A study of logistic classifier: uniform consistency in
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Abstract—Let X be a random variable taking values in a finite
dimensional linear space and Y € {0, 1} its associated label. We
study the case, where conditional distribution p(z) =P(Y =1 |
X = z) depends on z through some linear form 0x. We show
that in this case, under a mild assumption on the distribution p
of X, a maximume-likelihood estimator p, as well as the induced
class of logistic classifiers, are uniformly (w.r.t. p) consistent.

Index Terms—Uniform consistency, logistic classifier, finite-
dimensional linear spaces.

I. INTRODUCTION

E consider the statistical problem of binary classifica-

tion, where the goal is to attach every x from a finite-
dimensional linear space E to one of the two classes, O or
1. Formally, a classifier is a Borel function §: E — {0, 1}.
The pair (z,y), where y € {0,1} is the true class of =,
is considered as a realization of a random vector (X,Y).
We denote the distribution of X by p and the conditional
probability of Y = 1, given X = z, by p(x). The function
p is considered as an element of £!(E, 1), the space of all
p-integrable functions, endowed with the semi-metric

d(p17p2)=/\p1—pgldu.
E

Usually the distribution g of X and the function p
are unknown and are estimated from the training sample
(X1,Y7),...,(X,,Y,). Each estimator p induces a class of
empirical classifiers of the form

if p(z) > u,
otherwise.

where u is the pre-selected threshold. Following [4], we call
an estimate p consistent, if p(X) tends in probability to
po(X), where pg is the true conditional probability. We call
p uniformly consistent, if the convergence is uniform in py.
In our previous work (see [4]) we have proved that the con-
sistency/uniform consistency of p yields consistency/uniform
consistency of the associated classifier gu (see [4] for defini-
tions of consistency and uniform consistency of b).

The notion of uniform consistency is important from the
practical point of view (it is of no use in knowing that
Ppo{d(po,p) > €} < 6 for n > ng, if that ny depends
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on the unknown distribution of (X,Y’)) and may be con-
sidered as the first step in analysis of convergence rate of
estimators. However, to the best of our knowledge, currently
there are no literature that would consider this problem (it
should not be confused with the similar notion meaning that
sup, |p(z) — po(x)] — 0 in probability or almost surely).
While in our previoug work (see [4]) we have proved uniform
consistency of histogram-type estimators, in this work we are
studying the behavior of logistic classifiers. More specifically,
we study the case, where p is known to belong to the set

P(E)={py|0 € FE'},
where E’ is the dual space of F,
po(x) = ¢(0z),

and ¢ is a known link function (i.e. an increasing homeomor-
phism between RU{—o0, 0o} and [0; 1]). The usual choice of
¢ is the logistic link, i.e.

1

9(02) = T o=

Due to technical reasons, we find it more convenient to work
with the set P(E), the set consisting of all functions p with
the following property: there exists (p,) C P(E) such that
() — p(z), for all z. For p,py € P(E) denote

log p(x), ify =1,
mpley) = {1og(1 (), ify=0,
M(po,p) = Ep,mp(X,Y),
M (p) =my(X,Y),
Mp,r (:L’, y) = sup my (LC, y)v
p'EP(E)
d(p’,p)<r
M(po,p,7) = Ep,myr(X,Y),
M,(p,7) =mp,(X,Y),

where E,, is the expectation with respect to the true

conditional probability py and, for any function f(X,Y),

FX,Y) = L&Yt/ Xa¥a) -y (05 4,) and M (po, p)

are better known as log-posterior, given its true label, and
expected log-posterior, given true posterior distributions of the
two populations, respectively. Define

p=arg max M,(p). (D
pEP(E)

The main result of this paper is the following theorem.

