 2" (ey1)")2 5 = P'(eyn) By, — (L4 p'(ey1)") Oy
Let v(Y) be the unique solution of

Av—v=0inR3,
(3.11)

Qv _ w' p(0), 2 2
us = Jy] 2 Y1 onIRL,

where R? is the upper half plane, namely R% = {y = (y1,y2) € R?|y> > 0}.
Let v be the unique solution of

Av—v—2p"(0)y1 g;“a(:) =0in R?,
1 2

v __ 1 ov D
87’;2 =7 (O)yl gyl

2
on JR?.
Let v®) be the unique solution of

Av—v=0in Rf_,

% — lﬂ;_lép(i*) (0)y3 on ORZ.

(3.12)

Note that vV, v are even functions in y; and v® is an odd function in y;. Moreover, it is easy to
see that |v;(y)| < Ce ¥l for any 0 < 1 < 1. Let x be a smooth cut-off function, such that x(a) = 1
for a € B(0, Ryv/Dlog f—”D), and x(a) = 0 for = € B(0,2Ryv/Dlog E%)C for some suitable Ry such that
lpi — p°| < B2 log &5, and

X:(2 —p) = x(e(z —p)) for z € Q.. (3.13)

Set
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hp(2) = =(e0(y) + 202 () + v (1)))xe (2 = p) +£°6(2), = € Q. (3.14)
Then we have the following estimate:

Proposition 3.1.

1€p(2) | 120y < C- (3.15)

Proposition 3.1 was proved in [21] by Taylor expansion including a rigorous bound for the remainder using
estimates for elliptic partial differential equations. Moreover, it has been shown that |£,(z)| < Ce H==rl for
any 0 < p < 1.

Similarly we know from [21] that

Proposition 3.2.

[8?—?;) - %TE;Q;](Z —p) =en(y)xe(z —p) + £°m(2), z € s, (3.16)

where 1 is the unique solution of the following equation:

An—n=0inR%,
(3.17)

/

P " /
ous = ~ 3y — )" (O = 570" (0)yr on ORS.

Moreover,

Im o) < C. (3.18)

It follows that 7(y) is an odd function in y;. It can be seen that |1, (y)| < Ce #¥l for some 0 < p < 1.
Finally, let

Lo=A—-1+42w(2). (3.19)
We have
Lemma 3.1.

0
Ker(Lo) N H(R%) = spcm{a—;ul}, (3.20)

where HY (RY) = {u € H*(R?%) : g—; =0 on OR? }.
Proof. See Lemma 4.2 in [14]. O

Remark 3.2. In the following sections, we will denote by y* = (yi,y3) the transformation defined by (3.10)
centred at the point p; and let vgj ) be the corresponding solutions in the expansion of hy, .

3.2. The analysis of the Green’s function

Next we introduce a Green’s function G N5s) which is needed to derive our main results.
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For D > 0, let Gp(z,y) be the Green’s function given by

—AG\/B—FG\/E:(S?JIHQ\/E,

(3.21)
a%;@ =0 on 89\/5,
where y € dQ, /5 and let Gy be the Green’s function of the upper half plane:
G
~AGp + Go = & in RY. % =0 on JRZ. (3.22)
Y2
Then H(z) = G /5(x) — Go(x) will satisfy
AH—H=0inQ -,
VP (3.23)
%%:7050 on@Q\/ﬁ.
Let 1 be the solution of
Am —m =0in R%,
Go(lyD 2 (3.24)
\/_ [y] p"(0)yi,
and let 72 be the solution of
Any —m2 =0 in R?,
n2 1 Go(yD) (3) 2 (3.25)
e =D(—3 =5 P (0)y 3) on OR?.
It can be seen easily that 7; is even in y; and 72 is odd in y;. Then one can get the following result.
Lemma 3.2.
3
G yp(@,p) = Golz,p) + VD (y)xyp(x —p) + Dia(y)x 5z —p) + O(D?). (3.26)

Proof. First we compute on 99 3,

é(;O(LL')

1+ o/ (VDay)?
ov

for any 0 < < 1.
Since we have

GollzD) _ Gollyl) | pwlGo(lyD — Gollyl)

|| |l 8ly[*

(0" (0)y3)? + O(D3 eIy,

we get
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ﬂG'()(.’I?)

1+ pl(\/ﬁ$1)2ay

___\/—G0|;|y|) P 0y} — 3DG/|(|y|) PP (0)y} + O(D2e ),

From the expansion above, we can get the asymptotic behaviour of G 5. O
Next we have the following expansion of Gjy:

Lemma 3.3. The following expansion of Gy holds:
1 2
Go(r) = — logr + ¢1 + cor®logr + ¥(r),
for 0 < r <1, where ¢ is a smooth function with ¥(0) = ¢'(0) = 0 and ¢1,ce are universal constants.

Proof. By an even extension in g, one can get the Green’s function in the whole space R2. For the expansion
of fundamental solution, see Lemma 4.1 in [3]. Then the above expansion follows. O

We set
G ( )——1 log—1 +H~( ) (327)
x,Yy) = T,Y). .
VD Yy |x y| Yy

From the estimates above, and for points p € A, we have

eD eD

G /plopi,op;) = (5—10 5—) for |i — j| =1, (3.28)
eD eD .
G p(opi,opj) = ((5 log L —)?) for [i — j| = 2. (3:29)
Generally, we have
eD i3]
G\/B(Upi,apj) ((f_ log §_> ) for |i —j|] > 1. (3.30)
For the derivatives, we estimate
! D D . .
5 LG popi,ops) = <<2—1o 5 S i=dlgty for i — j| > 1. (3.31)

8.8. Calculating the heights of the spikes

In this section, we are going to determine the heights of spikes &,; to leading order. In the sequel, by
T'[h] we denote the unique solution of the equation

Av —c?v+h =0in .,
(3.32)
9v =0 on 9.
Then we know that
v(z) = /G\/ﬁ(az,ox)h(x) dx. (3.33)

Qe
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As mentioned before, we will choose the approximate solution to be

2) = iﬁa,ipwpi (z —pi) (3.34)
and
V(z) =T[U|(2) (3.35)
/Gf 02,00 (ngpwpl pi)>2 dz.

Qe

First we calculate the heights of the peaks:

2
V(pz) /Gf Upzao'x (Zgozpwp@ _pi)> dx
Qe
k

- [ Guplomion) (Z & (Puy,(a —pm?) o+ O(e")

1 1 -
= 3/ <; log it H(W»JPi)) (Pwy, (x — p;))* dz

€

e, / G /50, opi)(Puy, (z — py))* dz + O(=Y)
J#i Q.

—Glog [utdn)ed + S0,

R2 5=l
Thus
13 -:(llogl/dex)Q»—i-Xk:O(fQ ) (3.36)
T, T o 0,1 . 0,7/ .
R2 J=1

We assume that the heights of the spikes are asymptotically equal as £, D — 0, i.e.

lim > Soui =1, for i #j. (3.37)
U—>0£ o,j
Then we get that
1 1 1
i =(=log— [ w?dx)~'(1
toi = (lon [ w?an) (040G )
B2
1
:£U(1+O(1—1))’ (338)
Og;

where
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& = (%1og§ /w2 dx)~t. (3.39)

2
R+

The analysis in this subsection calculates the heights of the spikes under the assumption that their shape
is given. In the next two sections, we provide the rigorous proof for the existence.

4. Existence I: reduction to finite dimensions

Let us start to prove Theorem 2.1.

