Received: 18 February 2018

DOI: 10.1002/mma.5268

RESEARCH ARTICLE

WILEY

Singular localised boundary-domain integral equations of
acoustic scattering by inhomogeneous anisotropic obstacle

Otar Chkadua!® | Sergey E. Mikhailov?

1 A.Razmadze Mathematical Institute,
I.Javakhishvili Tbilisi State University,
Thilisi, Georgia

2Department of Mathematics, Brunel

| David Natroshvili3*

We consider the time-harmonic acoustic wave scattering by a bounded
anisotropic inhomogeneity embedded in an unbounded anisotropic homoge-
neous medium. The material parameters may have discontinuities across

University London, London, UK . . . . .
the interface between the inhomogeneous interior and homogeneous exterior

3Department of Mathematics, Georgian . . . .
Technical University, Tbilisi, Georgia regions. The corresponding mathematical problem is formulated as a trans-

41.Vekua Institute of Applied mission problems for a second-order elliptic partial differential equation of
Mathematics, I.Javakhishvili Tbilisi State

University, Tbilisi, Georgia

Helmholtz type with discontinuous variable coefficients. Using a localised
quasi-parametrix based on the harmonic fundamental solution, the transmis-
5Sokhumi State University, Faculty of
Mathematics and Computer Sciences,
Thilisi, Georgia

sion problem for arbitrary values of the frequency parameter is reduced equiv-
alently to a system of singular localised boundary-domain integral equations.
Fredholm properties of the corresponding localised boundary-domain inte-
Correspondence

Sergey E. Mikhailov, Department of
Mathematics, Brunel University London,
London, UK.

Email: sergey.mikhailov@brunel.ac.uk

gral operator are studied and its invertibility is established in appropriate
Sobolev-Slobodetskii (Bessel potential) spaces, which implies existence and
uniqueness results for the localised boundary-domain integral equations system

and the corresponding acoustic scattering transmission problem.
Communicated by: K. Chelminski
KEYWORDS
Funding information
Engineering and Physical Sciences
Research Council UK, Grant/Award
Number: EP/H020497/1 and
EP/MO013545/1

acoustic scattering, localised parametrix, localised boundary-domain integral equations, partial

differential equations, pseudodifferential equations, transmission problems

MSC Classification: 35P25; 47G40; 35J25;
35J05; 35R05; 45F15; 45F15; 35S05; 35J20

1 | INTRODUCTION

We consider the time-harmonic acoustic wave scattering by a bounded anisotropic inhomogeneous obstacle embedded in
an unbounded anisotropic homogeneous medium. We assume that the material parameters and speed of sound are func-
tions of position within the inhomogeneous bounded obstacle. The physical model problem with a frequency parameter
o € R is formulated mathematically as a transmission problem for a second-order elliptic partial differential equation
with variable coefficients A (x, dy) u(x) = 0y, (a(kzj)(x) axj uXx))+w? k;(X) u(x) = f> in the inhomogeneous anisotropic bounded

region Q* ¢ R3 and for a Helmholtz type equation with constant coefficients A, (dy)u(x) = ag) Oy, Ox, U(X) + o’ ux) = fi

@

in the homogeneous anisotropic unbounded region Q™ = R3\§. The material parameters e and k4 are not assumed
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to be continuous across the interface S = Q™ = Q™ between the inhomogeneous interior and homogeneous exterior
regions. The transmission conditions are assumed on the interface, relating the interior and exterior traces of the wave
amplitude u and its co-normal derivative on S.

The transmission problems for the Helmholtz equation, ie, when A,(x,0) = A;(0) = A + w?, which corresponds to a
homogeneous isotropic media, are well studied in the case of smooth and Lipschitz interface (see Costabel and Stephan,’
Kleinman and Martin,?> Kress and Roach,® Torres and Welland,* and the references therein).

The special isotropic transmission problems when A,(x, 0y) = A + w?k,(x) and A1(dx) = A + w? is the Helmholtz oper-
ator are also well presented in the literature (see Colton and Kress,® Nédélec,’ and the references therein). The acoustic
scattering problem in the whole space corresponding to a more general isotropic case, when aj{zj)(x) = a(x) 6xj, where 6j;
is Kronecker delta and A;(d;) = A + w?, was analysed by the indirect boundary-domain integral equation method by
Werner.”® Applying the potential method based on the Helmholtz fundamental solution, Werner reduced the problem
to the Fredholm-Riesz type integral equations system and proved its unique solvability. The same problem by the direct
method was considered by Martin,” where the problem was reduced to a singular integro-differential equation in the
inhomogeneous bounded region Q*. Using the uniqueness and existence results obtained by Werner,”*® the equivalence
of the integro-differential equation to the initial transmission problem and its unique solvability were shown for special
type right-hand side functions associated with Green's third formula.

Note that the wave scattering problems for the general inhomogeneous anisotropic case described above can be studied
by the variational method incorporated with the nonlocal approach and also by the classical potential method when the
corresponding fundamental solution is available in an explicit form. However, fundamental solutions for second-order
elliptic partial differential equations with variable coefficients are not available in explicit form, in general. Application
of the potential method based on the corresponding Levi function, which always can be constructed explicitly, leads to
Fredholm-Riesz type integral equations but invertibility of the corresponding integral operators can be proved only for
particular cases (see Miranda '°).

Our goal here is to show that the acoustic transmission problems for anisotropic heterogeneous structures can be
equivalently reformulated as systems of singular localised boundary-domain integral equations (LBDIEs) with the help
of a localised harmonic parametrix based on the harmonic fundamental solution, which is a quasi-parametrix for the
considered PDEs of acoustics, and to prove that the corresponding singular localised boundary-domain integral opera-
tors (LBDIO) are invertible for an arbitrary value of the frequency parameter. Beside a pure mathematical interest, these
results seem to be important from the point of view of applications, since LBDIE system can be applied in constructing
convenient numerical algorithms (cf Mikhailov'!, Zhu et al'>** and Sladek et al'*). The main novelty of the paper is in
application of the singular localised boundary-domain integral equations method to the problem of acoustic transmission
through a penetrable, anisotropic, inhomogeneous obstacle.

The paper is organised as follows. First, after mathematical formulation of the problem, we introduce layer and volume
potentials based on a localised harmonic parametrix and derive basic integral relations in bounded inhomogeneous and
unbounded homogeneous anisotropic regions. Then we reduce the transmission problem under consideration to the
localised boundary-domain singular integral equations system and prove the equivalence theorem for arbitrary values
of the frequency parameter, which plays a crucial role in our analysis. Afterwards, applying the Vishik-Eskin approach,
we investigate Fredholm properties of the corresponding matrix LBDIO, containing singular integral operators over the
interface surface and the bounded region occupied by the inhomogeneous obstacle, and prove invertibility of the LBDIO in
appropriate Sobolev-Slobodetskii (Bessel potential spaces). This invertibility property implies then, in particular, existence
and uniqueness results for the LBDIE system and the corresponding original transmission problem.

Next, we analyse also an alternative nonlocal approach based on coupling of variational and boundary integral equation
methods, which reduces the transmission problem for unbounded composite structure to the variational equation con-
taining a coercive sesquilinear form, which lives on the bounded inhomogeneous region and the interface manifold. Both
approaches presented in the paper can be applied in the study of similar wave scattering problems for multilayer piecewise
inhomogeneous anisotropic structures.

Finally, for the readers convenience, we collected necessary auxiliary material related to classes of localising functions,
properties of localised potentials and anisotropic radiating potentials in three brief appendices.
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2 | FORMULATION OF THE TRANSMISSION PROBLEM

Let Q* = Q, be a bounded domain in R3 with a simply connected boundary 0Q, = S,and Q™ = Q; := R3\§2. For
simplicity, we assume that S € C® if not otherwise stated. Throughout the paper, n = (ny, n,, n3) denotes the unit
normal vector to S directed outward the domain Q.

We assume that the propagation region of a time harmonic acoustic wave u' is the whole space R? that consists of an
inhomogeneous part €, and a homogeneous part ;. Acoustic wave propagation is governed by the uniformly elliptic
second-order scalar partial differential equation

Au(x) = 0 (ax; (%) 0,u"' (x)) + @* k(U (x) = f(X), x € QUQ, 1)

where dy = (01,02,03), 0, = axj = d/0x;, aj(x) = aj(x), and x(x) are real-valued functions, w € R is a frequency
parameter, while f € Lz,wmp(R3) is the volume force amplitude. Here and in what follows, the Einstein summation by
repeated indices from 1 to 3 is assumed.

Note that in the mathematical model of an inhomogeneous absorbing medium, the function « is complex valued, with
nonzero real and imaginary parts, in general (see, eg, Colton and Kress,® chapter 8). Here, we treat only the case when
the « is a real-valued function, but it should be mentioned that the complex-valued case can be also considered by the
approach developed here.

In our further analysis, it is assumed that the real-valued variable coefficients a;; and  are constant in the homogeneous

unbounded region €; and the following relations hold:
@)
a,  forxeQ, K(x)={K1>0 for x € Q,

a;(x) = a0 = { ag)(x) for x € Q. Ky(x) > 0 for x € Q,, ©)]

where a](clj) and x; are constants, while afj) and «, are smooth function in 52,
ajfj?, K € CHQy), j.k=1,2,3. (3)

(@)

Moreover, the matrices a4 = [akj ],3”,=1 are uniformly positive definite, ie, there are positive constants ¢; and ¢, such that

alél <al@eg <alé VxeQq VEER), g=12. @

We do not assume that the coefficients a;; and « are continuous across S in general, ie, the case ag)(x) + agj) and x,(x) #
k1 for x € Sis covered by our analysis. Further, let us denote

Av(x) 1= ajjj) 0y, 0, V(X) + Kk V(%) for x € Q, (5)

Agv(x) 1= 0y, (a) (%) 9 V(X)) + @” K2 (x)V(x) for x € Q.

