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ABSTRACT

The interfacial bond behavior plays a significant role in determining the load transfer
performance of anchor systems. Numerous analytical models have been proposed to
investigate the pull-out behavior of grouted anchors, but no closed-form three-dimensional
solution has been derived for the pull-out response of anchor systems with respect to
interfacial bond failure. By considering the bond failure at the anchor-mortar interface, this
paper presents a three-dimensional analytical model for predicting the pull-out response of
grouted anchors based on a tri-linear bond-slip model. Specifically, the closed-form

expressions are derived for the axial displacement, axial stress, and shear stress of the anchor
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and concrete, the load-displacement relationship of the anchor, and the interfacial shear stress
at various possible pull-out stages. Furthermore, the load-displacement relationships and
interfacial shear stress distributions are analyzed for different bond lengths during the whole
pull-out process. The validity of the three-dimensional model is verified with experimental
results collected from the literature. Through a systematic parametric study, the effect of bond
length on the ultimate load and load-displacement response is investigated with the proposed
model. It is shown that the ultimate load increases with the increase of bond length
significantly before a critical bond length is reached but thereafter at a smaller and steady rate.
Moreover, a longer bond length improves the ductility of the anchorage and the snapback
phenomenon in the load-displacement response is dependent on the bond length, while the
intensity of snapback increases with an increase in bond length. The proposed model is
capable of better understanding the debonding mechanism and can be employed by engineers
and researchers to predict the ultimate load capacity and load-displacement response of

anchor systems.

Keywords: Anchor system; Interfacial shear stress distribution; Ultimate load; Load-

displacement relationship; Analytical solution.
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Nomenclature

Aig, B1.g, C1.9, D19 coefficients We axial displacement of concrete

a radius of anchor W axial displacement of mortar

b inner radius of concrete Ws axial displacement of anchor

Ec Young’s modulus of concrete A axial displacement at loading point

Es Young’s modulus of anchor ) slip at anchor-mortar interface

G shear modulus of mortar do slip at the free end

Gc shear modulus of concrete o1 slip at anchor-mortar interface

Gs shear modulus of anchor corresponding to z

h outer radius of concrete 02 slip at anchor-mortar interface

L bond length corresponding to zr

Leri critical bond length 03 a hypothetical slip which is much

Le elastic length larger than o>

Lt frictional length oL slip at the loaded end

Ls softening length e Poisson’s ratio of concrete

Lsc critical softening length Us Poisson’s ratio of anchor

Lsn minimum bond length that oc axial stress of concrete
exhibits snapback os axial stress of anchor

Ly minimum bond length for T shear stress at anchor-mortar
elastic-softening-frictional interface
stage to appear Tc shear stress of concrete

P pull-out load Tm shear stress of mortar

Pe elastic ultimate load r frictional strength

Pemax ultimate load obtained by Ts shear stress of anchor
experiments T shear strength

Prmax ultimate load A o, B, ¢ eigenvalues

1. Introduction

Anchor systems have been widely applied in practical engineering, such as building
retrofitting, slope strengthening, anti-floating engineering, tunnel supporting and mining [1-4].
In the past several decades, much research has been conducted to predict the potential failure
modes of anchor systems [5-8]. It was found that the failure of an anchor system may occur
in the anchor, in the concrete, at the anchor-mortar or mortar-concrete interface, or in a
combined modes. However, numerous studies have found that the bond failure at the anchor-

mortar interface is more common [9-12]. With reference to this failure mode, Cook [5]
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proposed a uniform bond stress model by assuming a constant shear stress along the bond
length. However, this assumption is only valid for a short bond length since the shear stress
distribution along the bond length becomes more non-uniform with the increase of bond
length. Therefore, the determination of the accurate shear stress distribution at the anchor-
mortar interface is crucial for predicting the ultimate load capacity of grouted anchors.

With regard to field and laboratory pull-out tests, considerable investigations have been
undertaken on the effects of geometric and material parameters on the interfacial bond
behavior of grouted anchors [9, 13-20]. Moreover, various bond-slip models have been
proposed to study the interfacial behavior of grouted anchors. Based on experimental results,
Benmokrane et al. [9] presented a tri-linear bond-slip model to describe the bond behavior of
the anchor-mortar interface. Ma et al. [21] proposed a non-linear bond-slip model to
characterize the bolt-grout interface, which is in good agreement with the results of pull-out
tests. By taking into account the unloading effect, Zheng and Dai [22] introduced a slightly
simplified bond-slip model of the bar-grout interface to study the pull-out response of FRP
anchors using a numerical method.

