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Abstract 

This paper outlines a novel meanline off-design model to predict the performance 

characteristics of a radial inflow turbine that operates with ideal and real working 

fluids. Experimental data available in open literature were used for validation, 

including radial turbines that operate with both ideal gas (air) and real working 

fluids (R123). Initially the differences in the expansion process between ideal and 

real fluids on a thermodynamic base are highlighted. Then, the proposed meanline 

off-design model is calibrated for a few selected points and validated against 

experimental data for both air and R123. The comparison between the predicted 

and measured results presented errors less than 10% for both ideal and real gas 

fluids. Finally, the predicted air turbine was simulated with a real gas fluid. 

Relative to air, operation with R123 revealed that the peak efficiency is 12% lower 

and occurs at 70% lower rotational speed. The proposed methodology gives 

insights for accurate model-based design of organic Rankine cycle (ORC) systems, 

as the radial turbo expander is the most crucial and expensive component of such 

heat recovery systems. 
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Highlights 

 Presentation of a novel off-design method to predict radial inflow turbine 

performance 

 Effect of employed working fluids on radial inflow turbine performance 

 Proposed method combines 0D modeling with low computational cost and 

high accuracy 

 Demonstration of accurate prediction of expander off-design performance 

for various working fluids 

Nomenclature 

1-5 Stations shown in Figure 1 Subscript  

a Speed of sound [m/s] b back face 

A Area c corrected 

b  blade height [m] hyd hydraulic 

BK Blockage factor [-] opt optimum 

C  Absolute velocity [m/s] r radial, rotor 

Cf Friction factor [-] rms root mean square 

Cm Meridional velocity [m/s] s  insentropic, stator 

Cθ Tangential velocity [m/s] t tip, total 

Ca Axial coefficient [-] vol volute 

Cr Radial coefficient [-] x axial 

d diameter [m]   

h Enthalpy [kJ/kg] Greek  

Ka Discharge coefficient of the axial component [-] μ Viscosity [Pa.s] 

Kr Discharge coefficient of the radial component [-] η Efficiency [-] 

Ka,r Cross coupling coefficient of the axial and radial components [-] β Relative angle [deg] 

l length [m] δ Deviation angle [deg] 

M Mach number [-] ε Clearance [m] 

�̇� Mass flowrate [kg/s] ρ Density [kg/m3] 

N Rotational Speed [rpm] α Absolute flow angle [deg] 

o Throat opening [m]   

P Pressure [kPa]   

r radius [m]   

Re Reynold number [-]   

s Entropy [kJ/kg.k]   

T Temperature [K]   

U Tip speed [m/s]   

w Relative velocity [m/s]   

W work [kW]   

z Axial length [m]   
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1. Introduction 

Transportation is responsible for about one third of global CO2 emissions 

[1], while road transportation accounts for the great majority of energy 

consumption (∼85%) and consequently the majority of greenhouse emissions [2]. 

Improving the thermal efficiency of internal combustion engines by reducing the 

waste heat losses such as heat transfer, exhaust waste heat and pumping losses 

are the main topics of current research.  

Radial inflow turbines appear as the main tool to improve energy efficiency 

of automotive powertrain systems. Turbocharging, downsizing, turbocompounding 

and more recently organic Rankine cycles are the main applications of a radial 

turbine in the powertrain of a vehicle. Twin turbo, twin scroll and variable 

geometry turbines are some of the most popular technologies being applied in 

turbochargers to support engines downsizing and improve engines efficiency [3]–

[6]. 

Considering that substantial fuel energy is dissipated in forms of heat in 

internal combustion engines[7], it is essential to reuse this wasted heat in order 

to improve fuel economy and reduce exhaust emissions. Technologies of reusing 

wasted heat are called waste heat recovery technologies. Lately, ORC systems 

gain lots of attention as a waste heat recovery technology appropriate for low to 

medium heat sources. This is due to the attractive combination that ORC systems 

can provide such as high thermal efficiency, affordability for engine exhaust WHR 

[8], no increase in pumping work [9], and simple and compact structure [10]. 

Several studies in open literature cited that applying ORC systems in ICEs is 

found to significantly improve the BSFC [11]–[13] and engine exhaust emissions 
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[14], [15]. Since they have significant effects on the overall cycle’s performance and 

cost [16], design of an appropriate expander and selection of a suitable working 

fluid should receive ‘’the lion’s share’’ of the attention when designing an ORC 

system [11], [17]–[22].  

Expansion machines are classified into two main types; namely, turbo-

expanders and volumetric expanders. Selecting the appropriate expander strongly 

depends on working conditions, type of working fluid and space and weight 

restrictions [23]. Other factors should be considered such as power output, 

isentropic efficiency, lubrication requirements, reliability cost, leaking, noise and 

safety [24][25]. Generally, turbo-expanders are preferred when converting the 

extracted power to electricity while reciprocating expanders, due to their flexibility 

of operation, are preferred when the extracted power is coupled directly to the 

crankshaft [26]. Compared to turbo-expanders, volumetric expanders are usually 

heavier and bulkier [27]. In addition, they are used at low power outputs due to 

the limitation of the their rotational speeds [28] and in most applications a 

lubrication system is required that increases system complexity [23]. Turbo-

expanders, on the contrary, are preferred due to their high power outputs and 

efficiencies, simpler design and the non-requirement for a lubrication system. 