For a function v sufficiently smooth in Q; and €,, the classical co-normal derivative operators, TC% are well defined as
Tav®) 1= 42 m()r T (@05 v0), x€ S, ¢=1.2; ©6)

here, the symbols y* and y~ denote one-sided boundary trace operators on S from the interior and exterior domains,
respectively. Their continuous right inverse operators, which are nonuniquely defined, are denoted by symbols (y*)!.

By H°(Q) = H3(Q), H) (©) = H;’IOC(Q), Hiomp(Q) = H;comp(Q), and H(S) = H3(S), s € R, we denote the L,-based
Bessel potential spaces on an open domain Q C R? and on a closed manifold S without boundary, while D(Q) stands
for the space of infinitely differentiable test functions with support in Q. Recall that H(Q) = L,(Q) is a space of square
integrable functions in Q. Let the symbol rq denote the restriction operator onto €.

Since the boundary traces of gradients, y*(d,jv(x)) are generally not well defined on functions from H 1 (€2y), the classical
co-normal derivatives (6) are not well defined on such functions either, cf Mikhailov,"* Appendix A, where an example
of such function, for which the classical co-normal derivative exists at no boundary point. Let us introduce the follow-
ing subspaces of H'(Q,) and Hllo Q1) to which the classical co-normal derivatives can be continuously extended, cf, eg,
Grisvard, Costabel,'* and Mikhailov'’:

H“0(Qy;A42) := {v € H(Q) : Ayv € HY(Qy)}, H  (Q; A1) :={veEH] () : A € H) (Q)}.

loc

We will also use the corresponding spaces with the Laplace operator A instead of A.
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Motivated by the first Green identity well known for smooth functions, the classical co-normal derivative operators (6)
can be extended by continuity to functions from the spaces H llo‘co(Ql;Al) and H"(Q,; A,) giving the canonical co-normal

derivative operators, T;—" and T; , defined in the weak form as

(Tiu, g)s = / [0 L, Ok 800 — kg GO () g0 d
QZ

+ /[Aqu(x)] () 'g0dx, ue H (QuAy), VY ge Hi(S), (7
Q

q

(Tru.g)s 1=~ / [a,) [0,u00] 9(r ) g(0) = w0 kyu(0) (r ) ' g00)] dx
Q

- / [Au@]( ) 'g@dx,  ue H-QuA), VgeH: (), (8)
Q

where ()™ : H 3 S) - H(Q)and (y) ' : H %(S) - Hclomp(Ql) are the right inverse operators to the trace operators

y*, and the angular brackets (-, -}s should be understood as duality pairing of H -3 (S)with H 3 (S), which extends the usual
bilinear L,(S) inner product.

The canonical co-normal derivatives T u and T} u can be defined analogously for functions from the spaces H, 110’60(91 s A2)
and H"%(Q,; A,), respectively, provided that the variable coefficients agfj)(x) and x,(x) are continuously extended from Q,
to the whole space R® preserving the smoothness. It is evident that for functions from the space H*(Q,) and leo (1),
the classical and canonical co-normal derivative operators coincide. Concerning the canonical and generalised co-normal
derivatives in wider functional spaces, see Mikhailov."”

For two times continuously differentiable function win a neighbourhood of S, we employ also the notation T (x, dw :=

a](j,) ni(x) (0x, w(x)), x € S, to denote both the classical and the canonical co-normal derivatives.

Recall that the definitions of the co-normal derivatives Tqi do not depend on the choice of the right inverse operators
(y*)1, and the following Green's first and second identities hold (cf Mikhailov,"” Theorem 3.9),

(Tyu, y*vys = /[ag)a,u OV — a)quuv]dx+/quudx, ue H"(Q; Ay, ve HY(Q,), q=1,2, 9)

Q, Q,

(Tyu, y' v)s =(T3v, y u)s = /[vAzu —uAyldx, u,ve H"*(Qy;A,),

,

(Tyu,y7v)s = —/[ag)ajuakv—wleuv]dx—/vAludx, u EHIIO’CO(Ql;Al), V € Hepny(E1). (10)

Q Q

By Z(Q,), we denote a subclass of complex-valued functions from Hlloc(Ql) satisfying the Sommerfeld radiation
conditions at infinity (see Vekua'® and Colton and Kress® for the Helmholtz operator and Vainberg" and Jentsch et al*
for the “anisotropic” operator A; defined by (5)). Denote by S,, the characteristic surface (ellipsoid) associated with the
operator A,

1
agw?gkgj -’ =0, £€R.

For an arbitrary vector € R? with || = 1, there exists only one point £() € S, such that the outward unit normal
vector n(é(n)) to S, at the point £(») has the same direction as #, ie, n(é(n)) = n. Note that &(—n) = —&(y) € S, and
n(—é&(n)) = —n. It can easily be verified that

&) = o) @'y -V arly, (11)

3
where a 1 is the matrix inverse to a; := [al({lj)] .
k.j=1
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Definition 1. A complex-valued function v belongs to the class Z(£2;) if there exists a ball B(R) of radius R centred at
the origin such thatv € C'(Q;\B(R)) and v satisfies the Sommerfeld radiation conditions associated with the operator
A;(0) for sufficiently large |x|,

V() = O(Ix| ™), dvx) — i&(mvx) = O(Ix| ™), k=1,2,3, (12)
where &(17) € S, corresponds to the vector n = x/|x| (ie, £() is given by (11) with = x/|x]).

Note that due to the ellipticity of the operator A;(dy), any solution to the constant coefficient homogeneous equation
A1(dx)v(x) = 0in an open region Q C R? is a real analytic function of x in Q.

Conditions (12) are equivalent to the classical Sommerfeld radiation conditions for the Helmholtz equation if A;(d) =
A(0) + w?,ie,ifk; = 1and a;é) = y;, where §y; is the Kronecker delta. There holds the following analogue of the classical
Rellich-Vekua lemma (for details, see Jentsch et al*® and Natroshvili et al*!).

Lemmal. Letv € Z(Q;) be a solution of the equation A;(0,)v = 0in Q; and let

Jim_1m { / v(x) Tlv(x)dZR} =0, (13)
z“R

where Xy is the sphere with radius R centred at the origin. Thenv = 0in Q;.
Remark 1. Forx € Xg andn = x/|x|, we have n(x) = #, and in view of (6) and (12) for a functionv € Z(Q,), we get
T1(x, 0:)v(x) = ay ) n () [ (mveo)] + Ox| ™) = i) mc&; (m)vee) + O(Ix] 7).

Therefore, by (11) and the symmetry condition a;; = aj, we arrive at the relation

1/2

“ain-aln + O(x|7?) = ok, @M - )72 v + O(x] ),

V) Tyv(x) = iwr,”? (vl @7 - )

On the other hand, matrix a; is positive definite, cf (4), which implies positive definiteness of the inverse matrix al‘l.

Hence, there are positive constants 6, and §; such that the inequality 0 < §p < (al‘ln . ;1)_% < 81 < oo holds for all
n € X;. Consequently, (13) for  # 0 is equivalent to the condition in the well-known Rellich-Vekua lemma in the
theory of the Helmholtz equation, Vekua,'® Rellich,?> and Colton and Kress,®

lim /Iv(x)|2dZR =0.
R—+o00
2R

In the unbounded region Q;, we have a total wave field u’ = u™ + u*°, where u'" is a wave motion initiating known
incident field and u* is a radiating unknown scattered field. It is often assumed that the incident field is defined in the
whole of R3, being, for example, a corresponding plane wave that solves the homogeneous equation A;u™ = 0in R? but
does not satisfy the Sommerfeld radiation conditions at infinity. Motivated by relations (2), let us set u;(x) : = u*(x) for
x € Q and u,(x) : = u(x) forx € Q,.

Now we formulate the transmission problem associated with the time-harmonic acoustic wave scattering by a bounded
anisotropic inhomogeneity embedded in an unbounded anisotropic homogeneous medium:

Find complex-valued functions u; € H llo’co(Ql,Al) NZ(Q) and u, € HY(Q,,A,) satisfying the differential equations

Ajui(x) = f1(x) for x € Q, (14)
A (x) = fr(x) for x € Q,, (15)

and the transmission conditions on the interface S,
y'u, —yup = ¢, on S, (16)

Tyuy —Tiu; =y, on S, 17)
where
1 1
fai=rq,f €HYQ,), fi:i=rof€ H?omp(QD, fE H?omp(R3), @, € H2(S), w, € H 2(S). (18)
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In the above setting, Equations (14) and (15) are understood in the distributional sense, the Dirichlet type transmission
condition (16) is understood in the usual trace sense, while the Neumann type transmission condition (16) is understood
in the canonical co-normal derivative sense defined by the relations (7) and (8).

If the interface continuity of u" and its co-normal derivatives is assumed, then ¢, = y~uine, vy, =Ty uine,

Remark 2. If the variable coefficients a;; and the function « in (1) and (2) belong to C*(R?) and u™ € H; (R%),

then conditions (16) and (17) can be reduced to the homogeneous ones by introducing a new unknown function
it 1= u™ — yi"c in R3, since T uine = T; ui"¢ on S. For the function ii, the above formulated transmission problem is
reduced then to the following one:

Find a solution ii € leo C(R3) N Z(R3) to the differential equation
A(X) = 0y, (arj(X) 0, (X)) + 0” k() Ti(x) = f(x), x € R?, (19)

where f := f — Aul™ e Hy,,,,(R?) due to the inclusions f € Hg,,,,(R?) and Au™ = A;u™ = 0in Q.