The first step is choosing a good approximate solution which was done in (3.6). The second step is using
the Liapunov—Schmidt method to reduce the problem to finite dimensions which we do in this section. The
last step is solving the reduced problem which will be done in Section 5

First we need to calculate the error terms caused by the approximate solution given in (3.6) to show that
this is a good choice:

U2
$iIUV) = AU ~U + =

k
—> &aw(
i=1

k 2 —_p.)2 k
_ > i1 & i Pwp, (z — i) _ Zfaﬂ'w(x —pi)? +0(eh)

4 i=1
:i (Pw? — w? +Z£2 Pw?( LIRS )+ O(e")
P — V(w) V(pi) ’
where we have used the notation
Puw;(z) = Pwy,(x — p;), wi(z) =w(x —p;). (4.1)

On the other hand, we calculate for z = p; + 2

Puwj(2)? —w?(z) = 2w(z) (vl (2) + 20 (2) + 20{V) (2) + 2 (07 (2))? + O(?)
eRyi(2) + €2 Rai(2) + O(£%),

where Ry ;(z) = 2w(z)[v; (@ )( )+€v( )(z)} —I—s(vg )( )2, Ra; = 2w(z)v (3)( ). This implies

Vipi +2z) = V(pi)
k
= /[G\/B(Upi +oz,02) — G p5(opi, O’SC)](Z §U7iPwi)2 dz

G i=1
(1 |z — p4 e 242
= [ = log mP 2+ (H 1 (op; + oy, 0x) — H(op;, ox)) Pw: & .idx
+ Z §UJ / G plopi +oz,00) =G /5(0z, aa:)]Pw? dz + O(e*)

J#i Q.

=& o )14 o) dy + 3,9, Cyplomon) - [ v dy

i
R R2
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+O(E26°N (epi)) + O(€26%) + O3 2|V2 G 5 (opi,op;)])
J#i
= 53431 (2) + Eg,iRQ(z) + h.o.t,

where R;(z) is even in z; and Ra(z) is odd in z; and

Ri(2) = O(log(1 + [2])), Ra(2) = O(; IV, G y5(opi, op;)l|2]) (4.2)
JF
and
h.ot = O(E2e2h (epy)) + O(; EIV2 G s5(opi, op;)|) (4.3)
i#]
= 0(£2e%VDlog 5—5)

Thus we can get that

(R SRS S
V(pi+2) V(pi) - V(pz)2( a,le( ) o,zRQ( )+h 't)' (44)

By the above estimates, we have the following key estimate:

Lemma 4.1. For z = p; + z, |z| < Z2 log ‘2—?, we have
S1(U,V) = S11+ 512, (4.5)
where
Si1 =& Ri(2) (4.6)
Si2 = —&2,w*(2)Ra(2) + &5,6* Rai(2) + hoott, (4.7)

where Ry(2) is even in 2 with the property that Ry(z) = O(log(1 + |2|)), and Ra(2), Ry.i(2) are defined
above.
R
Further, Sy (U, V) =¢ for |z —p;| > B Jog 2—? for all i.

The above estimates will be very useful in the existence proof using the Liapunov—Schmidt reduction. In
particular, they will imply an explicit formula for the positions of the spikes in Section 5.
Now we study the linearised operator defined by

U
L., :=5 , 4.8
P (V) ( )
Lep: H3(Q:) x HY () — L3(Q.) x L*() (4.9)
We first define
oUu
Kep=Ccp=8pan{——,i=1,--- ,k 4.10
sP P p {87(]91) } ( )

and define the approximate kernels by
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Kep = Kep + {0} C HY(Q:) x HX (),
and choose the approximate cokernels as follows:
Cep = Cep + {0} C L*(Q:) x L*(2).
We then define

Kel,p = Kel:p + HJQV(QE) c H12V<Q€) X HJQV(QE)v
1 . 1
Ccp=Cop+ L*(Q.) € L*(Q.) x L*(Q.),

where Cel,w Kj’p denote the orthogonal complements with the scalar product of L?(Q.).

Let 7.5 denote the projection in L(2.) x L?(€2) onto C,. We are going to show that the equation

U+¢
Te,p O Se <V+1/J> =0

has a unique solution ¥, , = <j;€’p > € ICj:p if max{o, D} is small enough.
e.p

Set
Lep=TepoLep: Ki, —Clp. (4.11)

Written in components, we have

and

2
Esyp,l be,p _ A‘ﬁs,p — ¢ep + %‘ﬁ&p - %¢87p
»Ce,p,Q wS,P A¢s,p - ¢a,p + 2U¢a,p
As a preparation we state a result on the invertibility of the corresponding linearised operator L. , whose

proof is postponed to Appendix A.

Proposition 4.1. There exist positive constants 8, C' such that for max{o, D} < S, the map Le p 1s surjective
for arbitrary p € A. Moreover the following estimate holds:

st,p||H2(Qa)xH2(Qs) < C(”ﬁap,l(zs,p)”HQ(Qg) + 551Hﬁs,p,Q(Es,p)HH2(Qa))~ (4~12)

Now we are in the position to solve the equation

U+
Tep © S <V+z/)) = 0. (4.13)

Since L. plics  is invertible, we can write the above equation as
&P

_ U _
Y= _Es,lla o 7're,p(Sa (V )) - ‘Cs,lla o 7ra,p(Ne,p(Z)) = Me,p(z)a (4~14)
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= (2)
o= (7). (V) (V) (2)

and the operator M. ;, is defined above for ¥ € H% () x H%(Q.). We are going to show that the operator
M, p, is a contraction mapping on

where

and

B. = {2 € HY(2:) x HY(Q)[I|Z] 252 < Co€3} (4.15)
if Cy is large enough. We have that

||Me,p(2)||H2xH2 < C(Hﬂs,p o N€7p71(2)||L2 =+ 51;1”776713 © Ne,p@(Z)HLz

U
+ [|7e,p © Se (V) lz2x L2
< O(el&)E5 +€3),
where C' > 0 is independent of € > 0 and ¢(§,) — 0 as {, — 0. Similarly we can show that
M p(2) = Mz p () |2 xm2 < Ce(€o) 12 = X | a2 x a2,

where ¢(§,) — 0 as {, — 0. If we choose Cy large enough, then M, ;, is a contraction mapping on Be. The
existence of a fixed point Y. , together with an error estimate now follows from the contraction mapping
principle. Moreover, ¥, j, is a solution. Thus we have proved

Lemma 4.2. There exists 6 > 0 such that for every triple (¢, D, p) with max{c, D} < 0, and p € Ay, there
exists a unique (¢cp, Ve p) € K2y, satisfying

U + ¢E
Se P Ce p 4.16
( V + ¢€,p ) € P ( )

and

”(d)s.,pvd)s,p)”H?tz S ng

More refined estimates for ¢. , are needed. We recall that from Lemma 4.1 that S(U,V) can be de-
composed into two parts Si; and S; 2, where Sy ; is in leading order an even function in z; and S 7 is in
leading order an odd function in z;. Similarly we can decompose ¢. p.

Lemma 4.3. Let ¢. p be defined by (4.16). Then for x = p; + z, we have

¢€»P(x) = ¢6,p,1 + ¢6,p,2, (417)

where ¢z p1 @5 even in z1 which can be estimated by
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Pep1 = O(£§> in HJQV(QE), (4'18)
and ¢, po can be estimated by
k
$ep2 =00 E20IVG 5(opi,op))]) + O &e>h (eps)) (4.19)
Vi =
= 2/Dlog °7).
0(50'8 \/_ Og 5D)

Proof. Let S(u) = S1(u,T(u)). We first solve

(U + (ZSE,P, + Z Sl 1 T — pz Ce,p7 (420)

for ¢ep1 € Kép. Then we solve

k
S[U + ¢a,p,1 + ¢a,p,2] - S[U + ¢a,p,1] + Z 51,2(37 - pi) € Ca,p

i=1

for ¢5,p,2 S Kép.
Using the same proof as in Lemma 4.2, the above two equations are uniquely solvable for max{o, D} < 1.
By uniqueness, ¢.p = ¢cp1 + Pep2. Since Sip = S¥, 4+ Siy, where S¥, = O(&,¢2V/Dlog L) and

Sﬁg eCt p» 1t Is easy to see that ¢. p1 and ¢ p,2 have the required properties. O

5. Existence proof II: the reduced problem
In this section, we solve the reduced problem. This completes the proof for our main existence result

given in Theorem 2.1.
By Lemma 4.2, for every p € Ay, there exists a unique solution (¢, 1) € lCa%p such that

U+¢
S. <V+¢> €Cep. (5.1)

We need to determine p = (p1,--+ ,pr) € Ay such that

U+o
s (150) se.