Turbo-expanders are mainly classified into axial and radial turbines. Axial 

turbines are commonly used with high flow rates and low-pressure ratios. The 

reason for this is that, at low mass flow, the blades of an axial turbine become very 

small, making it difficult to maintain small tip clearance, resulting in a significant 

drop in efficiency [29]. Radial turbines, on the other hand, are less sensitive to 

blade profile [30][31] and used with high pressure ratios and low mass flow rates 
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[32][33] which make them practical when used in ORCs. According to Sauret and 

Rowlands [31], radial turbine inflow turbines are preferred over axial ones due to 

their robustness under increased blade loading, simpler manufacturing and 

improved dynamic stability. In addition, radial turbines can accommodate 

expansion ratio up to 9 in a single stage, while axial turbines would commonly 

require three stages to handle such an expansion [34]. 

Although the ORC system is a promising waste heat recovery technology, 

its cycle efficiency is low due to the low working temperature. Therefore, designing 

an efficient turbine and predicting its performance are of great importance to avoid 

further efficiency reductions. In addition, thermodynamic properties of heat 

sources are unstable [35][36], which makes the prediction of the turbine 

performance at different operating conditions even more important at the early 

phase of the design. In recent studies, CFD has been used extensively in predicting 

turbine performance as in [16], [37]–[54]. However, simulations using CFD have 

high computational cost and require expensive computer resources. Moreover, 

errors due to the finite difference approximations and the not well-known physics 

are common in CFD [55]. Another issue of using CFD in turbomachinery is that 

the accuracy of CFD is limited in highly turbulent flows [55], [56]. Therefore, 

predicting the off-design performance using a fast and accurate 1D model is a vital 

part during the design process. 

The output of off-design codes is basically the characteristic curves of 

performance maps. These maps are then used to provide an estimate of turbine 

efficiency and power output at various inlet conditions and rotational speeds. In 

open literature, there are a number of off-design codes that are applied with air 
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(ideal gas) as working fluid. Jansen and Quale [57] presented a performance 

prediction methodology of radial turbines. Their results were in satisfactory 

agreement with the experiments. However, the authors stated that this 

methodology is preferred for pressure ratios up to 4 and under subsonic conditions. 

In 1968, Dadone and Pandolfi [58] conducted an off-design procedure for both 

small and large-size turbines.  The results were in fairly good agreement with the 

experiments except at high expansion ratios and low equivalent speeds where a 

small discrepancy was noticed. NASA [59], [60] also conducted studies with off-

design codes and their results were in good agreement with the experimental 

results. There are also other performance prediction procedures such as [61]–[64]. 

However, all the aforementioned methodologies are applicable when using ideal 

gas as the working fluid. For highly dense fluids such as organic fluids, the 

thermodynamic properties are different from ideal gas ones. For instance, organic 

fluids have high molecular weight, low boiling points and low speed of sound. 

Furthermore, ORC radial turbines present high expansion ratios and high Mach 

number at the stator exit due to the rapidly changing specific volume that results 

in supersonic flows.  

This paper presents a novel meanline off-design model that can be employed 

to simulate ORC radial turbines. Once the geometry is imported, the model can 

accurately and with low computational cost calculate the performance curves of 

the expander for any real gas working fluid. Compared to air turbine models, the 

proposed model can contribute to the accurate simulation of the transient 

operation of ORC systems and utilized for the optimum selection of the working 

fluid. As far as the authors are aware, this is the first publicly available study 
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where the proposed model is validated against a real gas turbine experimental 

data. It is worth mentioning that this paper also highlights the differences on the 

expansion process when working fluid switches from ideal (air) to real gas (R123) 

for the same expander geometry. 

2. Meanline Off-Design Model 

The modeled stations and components are depicted in Figure 1. A single stage 

turbine consists of three main components: the volute, the stator and the rotor. 

The flow first enters the volute and gets accelerated and distributed uniformly 

around the periphery of the turbine. Moreover, the tangential component of the 

velocity increases before entering the nozzle vanes due to the reduced cross-section 

area, and flow is distributed evenly around the periphery of the stator inlet. After 

leaving the volute, the flow enters the stator vane where the fluid is further 

expanded and turned to enter the rotor blades in the optimum direction with the 

necessary tangential velocity. Finally, the fluid enters the most critical component 

of turbine, the rotor, where the fluid is further expanded converting the kinetic 

energy into shaft power. 

The proposed model is based on the assumption that the fluid properties are 

constant on a plane normal to its direction of motion and thus vary only in one 

direction that follows the geometry of blades on the mean streamline, Figure 1. At 

each station, the continuity equation is used as the control point where 

convergence should be achieved. Moreover, a detailed losses model from open 

literature is applied to investigate the real turbine performance. It has to be 

mentioned that the presented losses submodels have been validated against air 
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data and their applicability on real gas conditions has not been validated by other 

studies. However, in this study these losses submodels are utilized and calibrated 

against real gas experimental data for subsonic conditions. Further research on 

losses mechanism is performed in parallel by City University of London [65] 

(EPRSRC Grant number EP/P009131/1). 

The model starts by importing the turbine geometry and the 

thermodynamic conditions of the working fluid at the stage inlet. In addition, the 

optimal relative flow angle, 𝛽4,𝑜𝑝𝑡  and deviation angle of stator 𝛼𝑠 are considered 

as modelling parameters with specified default values as outlined in the next 

sections. Figure 2 briefly outlines the flow charts of the methodology. The 

modeling of each component is detailed in the next sections. 
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Figure 1: a) Meridional view of the turbine stage; and b) h-S expansion diagram. 

 

 

 



 

10 

 

 

 

Figure 2: Flowchart of the proposed meanline off-design model for unchocked conditions. 
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2.1 Volute Model 

At volute inlet, the absolute velocity 𝐶1 is given an initial value. Static enthalpy is 

then calculated using the definition of total enthalpy, equation (1). The other 

thermodynamic properties are subsequently calculated using the EoS, equation 

(2). The process is repeated until convergence is achieved in equation (3). 