IfA = A + ?x(x) in R3 with x as in (2), then Equation (19) can be equivalently reduced to the Lippmann-Schwinger
type integral equation (see, eg, Colton and Kress,® chapter 8).

In our analysis, even for C2(R*)-smooth coefficients, we always will keep the transmission conditions (16) and
(17), which allow us to reduce the problem under consideration to the system of localised boundary-domain integral
equations that live on the bounded domain Q, and its boundary S (cf Nédélec,® chapter 2).

Let us prove the uniqueness theorem for the transmission problem.

Theorem 1. The homogeneous transmission problem (14) - (17) (with f;, = 0,f, = 0, ¢y = w, = 0) possesses only
the trivial solution.

Proof. Denote by B(R) aball centred at the origin and having radius R, £z : = dB(R). We assume that R is a sufficiently
large such that Q, C B(R). Let a pair (u;, u) be a solution to the homogeneous transmission problem (14) - (17). Note
that u; € C*(,) due to ellipticity of the constant coefficient operator A;. We can write the first Green identities for
the domains Q, and Q;(R) := Q; N B(R) (see (9) and (10)),

/ [0 (6) 0;u2(%) It () — @1 () U201 dx = (TF 2, 77112 )s, (20)
Q,
/ [a}.) 9,11 (0) () — i [ O 1 dbx = (T wr, 7un)s + (T a7 xqw)- @1

Q,(R)
Since the matrices a; = [a;{@]?c ._, are symmetric and positive definite, in view of the homogeneous transmission
conditions (16) and (17), after adding (20) and (21) and taking the imaginary part, we get

Im { / 100 Ty, (0)dZg ) = 0.

Zg

Whence by Lemma 1 we deduce that u; = 0in Q. In view of (16) and (17) then we see that the function u, solves the
homogeneous Cauchy problem in Q, for the elliptic partial differential equation A,u, = 0 with variable coefficients
a](fj) and x, being C2(Q,)-smooth functions, see (3). By the interior and boundary regularity properties of solutions to

elliptic problems, we have u, € Cz(ﬁz) and therefore u, = 0in Q, due to the well-known uniqueness theorem for
the Cauchy problem (see, eg, Landis,” Theorem 3; Calderon,* Theorem 6). O

Remark 3. Due to the recent results concerning the Cauchy problem for scalar elliptic operators, one can reduce
the smoothness of coefficients agj) and «x, to the Lipschitz continuity and require that €, is a Dini domain, see, eg,
Theorem 2.9 in Tao et al.®

3 | REDUCTION TO LBDIE SYSTEM AND EQUIVALENCE THEOREM

3.1 | Integral relations in the nonhomogeneous bounded domain

As it has already been mentioned, our goal is to reduce the above-stated transmission problem to the corresponding
system of localised boundary-domain integral equations. To this end, let us define a localised parametrix associated with
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the fundamental solution —(4x|x|)~! of the Laplace operator,

X (%)

Py = “anp’

where y is a cut-off function y € X}, see Appendix A. Throughout the paper, we assume that this condition is satisfied
and y has a compact support if not otherwise stated.
Let us consider Green's second identity for functions u,,v, € H*(Q,; A,),

/ 242Uy — U Ay dx = (T Ua, Y V2)a0,(ne) — (7 U2y T3 V2)o0, (r.0)»

Q,(.€)
where Q,(y,¢) : = ,\B(y,¢€) with B(y, €¢) being a ball centred at the pointy € €, with radius ¢ > 0. Substituting
for v,(x) the parametrix P,(x — y), by standard limiting arguments as ¢ — 0, one can derive Green's third identity for
u € H“°(Q,,A,) (cf Chkadua et al*®),
Pus+ Ny =V, Tius + Wyytuy = PyAsu,  in Q, (22)
where
1
po) =35 [a0)+alm +dlw))|. 23)

N, is a singular localised integral operator that is understood in the Cauchy principal value sense,

N,ux(y) :=vp. / [A2(x, 0P, (x — Y)ux(x)dx = lim / [A2(x, 00)P, (x — P]ua(x)dx, y € R?, (24)
Q, Q,(y,€)

V,, W,,and P, are the localised single layer, double layer, and Newtonian volume potentials, respectively,

V,8) = - / P,(x—y)gx)dSy, W,g(y) :=— / [T2(x, 0x) P, (x — »)1 g(x)dSx, y € R*\S, (25)
S S
P, h(y) := /Pl(x — yhx)dx, y e R3. (26)
Q,

Note that if P, is replaced with the corresponding fundamental solution, then N,u, = 0, # = 1, and the third Green
identity reduces to the familiar integral representation formula.
If the domain of integration in (24) and (26) is the whole space R3, we employ the notation

N, h(y) :=v.p. /[Az(X, 0x)P,(x — y)Jh(x)dx, P, h(y) := /P;((x — »)h(x)dx, 27
R3 R3

where the operator A,(x, dy) in the first integral in (27) is assumed to be extended to the whole R3. Some mapping
properties of the above potentials needed in our analysis are collected in Appendix B.
In view of the following distributional equality,

2 A7 61 2
0 1 _ 3T Okj 5(X = y) + V.p. d 1

0x) 0x; |x — y| - 3 0xy 0x; |x — y|’

where §;; is the Kronecker delta and 6(-) is the Dirac distribution, we have (again in the distributional sense)
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2)
2P, (x —y) . @ %) 9P, (x — )

2 ? 2
Ax(X, 0P, (x —y) =a ' (x) + 0 K (X)P,(x — y)

kj 0y Ox; Oy ox;
= (%) 6(x — y) + V.p. Ax(x, 0P, (X = y), (28)
where
@@ 2 @wo g

V.p.Ay(x, 9)P,(x — ) = Vp. [ - ] + R(x, ) = v.p. [ - ] +Ry),  (29)

4z Oxox; |x—y| 4z Oxcox; |x -y

olafre-n| 5

_ ) @)
R(x,y)::-i{ 0 | 9x(x—y) Tk

47 L oxy ox; [x — y| 00Xy, ox; |x =yl
@ 9 1 } 2
+a;” (x x—y) —1 + X)P,(x — s
g QL (x =) ]()xkdxj x—y e K2(0)P,(x = y)
@) @)
_ a () —a (y) 5
Ryt =Ry -
4z 0x.0x; |x — y|

Since y(0) = 1, the functions R(x,y) and R(x, y) possess weak singularities of type O(|x — y|=%) as x — y. However, the
whole term v.p. A, (x, 0x)P,(x — y) possesses the strong Cauchy singularity as x — y. Thus, although P, is a parametrix
for the Laplace operator, it is not a parametrix for the operator A,, and we will call it instead a quasi-parametrix for A,.
It is evident that if a]({zj)(x) = a,(X)éy;, then the terms in square brackets in formula (29) vanish and v.p. A, (x, 9x)P,(x — y)
becomes a weakly singular kernel.
Using the integration by parts formula in (24), one can easily derive the following relation for u, € H'(Q;)

N){ U = —ﬂuz - W)()/+u2 + Q)( U in Qz, (30)
where
0P, (X =) duy(x
Q,u(y) 1= — / a@ 00 2 20 e = 0, P, (@2 da)(y), Yy € Q. (31)
axl axk
QZ

From Green's third identity (22) and Theorem 8, we deduce
Bus + N,uy € H-°(Qy,A) for u, € H-°(Q,,A»), (32)
which, in turn, along with relations (30) and (31) implies
Q,uy =0, Py (a2 dkuz) € H-O(Q,A) for u € H*(Q,Ay).

In what follows, in our analysis, we need the explicit expression of the principal homogeneous symbol &y(N; y, §) of the
singular integral operator N, which due to (28) and (29) reads as

@ @
a’’(y) 02 1 a’;(y) 02 1
@o(N,: 3,8 = Fog | —vp. | wl)= T e (V[—_D
oN: 3. 8) =F f( p [ 4x 0707 |zl 4z E\VP 02,021 12|

@

_ 4 » 47 b 2 1 _ 2 . . 1
= Pt T3 00+ e | = =800~ 08018 e o
d?W&s A —
= By + M |5|2k - zléy"f) _py), yeD, R, (33)

where A,(y,&) = af{zl)(y) & &. Here and in what follows, 7 and F~! denote the distributional direct and inverse Fourier

transform operators that for a summable function g read as

_ iz __1 —ize
Frclgl = / gR)e“ dz, Fe lgl= 2oy / g&)e "t de.

Rn Rn

In derivation of formula (33), we employed that F,_:[(47z|z])™'] = |&|~% and F,_.:[0;8] = —i&; F,-¢[g] forn = 3.
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Note that the principal homogeneous symbol &,(N,; y, £) is a rational homogeneous even function of order zero in &.
In view of Theorem 9 in the Appendix, the interior trace of equality (22) on S reads as

Niuy =V, Tiuy + [(B— )+ W, ly"u, = P;Ayup on S, (34)

where the functions § and u are defined by (23) and (B2), N ;= an s P; = y*P,, while the operators ¥, and W,,
generated by the direct values of the single and double layer potentials, are given by formulas (B1).
Finally, we formulate a technical lemma that follows from formulas (30), (31), and Theorem 8.