Theorem 1. Let the distribution ji of X satisfy the following
condition: for all p € P(E), there exists a set A with



w(A) = 1 and such that, for all x € A and all p' € P(E)
with d(p’,p) =0,
p'(z) = p(x). 2)

Then the estimator p defined as (1) is uniformly consistent,
that is, for all ¢ > 0

sup P, {d(po,p) > e} —— 0.
po€P(E) nTreo

The work is organized as follows. In Section II we prove
that P(E) is a compact set which is a crucial assumption for
our main result. In Section III we establish some properties
of functions M (pg,p) and M (pg,p,r). We follow with the
Section IV, where we prove two uniform versions of the
Weak Law of Large Numbers. Finally, in Section V we prove
Theorem 1 and in Section VI we discuss how restrictive is the
condition on .

1. PROPERTIES OF P(E)

We denote the elements of E’ by 6, each 6 is a linear
functional on E and the value of # at x is denoted by fzx.

Lemma 1. Each sequence (0,,) C E’ contains a subsequence
(0n,) such that, for all x € E, 0,,x has a limit, finite or
infinite.

Proof: If dim E = 0, then E = {0}. If (6,,) C E’, then
6,0 = 0, for all n, because each linear functional maps 0 to
0. Therefore, 6,,x —— 0, for all x € E.

Now suppose thaﬁ?i?omE > 1 and fix any sequence (6,,) C
E’. There are two options:
1) (6,) is bounded, i.e. ||0,|] < ¢ with some ¢ € R.
It is well known that every bounded set in a finite-
dimensional linear space is precompact. Therefore there
exists a subsequence (6,,, ) which tends to some 6 € E’.
Obviously, then 6, = m) Ox, for all x € E.

2) (#,) is not bounded. Define a,, = H‘Z—"H and note that
lan|] = 1 for all n, ie. (a,) is a bounded sequence.

Find ny —— oo such that [|0,,| —— oo and
k—r o0 k— o0

P T @€ E’. Note that ||a|| = 1 and therefore
the set CH = {z | ax = 0} is the hypersubspace of
E:dimH = dimFE — 1 < dimE. Let 6], denote the
restriction of 6,, on H. Then 0, € H'. By induction
assumption there exists a subsequence (6, ) of (67, )
such that 6§

an

x =6]  x has a limit, finite or 1nﬁn1te

Nkl
for all z € H. If x ¢ }—I then either az > 0 and then
)
— m”
Onpy T = HGW, T 10n0 —> oo, or ar < 0 and
)
— m” _
enk(z)aj - Henk()” || ’ﬂk(l)” =00 o0

Lemma 2. P(E) is a compact set in L} (E, ).

Proof: Let (q,) C P(FE). We need to find its convergent
(in L' (E, 1)) subsequence whose limit is some ¢ € P(E). For
all n, there exists a sequence (pp,, | m > 1) C P(FE) such that
DPrm (T) m gn (), for all z. Obviously, then p,,., —

— 00

¢y in LY(E, u). Find m,, such that d(pum, ,qn) < 1/n and

denote p, = Dpm,. By Lemma 1, there exists a sequence
Mk ——— 00 and a function ¢ such that p,, () P q(z),
—00

for all x. Then, by the definition of P(E), ¢ € P(E).
Moreover, p,, —4 in L1(E, i1). Therefore,
e dee]

1
d(Qnm CI) S d(anaPnk)'Fd(inCI) < nik'i_d(pnmq) k—> 07

—00
that is, ¢n,, — q. |
—00
Let S(E’) be the unit sphere in E’ and for all a € S(E’)
kera = {r € E | ax = 0}.

Lemma 1 suggests that p € P(E)\P(E) has the following
form:

0, if a1z <0,
p(z) =< qi(x), if z € Fy, 3)
1, if a1z > 0,

where a; € S(E'), E; = kera; and q; € P(Ey). Then we
have two situations: function ¢; belongs to P(E7), or it is
of form (3) form, but with some as € S(E{), E2 = keras
and qu € P(F,) instead of aj, Ey,q;. We can repeat this
reasoning several times but eventually we will reach a point,
where dim E}, equals 0. Then Ej, = {0} and P(E}) = P(Ey)
contains only one function which maps 0 (the only point of
Ep) to ¢(0) (e.g. to 3, if ¢ is the standard logistic function).