U+¢
d therefore S, =0.
an erefore S | L
To this end, we calculate the projection:
OPw;
/51 U6,V +1)s——
(pz)

dx

U+ d>)2> OPw;

:/(A(U+¢)*(U+¢)+ V+ Jor(p:)

QE
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=§Z (AW +9) - (U +9)+ (UT/W‘)S;Z") dz
(U+9¢)?  (U+ )\ 0Puw;

+/< v++w - ; )af(pi)dx

=1 + I,

where I, I are defined by the last equality.
For I, we have

Il:/<A(U+¢)—(U+¢)+ (U+¢)2) OPw;

14 or(pi)
Qe
(&6,iPw; + ¢)*\ OPw;

= A(fg,iPwi —|— ¢) — (gg)ipwi —|— ¢) —|— : ] - ] d.]f

fZ ( V(pi) )8 (pz)

1 1 OPuw

[ €niPuct 05 = ) g @+ OE

Qe

=TIy + T2 + O(g").
Note that by the estimates satisfied by ¢ in Lemma 4.3, we have

8Pwi
ot (pi)

Qa
_ 9 2 2
_/¢8T(pi)(Pwi w;)
Qa

0
= /(d)s.,p,l + d)s,p,Z) aT(pl) [2€wiv§1)

Qe

dz

/ (Db — 6+ 2Pw,0)

+ 262wl + 26%wi0”) + 2(0l")?] da + O(€2¢%)

k
= 0(c&2|V,,G yplopi,op)))) + > 2| (epi)| + O(£°¢2)
J#i i=1

k
= 0(&)D  E20IVG yplopi,op))| + > & |1 (epi)]]

j#i i=1

= O(£20eDlog f—lg)), (5.2)

where we have used the estimates (3.28)—(3.31). Further, we have

2 8Pwl 1 / 2 8Pwi
dr = e + ¢, dxr
Q/V(pz‘) oT(pi) 50,1‘9 (9ep1 + Pepi) oT(pi)

k
= 0(&)()_ E20|VG p(opi,op))| + Y &2 (epi)])
i i=1
&

= 0(£20eDlog 6—D). (5.3)
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We compute

8Pwi

o APwl—Pwl—i-PwZQ dx
o /( )57(1711)
Qe
0Pw;
= GQo,i PU} — w; dx
5,J< D

:§a,i/5(2wv§1) +28wv( )+2€wv( ) +e(w (1)) )
R3

ow v 5 ov? 5 LG
+ L2 Y dy + O(&,€3
oy oY1 oy oy Jdy+ 06
—9:2 . (3) Ow 2 &
=2 go,z / wv; ayl dy + O(f oeD log D)

By (3.12), we have

ow(y )81} 3 9 Ow(y)
= —v; d
/< ayl 3y2 v 5y2 33/1 u

R
_ 7% /(w/(yD)zh/(gpi)yzlx dy
R

R
Now by (5.2)—(5.6),
Iy = —e%¢,v 0 h(ep;) + O(€20eDlog f—‘7)
11 o 187’(5]%) 7
Next we estimate [o:
1 1 3Pwi
I o i Pw; + - dx
2 Jg VT~ ) orlon
_ 1 9 OPw;
_Q/ fa szz + ¢€ p,l + ¢s P, 2) V(pz)Q( gg’iRl 50 zRQ)a (pz) d{L‘

€

k
O(&) (D EIVp G yplopiops)l + ) &oc® [l (epi)])

i i=1

(5.4)

(5.6)
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_ g,i/w(y)%( )g—wd + O(€20eD log 5D>

R2
oG op;,op 0 o
=— E EQf—])(/wal—wdy/dey)+O(§205Dlog€—)
oy o7 (p:) Oy D

R2 R2

oG iy OD; o
= VQZ§2M +O(§20€Dlog § )

pory o7 (pi) eD
0Go(opi,ap;) §
2 0 79 7 o
= E _— Dl 5.9
V2 : 'fo aT(pl) (g o€ 0og D) ( )
J#i
where we have used v D log f—i‘) < 1 and
1 2
=g fw Sdy | w?dy > 0. (5.10)

R2 RZ
Thus by (5.8) and (5.9), we have
0Gy(opi,op;)
I = E 20T, O ) 2 -
Lo ];ﬁzg 8T(pl) : € "

&
eD

0
W}l@pi)

O(&20eDlog >%). (5.11)

Next we estimate I5:

[ (U+¢)? (U+¢)? 0Pw;
I""/( Vo v o ™

dxr

/ £mez+¢ OPw;
ot (pi)
Q

k
0() (D &IVp G yplopi,op))| + ) &2 |h (epi))
Ve i=1

=5 | S (@)~ v(p) dr + O(EEo=Dlog 25).

€

By the equation for v, we have
A — o) +2U¢p+¢> =0
and therefore

bpi +2) — i) = / Gp(opisoy) — G yplops + 02, 09))(2U6 + 6)(y) dy
Q.

=0 Y &IVy,G yplopi,op))|l2]) + O(E)R(2),
i

where R(z) is an even function in z;.
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Thus we have

&

= O(20eDlog D)

(5.12)

Combining the estimates for I; and I, (5.11) and (5.12), we have

81—711)Z
(Pl)

W, = /81U+¢,V+w]

; 9
=&Y &oG(olp — pﬁ)ﬁ—s% —h(ep”) (i = )]
J#i J

§o
-~oeDlog =—).
o(§s0eDlog =)
Thus W, ; = 0 is reduced to the following system:
— 1€, 0Gh(alpr — pal) — 163 L h(ep®) (p1 — 1) = o(0eDlog &),
va&o o (Gh (ol — p2l) = Go(olpa — psl)) = vie* Zxh(ep”) (p2 — 1°) = oo=Dlog &),

(5.13)

voly o (Gh(o|pr—1 — pr—2|) — Gh(olpr—1 — prl)) — 163 L h(ep) (pr—1 — p°) = o(0eDlog £5),

2
v2€e oGy (alpr — pro1]) — 16° Zh(ep®) (b1 — p°) = o(0eDlog £).

We first solve the limiting case:
—12o0Goolp} —p8l) — e Fxh(ep’) ) —1°) =0,
va€e o (Gh(alpd — p3)) — Go(olps — p8))) — vre® 2 h(ep®) (8 — 1°) = 0,
(5.14)

2
& (Go(alph_y — Ph_1]) — Go(olph_y — PYI) — 1e® s h(ep®) (p)_y — 1°) =0,

2
1éeaGh(olph_y — PY|) — v1e® 2z h(ep®) (p) — p°) = 0.

This system is uniquely solvable with

k
> op)=p" (5.15)
i=1

Moreover, we have

o
o(p) —p)_y) =log== — = % log log =%

D 2

h! log lo.

