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1. Introduction

We present a quadratic programming problem arising from a p-version finite element scheme for variational inequalities
applied to a one-dimensional model problem, where we extend the approach in [10]. We approximate the solution of a
continuous minimization problem (1) by a sequence of discrete quadratic programming problems (35), where we optimize
the size of the discrete quadratic programming problems, given by the degree vector p € NI7#! | |7;,| is the number of elements
in the mesh 77,.

We show asymptotic upper bounds for the minimum of the discrete minimization functional J (v), see (35), depending on

the degree vector p € NI7tl, First for a uniform degree distribution, see Theorem 2, and second for an adaptively generated
degree distribution, see Theorem 3.

Special care has to be taken to ensure that the discretization process is first convergent (see Theorem 1), but also efficient,
so that the evaluation of the minimization function is not too expensive. In this scheme the obstacle condition is satisfied
in the Gauss-Lobatto points leading to a non-conforming approximation of the convex subset representing the obstacle
condition. We prove convergence of the approximate solution to the exact solution of the obstacle problem in the energy
norm. For a smooth obstacle our a-priori estimate shows convergence with the rate ©(p~'/?) which we believe to be
suboptimal. Our proof is based on an abstract error estimate for variational inequalities in [7], which has been applied
before only to the h-version with low-order elements (cf. [7,8]). The restriction to the one-dimensional case is for ease
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of presentation. The given scheme and the analysis of the a-priori error estimate can be extended straight forwardly to
corresponding obstacle problems for second order strongly elliptic or monotone non-linear differential operators in higher
dimensions [11], as well as for boundary element methods, see e.g. [13,14].

An alternative to the standard continuous Galerkin method applied here, is the Mortar method, which also leads to
consistent discretization schemes for contact problems, see [16].

We present an a-posteriori error estimate based on hierarchical bases for an enriched space of piecewise polynomials of
degree p 4+ 1. Our estimator is based on the stability of the additive Schwarz operator for a two-level decomposition using
anti-derivatives of Legendre polynomials. We use this error estimator in an adaptive scheme which increases the polynomial
degree of the trial space locally in some subintervals.

Our numerical experiments underline our theory and show better results for the p-version than for the h-version.
Contrary to the suboptimal a-priori estimate we obtain for the p-version a higher numerical rate of convergence than for
the h-version.

The paper is organized as follows: In Section 2 we show the convergence of the p-version for a one-dimensional model
contact problem. Here we make use of the work by Bernardi, Maday about interpolation in Sobolev spaces and by Glowinski,
Lions, Trémoliéres about variational inequalities. The a-posteriori error estimator and the adaptive scheme are given in
Section 3. In Section 4 we comment on the implementation issues of the p-version and present numerical experiments. We
also compare the p-version with the h-version.

2. Convergence of the p-version

LetV := Hj(I) = {v € H'(I), v(£1) = 0}, := (—1, 1). Letf € V/ = H~!(I). Bilinear form and linear form are defined
as

a(u, v) = /u/v/ dx, L(v) == {f,v) Yu,veV.
I
Furthermore, let ¥+ € H'(I) N C°(I) be an obstacle function with ¥ (1) < 0, and let K be defined by

K:={veHj()|v>aeonl}
Then the obstacle problem reads:

1
u=argminj(v), J():= sa(,v) —L(v), (1)
vek 2
or equivalently, find u € K such that
a(u,v—1u) >Lv—u) YveKk. (2)

Since K is a closed convex nonempty subset of V (cf. [8, Proof of Theorem I1.2.1]) it is known from [8, Theorem 1.3.1] that
there exists a unique solution u of (2).
Next we introduce an approximation of (2) by the p version FEM:

Let 7}, be a finite set of intervals e C I withI = Ueer, & e1Ney = PVey, e, € Ty withey # e,. Set h = MaXees;, |e].
The space V can be approximated by the following p version FE space:

Vi = V)" = {w e C°0) | w(&1) = 0 and wj, € Py, (e), Ve € Ty} (3)

using the degree vector p € N4, with the number of elements |7;. In the following we investigate first a uniform degree
distribution, indicated by V), i.e. p. = p, Ye € Tj.