 

ℎ1 = ℎ01 −
𝐶1

2

2
 (1) 

{ℎ1, 𝑠1 = 𝑠01} = 𝐸𝑜𝑆 (𝜌1, 𝑇1, 𝑎1, 𝑃1, 𝑓𝑙𝑢𝑖𝑑)    
(2) 

𝐶1 =
�̇�

𝜌1𝐴1
 

(3) 

2.2  Stator Model 

In order to calculate the velocity triangle at the stator inlet, an iterative process is 

required to calculate the absolute velocity 𝐶2 until convergence is achieved for 

mass balance equation (�̇�). The volute losses are calculated using equation (4) [66]. 

Consequently, the isentropic static enthalpy ℎ2𝑠 is calculated, using equation (5), 

to obtain the rest of the thermodynamic properties at stator inlet as shown in 

equation (6) and equation (7). The new mass flow rate is then calculated as shown 

in equation (8) and validated with the mass flowrate assumption. 

 

∆ℎ𝑣𝑜𝑙 = 
1

2
𝑘𝑣𝑜𝑙𝐶2

2 (4) 

ℎ2𝑠 = ℎ2 − ∆ℎ𝑣𝑜𝑙 (5) 

{ℎ2𝑠, 𝑆1} = 𝐸𝑜𝑆 (𝑃2, 𝑓𝑙𝑢𝑖𝑑) (6) 
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{ℎ2, 𝑃2} = 𝐸𝑜𝑆 (𝜌2, 𝑇2, 𝑎2, 𝑠2, 𝑓𝑙𝑢𝑖𝑑) (7) 

�̇�𝑐𝑎𝑙𝑐 = 𝜌2𝐴2𝐶2 (8) 

Similar to the stator inlet, stator outlet is resolved in an iterative manner 

until convergence of the mass flow rate is achieved, equation (9). However, 𝐶𝑚3 is 

not yet known. Initially the absolute velocity 𝐶3 and the static entropy 𝑠3 at stator 

exit are assumed. Then, the static enthalpy is calculated using the definition of 

total enthalpy. The other thermodynamic properties are then obtained using the 

EoS as shown in equation (10). 

 

�̇�𝑐𝑎𝑙𝑐 = 2𝜋𝑟3𝜌3𝑏3𝐶𝑚3 (9) 

{ℎ3, 𝑠3} = 𝐸𝑜𝑆 (𝜌3, 𝑇3, 𝑎3, 𝑃3, 𝑓𝑙𝑢𝑖𝑑) (10) 

Continuing the above process, Baines [67] proposed a correlation to calculate the 

absolute flow angle at stator exit 𝛼3, equation (11). The coefficients 𝑎0, 𝑎1, 𝑎2 are 6, 

0.96 and −3.4, respectively [67], and 𝛿𝑠 is the stator deviation angle and it’s a 

calibration parameter. Then, the other velocity components are calculated using 

the velocity tringle at stator outlet.  

{

  𝛼3 = 𝑎0 + 𝑎1𝑐𝑜𝑠−1 (
𝑜3

𝑠𝑣
) + 𝛿𝑠                                                       𝑓𝑜𝑟 𝑀3 > 0.3

     𝛼3 = 𝑎0 + 𝑎1𝑐𝑜𝑠−1 (
𝑜3

𝑠𝑣
) + 𝑎2(𝑀𝑎3 − 0.3)+𝛿𝑠                   𝑓𝑜𝑟 𝑀3 ≤ 0.3

 (11) 

  

In order to validate the first assumption of  𝑠3, the loss model at the stator outlet 

is applied. There are several stator loss models in the open literature such as [68]–

[72]. It is worth mentioning that all these available loss models are either assessed 

empirically, or approximated by means of flat plate and pipe flow fiction relations 
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[61]. Since the loss models in this study are expressed in terms of enthalpy drop, 

the stator loss model proposed by Balje [72] is applied, equation (12). 

∆ℎ𝑠𝑡𝑎𝑡𝑜𝑟 = 4𝐶𝑓 (
𝑙ℎ𝑦𝑑

𝑑ℎ𝑦𝑑
) (

𝐶2 + 𝐶3

2
)
2

 (12) 

where  𝐶𝑓 is the coefficient of friction in the nozzle row. Churchill [73], [74] 

developed a correlation of the coefficient of friction using the Moody diagram as 

can be seen in equation (13). 𝑅𝑒 is the average of Reynolds number between nozzle 

inlet and exit and expressed in equation (14). 

 

𝐶𝑓 =

[
 
 
 
 

(
8

𝑅𝑒̅̅̅̅
)

2

+

(

 [2.457 𝑙𝑛 (
1

[7
1
𝑅𝑒̅̅̅̅ ]

0.9

+ 0.27𝑤𝑟

)]

16

(
37530

𝑅𝑒̅̅̅̅
)
16

)

 

−
3
2

+ 

]
 
 
 
 

1
12

 (13) 

𝑅𝑒̅̅̅̅
𝑛𝑜𝑧𝑧𝑙𝑒 = 

𝐶2𝑏2𝜌2

𝜇2
+

𝐶3𝑏3𝜌3

𝜇3

2
 

(14) 

  

where 𝑤𝑟 is the relative wall roughness and a value of 0.0002 m was used as 

suggested by Aungier [75]. Once the stator loss is calculated, the isentropic 

enthalpy is then calculated as was shown in the volute loss model.  