) )”1)_1og[(¢—1)(k+1_¢)]+0(7g 8eD )
2v9 logs—D

b (5.16)

where we have used the notation h”(p°) = aa—;h(PO) < 0.
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From (5.16), we know

o

J 1. eD
Zp?:O(;logZ—) for j=1, -,k —1. (5.17)
i=1

To find p; such that W, ; = 0, we expand p; = p? + p;. Then adding the first i equations, we have

2o 0 Gy (ol — )l (Bi — fisa) + OGP + 11 Zé”h" = o(0eDlog *%).  (5.18)
One can get that
o 1 .
p; = p1(1+0(1)) + O(;), fori=2,--- k.
By the last equation
- 3
Zulsgh”(po = o(oeD log 7). (5.19)
Thus
3111(,.0 o el
vie’h" (p")kp1(1 + o(1)) = o(oeD log E_D) + O(;). (5.20)
From the equation above, we can estimate p; by
5 1 eD
P1 = o(—log —). (5.21)
o " &
In conclusion, we solve W, ; = 0 with
1 eD
5 = o~ log 22
i = ol 1o )

Thus we have proved the following proposition:
Proposition 5.1. For max{c, D} small enough, there exists p¢ € Ay, with P; — P° such that W ; = 0.
Finally, we complete the proof of Theorem 2.1.

Proof. By Proposition 5.1, there exists P — P°, such that W.(p®) = 0. In other words, we have

U+¢ )
S. <V+w> = 0. (5.22)

Moreover, by the maximum principle, (U,V) > 0 and the solution satisfies all the properties of Theo-
rem 2.1. 0O
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6. Study of the large eigenvalues

We consider the stability of the steady-state (u,v) constructed in Theorem 2.1.

In this section, we first study the large eigenvalues which satisfy A. — A\g # 0 as max{c, D} — 0.

Linearizing the system around the equilibrium states (u,v) obtained in Theorem 2.1, we obtain the
following eigenvalue problem:

A — ¢+ 2o — L) = A9,
AY — o2 + 2up = TP

for (6,v) € H3(0.) x HE(Q).
In this section, since we study the large eigenvalues, we may assume that |A;| > ¢ > 0 for max{c, D}
small enough. If Re(\;) < —c < 0, then A; is a stable large eigenvalue, we are done. Therefore, we may
assume that Re(\.) > —c and for a subsequence max{c, D} — 0, A\. = Ag # 0. We shall derive the limiting

eigenvalue problem which is given by a coupled system of NLEPs.
The second equation of (6.1) is equivalent to

Ay — % (1 4+ TA)Y + 2u¢p = 0. (6.2)
We introduce the following notation:

oy =01+ T\,

where in /1 + 7)., we take the principal part of the square root.
Let us assume that

6]l 520, = 1.

We cut off ¢ as follows:

¢€,j = ¢EX€(Z_pj)7 .]: 1a ak7 (63)

where the cutoff function x. has been defined in (3.13).
From (6.1) and the exponential decay of w, it follows that

k
e = Z¢s,j + 0(55)- (6.4)
j=1

Then by a standard procedure (see [8], Section 7.12), we extend ¢. ; to a function defined on R? such
that

H@be,j

H?(R?) < C||¢E,j||H2(QE), j=1,--- k.

Since ||¢cllm2(.) = 1, ||9e,jllm2@2) < C. By taking a subsequence, we may assume that ¢. ; — ¢; as
max{o, D} — 0 in H'(R?) for some ¢; € H(R?) for j =1,--- , k.
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By (6.1), we have

Y (p;) :/G\/E(JApj,a)\x)Qu@(x) dx
Qe

k
:/G\/E(UAPJ',U/\QT)Q(Zfo,ijj%,j+O(f(2;))d$
Q

Jj=1

€

1 1
I / 26, swidei(1+ o(1)) da.
™ O\
]RQ

Substituting the above equation into the first equation of (6.1), letting max{o, D} — 0, and using the
expansion of {, ;, we arrive at the following nonlocal eigenvalue problem (NLEP):

2 fRi wo; dx
147X fRi w? dzx

Agj — ¢+ 2wp; — w? = Noopj, j=1,---,k. (6.5)

By Theorem 3.5 in [28], (6.5) has only stable eigenvalues if 7 is small enough.
In conclusion, we have shown that the large eigenvalues of the k-peaked solutions given in Theorem 2.1
are all stable if 7 is small enough.

7. Study of the small eigenvalues

Now we study the eigenvalue problem (6.1) with respect to small eigenvalues. Namely, we assume that
Ae — 0 as max{o, D} — 0. We will show that the small eigenvalues in leading order are related to the
matrix M (p?) given in (7.3) which is computed from the Green’s function. Our main result in this section
says that if A. — 0, then in leading order

/\E ~ 500’0’ (71)

where o is an eigenvalue of M (p®). We will show that all the eigenvalues of M(p?) have negative real part
provided that the eigenvector is orthogonal to (1,1, ...,1)T.

However, for the eigenvector (1,1,...,1)T the eigenvalue of M(p?) is zero, the leading order term in the
eigenvalue expansion vanishes and the next order term is needed to prove stability. To establish it we have
to compute the contribution from the boundary curvature. It follows that for a local maximum point of the
boundary curvature this eigenvalue has negative real part. Whereas the Green’s function part is of order
e3log E%
stable.

To compute the small eigenvalues, we need to expand the spike cluster solution to higher order. Then

, the part from the boundary curvature is of order 3. Thus the small eigenvalues of (6.1) are all

we expand the eigenfunction and compute the small eigenvalues. This will be done in Appendix B. The key
estimates are given in Lemma 9.1.
We compute the small eigenvalues using Lemma 9.1. Comparing 1.h.s. and r.h.s., we obtain

ow

3y1)2dy(1 +0(1)), (7.2)

€2 M(PVac(1 + o(1)) = Acboar / (

B2

where v5 has been defined in (5.10).
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Further, we have
M(P°) = (mi;(p”))F =1 (7.3)
where
mi;(p) = [[Vf(pi)Go(UPuUPifl) + V2 Golopi, 0pit1)]0;
—[5i,j+1vi(m)Go(UPi, opi—1) + 6i,jflv72—(pi)GO<0'pi> Upi+1)]} .
Using the estimates for p? in (5.15) and (5.16), we have

(.0 D
_hp )Vlg_logf_"
2v9 & eD

(6= 1)k +1— i) +i(k —1))6;].

mg;(pY) = o?| = (i =1)(k+1—=0)d;1 —i(k—i)di11

This shows that if all the eigenvalues of M (p?) have positive real part, then the small eigenvalues are stable.
On the other hand, if M(p®) has eigenvalues with negative real part, then there are eigenfunctions and
eigenvalues to make the system unstable. Next we study the spectrum of the k& x k matrix A defined by

as,s:(5*1)(k*8+1)+8(kfs), s=1,---,k,
Oss1 = asq1,s = —s(k =), s=1---k

as; =0, |s—=1>1.
We have the following result from Lemma 16 in [29]:
Lemma 7.1. The eigenvalues of the matriz A are given by
An=n(n+1), n=0,--- k-1 (7.4)

By Lemma 7.1, the eigenvalues of M (p?) are all positive except for a single eigenvalue zero with eigen-
vector (1,1,...,1)T.
Equation (7.2) shows that the small eigenvalues A. are
V2§U

~N——— 7 0 . .
e M) (7.5)

We remark that the scaling of these small eigenvalues is
o
Ae ~ c5€® log =%
€ Cs€ 10g eD

for some c5 < 0.