The continuous minimization problem in general cannot be solved exactly. Therefore it can and has to be replaced by
a sequence of discrete minimization problems (arising here from FEM), which depend on the choice of a mesh 73 and a
polynomial degree vector p. The size of the discrete problem is given by N = Zee?h (pe + 1). Our goal here is to minimize
the problem size, by keeping the mesh fixed and choosing an quasi-optimal degree distribution. First, we investigate the
approximation quality for a uniform degree distribution, and later we suggest an additive scheme, which allows for a quasi-
optimal choice of polynomial degrees.

For the approximation of K we introduce the following notations: On the interval I we choose p+ 1 Gauss-Lobatto points,

i.e. the points Sij, 0 < j < p, that are the zeros of (1 — Sz)L;)(S), where L, denotes the Legendre polynomial of degree p.

For these points it is known (cf. [4, Proposition 2.2, (2.3)]) that there exist positive weight factors ,o-p+1 such that

J
— P +1
Vo € Pyp1(D) : Z¢($j)ﬂf = /fi)(()dé“. (4)
j=0 !
With the affine linear transformation Q. : I — € = [a, b] given by

Qe(¢) = T 4+ 22 (5)
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we define the sets of points
Gep = {Q(™) [0 <j<p}.

Gp = Gep-

ecTy
Based on these modified sets of Gauss-Lobatto points the interpolation operator i, , : %) — P, (e) is given by
(iep¥) Q) = ¥ Q&™) 0<j<p
and the global interpolation operator iz; , : C 1) — [P’Th,p(f) by
in oV = ) XelepWie, ¥ € CO(D. (6)
ecTh

Here, x. denotes the characteristic function of e. For the approximation of K we denote the following subset of V,:

Ky :={w € V, |wxk) > ¥ (xk), Xk € Gp}. (7)

Proposition 1. K, is a closed convex subset of V.

Proof. The convexity of K, is trivial. Let v, — v strongly in H(} (I), wherev, € K,and v € H(} (D). With v, (xy) > W (xg) Vx €
Gp, there follows v(xy) > ¥ () Vx¢ € G, and therefore v € K.

The discrete problem reads:
Find u,, € K;, such that

a(up, vp — up) > L(v, —up) Vv, €K, (8)

From [8, Theorem 1.3.1] it follows that (8) has a unique solution. Here, it is worthwhile to note that we have V, C V but we
do not have K, C K, which means that we have to deal with non-conform approximation sets.

The convergence of the solution u, of the discrete approximation problem (8) towards the solution u of (2) is stated in
the following theorem:

Theorem 1. Let v € C°(I) NH'(I) and v < 0 in a neighborhood of —1 and 1. With the above assumptions on K and Ky, there
holds limy, . o [ty — 1y = O with uy, the solution of (8) and u the solution of (2).

Proof. The bilinear form a(, -) is positive definite on V and V,. Thus, it suffices due to Theorem [8, Theorem 1.5.2] to prove
the following hypotheses:

H1 If (vp), is such that v, € K;,, Vp and converges weakly to v as p — oo, thenv € K.
H2 There exists a dense subset x of K and a family of mappings r, : x — K, such that lim,_., r,v = v strongly in V for all
vEX.

H1 is shown in Lemma 1, H2 in Lemma 2.
Lemma 1. If the sequence (v,), with v, € K, converges weakly to v for p — oo thenv € K.

Proof. Consider ¢ € C°(I) with ¢ > 0.For e € 7;, we approximate ¢ by a combination of Bernstein polynomials on the
intervals e € 7y, i.e.

. & oy (x—a\  (b—x\"" k
¢e,p(X) = Be,pd’(") = Z (k> (b — a) (b _ a) Dle (a+ E(b_a))

k=0

and

d’p = Z Xe ¢e.p(x)-

eeTy

Since the Bernstein operators B, , are monotone we have ¢, > 0 and with [5, Theorem 2.3]
plggo ¢ — dplliceqy = 0. 9
For the obstacle function v we define the interpolate ¥, := iz, ,¥. By [4, Theorem 4.2] we know
pliflgo ¥ — ¥pll2qy = 0.