In ORC turbines, supersonic operation (𝑀3  > 1) is expected at the stator exit 

due to the higher pressure ratio of the cycle and the low speed of sound for organic 

fluids. For  𝑀3  > 1, the flow is choked and the corrected mass flow remains 

constant for any pressure ratio equal or greater than the choked value. In this 

case, the pressure ratio can have infinite number of values at the same mass flow 

rate. When the blade raw is choked at the stator exit, the choked mass flow is kept 

fixed. Then, the velocity triangle is solved using the choking mass flow rate value 

without the need for iteration. 
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2.3  Interspace Modelling 

A small space between the stator trailing edge and rotor leading edge is essential 

for the nozzle wakes to mix out before entering the rotor. Increasing the interspace 

distance will result in higher fluid friction and boundary layer growth whereas 

reducing the interspace distance will result in lower blade row interaction [66]. In 

his CFD analysis, White [76] stated that the reduction of the total pressure from 

the stator trailing edge and rotor leading edge is 1.45% which is sufficiently small 

to justify a constant total pressure in the interspace. According to Li et al.[77], the 

conservation of angular momentum, equation (15), can be applied in the vanless 

space since the swirl coefficient between stator exit and rotor inlet is close to unity. 

Therefore, the tangential velocity at the rotor inlet 𝐶𝜃4 can be obtained. 

𝐶𝜃3 𝑟3  =  𝐶𝜃4 𝑟4 (15) 

2.4  Rotor Modelling 

The rotor is the most significant component in the turbine stage since the 

work transfer occurs in this region. The rotor is divided into two regions; namely: 

inlet and outlet. In the inlet region, the flow is in the radial direction, and axial 

direction at the outlet. The tangential component of the velocity 𝐶𝜃4 at the rotor 

leading edge has been calculated using equations (15). After that, the meridional 

velocity 𝐶𝑚4 is calculated in an iterative manner with a first assumption of  𝐶𝑚4 =

𝐶𝑚3. The rest of the velocity parameters are calculated using the velocity triangle 

as shown in Figure 3. Since 𝑠4 = 𝑠3 and ℎ4 is found from the energy balance, the 
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other thermodynamic properties are found using the EoS. The process continues 

until convergence is achieved in equation (16). 

�̇�𝑐𝑎𝑙𝑐 = 2𝜋𝑟4𝜌4𝑏4𝐶𝑚4 (16) 

 

 

Figure 3: Velocity Triangles at Inlet (left) and Exit (right) of Rotor Blades 

 

The prediction of the velocity triangle, Figure 3, and the thermodynamic 

properties at the rotor exit are not straight forward. Although the rotor exit 

tangential velocity 𝐶𝜃5 is usually assumed zero at the design point, it is calculated 

at the off-design process for more accurate results using the Euler equation, 

equation (17). 

 

∆ℎ𝑎𝑐𝑡 = 𝑈4𝐶𝜃4 − 𝑈5𝐶𝜃5   (17) 

The isentropic and actual enthalpies and the turbine power output are calculated 

using equations (18), (19) and (20) respectively, after specifying an initial value for 

the total to static efficiency  𝜂𝑡𝑠. Since 𝑠5𝑠 = 𝑠01, Figure 1, and the isentropic 

pressure at the rotor exit 𝑃5𝑠 is calculated from the given pressure ratio, the 

isentropic enthalpy ℎ5𝑠 can be found using the EoS. 

 

∆ℎ𝑖𝑠 = ℎ01 − ℎ5𝑠 (18) 

𝑈5

𝐶  

 5

 5
𝐶

𝑚
5
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∆ℎ𝑎𝑐𝑡 = 𝜂𝑡𝑠 ∗  ∆ℎ𝑖𝑠 = ℎ01 − ℎ05 (19) 

𝑊𝑜𝑢𝑡 = �̇�∆ℎ𝑎𝑐𝑡 (20) 

 

The rotor exit velocity triangle is still incomplete. Therefore, the rotor exit relative 

flow angle 𝛽5 is calculated using the equation presented in Benson [78]. Benson 

[78] stated that 𝛽5 should be calculated using the cosine rule at the mean radius, 

while some deviation due to rotor speed may be present. Therefore, the cosine rule 

is applied in the current study and the rotor deviation angle 𝛿𝑟 is defined as shown 

in equation (21). The velocity triangle is now complete at the rotor exit and the 

thermodynamic properties are subsequently obtained using the EOS.  

 

𝛽5 = −cos (
𝑜𝑟,𝑟𝑚𝑠

𝑠𝑟,𝑟𝑚𝑠
) + 𝛿𝑟   (21) 

 

In order to validate the initial assumption of the total to static efficiency  𝜂𝑡𝑠, a 

rotor loss model is implemented in the off-design process as shown in equation 

(22). These losses are briefly presented here , and explained in details in [66]. 

∆ℎ𝑙𝑜𝑠𝑠,𝑟𝑜𝑡𝑜𝑟 = ∆ℎ𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑐𝑒 + ∆ℎ𝑝𝑎𝑠𝑠𝑎𝑔𝑒 +  ∆ℎ𝑡𝑖𝑝 + ∆ℎ𝑤𝑖𝑛𝑑𝑎𝑔𝑒 + ∆ℎ𝑒𝑥𝑖𝑡 (22) 

   

An incidence loss results from the blade loading that causes the fluid to 

enter the rotor at an angle that differs from the optimum one. Equation (23) 

presents the incidence loss.  

∆ℎ𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑐𝑒 =
1

2
[𝑊4 sin( 𝛽4 − 𝛽4,𝑜𝑝𝑡)]

2 
(23) 
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The optimal relative flow angle 𝛽4,𝑜𝑝𝑡   can be calculated using Stanitz correlation 

[79] where the centrifugal compressor slip factor is used. Therefore, it is considered 

as a modelling parameter in the current study. 