However, one of the eigenvalues of M(p") is exactly zero, with eigenvector (1,1,...,1)T. To determine
the sign of the real part of this eigenvalue, we have to expand to the next order. By considering contributions
for the curvature of the boundary 92 we have computed in Appendix B that for this eigenvalue

e ~ cge’

for some c¢g < 0.
To summarise, there are small eigenvalues of two orders which differ by the logarithmic factor log f—j’j.
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Remark 7.1. A corner can be considered as a point of infinite curvature. Although this case is not included
in our analysis, we expect that there will be a stable spike cluster at an outgoing corner which is also a local
one-sided maximum for the curvature on both sides of the corner such that a partial spike is located at the
corner combined with a finite number of clustered spikes on each side of the corner.

8. Appendix A: linear theory

In this section we prove Proposition 4.1. We follow the Liapunov—-Schmidt reduction method. Suppose

Pn

that to the contrary, there exist sequences €y, 0y, pn and ¥, with €,,0, — 0 and ¥, = y € ICg-mpn
such that
2
App — ¢pn + %d)n - %% = fn, (8 1)
Ay, — 021% +2U¢n = gn, .
where
[7ep 0 fallLz.) =0, (8.2)
165 gnll L2y —= 0 (8.3)
and
[6n 200y + [¥nllm2(0.) = 1. (8.4)

We now show that this is impossible. To simplify notation, we omit the index n. In the first step we show
that the linearised problem given above tends to a limit problem as max{c, D} — 0.
We define

Qbs,i = ¢($)X($ - pz) for i = ]-7 v 7k7 (85)
and
k
Gek+1 = Qe — Z Pei- (8.6)
=1

It is easy to see that ¢ k11 = o(1) in H?(£2.), since it satisfies
Ao g1 — depr1 = o(1) in H*(2).

We define 1. ; by

Awa,i - 02¢57i + 2U¢s,i = 0, in Qsa (8 7)
—dgji =0 on 09.. ’
Note that since £ ||gnllr2(0.) — 0, we also have [|¢c ki1 m2(0.) = o(1).
Next by the equation satisfied by ., we have
Ven®) = [ G plon,on)2U6. — 0,)(w) dy (38)

Qe
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So at x = p;, we calculate

el(pi) = / G 5001, 09) QU e — gu)(y) dy
Q.

1 1 .
= /[—10g7 + H(opi, oy)]2U¢:(y) dy
m 0|pi —y|

=

+ / G /5(opi,0y)gn(y) dy

Qe

—2 [ w)oesdy(1+ o(1)) + Ollog  gnlz2(a.)

]

:Q/w(y)gbs,i dy + o(1).

2
R+

Substituting the above equation into the first equation of (8.1), letting max{o, D} — 0, we can show that

Gei = & in HA(R2), (8.9)
and
0
o€ (o HE)) [ 93 dy =0} = K. (8.10)
]RQ

where ¢; is solution of the following nonlocal problem:

2 fRi wo; dy

A¢; — ¢; + 2we; —

w?(y) € Cy, (8.11)

where Cd-,Kd- denote the orthogonal complements with respect to the scalar product of LQ(Ri) in the
space of H*(R%) and L?(R?%) respectively.

By Theorem 1.4 in [18], we know that ¢; = 0,i =1,--- , k.

By taking the limit in the equation satisfied by 1., we see that this implies that 1. — 0 in H?(£2.). This
contradicts the assumption

Pnll 2.y + 1¥nllm20.) = 1. (8.12)

This proves the boundedness of the linear operator L p.

To complete the proof of Proposition 4.1, we just need to show that conjugate operator to L. , (denoted
by L) is injective from ICﬁ: to Cj,‘p~ The proof for L7, follows almost the same process as for L. p and
therefore it is omitted.

The proof is complete.

9. Appendix B: computation of the small eigenvalues

In this appendix we will compute the small eigenvalues. First we expand the solution to a higher degree of
accuracy than in Section 3. Then we expand the eigenfunctions and finally we calculate the small eigenvalues.
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9.1. Further expansion of the solution

In this subsection, we further improve our expansion to the solutions derived in Section 3.
First we define

wi(x) = ue(x)xe(x —pi), i =1,--- kK,

where u, is the exact boundary cluster solution derived in Section 3—-5 and y. is the cutoff function given
in (3.13). It is easy to see that

k
uug=§jm@»+0@%

We will derive an approximation to w; which is more accurate than that given in Section 3.

Our main idea is to start with a single boundary spike solution of the Gierer-Meinhardt system in a disk
Bpg, of radius R such that the curvature at the centres of the boundary spikes on the disk and the domain
0N} agree. Further, the boundary spike solution in the disk is invariant under rotations of the solution which
results in a zero eigenvalue. Then the small eigenvalue of the boundary spike solution in 2 can be computed
by a perturbation analysis of the disk case.

The single boundary spike solution (ug, vg) in the ball B with maxp, ug = uo(0, R) in polar coordinates
solves the following system:

2 _ uy :
€Auo —tuo + zpzy =0 in Br, (9.1)
% =0 on 0Bg,

where Tr[u3] = vg is the solution of the inhibitor equation

DAvg —vg+u2 =0 in Bg,
(9.2)

duo _
o = on 0Bpg.

It can be constructed from the ground state w following the approach in Section 3 by using a fixed-point
argument in the space of even functions around « = 0 and no Liapunov—Schmidt reduction is needed.

Note that the single-boundary spike solution wug is invariant under rotations of the solution. Therefore
we can apply % in (9.1) and get

) o 2u, 841;1 ud 1
EQA% _ % + T;S[sﬁ] — (TR[uO%])Q %TR[U(Q)] =0 1n BR7 (9 3)
gi%g = on OBg.

As a preparation for this perturbation analysis, we represent the boundary 92 in a neighbourhood of
the centre of the spike p; in polar coordinates and deform it to a circle with the same curvature. This will
imply that the perturbation of the boundary will only be in order €.

Near the point p; we have expanded the boundary 92 in Section 3.1 using Cartesian coordinates. We
have derived that p(0) = p’(0) = 0 and p”(0) is the curvature of 9Q at p;. Recall that p was used to flatten
the boundary 02 near p; to a line.

Using polar coordinates (¢, r) such that z1 —p; = rsin ¢, x2 — p2 = R — rsin ¢, the boundary 92 can be
represented as

r=f(¢).
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The radius R will be chosen such that p”(0) = +. We now derive the function f(¢) from the function
p(x1 — p1) introduced in Section 3.1.

Substituting the Taylor expansion of p given in equation (3.8) into f(¢)? gives
F(9)? = (z1 = p1)? + (22 = p2)® = r*sin® ¢ + (R — p(7sin ¢))?
= R? + r?sin® ¢ — 2Rp(rsin ¢) + p?(rsin ¢).
We expand

f(®) = R+ ap+ B® + ¢ + 6",

and compute the coefficients «, 3, v, § by matching powers ¢ for i = 1,2, 3, 4. First we get

a=0.
Second we have
28 =R(1-p"(0)R)
which implies that

1
B = 0 provided p"(0) =

R
and from now on we choose R such that this condition is satisfied. Third we compute

1
2Ry = —2p P ()R
which gives

1
v = —Ep(?’) (0)R3.
Finally, we get

1 1
2 (5_—__ 2+_ 2_

which gives

1 1/1\°
A C) 5224 4
5" (0O)R +4< ) R

To summarise, we have

£(6) = R+ 5 /OO)8° + 52 fD(0)6* + 0(6°),
where f(¢) denotes the radius and ¢ the angle and

FO0) = =P (0) R,
F@0) = —p™(0)R* + 3R.
The point ¢ = 0 with f(0) = R and f'(0) = f”(0) = 0 corresponds to p;.
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Note that f(0) = R and f'(0) = 0 follow from p(0) = p’(0) = 0.

Further, we have f”(0) = 0 due to the choice of the leading term f(0) = R. Since we have f(¢) =r, we
get 7 = R+ O(¢?) which enables us to replace r by R in the derivation of f(¢).