Extensive analytical studies on the full-range pull-out behavior of grouted anchors have
also been carried out and reported in the literature. An analytical method was proposed by
Yang et al. [23] for analyzing the pull-out behavior of grouted anchors due to interfacial
debonding under two boundary conditions. It was found that the interfacial debonding crack
may occur at the loading end, the free end or both of them, depending on the axial stiffnesses
of the anchor and concrete. Furthermore, a series of analytical studies were conducted to

predict the ultimate pull-out capacity of grouted anchors due to the shear failure of mortar
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[24], the cone failure of concrete, and interfacial debonding [25]. For FRP anchors embedded
in steel tubes with cement grout, Wu et al. [26] presented a theoretical model to predict the
maximum pull-out load of FRP anchors based on a tri-linear bond slip model. Zheng and Dai
[27] derived a closed-form analytical solution to predict the pull-out response of FRP ground
anchors for linear elastic, softening, and frictional zones. Using a tri-linear bond-slip model,
Ren et al. [28] derived an analytical solution to study the mechanical behavior and debonding
process of grouted rockbolts at different loading stages. To investigate the load transfer
mechanism of grouted cable bolts, an analytical study was conducted by Chen et al. [29], in
which the interfacial shear stress distribution along the bond length during the entire pull-out
process was analyzed. Based on a tri-linear bond-slip model, Ma et al. [30] provided an
analytical model for rockbolts using the slip-strain relationship of rockbolts and considering
the pre- and post-yielding behavior of the bolt material. By taking into consideration the end
effect of embedded anchors, Saleem and Tsubaki [31, 32] and Saleem [33] proposed a shear-
lag analytical model and developed a new type of two-layer anchor-infill assembly that can
be employed to evaluate the pull-out load-displacement response of post-installed anchors
under monotonic and cyclic loading. Saleem and Nasir [34] presented an analytical model to
evaluate the bond performance at the steel-concrete interface and to predict the pull-out
response of steel anchor bolts subjected to impact loading. More recently, Saleem [35]
presented a new analytical model that can be employed to simulate the load-displacement
response of steel bolts subjected to cyclic pull-out push-in loading. In the model, the effect of
concrete crushing was incorporated. Further, when the multiple possibilities related to crack

propagation were considered, a multiple crack extension model was presented by Saleem [36]
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for predicting the pull-out response of anchor bolts subjected to impact loading. Huang et al.
[37] proposed a one-dimensional closed-form solution. With the solution, the load capacity
and deformation response at any pull-out stage of grouted anchors could be evaluated using a
tri-linear bond-slip model. By taking into account the temperature effect, Lahoual et al. [38]
presented a nonlinear shear-lag analytical model for the pull-out behavior of chemical
anchors, which allows for predicting the stress field and fire resistance duration when any
temperature distribution is applied.

Moreover, current theoretical studies for debonding of FRP plates from the concrete
substrate can provide some references on the bond behavior between the anchor and mortar.
Recently, based on a bilinear bond-slip model, Caggiano et al. [39] proposed a closed-form
analytical solution for describing the full-range load-slip behavior of FRP plates bonded to a
brittle substrate, in which the whole interfacial debonding processes for long and short bond
lengths were presented in detail. Based on the pioneer work by Caggiano et al. [39], Vaculik
et al. [40] presented a full-range analytical solution using the bilinear bond-slip model, which
allows for residual friction used for simulating the load-displacement response at various
stages during the evolution of debonding.

Although numerous studies on the mechanical behavior of grouted anchors have been
carried out, analytical studies in three dimensions are relatively few in the literature. Prieto-
Mufioz et al. [41] presented an axisymmetric solution for the anchor and the adhesive layer
based on an elastic analysis, in which the embedded end of the anchor was regarded to be
bonded or debonded. Furthermore, a viscoelastic analytical model was developed by Prieto-

Mufioz et al. [42] to predict the creep behavior of anchor systems. Upadhaya and Kumar [43]
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proposed an axisymmetric model to predict the pull-out capacity and stress field of adhesive
anchors with the eigenfunction expansion method, which was found to be in good agreement
with the finite element method and experimental results.