For example, if dimFE = 2, then P(F) contains the
following three types of functions:

pe forfcF,
Pay .0, foray € S(E'), By =kera; and 6, € E,
Day.az.0 fora; € S(E'), Ey =keray, az € S(EY),
where
0, if a;x <0,
Pay,64 (LL') = @(911’), if a1r = 05
1, if aiz >0
and
0, if a1z <0,
0, if ayx =0, asx <0,
Par,a2,0(T) =  ©(0), if ayz =0, agz =0,
1, if a;z =0, asx > 0,
1, if a;x > 0.

III. PROPERTIES OF M

Lemma 3. M(po,p) is an upper semi-continuous function.

Proof: By one of equivalent definitions of upper semi-
continuity (see p. 602 statement B1 from [6]) we need to prove
that

(PonsPn) —— (po,p) = lLim M (pon, pn) < M(po,p).
n—oo n—oo

Suppose the contrary and find (pon, pn) — (po,p) such
n—00
that
nh—>nolo M(pOnapn) > M(pOap)'



Find a subsequence (Ponys Pry.) such that

limg 00 M (pony,» Pny,) exists and equals

lim,, 00 M (pon,Pn)- We can suppose that almost everywhere

Pony, () —— po(2), pn, () —— p(z). Then almost
n—oo n—oo

surely

0 < —my,, (X, Dpon, (X) = my,, (X, 0)(1 = pon, (X))
= (X, 1po(X) = my (X, 0)(1 = po (X)),

which yields, by Fatou’s lemma,

lim EPOn,c (_mpnk (X7Y)> 2 EPO(_mP(X7Y)>7

n—00

m EI)On,C mpnk (X’ Y) S EpomP(X7Y)7

n—oo

Jim M (pon» Py ) < M (po, p)-

We got a contradiction. ]
Lemma 4. The function pg — M (po, po) is continuous.

Proof: Let pyp,, — pg. Note that the function plogp
is continuous in interval [0;1] (if we define 0log0 = 0),
and therefore bounded. Hence by the dominated convergence
theorem, M (pon, pon) —— M (po, po)- u

Lemma 5. M (po,p) < M(po,po), if d(po,p) > 0.

Proof: We use Lemma 5.35 in [7]. Denote the counting
measure on {0,1} by v. If d(p,p’) > 0, then conditional
distributions of Y w.rt. X corresponding to p and p’ are
different which implies that distributions of (X,Y") differ as
well. For any function f

E,f(X,Y)
=E[f(X,1)p(X) + f(X,0)(1 — p(X))]

:/ u(dw)/ f(@ y)ap(x, y)v(dy),
E {0,1}

where
if y=1,

ap(r,y) = {p($)7 ify=0

1 —p(l‘),

that is, ¢,(z,y) is the density of (X,Y) with respect to
w x v. By Lemma 5.35 in [7], po is the unique maximum
of Ep, log q(ﬁ(();?)' It is enough to note that m,(z,y) =
log g,(x,y) which is why

ap(X,Y)
E,, log ————= =E,, 1 X, Y)—E, 1 XY
po 108 qu(X’ Y) Po qup( ’ ) Po qupo( ’ )
= Epomp(X’ Y) - Epomip, (X,Y)
= M(p07p) - M(p07p0)'
Therefore pg is the unique maximum of M (pg, p). |

Lemma 6. For all p, r and (z,y)

sup  my (x,y).
d(p',p)<r
p'eP(E)

myr(2,y) =

Proof: Fix p, r and x. It is enough to prove that

sup p'(z) = sup p'(x), (4)
d(p’,p)<r d(p’,p)<r
p'€P(E) p'€P(E)
inf p'(z)= inf p'(x).
d(p’,p)<r d(p',p)<r
p'€P(E) p'€P(E)

We will prove the first equality, the second is proved analo-
gously. Denote the left hand side of (4) by c and the right hand
side by ¢’. Obviously, ¢’ < ¢ and it is sufficient to prove that
c < . Fix any p' € P(E) with d(p/,p) < r. There exists
a sequence (p,) C P(F) such that p,(a’) — P (2),

for all 2’. Then p, —— p’ in LY(E, u). Fix ng such that
n—oo
d(pn,p") <r—d(p',p) for n > ng. Then for n > ng

d(pn,p) < d(pn,p’) +d@',p) <r
and therefore
d > suppn(z) > limp, (z) = p'(z). (5)

Note that (5) holds for every p’ with d(p’, p) < r. Therefore,
alsoc < ¢. [ ]

Lemma 7. For any p € P(E) and all =,

lim sup p'(x)= sup p'(z).