Passage loss includes any loss within the blade passage such as secondary 

flow and mixing flow loss. Wasserbauer and Glassman [59] developed an 

expression to predict the passage loss as shown in equation (24).  The coefficient 𝐾 

is given a value of 0.3 as recommended by [59]. 

 

∆ℎ𝑝𝑎𝑠𝑠𝑎𝑔𝑒 = 0.5 𝐾 (𝑊4
2𝑐𝑜𝑠2𝑖 + 𝑊5

2) (24) 

  

An inevitable leakage occurs in the rotor blades from the pressure surfaces 

to the suction surfaces due to the gap between the turbine casing and the rotor. 

The minimum clearance is usually a compromise between manufacturing 

difficulty and aerodynamic requirements [80]. The clearance loss is calculated 

using equation (25): 

∆ℎ𝑡𝑖𝑝 =
𝑈4

3𝑍𝑟

8𝜋
(𝐾𝑎휀𝑎𝐶𝑎 + 𝐾𝑟휀𝑟𝐶𝑟 + 𝐾𝑎,𝑟√(휀𝑎휀𝑟𝐶𝑎𝐶𝑟))  (25) 

   

where 𝐶𝑎 𝑎𝑛𝑑 𝐶𝑟 are the axial and radial coefficient for the tip clearance model and 

they are calculated using equations (26) and (27), respectively: 

 

𝐶𝑎 =
1 −

𝑟5,𝑠ℎ

𝑟4
𝐶𝑚4𝑏4

 (26) 

𝐶𝑟 = (
𝑟5,𝑠ℎ

𝑟4
)

𝑍𝑟 − 𝑏4

𝐶𝑚5𝑟5𝑏5
 (27) 
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Another leakage occurs between the back-face of the rotor and the housing 

with the air trapped in-between causing frictional losses. However, this  gap 

generates higher centrifugal stresses than the tip clearance gaps [81]. The leakage 

is called windage loss and its correlation is shown in equation (28).  

∆ℎ𝑤𝑖𝑛𝑑𝑎𝑔𝑒 = 𝑘𝑓

�̅�𝑈4
3𝑟4

2

2�̇�
   (28) 

   

where 𝑘𝑓 denotes the empirical correlation for frictional torque by Daily and Nece 

[82] and has two different definitions based on the nature of the flow as follows: 

         𝑘𝑓 =
3.7(

𝜀

𝑟4
)
0.1

𝑅𝑒0.5                        for laminar flow (𝑅𝑒 < 105) (29) 

          𝑘𝑓 =
0.102(

𝜀

𝑟4
)
0.1

𝑅𝑒0.2                     for Turbulent flow (𝑅𝑒 > 105) (30) 

Last but not least, the internal energy at the rotor exit is converted into 

kinetic energy and it increases with higher swirl angles. This kinetic energy is 

unusable and therefore considered as an additional loss. Some of the energy can 

be recovered by implementing a diffuser which converts a portion of this kinetic 

energy into static pressure. The prediction of kinetic energy loss is based on the 

equation  (31) as reported in [83]. 

∆ℎ𝑒𝑥𝑖𝑡 =
1

2
𝐶5

2   (31) 

The new efficiency is then calculated as shown in equation (32) and compared with 

the initial guess.  The process is repeated until convergence is achieved.  

𝜂𝑡𝑠 = 
∆ℎ𝑎𝑐𝑡

∆ℎ𝑎𝑐𝑡 + ∆ℎ𝑙𝑜𝑠𝑠,𝑣𝑜𝑙𝑢𝑡𝑒 + ∆ℎ𝑙𝑜𝑠𝑠,𝑠𝑡𝑎𝑡𝑜𝑟 + ∆ℎ𝑙𝑜𝑠𝑠,𝑟𝑜𝑡𝑜𝑟 
   (32) 
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In addition, the mass flow rate is calculated at the rotor exit using equation 

(33) in order to validate the first assumption at the volute inlet. If the two values 

don’t match, a new mass flow rate is assumed and the process starts again. 

Although choking is unlikely at the rotor throat, similar treatment to the stator 

model has been added when choking takes place at the rotor. 

 

�̇�5 = 𝜌5𝐶𝑚5𝐴5 (33) 

3. Experimental Data 

In order to evaluate the reliability of the proposed off-design performance 

estimation methodology, the results of the proposed novel expander model are 

compared with two experimental works available in open literature. These cases 

are selected due to the sufficient geometric data available which can be 

implemented in the MOC, and the reliable and good quality results can be 

obtained. 

Turbine A was tested by Spence et al. [84] with air as working fluid. The tests 

were conducted at a range of turbine speeds between 30,000 and 60,000 rpm, and 

pressure ratios between 1.3 and 4. Seven stator configurations were used in the 

test. All configurations have the same basic blade shape but at different blade 

angle and consequently a different throat area. In the current study, only one 

throat opening (4 mm) is evaluated. 

However, it is important to also evaluate the proposed methodology using real 

fluids. Therefore, the model has also been used to predict the performance of  

Turbine B which was measured by Shao et al. [85] with the R123 (high dense 
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organic fluid) as working fluid and with fixed stator configuration (i.e fixed throat 

opening). Different heat source temperatures were investigated in [85]. The 

isentropic total-to-total efficiency was investigated at turbine speeds from 20,000 

rpm to 54,000 rpm, and pressure ratios from 1.4 to 2.6. In the current study, a 

heat source of 120 C° is selected to validate the results of the model. Detailed 

geometry parameters for both turbines (A and B) are presented in Table 1. In 

addition, Table 2 presents the input thermodynamic parameters for both turbines. 