In polar coordinates, for r = R we get a point on dBr. We change variables such that for the variables
(¢,7") at ' = R we get a point on Q. Thus ' = R has to map into r = f(¢). This is achieved by defining
" =r— f(¢) + R for each ¢.

Then the Laplacian is transformed as follows:

1 2, 1
A=A+ 5 (f1(0))ss = 55 (@)0rp — 5 "(6)0,
using partial derivatives 0, = % etc. and
1 1
A= ;(% (7’87-) + T—28¢¢,
1

1
A = FE)T/ (T/ar/) + T,—Qa(ms

for the transformed variables (¢, r').
We introduce rescaled variables («, b) inside the spike such that

ex=¢, e=R—1.

Then in rescaled variables (o, b) we have

1 1 1
glea) = R — f(ea) = gp(g‘) (0)R*¢3a® + ﬂp(4)(O)R4e4a4 — §R64a4 + O(°a®).

This implies that in rescaled variables we get

1 2 €
A=A+ ﬁ(g/(ea)z)aaa - ﬁg/(ea)aba + ﬁg//(ea)aow

Using
g (c0) = 59 0)a + 2D (O)da® + O(c'a)
and
g'(ca) = g (O)car + 39D () + O(ca?)
we have
(ca) = O(*a?)
and

g"(ea) = O(eq).

Thus second, third and fourth terms in the Laplacian are small and they can be estimated as follows:
O(e*a?), O(e2a?) and O(e?a), respectively.
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Comparing with Cartesian coordinates (z1,z2) for the e-scale inside the spike used in Section 3.1, by
elementary trigonometry we get

€(za — p2) = R — (R — eb) cos(ea)

1 1
~ eb+ 62§Ra2 - 63517042 + O(e*)
and

€(z1 —p1) = (R — eb) sin(ea)

~ eRa — 2ab — eséRa?’ + O(e*).
Now we approximate the exact solution for the activator u. as follows:
ue = w+ 70 + (0@ + 53 £ O(et). (9.4)
Near the centre p; of each spike we have
U = ot + €600 + 6s (07 + 07 + O(e), (9.5)

where we have used the notation

i(x) = &, 1oz — pixe(w —pi), 0 (@) = & 109 (2 — pi)xe (@ — p1) (9.6)
fori=1,2,...,k, j=1,2,3 and x. is the cutoff function defined in (3.13).

Let us derive the terms in this expansion step by step. We start from the single boundary spike solution
ug defined in (9.1) in a ball of radius R such that p”(0) = &. Using polar coordinates, we can represent
ug(ea, R — 1) and this function satisfies the Neumann boundary condition in a ball:

3u0

Sl B
or |,_p

However, the function ug does not satisfy the boundary condition at 9Q) (and for r = R we reach the
boundary of the disk (circle) but not the domain boundary 992). Recall that r — f(¢) = ' — R. Thus, to
get a function with a better approximation to the boundary condition at 99 (and such that for r = R we
reach 0Q), we define

w(ea, r") = ug(ea,r).
Then for v’ = R, we have
'lZ)(EOz, R) = ’U’O(Gaa f(EOl)),

i.e. for 7’ = R the arguments of the function w are contained in 9 and the arguments of vy are contained
in OBg. This means that the function f deforms the boundary to a circle (in the same way as in Section 3.1
p deforms the boundary to a straight line). Since the circle also takes into account the curvature it gives a
better approximation to the boundary than the straight line and the approximate spike solution will give a
better approximation to the exact solution than the approximations in Section 3.1. Note that the boundary
spike solution in the ball is invariant under rotation (in the same way as the boundary spike is translation
invariant in half space).



W. Ao et al. / J. Math. Pures Appl. 121 (2019) 1-46 33

Now we calculate the radial derivative of w as follows:

ow(ea,r") Oug(ea, 1)
gutea,r)) = 2wlenn) 0. (9.7

The outward unit normal vector in polar coordinates is given by

1 !/
v= T @0
Using rescaled variables, this implies
1 /
v = \/g/(EOé)2 T (R - g(ca))? (g (604)7 R— g(ea))

1
V9@ 020t + (R~ L@ (0)%a?)? + O(eta)

X (%g(g’) (0)e?a? + %9(4) (0)e*a® + O(e*a*), R — %f(3)(0)e3a3)

Subtracting the radial unit vector e, = (0, 1), this implies

(399 (0)%a + Ly (0)%a?, O(ea?)
R+ O(3a?) '

V—ep =

Using that [|w; — w| g2,y = O(ea) and that w satisfies (9.7), the outward normal derivative of w is
computed as

(9.8)

ow; __ (Ow; (9w1 sz
{ G = (%2 b))+
“”“y')(ig(?’) (0)e%a? + g (0)ea? + O(e'a)).

==

Now we compute the terms €37()) (even around o = 0) and €29(®) (odd around o = 0) in the expansion
(9.5) near p; such that the solution satisfies the Neumann boundary condition to higher order.
Let 171(1) satisfy

{AU—U—O in Bg,

% = $9(4)(0)a3w'(|y|) on 0Bpg.
Let "71(2) be given by

{AU—U:O in Bpg,

5 = 279 (0)aw'(ly]) on dBk.

Substituting the expansion (9.4) of the solution in the activator equation, we get

S1(w 4 €5 + 252 + O(eh), T[w + 5V + 26 + 0(eY)])

(w; Jrei’,v(l)JFEQv(Q)Jro( +Z€C”fl

H'M;r
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We calculate for x = p; + z

[(@i(x) + €50 (2) + €25 (2) + O(e)]? — @2 (x) = 2i(2) (€% (2) + €287 (2) + O(e*))
=&’ Ryi(2) + ®Rai(2) + O(e*),

where Ry ;(2) = 2w;(z)v (1)( ), Rai = 2w;(z )v(2)( ). Further, we recall that by (4.4) we have

1 1 1 9 9
Vo 12 _ Vo — TR (— M-Rl(z) — &5 iRa(2) + hoott). (9.9)
By the reduced problem in Section 5, we have

D 2 3
o, [ o 1
f,RZ o, 1R2+O(£6) B

=(3 2()

Therefore we can add another contribution v, ) to the solution such that ¢ satisfies

{ﬂ%ngfﬂﬁ&+m&& in Q,

% =0 on 0Q,
where
= 285, (w; + €29
[06= g ¢+ —ooil® (3
T[ 2 (w; + €2v,7)? ]
2 (wl—i-e? ()) -
— 3 T [Qfg)i(ﬂ)i + 621_}7,' )¢:| .
T[ 2 (@ + €25 ))2}
Setting

3) = Zga 17(3

and adding this part to the solution will cancel out the odd terms (with respect to o = 0) of order €2 in the
activator equation and we get

S1(w 4 0 + 0@ + 53 + 0(eh), Tlw + o0 + (@@ + 6®)) + 0(eh)))

—EZ%mew +§:@zz——jﬁpévwmxx—mf>+0@ﬂ

Taking the derivative % in this relation near x = p;, we compute
0
=81 (w0 + 0 + 202 +53)) 4 0(e), Tw + 0 + (5@ +53) + 0(e*)))

da
_QZfoz

L (@50 (2) + (2 (2) + 59(2)))
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k
$2) ()5 (0 (2) + 207 () + 99 (2)

50,1 1
+Z§gz 128(1 Vi) m)+0(54)

~(1)
_Z%Me <% 1(1)‘5‘@18% )
Oa

+Zﬁ;3—{mgwmm—mﬂHmﬂ

On the other hand,

%Sl (@ + 5 + @@ + 53 4 O(eh), T[w + E0 + E (TP + ) + 0(eh)))
ow; oV ov® 953
+ 63 7 + 62 i + 2

. SO
=L Oa Oa ¢ da )

Soil +O0(e),

where

LY¢=Ap—¢+

28, (w; + 631751) + 6217§ ) + 621)(3))(;5
T [ [2”(1171 + 63171(1) + 6255 ) + 621}5 ))2}
2 (W; + €30 l( ) 4 621}(2) + ezv(?’))