=0 p'eP(B) p' €P(E)
d(p’,p)<r d(p’,p)=0

lim inf p'(x)= inf p'(2).

=0 p'e P(E) p' €EP(E)
d(p,p)<r d(p’,p)=0

Proof: We will prove the first equality, the second is
proved analogously. Fix p € P(E), « and denote

= sup p'(x), c¢= sup p'(x)
p'€P(E) p'€P(E)
d(p’,p)<r d(p’,p)=0

Since c, decreases, if r | 0, the limit ¢/ = lim,_,g ¢, exists
and we need to prove that it equals c.
Obviously, ¢, > c for all r. Therefore, ¢’ > c. We will prove

the converse inequality. By Lemma 6, there exists p,, € P(FE)
such that d(py,p) — 0 and p,,(x) —— ¢’. Without loss
n—oo n— o0

of generality we can suppose that p,, (') —— p’(z’), for all
_ n—oo
a’, where p’ is a fixed function in P(E). Then p, —— p’
n—oo

in LY(E, ). Therefore, d(p’,p) =0 and ¢/ =p'(x) <c. W
If the condition (2) holds, then it follows from Lemma 7
that M (po, p, 7) —= M(po, p)-

IV. UNIFORM LAWS OF LARGE NUMBERS

In this Section, we present two Lemmas that are the uniform
versions of the Weak Law of Large Numbers. In Lemma 8,
random variables are required to have finite expectations and
the proof is analogous to that of the Khinchin’s theorem (see
[5], Theorem 4.15). In Lemma 9, the expectations of random
variables might be infinite but random variables are required
to be non-positive. The proof of Lemma 9 is analogous to that
of Cramer’s theorem (see [1]).



Recall that a family (Z,) of random variables, where
each Z, is defined in a probability space ({2, Ps), is called
uniformly integrable, if

sup Es|ZS‘1{|Zs\2c} E) 0.
Lemma 8. Let (Z,) be a uniformly integrable family of

random variables and as = E;Z,. Let (Zs;) be a sequence of
independent copies of Zs. Then, for all ¢ > 0,

sup PS{|ZS — as| >eb —— 0.
s n—oo
Proof: Denote b = sup, E;|Z|. First we will show that

b < o0. Since (Z;) is uniformly integrable, there exists ¢ €
[0; 00) such that

sup EslZs|1qz, ¢y < 1.
Then, for all s,
Es|Zs| = Es|Zs|1q12.1<c) + EslZs|1{iz,2e) S e+ 1.
Now fix €, set 6 = g—z and define
g | <
e e

Obviously, (Usn; | @ > 1) is a sequence of independent
identically distributed random variables. Also

VarsUsnl S EsUs2n1 - ESZS21{|Zg|§5n}
< dnb.

Denote ag, = EsUgp1. Then ag, = EsZsl{|ZS\§an}~ Note that
as| = |EsUsn1 - EsZs’
= |EsZs1qiz.5n5

< Es|Zs|1{|Zs\>n6}
<e€/2,

|asn -

for all n > ng, where ny does not depend on s. Then, for all
n > no,

Po{|Usn — as| = €} < P{|Usn — asn| > €/2}

46 €
< b= -.
€2 2

4 - 4
< 5 VaryUsp = —5 VarsUsna
€ ne

Also, by Chebyshev’s inequality,
i=1
1
< gsup Es|Zs|1412,15nsy < €/2,
S
for n > nj, where ny does not depend on s. Therefore, for
n > max(ng,n1),

Ps{’Zs - as| Z 6} S Ps{Zs 7é ﬁsn} + Ps{’ﬁsn - as| Z 6}
<e/2+€/2=c¢.