Lemma 2. Let® € H'(Qu A), w € H3(S), ¢ € Hi(S), y € X°, and the function f be defined by (23). Moreover, let
u, € HY(Q,) and the following equation hold,

ﬂu2+NXM2—VZl/I+W1(p=CD in Q.
Thenu, € H"°(Q,; A,) and the following estimate holds for some constant C > 0,

+llell, 1 o+ 1Pl o@,:n)-

lu2llmo@,a,) < Clluzllme,) + ||II/||H7%(S) i)

3.2 | Integral relations in the homogeneous unbounded domain

For any radiating solution u; € H, llo’co(Ql,Al) NZ(Q;)with Aju; € Hg,mp(Ql), there holds Green's third identity (for details,
see the references Colton and Kress,® Vekua,'® Jentsch et al,?* and Natroshvili et al*!)

up + VoTyuy — Woy ug = PoAiu; in Q, (35)
where
Vo8(y) 1= —/F(x =, 0)g(x)dSx, W,g(y) :=~ /[T1(x, 0L (x — y, w)1g(x)dSy, y € R*\S, (36)
s s
P, 1() = / Fe-y,0) f0dx, y€R, 37)
Ql

Here, T1(x, 0y) = af{lj)nk(x)ax/, n(x) is the outward unit normal vector to S at the pointx € S, and

exp { ia)rcll/z(al‘lx - x)1/2 }
I'(x,w)=— 38
(x. @) 4z(deta;)/2(a;'x - x)1/2 (38)

is a radiating fundamental solution of the operator A; (see, eg, Lemma 1.1 in Jentsch et al?®). If x belongs to a bounded
subset of R3, then for sufficiently large |y|, we have the following asymptotic formula

I'y—x,o) = c(g)w +0O(yI™), @) =- |a; &|

Iyl 47[601(11/2 (det al)l/z’

(39)

where ¢ = &() € S, corresponds to the direction # = y/|y| and is given by (11). The asymptotic formula (39) can be
differentiated arbitrarily many times with respect to x and y.
The mapping properties of these potentials and the boundary operators generated by them are collected in Appendix C.
Evidently, the layer potentials V,,g and W,g solve the homogeneous differential Equation 14, ie,

AV, =AW,g=0 in R3S, (40)

while for f; € Hgomp(Ql), the volume potential P, f; € leo C(R3) solves the following nonhomogeneous equation (see
Lemma 5(i))
in Q,
APy fi = { o (D
The exterior trace and co-normal derivative of the third Green identity (35) on S read as (see Lemma 5(ii))

VT s + (%1 - ww) v Uy =y PyAjy on S, (42)

(%1 + w,ﬁ,) TTuy — Loy~uy = T_PyAjy on S, (43)
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where the integral operators V,, W,,, W., and L, are defined in Appendix C by formulas (C1) - (C4). Note that the
operators V,,, 2~ 1-W,, 27 I+ W, , and L,, involved in (42) and (43) are not invertible for resonant values of the frequency
parameter w. The set of these resonant values is countable and consists of eigenfrequencies of the interior Dirichlet and
Neumann boundary value problems for the operator A; in the bounded domain Q, (see Vekua,'® section 4 Colton and
Kress,?” chapter 3 Chen and Zhou®® section 7.7). Therefore, to obtain Dirichlet-to-Neumann or Neumann-to-Dirichlet
mappings for arbitrary values of the frequency parameter w, we apply the ideas of the so-called combined-field integral
equations, cf Burton and Miller,” Brakhage and Werner,* Colton and Kress,>*” Leis,* and Panich.*
Multiply Equation 42 by —ia with some fixed positive « and add to Equation 43 to obtain

KoTiuy — Myy~uy = ¥Y,A1u; on S, (44)
where
Kog := (%I+ Wy, —iaV,)g = (T} —iay*)V,g on S, (45)
Myh = [z:w —ia (—%wa)] h= (Tt —iay")W,h on S, (46)
Y, f1:=(T] —iay )P, fr =T} —iay")P, f1 on S, (47)

for f1 € H,,(Q1), g € H3(S), and h € H3(S).
In view of Lemma 6, from (44) we derive the following analogue of the Steklov-Poincaré type relation for arbitrary
u € Hllo’co(Ql§A1) NZ()

Trup = K, (Mey ur + YoAiur) on S, (48)

where ! : H_é(S) — H_%(S) is the inverse to the operator £, : H‘é(S) - H_i(S).
© p

3.3 | Equivalent reduction to a system of integral equations
Let us set
L=y U, @2:=y"u, y1=Tiu, yp: =T u. (49)

If a pair (uy, u,) solves the transmission problem (14) - (17), then by notation (49) and relations (22), (34), (44), and (35),
the following equations hold true:

Pur+ N,y = Vyyo+W,0, =P, f in Q,, (50)
Njw =V +[(B—wI+W, e, =P, f, on S, (51)
Koz = Moup2 =Y, f1 + Koy, — My, on S, (52)
y—w1 =y, on S, (53)

@2—@1=¢, on S, (54)

U1+ Voyr — Wop1 =Py f1 in Q. (55)

Let us consider relations (50) - (55) as a LBDIE system with respect to the unknowns (U2, ¥5, @5, W1, @1, 41) € H, where

H = HY(Qy;A5) X H(S) X H>(S) X H™3(S) X H3(S) X (HL2(Qu1: A1) 1 Z(Q0)). (56)
Note that if P, would be replaced with the corresponding fundamental solution, then we would have N, u; = 0, N Ju, =
0, = 1,and p = 1/21in (50) and (51). Thus, the system could be split to the boundary integral equation system (51) -
(54) and the representation formulas (50), (55) for the functions u; and u, in the domains Q; and Q,, respectively.
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Let us prove the following equivalence theorem.

Theorem 2. Let conditions (18) hold.

O]
(i)

Proof.

®
(ii)

If a pair (uy, u1) € H%(Q,; A;) X (Hllo’co(Ql;Al) N Z(£2y)) solves transmission problem (14) - (17), then the vector
(U2, W2, @2 W1, @1, U1) € Hwithy, and g, q = 1,2, defined by (49), solves LBDIE system (50) - (55).

Vice versa, if a vector (Uz, w5, @2, W, ®;,U;) € H solves LBDIE system (50) - (55), then the pair (uz,u,) €
HY9(Qq;A;) X (Hllo’co(Ql;Al) N Z(Q1)) solves transmission problem (14) - (17) and relations (49) hold true.

The first part of the theorem directly follows from the formulation of the transmission problem (14) - (17) and
relations (22), (34), (35), and (44).

Now let a vector (uUz, w,, @,, W1, @1, U1) € H solve system (50) - (55). Taking the trace of (50) on S and
comparing with (51) lead to the equation

ytu, = @, on S. (57)

Further, since u, € HY(Q,;A,), we can write Green's third identity (22), which in view of (57) can be
rewritten as

Buz+ Nyuy =V, T uy + Wypp = P, Au,  in Q. (58)
From (50) and (58), it follows that
V(T uy — y2) + P, (A2u2 _ f2> =0 in Q.
Whence by Lemma 6.3 in Chkadua et al,** we deduce
Ay = f5 in Qy, T u, =y, on S. (59)

From Equation (55), it follows that

Ay = f1 in Q. (60)
From (52), (54), and (53), we derive
Kow1 — Myp, —¥,f1 =0 on S. (61)
Now, let us consider the function
w:i=Voy —Wop1—P,f1 in Q. (62)

In view of the inclusion P, f; € HfOC(R3) it follows that y*P, f1 = y"P,f1 and T{ P, f1 = T;P,f1 on S.
Whence due to (45) - (47), (61), and Lemma 5, we have w € H“*(Q,;A,;) and

(TF —iay"yw = (%I+ Wi —iaV, v - Lo - ia - %I+ Wo)|o1 = (T = iay ) Pusy
= Koyp1 — Mup1 =¥, f1 =0 on S.

Consequently, in view of (40) and (41), we see that the function w solves the homogeneous Robin type interior
boundary value problem,

Aw=0 in Q,, Tfw—iay*w=0 on S.
By Green's first identity (9) for the operator A;, we have
/w(x)Alw(x) dx = —/ [al(clj) 9;W(x) dw(x) — 602K1|W(x)|2] dx + (Tw, ytw)s,
Q, Q,

and since for the real symmetric matrix a;é) the function agj) 0;w(x) dxw(x) is also real-valued, it follows that
y*w = 0and T;w = 0 on S for real @ # 0. Consequently, the function w defined in (62) vanishes identically
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in Q, in view of the corresponding Green's third identity. Due to the jump relations for the layer potentials
presented in Lemma 5(ii) and since P, f; € H. l20 C(R3), we have from (55) and (62) the following relations:

Yy up=y u+ 7/+W = @1, Tl_ul = Tl_lll + TTW =Y. (63)
From Equations 53 and 54 and relations (57), (59), (60), and (63), it follows that the pair (u,, u;) solves the
transmission problem (14) and relations (49) hold true. -

From uniqueness Theorem 1 and the equivalence Theorem 2, the following assertion follows directly.

Corollary 1. Let conditions (18) be fulfilled. Then the LBDIE system (50) - (55) possesses at most one solution in the
space H defined in (56).

4 | ANALYSIS OF THE LBDIO

Let us rewrite the LBDIE system (50) - (55) in a more convenient form for our further purposes

BI+N)Eu, —V,yo + W, 0:=P,f, in Q, (64)
Ny Eu, = Vyyo + (B — I+ W,lpa =P; f, on S, (65)
Koy = Mup2 =¥ [1+ Koo — Mupo on S, (66)
Vv2—yw1=yo on S, (67)

@2—@1=@o on S, (68)

u+Vow, — Wep1 =P, ft in Q, (69)

where E = EQZ denotes the extension operator by zero from Q, onto Q,, N, is a pseudodifferential operator given in (27),
N} = y*N,,and P} = y*P,. Note that for a function u, € HY(Q,), we have fu, + N, up = (BI + NZ)E‘uz in Q,.