Now, let the sequence (v,)p, v, € K, converge weakly to v.
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Using (9) and ¢ € L°(I) = (L'(I))’, we obtain that

pli)m /(vp —Yp)pp_1dx = /(U — V)¢ dx.
oo J; 1

With Rellich’s embedding theorem (cf. [1, A 5.1]) there follows

lim v, = v strongly in L2(D).

p—>0o0

Note, that since V is closed and convex it is weakly closed, i.e. v € V (cf. [1, 5.10]). Thus, it suffices to show that v >
almost everywhere.
With (4) and the definition of vy, we get foralle € 7,

)4
/ (vp — Yp)pp-1 dx = % > 1wy — ¥p)bp-11(Qe(EPH) P = 0. (10)
e j:0

The inequality follows since ¢,_1(x) > Oforallx € I and (v, — ¥;,)(x)) > Oforall0 < j < p due to the definition of K.
Furthermore it is known that the weights p;, 0 <j < p, of the Gauss-Lobatto quadrature formula are positive.
Combining (9) and (10) we obtain that for all ¢ € C°(I) with¢ > 0

f(v—llf)qbdx >0 Vee Ty,

e

hence v > y almost everywhere onl,i.e. v € K.
Lemma 2. Assuming 1 as in Theorem 1 there exists a dense subset x of K and a sequence of mappingsr, : x — K such that
lim,_, o 7,V = v strongly in V forallv € x.
Proof. Consider x := C{°(I) NK and r, : H}(I) N C°(I) — V,, defined by

rpv = g, pv. (11)
As shown in [4, Theorem 4.5] there exists a constant C independent of v and p such that

v = vl < P~ Ivlli2gy Yo € Ho(D) NH(1)

and thus for all v € x. With (11) it is obvious that r,v € K, for all v € x. Thus the assertion of the lemma is fulfilled if
X = K. This follows with [8, Lemma I1.2.4] if 1/ < 0 in a neighborhood of —1 and 1.

With Theorem 1 the convergence of the p-version is proved without convergence rate.

If we assume higher regularity of the solution u and of the obstacle ¥, i.e.u € Hg (), ¥ € H%(I) we obtain the following
a priori error estimate which proposes a convergence rate of @ (p~'/?). Note, that this assumption is quite natural since
a smooth obstacle iy implies a smooth solution, i.e. u € Hé (I) (cf. [9]). As the proof of Theorem 2 shows, the suboptimal
estimate results from our treatment of the term [|v — uy||;2(; in (14).

Theorem 2. Let u and u, be the solutions of (2) and (8), respectively. Furthermore, suppose u € H§ (I), ¥ € H?(I). Then there
exists a constant C > 0, independent of u and p, such that

= tpllgngy < o2 (Nullzay + W lzay + 1 ) -
Proof. Denote by A : V — V'’ the linear map defined, foru € V, by a(u, v) = {Au, v) Vv € V.Let C; > 0and C; > 0 denote
the constants of the equivalence inequality

2 2
C1||w||H1(I) = a(w, w) = C2||w||H1(]) Vw e V.

Assuming that f — Au € L?(I) we apply directly [7, Theorem 1] and obtain

2 sz 2 2
flu — Up||H1<1) = 2 flu — Up||H1(,) =+ a”f — Aull2y (”U = Vpllizgy + llup — U||L2(l))
1

Vv € K and Vv, € K. (12)
Let v, = iz, pu € K, the interpolate of u € H?(I). With [4, Theorems 4.2 and 4.5] we have the following approximation
properties:

There exist constants C3, C4 > 0 independent of u and p such that

-2
lu = vpllzgy < Gp~* llullgzgy

1
and flu —vpllgigy < Gp™ lullpgzgy-
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We define the new function sup(fi, f2) by sup(f1, f2) (X) := sup(fi (%), fo(x)) a.e. Let v be defined by v = sup(u, — ¥, 0) + ¥
and @by @ = {x e I : up(x) < Yp(x)}. up — ¥plc is a polynomial of degree p on for every element e € 7j. Therefore
u, — Y. can change the sign at most p-times on e. Consequently, @ is the union of a finite number of open subintervals and
sup(up — ¥, 0) is continuous and piecewise a polynomial of degree p, i.e. sup(u, — ¥, 0) € H'.Then we havev € K NH,