In the next Section, we use this Lemma with Z, =
My, (X,Y), where py is the true conditional probability. The
family (Z,,) is uniformly integrable because

Epo | mpo (X5 Y) 1 {1m,, (x,v) 2}

= E[log po(X)|1{j10g po (x)>c}Po(X)

+ E[log(1 — po(X))|1{j10g(1—po(x))|>c} (1 — po(X))
<eg

for ¢ > ¢, where ¢y is such that pllogp| < €/2 and (1 —
p)|log(l — p)| <¢e/2 for p < e .

Lemma 9. Let m(z,y) be a non-positive function, satisfying
the following condition: for all py € P(E),

E,,m(X,Y) <a.

Then for all q > a there exists ¢ > 0 such that, for all py €
P(E) and for all n,

Ppo {m(X,Y) > ¢} <e™“".
Proof: For A > 0 denote

My, (N) = Epoe/\m(Xy)a
Ap, (A) = log My, (A)-

These are known as the moment generating function and the
cummulant generating function of m(X,Y"), respectively. We
will use the following properties of the function M, () (see
[3], Section XIII.2):
1) M,,(X) is defined and continuous for A > 0 and
My, (0) =1.
2) My, ()) is differentiable in (0;00) and M, (\) =
Epom(X,Y)erm(XY),
3) MIIJO (A) m Epom(X, Y)
From these properties we get the following properties of the
function A, (A):

1) A, (A) is defined and continuous for A > 0 and
A, (0) =0.

2) Ay, (A) s differentiable in (0; 00) and Al (A) = 57223
3) A, (M) vy E,,m(X,Y).
Step 1. Fix any a < ¢’ < g. First we will prove that
X > 0 Vpo Ay, (N) < A (6)
Suppose the contrary. Then
VA >0 3pg Apy(A) > ¢
Take A = 1/n and find po,, such that
1 /
Mg, (n) >4 7)

Since po, € P(E) and P(E) is compact, without loss of
generality, we can assume that pg,, (X) —— po(X) almost
n—oo

surely. Inequality (7) can be rewritten as

APOn (%) - A;D()n (0) > q/
1/n—0 -

(8)



By Lagrange’s mean value theorem, the left hand side of (8)

equals A}, (A,), where An € (0;1/n). Therefore
M;/)(]n (;\n) = Mp,, (E‘n)Amn (S‘n) > q/an (;\n) > q”»

for n large enough, where a < ¢’ < ¢/, that is,

Eponm<X, Y)e/\nm(X,Y) > q//. ©
Note that

Eponm(X» Y)eX,Lm(X,Y) _ EE;i)nm(Xv Y)eX,Lm(X,Y)’

where E;f) _ denotes the conditional expectation, given X, and

X Anm(X,Y
EX m(X,Y)etmXY) ~
= m(X,0)(1 — pon(X))errm(X0)
+ (X, 1)pon (X)X
— (X, 0)(1 = po(X)) +m(X, 1)po(X)
_ =X
= EXm(X,Y).

Then by Fatou’s lemma,

: X Anm (XY
E lim EY (—m(X,Y)er (X))

n—oo

< lim EE) (-m(X, Y)ernm(X¥ )y

n— oo

X
EE, (—m(X,Y)) )
< lim EEY (—m(X,Y)er X))

n— oo

m E,,, m(X,Y)ermXY)
n—oo

)

< Epom(va) <a< q”»

a contradiction to (9).
Step 2. Find A > 0 such that (6) holds and set c = A\g— A\¢q’.
Then ¢ > 0 and by Chebyshev’s inequality,

Ppo{m(XaY) 2 Q}
= Ppo{m(X17Y1) +-+ m(XYHYn) > nq}
— Ppo{e)\(m(X1,Y1)+~~~+m(Xn,Yn)) > e)\nq}

(VAN
®

—AWJE A(m(X1,Y1)+4m(Xn,Yn))
Poe

IN

n
—Aq Am(X,Y)
e MEp, e

n
e~ A+Ap, (A))

Il
NN N

IN

/ n
A )

—Cn

@

|
In the next Section we will use this Lemma with m(x,y) =

mp,'r‘(xa y)

V. UNIFORM CONSISTENCY

In this Section we prove our main result, Theorem 1. We
precede the proof by two supporting Lemmas.