It can easily be seen that if the unknowns (u,, w,, @,) are determined from the first three equations of system (64) - (69),
then the unknowns (w4, @, u;) are determined explicitly from the last three equations of the same system. Therefore, the
main task is to investigate the matrix integral operator generated by the left hand side expressions in (64) - (66).

Let us rewrite the first three equations of the LBDIE system (64) - (69) in matrix form

MU =F,

where U : = (uz,llfz’@z)T,F i= (F1,Fy, F3)T, Fy := P,f2, Fr = P;fz,Fa =Y, 1+ Koo — My, 0o,

ro, BI+N)E  —rqV, ro,W,
M := NYE -V, B-wI+wW, | (70)
0 K(g _Mw

Let us introduce the spaces
H := H(Qy; A,) X H3(S) X H3(S), T 1= H"%(Qy: A) x H3(S) x H™3(S),
X 1= HY(Q,) x H™3(S) x H2(S), Y = HY(Q,) x H3(S) x H™(S).

Recall that for y € X}, the principal homogeneous symbol &,(N,; y, &) of the operator N, given by (33) is a rational
homogeneous function of order zero in &. Therefore, applying the inclusion (32) and the mapping properties of the pseu-
dodifferential operators with rational type symbols (see, eg, Hsiao and Wendland,* Theorem 8.4.13) and using Theorems 8
and 10 we deduce that the operators

M : H-F, (71)

M: X->Y (72)

are continuous for y € X}. Now, we prove the main theorem of this section.
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Theorem 3. Let y € X}. Operator (72) is invertible.

Proof. Using Lemma 6, we can represent the matrix operator M defined in (70) as a composition of two operators

M = BC,
where
ro,(fI+NE ro,[-V, + W,M;'K,] ro,W, I 0 0
B:= NYE =V, + B - I+ W,IMG'K, B-wI+W, [, C:=[0 I o1. (3
0 0 -M, 0 -MJIK, I

Evidently, the triangular matrix operator
C : HYQ,)xH 3(S)x H3(S) — H'(Qy) x H3(S) x H3(S)

is invertible. Since the operator M,, : H : S)—->H _é(S) is also invertible due to Lemma 6, from (73), it follows that
the block-triangular matrix operator

B : H'(Q,)x H 3(S)x H:(S) - H'(Q,) X H3(S) x H™3(S),

and consequently, operator (72) is invertible if and only if the following operator is invertible

D : HY(Qy) x H :(S) » H'(Q,) X H:(S), (74)
o2 . |re,(BI+N)E ro, [V, + W,MGK,]
D=l = Nt g T v, KIS i WM, | (75)

Further, we apply the Vishik-Eskin approach, developed in Eskin,* and establish that operator (74) is invertible.
The proof is performed in four steps.

Step 1. Here, we show that the operator

Dy =r, (BI+N)E : H'(Q) - H' (@) (76)

is Fredholm with zero index.
In view of (33), the principal homogeneous symbol of the operator I + N, can be written as

Ay, &) _ 4 D&
NGIEE

Since the symbol &y(D1;; y, ) given by (77) is an even rational homogeneous function of order 0 in ¢ it follows that
its factorisation index x equals to zero (see Eskin,*§6 ). Moreover, the operator I + N, possesses the transmission
property. Therefore, we can apply the theory of pseudodifferential operators satisfying the transmission property to
deduce that operator (76) is Fredholm (see Eskin,* Theorem 11.1 and Lemma 23.9; Boutet de Monvel*).
To show that IndD;; = 0, we use the fact that the operators D;; and Dy; ;, where

So(D11;y,8) = So(fI+ N5 9,8) = >0, A©) :=[¢% yeQ, &eR3\{o). (77)

Dius = rﬂz[(l - DI+ t(pI+ N})] E, telo,1],
are homotopic. Evidently D110 = I'and Dy;; = Diy;. In view of (33) and (77),

(1 -DA) + 1t Ax(¥, &)
A

forallt € [0,1],forall y € 52, and for all ¢ € R*\{0}, and consequently the operator D1, is elliptic.

Since &y(D114; ¥, ) is rational, even, and homogeneous of order zero in &, we conclude that the operator Dy, :
HY(Q,) - H'(Q,) is continuous Fredholm operator for all t € [0, 1]. Therefore IndDy; , is the same for all t € [0, 1].
On the other hand, due to the equality D1; o = I, we get IndDy; = IndDy;; = IndDy; = IndDy;9 = 0.

>0

So(D11,53,8) =
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Step 2.Now we show that the operator D defined by (74) and (75) is Fredholm. To this end, we apply the local
principle (see, eg, Eskin,*§19 and §22).

Let U; be an open neighbourhood of a fixed point j € R? and let y/(()j ), (pf)j ) e D(U;) be such that supp wéj ) nsupp qogj )
@ contains some open neighbourhood UJ’. C U;j of the point y,. Consider the operator y/éj 'D qof,j ) We separate two
possible cases: (1) y € Q, and (2) j € S.

In the first case, when j € Q,, we can choose a neighbourhood U ; of the point y such that ﬁj C Q,. Then the operator
y/(()j 'D (pf)j ) is equivalent to the operator y/éj Dy, (péj ), where Dy, is defined by (76). As we have already shown in Step
1, this operator is Fredholm with zero index.

In the second case, when j € S, we need to check that the Sapiro-Lopatinskii type condition for the operator D
is fulfilled, ie, we have to show that the so-called boundary symbol that is constructed by means of the principal
homogeneous symbols of the pseudodifferential operators involved in (75) is nonsingular (see Eskin,**§12). To write
the boundary symbol function explicitly, we assume that the symbols are “frozen” at the point € S considered as the
origin O of some local coordinate system. Denote by Ezfl) () the corresponding “frozen” coefficients of the principal
part of the differential operator A,(y, d,) subjected to a translation and an orthogonal transformation related to the
local co-ordinate system. If the matrix of the transformation of the original co-ordinate system Oy,y,y; to the new
one 0’711'72’13 with O’ = j is an orthogonal matrix A(J) := [Ax(5)]sx3, Which transforms the outward unit normal
vector n'(§) into the vector e; = (0,0, —1)" (the outward unit normal vector to R3), ie, n"(5) = A(j)es, then
y=3+ A, Vy = A®) Vnr and

Ma() = —m(@), @73 = Apk(P) apg (3 Aa(P) = (ATH a2(H)AG) has k.1 =1,2,3. (78)

Evidently, the matrix a,(5) = [afl)

for arbitrary y € S, we have

(jz)]iJ=1 1= AT(9)ax(7) A(P) is positive definite, since a,(§) is positive definite and
~ 1T.02,- ~(2) ~ ~(2) ~ ~(2), ~ - - - - o

Po) =3 @)+ e m+ aé?(y)] >0, a32(5) = Ap3 @ () Ags = (M) () ng(3) = 2(F) > 0,

T2(3,0)) = a) (M np() 9y, = mp( sy () Aig() 0y, = =Aps(7) @) () Aig(3) 9y, = =) (),

due to (78) and (B2).
Further, let us note that the layer potentials can be represented by means of the volume potential (see, eg, Chkadua
et al*)

V,w() = -P,(r*w)(y), yeRN\S, (79)
W, 0(y) = =0, V,(a) nk @) = 0, P, (r* (@) me@)(y), y € R\S, (80)

where y* : Hi_t(S) - Hg‘, t > 1/2is the adjoint operator to the trace operator y, ie, (y*w, h)gr: := (w, v h) for all
h € D(R3). Here, Hg‘ = {f € H*R?) : suppf C S}, and Hg‘ does not contain nonzero elements, when t < % (see
Lemma 3.39 in McLean,*” Theorem 2.10(i) in Mikhailov'7).
In view of (79) and (80), the operator Dy, in (75) can be represented as

Dy; = =V, () + W, (M5 Ko2) = P, (r"y2) + 9, P, (7" (@) e MG Koya)), (81)

and its principal homogeneous symbol due to the above formulas and Remark 6 in Appendix C can be written as
LSKE)

1€ <]

since the principal homogeneous symbol of the operator P, reads as &y(P;&) = —Foe[(drlz)™] = —|&72
Due to the Vishik-Eskin approach, now we have to construct the following matrix associated with the principal
homogeneous symbols of the operators involved in D at the local co-ordinate system introduced above

©(D12; 5,8 = Ria(3,9) = 2@(Vy; €N, E= (€. &), & =(&.&) € RP\(0), (82)

<~ o . | Ru@(@ &  Rp3.é)
RGO = RyGr8) RuGhE | (83)
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where Ry (7, £) is the principal homogeneous symbol of the operator Dy; = fI + N,
Aye) B (D&&
A©) |£]?