                Table 1: Geometrical parameters of Turbine A and Turbine B 

Parameter Symbol Turbine A Turbine B 

Nozzle vane number   - 16 17 

Nozzle inlet diameter   𝑟2 152.0 mm 70.0 mm 

Nozzle vane height   𝑏2 10.2 mm 10.2 mm 

Rotor inlet tip diameter   𝑑4 99.06 mm 99.06 mm 

Rotor inlet tip width   𝑏4 10.2 mm 10.2 mm 

Rotor inlet blade angle   𝛽𝑏𝑙𝑎𝑑𝑒,4 0 deg 0 deg 

Rotor blade number   - 11 12 

Rotor exducer tip diameter   𝑟5𝑡 79.0 mm 34.0 mm 

Rotor exducer hub diameter   𝑟5ℎ 30.0 mm 19.0 mm 

Rotor exducer blade thickness   𝑡5 1.6 mm 1.6 mm 

Rotor exit radial clearance  휀 0.4 mm 0.4 mm 

 

 

 

             Table 2: Thermodynamic parameters of Turbine A and Turbine B 

Parameter Symbol Turbine A Turbine B 

Inlet Stagnation Pressure [kPa] 𝑃01 141.86 – 506.63 220 - 440 

Inlet Stagnation Temperature [K] 𝑇01 400 393.15 

Corrected Mass Flowrate [kg/s] �̇�𝑐 0.094 – 0.153 0.019 – 0.07 

Pressure Ratio [-] 𝑃𝑅 1.3 - 5 1 - 4 

Rotational Speed [RPM] 𝑁 30,000 – 60,000 20,000 – 51,000 
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4. Results & Discussion 

This section presents the results of the current study. Firstly, the expansion 

process is studied in terms of the differences between ideal and real gas EoS. Then, 

the proposed turbine model is validated against experimental data where the 

working fluid is air (Turbine A) and R123 (Turbine B). Finally, the proposed model 

is employed to develop a performance map for real gas R123 utilizing the geometry 

of Turbine A. The results are discussed and compared with air data. 

4.1  Expansion Process 

The majority of the off-design methodologies available in open literature 

describe air turbine expansion where air properties are applied. Air is modelled as 

an ideal gas, of which the properties are well described by the ideal gas EoS and 

the assumptions of constant specific heat ratio and supersonic compressibility 

relations are realistic. In ideal gases, the intermolecular forces are negligible in 

which the molecules are faced as perfectly elastic. However, the intermolecular 

attractive forces in real fluids such as organic fluids are non-negligible and the 

ideal gas assumptions introduce a significant error in the calculations. 

Cubic EoS are commonly applied methods that can be utilized to model the 

thermo-physical properties of a real fluid at different conditions of pressures and 

temperatures. The equations determine the pressure of the fluid as a function of 

temperature and specific volume and are called cubic equations as they can be 

written in the form of a cubic function of molar volume. The most common EoS are 

the Standard Redlich Kwong (SRK), Aungier Redlich Kwong (ARK), Soave Redlich 

Kwong (SORK) and Peng Robinson (PR). Redlich and Kwong [86] proposed a 
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temperature dependence approach which improved the accuracy of the Van der 

Waals equation of state. Later, Soave [87] and Peng and Robinson [88] proposed 

additional modifications to the Redlich-Kwong [86] equations of state to more 

accurately predict the vapour pressure, liquid density, and equilibrium ratios. In 

all the above equations of state, the fluid properties such as critical point, specific 

volume, acentric factor and molar mass need to be specified. 

REFPROP is an alternative way of calculating the thermo-physical 

properties of real fluids. REFPROP is a NIST computer program [89] that uses 

advanced equations of state which are more accurate than cubic equations of state 

and can provide an accurate database of the thermodynamic and transport 

properties. The basic properties of the R123 real fluid used in this study are 

presented in Table 3. 

This study proposes a novel off-design method that can be used for both air 

expansion (Turbine A) and real fluid expansion (Turbine B). The operating 

conditions of real fluid expansion (R123) do not exceed an inlet pressure of 5 bar 

while the inlet temperature is about 400K. Figure 4 and Figure 5 illustrate relative 

deviations for pressure and heat capacity (Cp) respectively between ideal gas EoS 

and REFPROP. Within the range of thermodynamic conditions of this work, the 

error on pressure prediction can be up to 20% while heat capacity can be 

underestimated by up to 10%. Moreover both figures demostrate that at higher 

inlet pressure conditions the relative error for both pressure and heat capacity is 

increased exponentially. In fact, radial turbine expanders are operated at high 

pressure ratios, where errors on pressure and heat capacity can exceed 50%. 
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Table 3: Thermophysical properties of R123 

Property Value 

Critical Temperature (Tcr) 456.83 K 

Critical Pressure (Pcr) 3.67 MPa 

Critical Density (ρcr) 3596.4 mol/m3 

Boiling Point 288.3 K 

Molecular Mass (w) 152.93 g/kmol 

Global Warming Potential (GWP) 77 

 

 

Figure 4: Pressure deviation of R123 between ideal gas EoS and REFPROP. 
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Figure 5: Cp deviation for R123 between ideal gas EoS and REFPROP. 