We can write v—u, = sup(u,—v,, 0)+¢ —u, = ¥ —yp+sup(uy, ¥,)—u,.Duetou, € K, we haveiz, , sup(up, ¥,) = up
and therefore with [4, Theorem 4.2] that

lv —upllizgy < 1Y — Ypllizgy + |l sup(up, ¥p) — tpll2y (14)
=G P_l 1Y Iy + G P_l | sup(up, Yp) g (15)

Using Theorem 1, we know that there exists a Cs independent of p such that

” sup(upv 1//}))”12.11(1) = ”up”,z.ll(l\(p) + ||Wp||1211(¢) S C52 <||u||12_11(1) + ”1//”12.11(1)) . (16)
Introducing the coincidence set ¥ := {x € I : u(x) = ¥ (x)}, we have

Au=f onQ\¥

and Au=Ay onV¥
by [9, Theorem I1.6.9].

It follows [[Aul% ) = If12,,, + 14V %, < W%, + 1912, and further

If —Aull2gy < 2Ifllizgy + 1Y lg2qy-
Combining the error estimates for the interpolation (13), the consistency (16), and for ||f — Au|| 2, with (12), this proves
the theorem if we define C as
_Ga | 860+6)

c*:
Cc? C

(17)

3. A-posteriori error estimate for the p-version

We will extend the space V; by bubble functions given on each element in 7.
Let L;(t) be the Legendre polynomial of degree j and let v/;(x) = ,/ 2]2;1 f; Li_q(t)dt 2 <j), Yo(x) = % Yi(x) =
%. With the affine mapping Q. as in (5) we define the space
Ve := span{yrep, 11} Ve € T

where ¥, ; := ¥;(Q, ' (x)).

Hence we obtain the following subspace decomposition

Vi = V; @ Vs (18)
where
Vs =Y Ve, (19)
eeTy

and p + 1 denotes the polynomial degree vector with (p + 1), := p. + 1for alle € Fj. Due to (7) the convex subset
Ky11 C Vpyqis given.

LetPs : Viy1 — Vi, Ppe : Vi1 — V, be the Galerkin projections with respect to the bilinear forms a(-, -). Forallu € Vi1
we define P; and P; . by

a(Psu,v) =a(u,v) Yv eV (20)

a(Pseu, v) = a(u,v) Vv e \75, e € Tp. (21)
Finally, we define the two-level Schwarz operator

P:=P;+ > Pre. (22)

ecTh
We use the notation
I llo = aC-, )2
The following lemma states that the condition number of the operator P is independent of p.
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Lemma 3. There holds

Il = IPsvll2 + D IPsevll Vo € Vay (23)

ecTy
independent of p and T,

Proof. Fore, ¢’ € 7 with e N e’ = @ there holds

a(ve, V) =0 Vv, € Ve, v € Vo (24)

due to the disjointed support of e and ¢'.
For all e € 73, there holds

a(Ve, vy) =0 Y, € V3, v, € V. (25)

This follows, because due to the definition of V; the derivative of v,|.(x) is a polynomial of degree p. — 1 and the derivative
of v.(x) is the affine image of a Legendre polynomial of degree p,, therefore the orthogonality property of the Legendre
polynomials leads to

a(ve, vp) = /v;(x)vl/,(x) dx = /vé(x)v“e(x) dx = 0.
1 e

Letv = vp+)_, ve Withv, € Vp, ve € V. foralle € . Due to the definition of the Galerkin projections and the orthogonality
relations we have

a(v,v) = a(v, vp) + Z a(v, ve)

ecTh

G(va, Up) + Z a(Pev, ve)

ecTy

a(Ppv, v) + Z a(Pev, v)

eeTy

= a(Pyv, Pyv) + Z a(Pev, Pev).

eeTy

Let u be the solution of the variational inequality (2) and let uz € V; be the solution of the corresponding discrete problem
(8).
We assume the following saturation condition (see, e.g. [2,3]):

Assumption 1. There exist a parameter 0 < x < 1 such that for all discrete spaces:

lu — upsille < cllu — ujlla.