R12(7, &) is the principal homogeneous symbol of operator (81) and is given by (82), Ry (J,&) is the principal
homogeneous symbol of the operator N,

R11(3,8) = ©o(D11: 7, ) = Go(fI + N, 7,8) = >0, ¢&eR\{0}, (84)

~(2)/ ~ a0 2
Ay, . a;(Meés — ) 1€
2(7,€) () = M _ ’ 85)
A©) 14
Ry, (7, &) is the principal homogeneous symbol of the boundary operator D,,, which due to (75), (B4), (B5), and (C5)

is written as

Ryi(7,8) :=So(N,; 7,8) =

R &) 1= @o(=V, + [(f — i) + W, 1M Ko 7€)
= @V, 5.8) + = 2 @o((f = I+ W, 5. E)Bo(M;: 5,8

= -3 g,l - 26 -ad ) - lZa(”(y) E]@O(Vm,y,f ). (86)

Below, we drop the arguments j and £ when it does not lead to misunderstanding.
Now, we show that the Sapiro-Lopatinskii type condition for the operator D is satisfied, ie, the boundary symbol (see

Eskin,*§12, formulas (12.25), (12.27))

/ Riz 1w /
Sp(&) = —T1'[ S2L [TH(RL2))(¢") + Ryn(€') 87)
R R
11 11

+)

associated with the operator D does not vanish for 5 # 0. Here, Ru(f’ &) and Rll(é’ &;) denote the “plus” and
“minus” factors, respectively, in the factorisation of the symbol Ry, (&, &;) with respect to the variable &; in the
complex &; plane, while IT* is a Cauchy type integral operator
+00
h(&', n3)dns
Ex+it—ns

—o0

I (h)(©) = —

and IT is the operator defined on the set of rational functions

H(g)(:)——i / g(&' &) dés,

-

where £~ is a contour in the lower complex half-plane orientated counterclockwise and enclosing all poles of the
rational function g with respect to &;.
Denote the roots of the equation A,(¢) = ~(2)§k§l = 0 with respect to &; by r(é ) = a; — iay and Té’) =aq +ia,
where we assume that a, > 0. Then

Ay(&) = aPe8 = al) (& — 1(E)][E — T(@)] = A, (DA (©), (88)
Ay @) =a3 18 -t Ay () =& - (@), (89)
) = a(@) +iaE), @) >0, & eR\(0). (90)

Since A(¢) = |€]2 = A (&) A7 (&) with A( (&) 1= E+i| €|, we get the following factorisation of the symbol Ry; (&),

(+)

oo A o A©
11(‘5) A(H(g) 11(§) = A(—>(§)'

Ri1(E) = R (OR} (©), (91)
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Using formulas (84) - (86) and (88) - (91), we rewrite (87) as

) ® 5 )
sy = (58 -0) 3 (- st S 2= ) )

1 1/ 5 ~(2> )
- m + 5([2,3 ] - lza3l ) —

o ) [—2@0(Vo: N1 = SP) (&) + ST (€) [-2@0(Vui &), (92)

where

Sg>(§,):=_n,[(flz<z§) ﬂ)AH("k)l‘[( 1 A“(&))]_ 1

A AT (©) A©) AT (&) 21¢|
AT©  AY( 1 1
=I1"| ( =2 It - , 93
[(A“@ ﬂA‘“(é)) (A“’@A;)(f))] 21¢'l 3

Sg>(§,)::_H,KAZ(:)_/;)A(”(:) H+<_“fla A“@)]%[( _a(z))_lza(z) a]

A(¢) AV ©) A@) AY©) L e
AY© AV i &y, £
-1’ 2 T+ 3l D) _~(2) _ ~(2) ¢l 94
(35 -7 A“’@) <A<“<(:>A;‘)<:))] 31074 lZ % el o9
With the help of residue theorem, by direct calculations, we find
+c0 +oo
d i d
M (——)(® = = lim / " : = = lim 1
A¥A] R (&)A€ n)E +it=n3) 27 0] (g i) (s = T@E)E + it —15)
— i li / dC _ i . 2ri
= ——— |im — = —— lim p—
27 200 HENE —T@N G +it =) 2T (i | - T@)(E + i+ i1E])
= - 1 ; (95)
A&+ (€N (& +ilE'))
Ay & = 1@) dé 1 & = 1)
| (=) (:)—— S —— = — [ = d¢
KA) <AA>] 20 ) &=ilEl g+ T@N &G +ilE)  2xlilg+r@) ) EHIER
ig| (&) / 1
= S— — - = , 96
27 (i€ + ()] f/ [53 - g+ &+ Iﬁ’lz] a6 = /. g+ 21| (%6)
= A” B S +ild| dés B
I |(C (5 €)= — ,
[(A; >] ) aRe — (@] @€+ 7@ (& +ilZ') " 20a21i¢) + 7@ ) &=
A 2 ! 1 2 3 !
- 2 : _/[ : Nt 2T(§2)r dgs = 2 : — 2»67(25)’ dgs
2728201 + 1@ J L& +7E) G- 27282101 + 7@ ) & -
_ 2f2(&) 2mi _ if . ©7)
27a20i1E ]+ 1@ 27D aQilg] + @)
Therefore, from (93) in view of (95) - (97) and (90), we get
S;)l)(gl) - _ lﬁ _ ﬁ(a2 + |§/|) + ial ﬂ fOI' 5/ 3& 0. (98)

a?[i|e'] + @] ~<2>[a + (o + €]
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Now, we evaluate the function S(z) Let 9(¢) := Za(z) & . Since 7 and 7 are roots of the quadratic equation
1=1

Ay = Za%é = a8 + 29808 + Za && =0,

k=1 k=1
we have
20(8) = -aQ) (r + 7). (99)
Again by direct calculations, we find
e iy, )] = S aga = - i T ) +iad nildns
AV (AT (&) il & -7 27r =0+ J (s + 1D O = 7) (& + it —n3)

) +agle
@+ilEgDE+I1ED

Further, we have

,[<A‘;<5> ~A(”(§)>H< i&ay) )] - 1 / (A;"(a wm) 19 +a|g|

© = * © sy = @ ; , dés
ATEQ) TAT® AY@A) @ 27 ) AT TAY @) GHIEDE +ED
1 18(§)+a(2)|§’|/[ -7 § ]dé _ @ +aRIE  if 19¢) +ag)e] (100)
T2 T+l g+1Er a@E -l 21 a2 Tl

Now, from (94), (99), and (100), we get

~(2)| g1 2 gr
@ o 119(5)+a |~f|_il'9(§)+a 1€’ 1 ~_~(2)_.19(_~f/)
SD &)= 21&| 5(323) T+il] +2[2ﬁ az; —1 1]

9 ~(2) A= _ , =
_ﬂ((2§§)+ T) ﬁ_(f .13 :_lﬂfxz’ oy (101)
J@+i1E) 2@ +ilE) THilE)

Finally, from (92) in view of (98) and (101), we have

Blaz+ &) +ia f 4 ifay

2@+ @+l T

e+ €D + 20285 So(Vo: )] + i 1L = 2285 @0V £)]
a0 [a? + (az + |€'])2]

Sp(¢) = [=2@o(V,y; €]

)

whence the following inequality follows:

o B+ 1EDN + 2085 @V, €] ,
ReSp(&') = — ~(2) <0 for & #0 (102)
S L] + (a2 + €))%

due to the relations (see (C5))
f>0, aZ>0, [&]1>0, a2>0, S(Vui)>0 V& #0. (103)

Thus, the Sapiro-Lopatinskii type condition for the “boundary symbol” Sp, defined by (87) is satisfied and the operator
D in (74) and (75) is Fredholm.
Step 3. Here, we prove that the index of the operator D equals to zero. To this end, let us consider the operator

r,, (BI+NE ro [=Vy + W, MG, ]

PUS|UNIE DRI+ L=V, + (B = ] + WM

(104)

with ¢t € [0, 1], and establish that it is homotopic to the operator D.
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Evidently, D; = D and D;: HY(Q,) x H _é(S) - HY(Q,)xH ; (S) is continuous. First, we show that for the operator
D;, the Sapiro-Lopatinskﬁ condition is satisfied for all t € [0, 1]. The counterpart of the matrix (83) now reads as

< o ._ | Ru@. &) Ri2(7,€)
RGO = RyG. ) Rayns(5.8)

where Rj1, Ry, and Ry, are defined by formulas (84), (82), and (85), respectively, while in accordance with (104)
and (86),

R ((7,€") 1= Go((t = DRI+ t{=V, + [(f = i)+ W, IMG' Ky} 5, &) = tR(3, &) + (¢t = D).

The corresponding boundary symbol associated with the Sapiro-Lopatinskii condition, the counterpart of (87), has

the form
Sp.(¢) = -1 22 (R”)]<¢>+R;2<:’> = [ 2 (S2)] @) + R (7, 8) - (1= 0F
11 Rll Rll

=1Sp(&") — (1 - ),
and due to the inequalities (102) and (103), we have
ReSp (&) =tReSp(E)—(1-0Hf <0 V& £0 Vte[o,1].

Thus, the Sapiro—Lopatinskii condition for the operator D is satisfied for all ¢ € [0, 1]. Therefore, as in the case of
the operator D, it follows that the operator D; : HY(Q,) x H 2(S) —» H'(Q,) x H2(S) is Fredholm and has the same

index for all t € [0,1].
On the other hand, the upper triangular matrix operator D, has zero index since one of the operators in the main

diagonal, —gI : H _é(S) - H _%(S) is invertible, while the second operator, Dy = r,, (BI+N DE : HY(Qy) — HY(Qy)
is Fredholm with zero index as it has been shown in Step 1. Consequently, IndD = IndD; = IndD; = IndD, = 0.
Step 4. Now, we show that the operator D is injective, which will imply its invertibility.