Lemma 10. For all € there exists € such that for all py,p
with d(po,p) > €

M (po,p) < M(po,po) — €.
Proof: Suppose the contrary. Then there exists ¢ such that

Ve' Ipo Ip (d(po,p) > €, M(po,p) > M(po,po) —€').

Take ¢ = 1/n and find py,, and p,, such that

d(pOnvpn) 2 €, M(pOnapn) Z M(pO*rprn) - 1/n (11)

Without loss of generality, we can suppose that p,, —— p
n—o0
and pg, —— po almost everywhere. By Lemma 4 then
n—

M(pon;pon) —— M(po,po). By (11), d(po,p) > e
Moreover, by Lemma 3, Lemma 8 and (11),

(10)

M (po,p) > n@ M (pon,pn) 2 nlglgo M (pon, pon) = M (po,po)-
This contradicts to Lemma 5. [ |

Lemma 11. Ler the condition of Theorem I hold. Take any €
and let ¢ be as in Lemma 10. Then for all p there exists T
such that, for all py with d(po,p) > €,

M (po,p,r) < M(po,po) — €.

Proof: Suppose the contrary. Then

Hp vr HPO (d<p07p) Z €, M(p()7p77‘) > M(pOaPO) - €/> .
Find such p, take r = 1/n and find py,, such that

M (pon, p, 1/n) > M(pon,pon) — €. (12)

Without loss of generality, we can suppose that pg, — po.
n—oo

d(pon,p) > €,

Metric is a continuous function, therefore, d(pon,p) ——
n— o0

d(po, p). Also, by Lemma 4, M (pon, pon) —— M(po, po)-
Moreover,

M(pORapa 1/”) = EPOnmp,l/n(X’ Y)

= Epon(X) sup IngI(X)
d(p’,p)<1/n
+E(1=pon(X)) sup log(1—p'(X)).
d(p’,p)<1/n
By Fatou’s lemma and Lemma 7,
lim E[po,(X) sup logp/(X)
n—o0 d(p’,p)<1/n
+(1=pon(X)) sup log(l —p'(X))]
d(p’,p)<1/n
<E lim [pon(X) sup logp'(X)
oo d(p',p)<1/n
+ (1 =pon(X)) sup log(l—p'(X))]
d(p’,p)<1/n

= E [po(X) log p(X) + (1 — po(X)) log(1 — p(X))]
= M(po, p),

that is,

JTim M (pon,p,1/n) < M(po, p). (13)

If we calculate limits in (12), we get that

d(po,p) = ¢, lim M(pon,p,1/n) = M(po.po) — €



But by (13) and Lemma 10,
Tim M (pon, p, 1/n) < M(po,p) < M(po,po) — €,

a contradiction. [ |
Proof of Theorem I: Fix some € > 0 and 6 > 0. Denote

B = {(po,p) € P(E) x P(E) | d(po,p) > €},

By Lemma 10, there exists € such that for all (pg,p) € B

M(p07p) < M(p07p0) - 6/'

Then by Lemma 11, for all p there exists r(p) such that for
all (po,p) € B

M (po,p,7(p)) < M(po,po) — €.

The set B is compact and is covered by sets A(p) = {(po,p’) |
d(p’,p) < r(p)}. These sets are open because metric d is
continuous w.r.t. p’ and r(p) does not depend on py. Therefore,
there exist pq, ..., pg such that

B cC Alp1)U---UA(pg).

Choose ng such that, for all n > ng and for j =1,...,k,

1)
sup Py {M,(po) < M(po,po) — €'/2} < o7
po€EP(E)

and

b
sup Py, { M, (pj,7(ps)) = M(po,po) — €' /2} < %
poEP(E)

Fix pg and n > ng and set ¢ = M (pg, po) — €' /2. Then

Ppo{Mn(po) < Mn(pj,7(p;))}
< Ppo{Mn(pO) <q}+ Ppo{Mn(pjrr(pj)) > q}
<4/k.