— - [250,1»(@1- + ) + 20 4 62@?3))(;5} .
T |(@; + 0" + 26 + e%f’))ﬂ

Finally, by an expansion similar to (9.8) we have

=(3)
3;; =0(¢*) on 00N
and
=(3)
(«)ay 8;; =0(*)  on 9N

9.2. Ezpansion of the eigenfunction

We define the approximate kernels to be

Ke p = Span{ Oui i=1,---,k},
(0

35

(9.10)
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Then we expand the eigenfunction as follows:
5
Zaz : ( B s+ PG+ | o O,

k
= acidic + o+ O(eh), (9.11)

i=1

where ¢ € K.
Suppose that |¢c| g2(o.) = 1. Then |a; .| < C. Let us put

a® = (a1c, - ,ape)’ (9.12)
Then for a subsequence and

a,0 = 611_{1% e, a° = (@10, ,ak0)- (9.13)

The decomposition of ¢, in (9.11) implies that

k
e = Z i ePie + %L, (9.14)

i=1

where 1; . satisfies

At — 02(1 4+ 7A) ;i + 2ug; . = 0 in Q, (9.15)
_ag;s =0 on 09, ’
which we also write as 1; . = Trx_[¢:.c], and 2 is given by
At — o2 (1 4+ 7A)YE + 2ugpt =0 in Q.
s (9.16)
5. = 0 on 0€

which we also represent as 1> = Ty y_[62].
Let us first consider the leading term of ¢.. For % we get, using (9.8),

QwL@ w2 _ .
Aa“gj — 8“” + T~ Ta? %T[w?] =O0(e*a®) in Q,

D00 — LOw ) (1463)(0)e2a2 4 L9 (0)e3a®)(1 + O(ea))  on 99.

Therefore, expanding the boundary condition as we did above for w;, we define ’BS;

of

, as the unique solution
.

Av—v=0 in Bg,

% = s 25 g (0)e*a®  on By

=(2)

eig,; D€ the unique solution of

Similarly, let v
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Av—v=0 in Bg,

% = 25 g™ (0)e%a?  on OBp.

Let us compare this with the derivative ag;l)

{AU—U—O
9o — 01 L/ (ly))g™®(0)*a®]  on dBg.

52
Further, aga solves

{Avv_o in Bp,
% = aaa[ "(Jy)g®(0)e2a?]  on IBg.

Using (9.10), we get

k _ _(3)
Owi  s-1) | 20 | 200
L ;a’iﬁ(aa ezgz+€ Uezgz+6 (90[
k _ _(1) —(2) ~(3)
ow; o0, ov, o0,
—L i ? 3 [ 2 4 2 i
;a’5<8a te Ja te Oa te Oa )1

k
= 2Zai,ge3u’)iﬁg,)i
w? 1 u? 4
+Zazs U2 87’ ) - é._v_sz,s) +O(E )a

where

2(w + v + 203 4 2003)) ¢
T [(w+ 30 + €20() + 20(3))2]

Lo =A¢p— ¢+

— L 32(1) 4 22(2) 4 .25(3))2
(w4 4+ 5B + 253 2T[2€ (0 + S0 4 25 4 25
T [(w+ 30 + 202 4 €20(3))2]

and the remainder 17&)1. is given by the difference of the previous two contributions as follows:

7 — 50 s

VR’ = Veigi 5o~ Which satisfies

{Av—sz in Bg, 017)
9.17

% = —&w’(|y|)g(4)(0)3042 (1+O(e)) on OBg.

We note that @g)i is an even function around « = 0.
Substituting the decompositions of ¢. and 1. into (6.1), we have

ENCY @ | 200" 1
ZalE a9 mg1+6vezgz+6ﬁ +¢e

= E 263 wlvRZ
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38
1 k w2 Qv u?
+€—U ;ai,s(v—z&_(pi) - U—2¢i,s)
u2
+A¢ ¢J_ + _¢a 2 é_ - Af(bé_
1 ou;
=AY i +0(Y.
ga ; ' aT(pi) ( )
Set
k
I3 = Z%Swzvg)w
i=1
I izk:a. (u_f I _u2w )
4 — 50 et 1,6 ’U2 87_(])1) o Vie
and

= Agr — o + ¢l—2‘—§wi—x¢é

We first compute

2
- Z—Qwi,e) + 0"

fa;“” 1>
2
é.az;aze i)_’;b_;wze - Zzaze 2w15+0(

01 1 j#i

NI\’J

Since

SUZ Z ZE 211)15

i=1|i—j]|>2
Z Z IV, G 5(oapi, oxp;)|(1+ o(1))
i=1|i—j]>2
D
= O(faalogg(flog%y)
eD eD
= O(o(=—log —)?),
( (50 50) )
we can estimate I, as follows
k k 2
1 ui, Ov
Iy =+ Qe (5 0ij — i) + O(e*
4 50;; > 1)2(87'(pj) J ,)) ( )

b 2
PS ai@%wi,ﬁms‘*)w(o—%>+0< (o
i=1 ]

L
§o

where we use the equation satisfied by ; ..

b

(9.18)
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9.3. Ezpansion of the small eigenvalues

Multiplying both sides of (9.18) by 882”0 and integrating over (., we have

ou; Oy
hs =A— a d
re Z E/arpz or(p)

o [ <§—;”1>2dy<1 +o(1)).

R%
Using the estimate 14, we have
2
Lh.s :/(A¢j—¢j+2—“¢j—“—2¢ - Eq%) ou_ g,
v or(p1)
Q.
u2
aze & i€ dx + O
/ 52 o~ gy O
_ [ w 6t d L 6Ul n 8ul
_/02 or(p / 3 Ve or(p /¢E or(p
Q.
/ 3y —?—5 PRRTAN) pci g
ga i—1 1 2 ) v aT(pl)
i=1 j=
+Z 2a; .3w; 0\, Ou +0(e%)
- T, K3 RZaT( )
i Q.

= Jig+Jog+ Jag+ Jag + Jsg 4+ O(e%),

where J; ; are defined as the integrals in the last equality. We divide our proof into several steps.

The following lemma contains the key estimates:

Lemma 9.1. We have

eD
Jig = o(&2 25—) (9.19)
D
Jog = 0(&3022—), (9.20)
J31 = 0(§sAe), (9.21)
Jw
Jag = (/ w? dy/w2@y1 dy)&3(1+ o(1)) x [[ Z v?l'(pl)G\/B(invo-pl)]al,E
R2 R2 ! l[i—1]=1
eD
—[a1-1,:V2 )G yplop,opi1) + az+1,evi(p,)G\/5(0pl7Upl+1)]] + o(&30? ¢ —) (9.22)
3 2 9 9€D
Js1 =€ Eg,zal,sZWW}l(EPZ) +o(&0 g), (9.23)

where a; ¢ has been defined in (9.11).
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Proof. We first study the asymptotic behaviour of ;.
Note that for [ # k, we have

Vre(p) = / G (01, 0y) 2udi e (4) dy (9.24)
Qe

Ow eD
:vf(pk)G\/B(U/\pz,U,\pk)/2£Ukwa—ydy+0(§ ¢ —)

R2
811) ED
VoG yplop, opk) / 253,kwa—my dy(1+ O(Acloge)) + 0(5302?).
R2 o
Next we compute ;. — % near py:
TR Pp———y
QE
= / l1 1 / ox,oy)uj(y) dy
P ol =yl yl
E Q.
+3 [ G plononi)dy+ 0
ALY
SO
ov D,
(.’L‘) = Z vT(Pi)G\/B(ox7in)§(2y’i w dy—|— O(f g’|10g5|(_10g ) )
oT(p1) Pt o €

eD
3" Vo Gyploz,om)e; | wdy + o 2€—>

i—l|=1 Py
i1l 52

1
where we have used the relation ¢ vD < e.