Let U = (i, y)" € HY(Q,) x H _é(S) be a solution to the homogeneous equation

DU =0. (105)
Since the operator D is Fredholm with zero index, there exists a left regulariser Rp such that
Rp : HY(Q) X Hi(S) — H'(Q) x H3(S)
and Rp D = + Ip, where I, is the operator of order —1 (cf, eg, the proof of Theorems 22.1 and 23.1 in Eskin?®),
Tp : HY(Qy) x H3(S) —» HX(Q,) X H3(S). (106)
Therefore, for U = (iiy, ;)" € H(Q,) X H‘é(S) from (105), we have
RpDU=0U+ZpU =0, (107)
and in view of (106) and (107), we deduce
U = (f2. )" € HX Q) x H2(S).
Clearly, by ii, and §, we can construct the vector UQ = (it,, {3, @2, 1, @1, i) € H, a solution to the homogeneous

system (64)-(69). Here H is defined in (56).
Therefore by equivalence Theorem 2 and uniqueness Theorem 1, we conclude that U” is a zero vector. Thus, the null

space of the operator D is trivial in the class H'(;) x H _é(S). Consequently, the operator D : HY(Q,) X H _é(S) -
1
H'(Q,) x H2(S) is invertible, implying that the operator (72) is invertible as well, which completes the proof. O
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For a cut-off function y of infinite smoothness, we have the following result.
Corollary 2. Let a cut-off function y € X° . Then the operators
D : H™(Q,) x H3(S) — H™*'(Q,) x H™3(S), (108)

M : H™'(Q,) x H™3(S) x H™3(S) = H™'(Q,) x H™3(S) x H™3(S), (109)
where the D and M are defined by (75) and (70), respectively, are invertible for all r > —%.
Proof. 1t can be carried out by the word for word arguments applied in the proof of Theorem 3 and using the counter-
parts of Theorems 8 and 10 describing the mapping and smoothness properties of the localised potentials for a cut-off
function of infinite smoothness, which actually coincide with the properties of usual potentials without localisation.

In the final part, Step 4, one needs to apply the fact that the operator (108) possesses a common regulariser for all
r> —% (see, eg, Agranovich®) implying that the null space of the operator D is trivial for all » > —%, which yields that

the operators (108) and (109) are invertible for all r > —%. O
From Theorem 3 and Lemma 2, we derive also the invertibility result for operator (71).
Corollary 3. Let a cut-off function y € X}. Then the operator M : H — T is invertible.

Summarising the above-obtained results, we can make the following conclusions.Consider LBDIE system (50) - (55)
with arbitrary right hand sides,

Bur+ Ny, = Vyyo + Wy =h; in Q, (110)
Niw =V +[(B—wI+W,le,=h, on S, (111)
Kowz2 — Mu@2=hsz on S, (112)

w, —yw1 =hy on S, (113)

@2—@1=hs on S, (114)

U+ Voyr — Wop1 =hg in Q. (115)

Theorem 3 and Corollaries 2 and 3 imply the following assertion.
Corollary 4.
(i) LBDIE system (110) - (115) with arbitrary right hand side data
(R, he) €Y 1= H(Qq) X H(S) X H3(S) X H™3(S) X H3(S) X Hlypp(Q1) (116)
is uniquely solvable in the space

X 1= HY(Q,) X H™3(S) x H3(S) X H™2(S) X H3(S) x (H

10c(§21) N Z(€2)). (117)
(ii) LBDIE system (110) - (115) with arbitrary right hand side data
(hr,- -+ he) € F 1= H"%(Qy; A) X H2(S) X H™3(S) X H™2(S) X H3(S) X H50,,(Qu13 A1)
is uniquely solvable in the space H defined in (56),
H = HY(Qy;A2) x H™3(S) x H3(S) X H™3(S) X H2(S) X (H-(Q13 A1) N Z(Q0).
In particular, under conditions (18), system (50) - (55) is uniquely solvable in the space H.

__Inboth cases, (i) and (ii), the solution continuously depends on the right hand side data provided supphs C Qo, where
Qy is a fixed compact subset of Q;.

Finally, Corollary 4(ii), equivalence Theorem 2, and uniqueness Theorem 1 lead to the following assertion.

Theorem 4. Let conditions (18) hold. Transmission problem £ 14) - (17) ) is uniquely solvable, and the solution continu-
ously depends on the right hand side data provided supp f1 C Qo, where Q is a fixed compact subset of Q;.
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5 | COUPLING OF VARIATIONAL AND NONLOCAL BIE APPROACH

Here, we present an alternative approach for investigation of transmission problem (14) - (18). We apply the nonlocal
approach and reformulate the transmission problem in variational form. To this end, we recall the first Green identity (9)
in 92,

/ [afj) 0, OV — wzkzuzl_)]dx —(THuy, y+vys = — /(Azuz) vdx, V u, € H"°(Qy;A,), ve H'(Q). (118)
Q, Q,

Assuming that a pair (uy,u;) € HY%(Q,;A;) X (Hllo‘f(Ql;Al) N Z(L;)) solves transmission problem (14) - (18) and
implementing the Steklov-Poincaré type relation (48), we reduce (118) to equation

Bu,v) =FWv) V veH(Q,), (119)

where B is a sesquilinear form and § is an antilinear functional defined, respectively, as

Blu, v) 1= / |2600j1120) 30 — xR IV | dix = (! Moty i), 7700, (120)
Q,
B0 1= [ faorRds + (@, 770, (121)
Q,

with @, 1= K, [Pef1 — Mool +wo € H —3 (S). Here, the operators K, M, and ¥, are defined by relations (45) - (47).
We associate with Equation 119 the following variational problem (in a wider space):

e Find a function u, € H'(Q,) satisfying (119).
Let us first prove the following equivalence theorem.
Theorem 5. Let conditions (18) be fulfilled.

@) Ifa pair (uz, u;) € H-%(Qy; A) X (Hllo’co(Ql;Al) N Z(Q1)) solves transmission problem (14) - (18), then the function
u, solves variational Equation 119.
(ii) Viceversa, if a function u, € H!(Q;) solves variational Equation 119, then the pair (uz, u;), where

w1 (y) = Pof1(0) = Vo Ty Uy = wo)(3) + Wo(y Tua — o)), ¥y € Qu, (122)

belongs to the class H°(Q,; A;) X (H-°(Q1: A1) N Z(Q)) and solves transmission problem (14) - (18).

loc

Proof.

(i) The first part of the theorem follows from the derivation of variational Equation 119.

(i) To prove the second part, we proceed as follows. If u, solves (119), then the equation particularly holds for
v € D(£2,), which implies that u, is a solution of Equation 15 in the sense of distributions and evidently u, €
H"(Q,;Az) since f, € H°(Q,) in view of (18). Therefore, the canonical co-normal derivative T u, € H _é(S) is
well defined in the sense of (7).

Further, it is easy to see that function (122) is well defined, solves the differential Equation (14) due to (40) and
(41), and belongs to the space Hllo’co(Ql ;A1)NZ(Q1) in view of (18). Therefore, the canonical co-normal derivative

Tiu € H_%(S) is well defined in the sense of (8) as well.
In order to show that transmission conditions (16) and (17) are also satisfied, we write Green's identity (118) for
u, and arbitrary v € H(Q,) and subtract it from (119) to obtain

(TFuz = K3 Mo(ruz) = @y, y#0)s = 0.

Whence T5u, — K,' Mo(y*iz) — @, = 0o0n S, ie, Tyuy — wo — K' Mo(rTuz) — ' (Yo f1 — Mugo) =0o0n S,
which is equivalent to the condition

]Ccu(T;—MZ - yo) — Mw(}/+u2 -@o)—¥Yofi=0 on S.
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In turn, in view of (45) - (47), the latter implies

T/w—iay"w=0 on &, (123)

where
w = V(T us — wo) = Wo(r Ty — o) — Pof1  in Q. (124)

The function w satisfies the homogeneous equation A;w = 0in , in view of (124) and the homogeneous Robin
condition (123). As in the proof of Theorem 2, we can deduce that y*w = 0and Tw = 0 on S for real & # 0,
implying w = 0in Q,. Therefore, for the function u; defined in (122) by Lemma 5, we have

yu=yuwm+rw=ytuy—g@o,  Truy=Tru + Tfw= T u; —yp,

which completes the proof.

Corollary 5. The homogeneous variational problem (119) (with & = 0) possesses only the trivial solution.

Proof. 1t follows from the uniqueness and equivalence Theorems 1 and 5, respectively. O

Further, we analyse the coercivity properties of the sesquilinear form 2B.
Lemma 3. For the sesquilinear form B defined in (120), there are real constants Ci >0, C’2k > 0, and C;‘ such that
1BV < C llully g, V], Yu,v e H\(Qy),
ReB(u,u) > C; |lull?, . — C;llull? Yu € H' (Qy).

HL(Qy) HOQy)

Proof. The first equality follows from (120) by the Cauchy-Schwartz inequality and the trace theorem. To prove the
second inequality, we use the positive definiteness of the matrix a, = [a(z) 13 Remark 7, and the trace theorem to

) kj k,j=1°
obtain
ReB(u, u) > e llull},,, — 2 llull,, + C1||y+u||;%(s) = Callr*ullZe,
> ey llull,,, = c2llulle,, = Cally ull?, g > erllull?,, ) —eallulZ,, = csllul?,

H2 7 (@)

wherec; > 0, c, = w? max k(x), C; > 0and C, > 0 are the constants involved in (C8), ¢c3 > 0, and § is an arbitrarily
Q‘Z
small positive number. Now, by Ehrling's lemma, cf, eg, Theorem 7.30 in Renardy et al,* for arbitrarily small positive

number e, there is a positive constant C(e), such that

ull . <ellull
H%*’"(Qz)

+ C(e)llull

H1(Qy) HO©y)”

which completes the proof. O

Now, we prove the following existence results.

Theorem 6. Let § be a bounded linear functional on H(Q;,). Then variational Equation 119 is uniquely solvable in the
space H'(Q,).