If (po,p) € A(p;), then

Mn(pO) < Mn(p) < Mn(pj7r(pj))7

where the first inequality holds because p is chosen to
maximize M, (p) and the second inequality holds because
d(p,p;) < r(p;). Therefore,

Ppo{d(poaﬁ) 2 6} = Ppo{(pOap) € B}

k
<> Pu{(po.b) € A(p;)}
P

k

< : Ppo{Mn(pO) < Mn(pj7r(pj))}

< ké/k = 6.

VI. DISCUSSION

We proved that the logistic classifier is uniformly consistent,
provided that the distribution g of X satisfies condition (2).
A natural question arises, how restrictive is that condition. We
can prove that in the case £ = R* condition (2) holds, if I
has a density with respect to the Lebesgue’s measure. In such
a case, p(A) = 0 with any A of zero Lebesgue’s measure.

Since Lebesgue’s measure of any hyperplane is 0, there are
essentially only two types of functions p € P(E): functions py
and functions p, 0. If p = py, then there is no other function
p' € P(E) equal to p almost everywhere: if p' = pg: with
0+£46,

plp=p'} = p{z | 0z =0z} =0,
and if p’ = p, 0, then pu{p = p'} = 0 because p(z) € (0;1)
and p’(z) is equal to 0 or 1 for almost all z.

Now let p = p, 0. If p’ is equal to p almost everywhere,
then p’ is equal to py o almost everywhere. Denote

Cy(d)={z|ax >0, d'z >0},

C_(d)={x|ax <0, a'z <0},
Ci= () Cila),
d(pa/yo,p)zo
c.= (] C.(a)
d(par,0:P)=0

and

c= N

d(pyr,0:p)=0

(Co(a) UC_(a).

Every intersected set is closed and covers suppu. Therefore,
C D suppp and p(C) = 1. On the other hand, C is the union
of three convex sets: C, C_ and {x | ax = 0}. The boundary
of a convex set is of Lebesgue’s measure 0. Therefore, if C° is
the interior of C, then u(C°) = 1. If z € C°, then with any o/,
such that d(p,0,p) = 0, one of the following holds: ax < 0,
a’z < 0orax > 0,a’z > 0.Inboth cases, py 0(x) = pq,o(x).
The simplest example, where condition (2) does not hold,
is the following. Let £ = R? and p be the distribution of the
random vector X = (1,cosT,sinT), where T is distributed
uniformly in [0; 2] (see Figure 1). Let p = p, o, Where

ar = —x; for x € R3.
In other words,
0, if 1 >0,
p(x) =< 1/2, if z1 =0,

1,  ifa <0

It is obvious that almost surely p(X) = 0.
For all ¢ € [0;27] let p} = pq, 0, Where

arx = (—x1 + xy cost + x3sint)/V2.
In other words,

0, if —x1 + xocost+ x3sint < 0,
1/2,
1, if —x1 + xocost + x3sint > 0.

pi(z) = if —x1 + xo cost + wgsint = 0,



Let x5 = (1,coss,sins) for s € [0;2x]. If s # t, then
pi(xs) = 0 because

—1+cosscost +sinssint = —1+ cos(s — t) < 0.

Therefore, almost surely p}(X) = p(X). On the other hand,
pi(z¢) = 3 because

—1+cos®t +sin’t = 0.

Therefore,
pi(we) = 1/2 # pla).

Example of when condition on p doesnot hold

Fig. 1. Example of the situation, where condition on p does not hold. At
the point z in the plot, p}(z) # p(z).

To sum up, we could not prove uniform consistency of
a logistic classifier, without putting any restrictions on the
distribution ¢ of X. Given that in our previous work (see [4])
we have proved the uniform consistency of histogram type
classifiers and no restrictions were needed, an open question
remains, whether a class of logistic classifiers is not uniformly
consistent, in general, or its uniform consistency can be proved
in some other way.
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