Theorem 3. Assume that Assumption 1 holds. Then, there are constants ¢y, {, > 0 such that

1/2 1/2
& (65 + Z @fie) < llu—-uslla =% (QI% + Z @§,€> (26)

ecTy ecTy
where
O = ||Psesi1lla (27)

laepr1, Ye,petr1)]

||¢e.pe+l ||a

and ep.1 € Kzq — ug is the solution of the variational inequality

Ope = ||Pe€prilla =

a(epy1, v —e€py1) = L(v — epp1) —aup; v — ep1) Y € K — Up (29)

WithKgp1 —up = {v —up | v € K1)
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Proof. The defect ej,1 := up41 — up € Kpyq — up of the solution to

a(uﬁ+]; v — uﬁ+]) > L(U - uﬁ+]) Yv € I(i,.{_‘l (30)
is given by the solution of
a(ep+1; v — €p1) = L(v — epy1) — aup; v —epy1) Vv € Koy — U5 (31)
(31) is solvable analogously to (8) with the shifted obstacle function ¥ — u;.
We can apply Lemma 3 to obtain
legll2 = 1Psesllz + Y lIPeepyll2. (32)
e€Th
Applying the saturation Assumption 1 we obtain
M=) llu—uplla < llupr1 — Uplla = llegalla = (1 + ) llu — uplla-
Combining this with (32) we obtain the assertion of this theorem with the constants
1

al‘ld ;2 = ﬁ. (33)

§1=1+K

The coarse grid error estimator @; = ||Psep+1 12 has to be computed by solving explicitly the linear system
a(Ppepyq, v) = aleprq,v) Yv eV

to obtain Pye,11 € V;.

The fine grid error estimators @3, € \76 have to be computed by solving the one dimensional linear systems (21), i.e. for
all e € 7, we have to solve

a(Pse€541, V) = a(epy1,v) Yv € V.
Due to Pj c€541 € Ve we have P €51 = WeWe p.+1 and therefore

a(Pp.e€511, Ve per1) = Me@(We pet1, Yepetr1) = (€511, Yepot1)s

a(e511.Ye pe+1)

(Ve pe+1-YVe,pe+1) and

ie e =

a*(€5+1, Ve pet1)

a(Ve pet1s Vepet1)

2
O5 = a(Psepi1, Pyesr1) = a(Ppepi, €541) =

Remark 1. We have to compute the solution of (29) explicitly, because (29) is a variational inequality. The solutions of
variational inequalities do not have the orthogonality property of the Galerkin solution of a usual variational formulation.
In case of a standard Galerkin solution the coarse grid error estimator is vanishing due to the Galerkin orthogonality.

Adaptive algorithm for the p-version: In this section we formulate an adaptive algorithm which uses the error indicators from
Theorem 3 to generate a sequence of locally enriched spaces.
We estimate the global error by

1/2
np = <@g +y @g,e) : (34)

eeT

Algorithm 1. Let the parameters e > 0,0 < § < 1and an subdivision 7, of I and an initial polynomial degree vector py be
given. With V3, we denote the initial test and trial space.
Fork=0,1,2,...

. Compute the solution u, € K, C V), of (8).

. Solve the defect problem (29) for e5 ;.

. Compute the error indicator ®j.

. Compute the local error indicator &; . for each e € 7.

. Compute the global error estimate 3. Stop if n; < €.

. Determine ®;  such that card({e € 7}, : O3, < O3 }) = |Scard(Ty) .

. p-adaption step. If &5, > ©j; ., increase the polynomial degree on e € 7, by 1. This defines an enlarged space
Vi 2 Vi) Goto 1.