4.2  Model Validation Using Air Data 

The proposed off-design model was initially validated against air 

experimental data (Turbine A). The model is applied to predict the entire turbine 

map under various mass flowrate, rotational speed and pressure ratio operating 

conditions. Calibration parameters are divided into parameters that are 

dependent on the expander geometry and can be applied on the entire turbine map 

and those which are dependent on rotational speed. The most important rotational 

speed dependent parameter was found to be the passage loss coefficient that 

requires one operating point at each constant speed line for calibration while the 

other experimental data are used for model validation. The selected calibrated 

values for the turbine model include the losses mechanism, the blockage factors 

and the parameters for the deviation angle model. The latter is calibrated to 

predict the turbine mass flowrate while all parameters can affect the calculated 

isentropic efficiency. The calibrated values are briefly described in Table 4. Lower 
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passage loss coefficient values were required for higher rotational speeds while at 

low rotational speed higher passage loss coefficient value is applied. Furthermore, 

Moustapha et al. [66] reported that radial inflow turbines present optimum 

performance when the incidence angle lies in the range of −40𝑜 𝑡𝑜 −20𝑜. This 

range was found to match in this case. 

Table 4: Calibration parameters of the model for the case of Turbine A. 

Description Parameter Value 

Optimum incidence angle  -20o 

Stator deviation angle  -0.4o 

Stator blockage factor  0.05 

Rotor deviation angle  0o 

Rotor blockage factor  0.05 

Passage loss coefficient  0.1-0.7 

Prediction of the mass flowrate was initially evaluated. Figure 6 presents 

the comparison between the experimental and predicted corrected mass flowrates 

for different rotational speeds and pressure ratio conditions. Simulation results 

show that the increase of rotational speed leads to higher pressure ratio for the 

same mass flow rate. It is also revealed that the critical mass flowrate is achieved 

close to 5 pressure ratio and over this critical value the turbine is choked. 

The deviation between experimental and simulated values is illustrated in 

Figure 7. Overall, results are in good agreement with the experimental results. The 

maximum deviation is 9% and is observed at the 30,000 rpm speed line and low 

pressure ratio. As pressure ratio is increased, deviation between calculated and 

experimental values is decreased. This trend was found to be consistent for all 

speed lines, where maximum deviation values are observed at low pressure ratios. 
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For typical operating conditions of PR=2.5 and higher, the observed error is less 

than 5% for all tested rotational speeds. The latter indicates that the proposed 

model is appropriate to predict the off-design performance of an air turbine. 

Furthermore, it can also be used to extrapolate the entire turbine map or 

accurately interpolate data at non-measured rotational speed conditions (map 

interpolation). 

The capability of the model to predict the total to static isentropic efficiency 

has been also evaluated. Figure 8 illustrates the comparison between measured 

and simulated total-to-static isentropic efficiency for various pressure ratios and 

rotational speeds. The typical crescent curve shape of isentropic efficiency is well 

predicted by the model, where peak values appear at higher rotational speeds as 

pressure ratio is increased. However it is observed that under all speed conditions 

and in the area of high pressure ratios where the isentropic efficiency drops, the 

error between the model and the experimental data is higher.  

The latter observation is better demonstrated by Figure 9 which shows the 

isentropic efficiency deviation between simulation and experimental values. It is 

shown that error increases at higher pressure ratios. The explanation of this 

deviation can be sought in the experimental data rather than the simulation. In 

this experimental study it was mentioned that some unusually high values were 

observed at high pressure ratios and Mach numbers [84], while similar errors 

between experimental and simulation values where observed in previous studies 

[90]. 
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Apart from the fact that at high pressure ratios experimental error is 

higher, the overall picture of model prediction is quite satisfactory. Average error 

is less than 2.8%. The minimum average error of 0.85% was observed at 60000rpm 

while the maximum average error of 2.7% was observed at 40000rpm Overall, the 

agreement between the predicted and measured values of total-to-static isentropic 

efficiency 𝜂𝑡𝑠 is good over the entire range of operation. 

 

Figure 6: Comparison between the predicted and measured corrected mass flowrate for air data (Turbine 

A). 
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Figure 7: Deviation between predicted and measured mass flowrate for air data (Turbine A). 

 

 

Figure 8: Comparison between the predicted and measured 𝜼𝒕𝒔 for air data (Turbine A). 
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Figure 9: Deviation between predicted and measured 𝜼𝒕𝒔 for air data (Turbine A). 

 

4.3  Model Validation Using Real Gas Data  

The next step of this study is to evaluate the ability of the proposed turbine 

model to reproduce the performance of a radial turbine that operates with real 

gas. Unfortunately, detailed experimental data with real fluids are very limited in 

open literature. Either the expander map without the expander geometry is 

provided, or in most studies the expander geometry is given and accompanied only 

with the design point performance. 

A recent study [85] presents both the expander geometry and off-design 

points of a radial expander operating with R123 as working fluid. In this study, 

the mass flowrate is not measured; instead the generator power driving the 

expander is plotted against rotational speed. For the validation of the model, the 

expander power output can be used instead of the mass flow. The expander power 

output has been calculated by dividing the generator power with a constant 
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efficiency value of 0.9 at all operating points. Total isentropic efficiency and total 

pressure ratio of the expander have been calculated from temperature and 

pressure measurements performed upstream and downstream of the expander. 

The model calibration has been performed by using the air data coefficients 

presented in Table 4, as the R123 experimental data are not detailed. Compared 

to the air data (Turbine A) where the passage loss coefficient was a function of 

rotational speed, in this case the passage loss coefficient was tuned at a fixed value 

for all rotational speeds. The calibrated value is equal to 0.3 as this value 

minimizes the error at the peak efficiency point. The validation between the 

experimental data and the proposed model for both total-to-total isentropic 

efficiency and expander power output is shown in Figure 10 and Figure 11. Peak 

efficiency is predicted at 2500rpm higher than the experimental value while the 

typical efficiency curve is qualitatively well predicted. Furthermore, the expander 

power output is almost linearly increased as a function of rotational speed. 