Thus
ov 9 9
o) Grep) = Y VeunGyplop,op)&s, | w’dy
! limt]=1 R2
D
+o(530—22—). (9.25)
Combining (9.24) and (9.25), we have
Ov 9 8
(Yie — M&z)(pz) = V)G yplop, opi)(285; WY dy)[0i,1—1 + 6i141]
R’
513 Vet Gplonopn)€ [ )
|m—l|:1 Ri
D
+o(€20257) + o(€2.). (9.26)

&
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Similarly, we have the following:

wi,a(pl + (y17 O)) - wi,e(pl) (9'27)
= /(G\/E(U)\(pl —&—y),a)\x) — G\/B(JApl,J)\x)ﬂuqﬁi,e(x) dx
Q.
ow ED
:2§§,iVT(m)VT(m)G\/§(0Apl,pri)yl/wa—mml dx + O(o g fg 50 y2)
R3
ow
=262 V(1) V(o) Gy (0AP1, 02D )Y1 /wa—xlfl dx[61,i—1 + O1,541]
R3
eD eD eD o
+ 3¢2 log — + 0 20105—10
(550 ggny) (& g(§ gfa))
0
= 2£§,ivT(pi)vT(pl)G\/ﬁ(aplvUpi)yl /wa—;ulﬂh dx[61;-1 + 01i41]
R3
eD eD eD
O(Ugﬁzg—log oY )+ 0o loge(g—log : D 124) + o(€20y)
for i # [ and
ov ov
e ) (41,0) = (e — 5o 9.28
(wn, aT(pl)xpl (11.0) = (1 = 5o)) (9.28)
Z &, Vi) G\r(apz,apz)yl/wQ dx
IZ ll 1 Ri
D eD eD
+0(0°¢2 L0 Z242) 1 0(€20% 1082 (22 108 2 )2y) + o(€20c0).
o 50 o ¢o
Thus we have for Jy,
TR Sl T T R
= Aj e —5 i i€ T
B e or(p1)

1 : u? v v 8’11,1

- 1,6 o 1,€ 52_ 1,€ d
& ;19/" 02 (Grgpyy 0 ~ Vi) @) = (g 30 — i) o)l 5 de
= Je,1 + J7 ;.

For Js;, we have from (9.26)
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k 2
. 1 Z _ uj ov ouy
for = $o i,j_lg)/al7sv2(a7—(pj) el mg (m1) &

b 1 ov U? Oy eD
- ) i€ 1,6 o dx = 207 — .
+;;£0(87(p]) e )(pl)Q/a v2 97 (p;) v =oll fa)
Similarly, using (9.27), (9.28), (5.15) and (5.16), we get
2 ov oy
=g g:l /azs—; —4 0ij — ie)(x) — (—6T(pj)5” - %,e)(z?l)]—aT(pl) dx
ov ouy
50 ; zs/ 2 87’ 7/]1 6)( ) (aT(pi) - wi,e)(pl)]aT(pl) dx
TR
_;gga /azs 2 wze wz,e(pl)}aT(pl) dz
1 uy ., Ov ov Ouy
&/ISK&@)w@U (Gt~ V1) @]
8ul
Zzlljl /als 5 wzs M E(pl)]a (pl) dx
+o(53022—f>
/w dy/w ! dy)[ Y V200G yplop,op)ae
R R2 li—11=1
G 0w
+(2R2/w8y1 Y1 dyRZw o y1 dy)

X [53,171%71 avi(m)G\/ﬁ(UPlv opi—1) + fg,l+1al+l,sv-2r(pl)G\/5(Upl7 opiy1)]
2 2 Ow 2 2
= ([ w?dy [ WSy )€1 +o(0) x [ 32 Vi, Guplovoma
lim1]=1
eD
—[a1-1eV2(,) G yplop,opi1) + a1 V20 G yp(op, opra)] | + 0(53025—),

where we have used the relation



W. Ao et al. / J. Math. Pures Appl. 121 (2019) 1-46 43

Combining the above two estimates, we have

ow
Jug = (/w2 dy/wQG—ylyl dy)€2(1 4+ o(1)) x [[ Z Vi(pl)G\/B(api,apl)]al,E

li—1]=1
eD
—[a1—1,evz(pl)G\/5(0pl7 opi—1) + al+1,aV3(pl)G\/ﬁ(Upz, 0pl+1)]] + 0(53025—)7

and this proves (9.22).
Using

and

62

R49(4)( )= Wh(fpi) (14 O(elpil)),

we can evaluate the integral Js ;.
A computation analogous to (5.6) gives

- (1) 8’1,61
- 2 E’L Z
Js,1 = Z ela /w )

Q.

10
=&518%ace / 2w5g);£r (14 O(ear)) dr da

Br
1 0
=&ucdaey / —;[(A - 1)a—w] E?,)z (1+ O(eq)) dr da
Br

ow au'y (1) 0 Ow
Eoie’acy / <aa £l - US};&@) R (14 O(ea)) dex
OBrRr

1 3
= e?’fg,la@l/(w’f@g( )(0) 12%421 (14 O(eyr)) din
R

3 D
e T L v1g™(0) + 0(51270227)
0? eD
= €65 10c, h(epy) + 0(&30%—), (9.29)

§V1 Ot (epr)? &

where the constant 1 > 0 has been defined in (5.7). Thus

2

2 mh(fipl) + 0(5302£)~

€o

Js1 = ¢, a1~
From the estimates on I3 and I, we know that

eD
62 2000y < Clsll2(o.) < Céoo D 105 =P

5 < (9.30)

Next by the definition of J; ;, using (9.30)
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2
_ [ W
Jl,l _/’1)2 87'( )¢E

-0 2€D
(&0 gc,

—o(¢a*

2—f>||¢;||mm
). (9.31)

We have obtained (9.19). Next we estimate J3 ;:

1 8U,l

JQ,l ¢5 87—( )

Qe

/ Loyt az“l) dz + O(e)
Qc

u2 u u2 m
/v_éwi(pl)af(;;l) dw*/_é O (Y2 (z) — L (pr)) dz + O(eh)
Q. ke

= —J&l — Jg,l + 0(84).

By the equation satisfied by 12, we have
Vv (p) = /G\/ﬁ(dxpladwﬂweﬁ(w) dx

eD
(50 IOg

T s )

Further,

G (p 4 y) — () = / (G (001 + 1), 032) — G (01, ox2)2ud (z) da
Q.
k
- / (G 501 +),052) — Gp(oap ox)]2 Syt (@) da + O(eY)
Q. J=1
eD

eD
(&,—U 5— log §_y)

We have by the estimate for W’

2
o up Oy

Qc
2u?  Ov
= wt)([ 35 s+ 0(e)
Qc
3 o €D, D 2 26D
0(&o (501 50—)) (&5 50)»

and
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2

I

Toi = [ ot (@)~ vt () da
Qe
— 020 L 10g2) = 02022
60’ 50' o
Thus we have

T = of Zazz—D), (9.32)

and (9.20) follows. Last we consider J3 ,

J3, Z)\e/ﬁﬁL Our

D
= O(620 - log =) = 0(&s\.). (9.33)
Thus (9.21) follows. O
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