NO U WN =
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Table 1
Convergence of the h-version.
i Ni Hu—uillm(,) o G #It CPU (s)
1 15  7.22-1072 - - 17 0.00
2 31 3.60-1072 096 0.96 33 0.00
3 63 1.80- 1072 0.98 1.04 85 0.01
4 127 9.02-1073 0.99 1.09 201 0.02
5 255  4.51-1073 099 1.11 472 0.01
6 511 2.25-1073 1.00 113 835 0.02
7 1023  1.12-1073 1.00 1.14 4401 0.16
8 2047 5.63-107% 1.00 115 8219 0.53
9 4095 2.82-107% 1.00 1.15 23348 2.93
10 8191 1.41.107% 1.00 1.15 59329 14.14
11 16383 7.05-107> 1.00 1.15 141182 65.25

4. Implementation and numerical experiments

For the implementation we define a basis B of V), by the Lagrange interpolation polynomials A.; on the intervals e € 7j
corresponding to the Gauss-Lobatto points QE(EJPH), 0 <j < p. Defining

& — &

0<k<p, ksi §i — &

ME) = VO<k<p

where &, denote the Gauss-Lobatto points on I we have ):f(éj) = §;. Thus with A.;(x) = if(Q;l(x)), Vx € e, and
Lei(x) = 0, Vx € I\g, we can rewrite K, of (7):

Ky =1 D Weikeil wei = ¥(Qe(&)), Ve € Th, 0 5i5p}.

e€Th 0<i<p

Introducing a global counting for the pairs (e, i) such that B = {}; |1 < k < N}, N := dim B and v := ¥ (Q.(&;)) the discrete
problem (8) can be rewritten as a matrix inequality:
Find u € K, such that

@ —uHAu= @ —u)f, Vvek,

where Kp,é,iare defined bygp ={w eRY| wj >y, 1<j< N},[ = (L(kj))1§j§N,andé = (a(Aj, Ai))1<i<N, 1<j<n. This
is equivalent to the quadratic programming problem

u=argmin J©),  J@) = 20" Av—v'f. (35)
vek, = - 2 -
This problem of minimizing a convex quadratic form subject to upper or lower bounds on the variables can be solved by
relaxation methods (cf. [8, Chapter V]) or a generalized conjugate gradient algorithm (cf. [15]), known as Polyak algorithm.
A more modern and also more efficient alternative is the MPRGP-algorithm found in [6].

The matrix inequalities of the following example were solved by the Polyak algorithm. As initial values for the iteration
process we prolongated the known solution u, € V, into uy € Vj,p’ > p, via basis transformation. The prolongation
decreases the time for computation significantly and leads to stable solutions u in spite of the high condition number of
the matrix A.

Example. With ¢ = |x| — 1, x € I, f = 2 the exact solution of (2) is given by (cf. [8, Section I113.3.2])

—x—1 forx<-—3
u={x—1 forx> 1
23

X =3 else.

First we compute the discrete solution of (8) via the h-version. In Table 1 we list the computed values for the experimental
convergence rate

1 Jog(llu — willyrg / 1t = Uil )
log(N; / Ni_1)

1. —Q .
and G =N flu —uillyig)
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Table 2
Convergence of the p-version, h = 2/5.
p Np llu — uplln, ) @i p Ny lu — uplln, a;
2 9 5.2701-1072 4 19 8.1986 - 103
5 24 1.0758 - 1072  —1.734 7 34 3.8914-103  —1.331
8 39 5.2139-1073  —1.541 10 49 2.3912-103 —1.365
11 54 3.2205-103 —1.513 13 64 1.6640- 1073  —1.381
14 69 2.2411-103  —1.503 16 79 1.2474-1073  —1.388
17 74 1.6752-10>  —1.499 19 94 9.8273-107%  —1.387
20 99 131371073  —1.496 22 109 8.0246-107%  —1.382
23 114 1.0662- 103  —1.493 25 124 6.7324-107%  —1.373
26 129 8.8824.107%  —1.490 28 139 5.7694-107%  —1.362
29 144 7.5517 -107%  —1.486 31 154 5.0294-107%  —1.348
32 159 6.5270 - 1074  —1.481 34 169 4.4463-107%  —1.333
35 174 5.7187-107%  —1.475 37 184 3.9774-107%  —1.318