The errors between experiment and simulation for both isentropic efficiency 

and expander power are depicted in Figure 12. The prediction of the turbine 

isentropic efficiency is satisfactory over the entire range of operation. The 

maximum error of 6.6% is observed at 51,000 rpm followed by a 4.2% error at 

44,000 rpm. A similar picture is presented for the prediction of the expander 

power. The predicted power output match the measured values over the entire 

range of rotational speed and the maximum error of 6.2% is observed at 44,000 

rpm. 
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Figure 10: Comparison between the predicted and measured 𝜼𝒕𝒕 for R123 (Turbine B). 

 

 

Figure 11: Comparison between the predicted and measured 𝑾𝒐𝒖𝒕 for R123 (Turbine B). 
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Figure 12: Deviation between predicted and measured for R123. 

 

4.4  Effect of Real Gas on an air turbine Off-Design Map 

The model validation has shown that the proposed model can efficiently 

calculate the off-design map of a radial expander when the geometry is known for 

any working fluid. The latter can be performed accurately, with low computational 

cost and without the need of expensive experimental tests. Tuning coefficients can 

further improve the accuracy of the model, when experimental data are available. 

To this end, the geometry of the air turbine (Turbine A) has been utilized to 

predict the off-design map of when R123 is used as a working fluid. Significant 

differences between air and R123 such as fluid density, speed of sound and 

viscosity have to be considered when an air turbine is employed as a real gas 

expander. In a recent study, White and Sayma [91] presented an advanced 

similitude theory that can be employed for organic fluids under both subsonic and 
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supersonic conditions. Based on this study, the operating conditions of a radial 

expander are expected to change significantly when working fluid alters. 

The off-design expander efficiency map of Turbine A that operates with R123 

is illustrated in Figure 13. As experimental data are not available for this model 

based analysis, the calibrated coefficients of Turbine A were employed. Figure 13 

shows that the maximum isentropic efficiency occurs at low rotational speed and 

pressure ratios, while the peak efficiency decreases for higher rotational speeds. 

Compared to the air turbine, real gas turbine rotational speed is approximately 

two (2) times lower, which is equal to the ratio of speed of sound for air and R123 

[91]. For rotational speeds higher than 30000rpm, the isentropic efficiency of the 

expander was found poor (>0.2) and is not illustrated. 

Figure 14 presents the corrected mass flowrate of Turbine A that operates with 

R123 as a function of pressure ratio and rotational speed. Compared to the air 

turbine, the corrected mass flowrate was found to be about 2.5 times higher due 

to the higher density of the real fluid at similar thermodynamic conditions. It is 

also shown that at pressure ratios higher than four (4), the expander is chocked. 

However it is expected that the model cannot accurately predict the performance 

of the radial expander that operates with real gas under supersonic conditions, as 

losses submodels are not valid for under those conditions, therefore the area of 

interest is restricted at subsonic conditions. 

The prediction of the mass flowrate of a radial expander that operates with real 

gas fluids can be also valuable in ORC measurements. In typical organic Rankine 

cycle systems, the measurement of the mass flowrate of a real gas at vapour phase 

can be extremely expensive and therefore is omitted. The common practice is to 
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measure the generator power output, and calculate the mass flowrate by assuming 

the generator’s efficiency. The latter increases the experimental error. The 

proposed model can be valuable as it can provide lookup tables of the mass flowrate 

which can run online in data processing, in order to estimate a more accurate 

flowrate based on temperature and pressure measurements at each time step. The 

proposed novel turbine model can also be applied in ORC working fluids 

optimization, especially for systems that operate under transient conditions, as 

each working fluid can lead to a unique off-design expander map. 

 
Figure 13: Prediction of efficiency map for Turbine A using R123. 
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Figure 14: Prediction of corrected mass flowrate for Turbine A using R123. 

 

5. Conclusion 

This study presents the development, validation and application of a novel 

radial expander performance model. The predictions of the proposed model were 

compared with experimental data for both air and real gas under various 

rotational speeds, pressure ratios and mass flowrate conditions. 

The accuracy of the proposed model when predicting the performance of an air 

turbine was tested. The error of the model lied between -2% and 9% for the 

prediction of the mass flowrate while the error on isentropic efficiency lied between 

-4% and 5%. The mean prediction error was found to be less than 5% for both mass 

flowrate and isentropic efficiency under all rotational speeds. 
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Then the model was validated against real gas turbine performance data 

(R123). The maximum error of the proposed model for both isentropic efficiency 

and expander power output was less than 6.5% for subsonic operating conditions. 

It has to be mentioned that as far as authors are aware, this is the first time that 

such an off-design model is validated against real gas data. 

The utilization of the proposed model to develop performance maps for various 

organic fluids has been finally presented. The air turbine was simulated with R123 

as working fluid and the performance maps were presented for the same turbine 

geometry. Utilizing the air turbine geometry with a real gas working fluid results 

a 12% drop on maximum isentropic efficiency while peak isentropic efficiency 

occurs at 70% lower rotational speed. 

Overall, the proposed model can efficiently predict performance maps for radial 

turbines that operate either with air or with real gas fluids with high accuracy 

(within 10% error) and low computational cost. The latter makes this model a 

useful tool for the investigation of accurate transient simulations of organic 

Rankine cycles and the optimization of working fluids. The optimization of 

working fluids for ORC systems under transient conditions, with special focus on 

expanders, is part of the authors’ future work. 
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