Proof. By Lemma 3, the sesquilinear functional B;(u,v) = B(u,v) + A(u,v)q, with 4 > |C}| is positive and
bounded below on the space H'(Q;) x H(Q,). Due to the Lax-Milgram lemma, B, defines an invertible linear
operator T; : H ;) — H™(Q,) for 4 > |C;|. Therefore, for arbitrary 4, the operator T, is Fredholm with zero
index (see, eg, Theorem 2.33 in McLean?), since the sesquilinear form A{u,v)q, defines a compact imbedding oper-
ator AI : HY(Q;) — H™Y(Q,), where I is the identity operator. By Corollary 5, the operator T, defined by the
sesquilinear form B(u,v) = By(u, v) possesses the trivial null-space and consequently is invertible, which completes
the proof. O
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Theorem 7. Let conditions (18) be fulfilled. Then transmission problem (14) - (18) is uniquely solvable in the space
H(Qy; A) X (Hy Y(Q1; A1) N Z(Q)).

Proof. If conditions (18) are satisfied, then the linear functional & given by (121) is bounded,
IO < Clll,,, Vv EH (),

which follows from the Cauchy-Schwartz inequality, trace theorem, and properties of the operators K, M,,, and ¥,
defined by relations (45) - (47).

Therefore, by equivalence Theorem 5 and existence Theorem 6 along with uniqueness Theorem 1, we conclude that
the transmission problem (14) - (18) is uniquely solvable. O

Remark 4. From the equivalence Theorem 2 and existence Theorem 7, it follows that the LBDIE system (50) - (55)
possesses a unique solution in the space H defined by (56). However, this does not imply the results obtained in Section
4 concerning neither the invertibility of the localised boundary-domain matrix integral operator generated by the left
hand side expressions in (50) - (55) nor the solvability in the space X of system (110) - (115) with arbitrary right hand
side functions from the space Y (see (116) and (117)). The case is that Theorems 2 and 7 yield unique solvability of
system (50) - (55) with only special form right hand side functions represented by volume and surface integrals (see
the right hand side functions in (50) - (55)).
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APPENDIX A: CLASSES OF CUT-OFF FUNCTIONS

Here, we present some classes of localising cut-off functions (for details, see Chkadua et al ).

Definition 2. We say y € X* for integer k > 01if y(x) = 7(|x|), ¥ € Wf(O, o0) and ¢ 7(0) € L1(0, o).

Wesay y € Xf forintegerk > 1if y € X*, v(0) = 1,and o,(w) > Oforall w € R, where

L0 5 0 for @ € R\{0} , o

‘= « AS = v i d .

oy (w) / 07 (0)do for @=0 . s(@) / 7 (0) sin(ow)do
0

0
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The following lemma provides an easily verifiable sufficient condition for nonnegative nonincreasing functions to
belong to the class X*.

Lemma 4. (Chkadua et al,®® Lemma 3.2). Letk > 1.If y € X5 7(0) =1, 7(0) > Oforall o € (0,0), and 7 isa
nonincreasing function on [0, + o), then y € Xf.

Here are some particular examples of cut-off functions:

k k 2
_ M _ kB x|
21k00) = { (L . ] for |x| <e, () = { (L > ] for |x| <e, 1300 = { (e)xp [ |x|z_52] for |x| <,

for |x| > e, for |x| > e, for |x| > e.

Due to Lemma 4, we have yix € X¥, yox € XX n CF1(R?), and y3 € X2 N C®(R3).

APPENDIX B: PROPERTIES OF LOCALISED POTENTIALS

Here, we collect some theorems describing mapping properties of the localised potentials (25) and (26), and the localised
boundary operators generated by them

V8 = —/P;,(x—y)g(x)dsx, W, 8 = —/[Tz(x,ax)P;,(x—y)]g(x)de, yES. (B1)
s s

Note that V, is a weakly singular integral operator (pseudodifferential operator of order —1), while W, is a singular
integral operator (pseudodifferential operator of order 0).

Remark that if S € C* and a cut-off function y is infinitely differentiable, then the localised potentials and the cor-
responding boundary operators have the same mapping properties as the corresponding harmonic potentials (see, eg,
Miranda * and Hsiao and Wendland**). However, for cut-off functions of finite smoothness, the localised potential oper-
ators possess quite different properties, in particular, their smoothness is reduced and the smoothness exponents depend
on the smoothness of a cut-off function y. Properties of the localised potentials needed in our analysis in the main text
are presented below (detailed proofs can be found in Chkadua et al?*3*).

Theorem 8. (Chkadua et al,** Theorems 5.6 and 5.10). The following operators are continuous
P, 1 H(Qy) » H™(Qy; A), —% <5< % y Xt

Ve HOHS) = H@), 5 <s<k+3, if reXt k=12,

D HST3(S) = HYY(Qu; A), % <s< % if yeX>
w, : Hs‘i(S) - H(Q,), % <s<k- % if yex*, k=23,..

CHH(S) —» HYU(Qy A), % <s<3, if yex}

w

where H(Q;A) = = {u € H(Q,) : Au € H'(Q)).
Theorem 9. (Chkadua et al,*® Corollary 5.12 and Theorem 5.13). Let y € X2, w € H_%(S), and ¢ € H 3 (S). Then
there hold the following relations on S

; R e
y+V}(W =V, 7+W)((P =—up+W,p with u@y) := 2a®

5 O Wm)n;() >0, y €S. (B2)

Theorem 10. (Chkadua et al,*® Theorem 5.14). Let —% <s< % The following operators are continuous,
Y, : H7i(S) » H*3(S), y €X', (B3)
W, Hi(S) > HF3(S), 4 e X2

Moreover, operator (B3) is Fredholm with zero index.
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Remark 5. The principal homogeneous symbols of the boundary pseudodifferential operators V,,, —uI + W,, and
(f — I+ W,,calculated in a local coordinate system with the origin at a point € S and the third axis coinciding
with the normal vector at the point j € S, read as

< g 1 5 gl ~
Go(Vi5.8) = 5 Goloul + Weisif) = =3 La >—-Za@)< )E, (B4)
Bo((p = I + Wi 3.8) = 2|20 - a2) - zZa(”(y) =] ¢ e\ (BS)

where [a(z)(y)] = [Ap(P) apq (y) Agj M3 Rl = = A(H) " a,(7) A(P) is a positive definite matrix and

k,j=1
B = —[a@(y) +a2@ + a2 @1 > 0.

Here, a,(y) = [a; @) (y)]kj L and A(J) = [4x;(7)]3x3 is an orthogonal matrix with the property AG) " n@) = (0,0,-1)7,
where n(y) is the outward unit normal vector at the point j € S. Therefore A,3(3) = —np(5), p = 1,2,3. In view of
(B2), it is evident that > Lal@y) =1 pg(y)a 2(5) Ag3(F) = u() > 0.

APPENDIX C: PROPERTIES OF RADIATING POTENTIALS

The layer potentials defined by (36) and the volume potential (cf (37))
P, f(y) = /F(x— y.o) fx)dx, yeR’
R3
have the following properties (for details see Jentsch et al®).
Lemma 5.
(i) The following operators are continuous
Vit H3(S) » H'@ A1) [H72(S) > HL(Q1.A1) N Z(@1)],

W, : H3(S) > H'(Qy,Ay) [H:(S) - H!

10c(§21,41) N Z() ],
P, : Hp(RY) — H2 (R N Z(RY).

Moreover,
AP, f=f in R’ Jor fEHgomp(R3)-

(ii) Forh e H (Syandge H ; (S), the following jump relations hold true

rVah =y Vol = Volh),  TEVoh= (& 3T+ W)k on S,

inwg=($%1+Ww)g, TfW,g=T;W,g=: L,g on S, (C1)
where I stands for the identity operator, and
Voh(y) 1= — / [(x—y,w)h(x)dSx, yE€ES, (C2)
s
Woh(y) :=— / [T1(y,0y)L'(x = y,@)]h(x)dSy, yE S, (C4)

I'(x, ) is the radiating fundamental solution defined by (38).
(iii) The following operators are continuous,

Y, : H3(S) = Hi(S), W, : Hi(S) = Hi(S), W, :H i(S)— H(S), L. :H:(S)— Hi(S).



CHKADUA ET AL.

s | WILEY

(iv) The operators W,,, and W., are compact, since they have weakly singular kernel-functions of the type O(|x — y|=1),
V,, is a pseudodifferential operator of order —1 with positive principal homogeneous symbol, ©y(V,; y,&') > 0,
and L, is a singular integro-differential operator (pseudodifferential operator of order 1) with negative principal
homogeneous symbol, ©y(L,; y, &) < 0; moreover,

(Lo &) = —[4@o (V3 »,EN7 <0, & €R*\{0}, yeES.

Lemma 6. Let K, and M,, be defined by (45) and (46) with « > 0. The following operators are invertible

K, H:(S) —» H:(S), M, : H:(S) — H 3 (S).

Remark 6. The principal homogeneous symbols of the pseudodifferential operators K, M,,, MK, and K, M.,
calculated in a local coordinate system described in Remark 5 satisfy the relations

Go(Ku 1, &) =1/2, So(My; 3,&") = —[4@o(Vus; . ENI7L <0, (C5)
Go(My' Ko 3, &) = —26¢(Vy; v, &) < 0, (C6)
Go(Kp' My; 1, E) = —[280(Vu; 1, ENTF <0, & € R*\{0}, y€ES. (C7)

Remark 7. The principal homogenous symbols of the operators V,,, M,,, and —KC,, "' M,, are positive in view of Lemma
5(@iv) and Remark 6. Therefore, it can be shown that there are constants C; > 0 and C, > 0 such that the following

inequalities hold (cf, eg, Theorem 6.2.7 in Hsiao and Wendland**)
(W Vow)s 2 Cillwll> . —Glwll* , Yy eH:(S),
H1(S) H2(S)
Moy, w)s > Cillyll>, —Gllwll* ,  Vy € H(S),
H2(S) H2(S)

1
(=Ko Moy, w)s 2 Cillwll?, =GCllwl? , Yy € H:(S). (C8)
HZ(S) H2(S)
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