38 189 5.0685- 1074 —1.468 40 199 3.5936- 1074 —1.301
41 204 4.5370- 1074 —1.458 43 214 3.2747 - 1074 —1.284
44 219 4.0966 - 1074 —1.446 46 229 3.0063 - 1074 —1.268
47 234 3.7276 - 107 —1.431 49 244 2.7777 - 1074 —1.251

h-version, p=1 —+—
p-version, h=2/3
p-version, h=2/5 ----x---
p-version, h=2/7 &
0.1 | 0.7*x**(-5./4) i
£ .
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T
£
S
o 0.001 ]
0.0001 | ]
1e-05 . ) ‘ ‘
1 10 100 1000 10000 100000

degrees of freedom N

Fig. 1. Convergence of the h-version and of the p-version for different mesh parameters h.

we also give the total iteration number ‘#It’ for the Polyak algorithm and the cpu-time ‘CPU(s)’ for the solver. The stopping
criterion for the iterative solver was [|x*t1 — xK[l, < 10719||x]l-.

For the p-version we define 7;, := {]—1+4 (i — 1)h, =1 4+ ih[, | 1 < i < 2/h}. The errors and the experimental conver-
gence rate for h := 2/5 are listed in Table 2, in the left part p runs from 2 up to 47 with step width 3, and in the right part
p runs from 4 up to 49 with step width 3. Fig. 1 shows the results for h := 2/3, 2/5, 2/7 with p up to 63. The oscillating
errors of Fig. 1 are due to the non-conformities K,11 € K, € K. Thus, we do not obtain a strict convergence in the sense
of lu — upr1llgrgy < llu — upllyr, but we observe a 3-step structure, see Table 2, where we can compute a numerical
convergence rate. Nevertheless, Table 2 and Fig. 1 confirm

lu — ungup gy < 0.7N(h, p)™>/* < 9 (p™>%)

for different mesh parameters h and a better convergence rate than in the case of the h-version concerning the number of
unknowns N (h, 1) and N (h, p), respectively.

Due to our discrete formulation our basis functions are necessarily Lagrange polynomials in Gauss-Lobatto points. In
Table 3 we give the extreme eigenvalues and condition numbers for the resulting stiffness matrix of the p-version with
h = 2/5. The condition number grows « () ~ O (p°/?).

The computations have been performed with the research framework Maiprogs [12] using a Intel i7-3820QM machine
with 2.70 GHz, 4 cores and 16 GB main memory.
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Table 3
Eigenvalues Amin, Amax and condition number « of the p-version, h = 2/5.
p Np Amin Amax K p Np Amin Amax K
2 9 049242  25.85 5.250- 10" 4 19 024639  70.58 2.864 - 10%

5 24 0.19710  97.54 4.948 - 10? 7 34 0.14076 1734 1.232-10°

8 39 0.12315 2214 1.798-10° 10 49 0.09851 3334 3.384-10°
11 54 0.08955 398.5 4.450-10° 13 64 0.07577  546.6 7.214-10°
14 69 0.07036  629.6 8.949-10° 16 79 0.06156  813.5 1.322 - 10*
17 84 0.05794 9144 1.578-10* 19 94 0.05183 1134.0 2.188 - 10*
20 99 0.04924 1252.0 2.544.10* 22 109 0.04476 1507.0 3.368 - 10*
23 114 0.04282 1644.0 3.840-10* 25 124 0.03939 1935.0 4.913-10*
26 129 0.03788  2089.0 5.517-10* 28 139 0.03517  2416.0 6.869 - 10*
29 144 0.03396  2588.0 7.622-10* 31 154 0.03176  2950.0 9.287 - 10*
32 159 0.03077 3140.0 1.020-10° 34 169 0.02896  3538.0 1.222 - 10°
35 174 0.02813  3746.0 1.331-10° 37 184 0.02661 4179.0 1.570 - 10°
38 189 0.02591 4404.0 1.700-10° 40 199 0.02462  4873.0 1.980 - 10°
41 204 0.02401 5117.0 2.130-10° 43 214 0.02290  5622.0 2.455 - 10°
44 219 0.02238  5883.0 2.629-10° 46 229 0.02140  6423.0 3.000- 10°
47 234 0.02095  6702.0 3.199-10° 49 244 0.02009  7278.0 3.621-10°
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