Despite significant research efforts on the pull-out behavior of grouted anchors, the load
transfer performance and interfacial bond failure process of grouted anchors have not been
fully understood. (1) In most of the aforementioned analytical work [21-40], a simple one-
dimensional model was employed, in which the effect of Poisson’s ratio of each phase in
anchor systems is not taken into consideration. However, due to the axisymmetric nature of
anchorages, the study on the pull-out response of anchors is, in essence, a three-dimensional
axisymmetric problem [41]. Thus, a three-dimensional axisymmetric model is needed to
provide a more complete and precise prediction on the load capacity and stress field of
anchor systems during the whole pull-out process for the purpose of design. (2) In the
previous three-dimensional axisymmetric analytical models [41-43], the bond between the
anchor and adhesive is considered to be perfect and the materials in the anchor system are
assumed to be either elastic (anchor), elastic or viscoelastic (adhesive), or rigid (concrete). In
these studies, stress based failure criteria are employed to estimate the ultimate load capacity.
However, the postpeak stress and displacement fields are not considered. Moreover, the full-
range pull-out load-displacement response is not taken into account in these analyses. It is
seen from the previous studies that the nonlinear pull-out behavior of anchors is particularly
important for the design of anchor systems and the interfacial debonding process has a
significant effect on the pull out behavior [27-29, 37]. Furthermore, the deformation of the

concrete substrate plays a pivotal role in the pull-out capacity and load-displacement response
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of grouted anchors [2, 15, 16, 19, 20, 23-25]. However, to the best of our knowledge, a full-
range closed-form three-dimensional axisymmetric solution for the nonlinear pull-out
response of grouted anchors has not been reported so far.

The purpose of this paper is to develop a three-dimensional analytical model, in which a
tri-linear bond-slip model representing the bond behavior of the anchor-mortar interface is
employed to predict the full-range failure process and pull-out response of grouted anchors.
Afterwards, the analytical model is validated with laboratory pull-out test results and the

effect of bond length on the ultimate load and load-displacement curves is discussed.

2. Fundamental assumptions and governing equations
A typical anchor system is schematically shown in Fig. 1, where the anchor is embedded
in concrete. L, a, b,and h are the bond length, the anchor radius, the inner and outer radii
of the concrete, respectively. E,, G,, x, E,, G,,and x, denote Young’s modulus, the shear
modulus, and Poisson’s ratio of the anchor and concrete, respectively. As shown in Fig. 1, the
embedded end of the anchor system at z=0 remains completely free, while the outer
boundary of concrete at r =h is fixed. In the present study, the following assumptions are
introduced.
(1) The anchor, mortar, and concrete are treated as elastic materials. Mortar with shear
modulus G is only subjected to shear.
(2) The crack occurs only at the anchor-mortar interface, initiates at the loaded end, and
propagates towards the free end of the anchorage until complete debonding.

(3) The bending effect of concrete is neglected and the radial deformations of the anchor and
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concrete are assumed to be zero.

(4) The end effect of the embedded anchor is not considered.

A traditional tri-linear bond-slip model representing the bond behavior of the anchor-
mortar interface has been widely used in several studies [9, 21, 26-30, 37], as depicted in Fig.
2(a). In the frictional zone of the model, the interfacial shear stress remains constant [9].
However, it should be noted that in the present work, due to the limitation of interfacial
boundary conditions, the solutions for the stress and displacement fields in the frictional zone
cannot be derived when the interfacial shear stress remains constant. Therefore, a slip &, is
assumed in the present study, as shown in Fig. 2(b). When the value of ¢, is far greater than
that of J,, the interfacial shear stress in the frictional zone can be regarded as constant. For
this purpose, o, is taken as 100 times o, so that the bond-slip model shown in Fig. 2(b) can
approximately represent the traditional tri-linear bond-slip model shown in Fig. 2(a).

The tri-linear bond-slip model shown in Fig. 2(b) consists of three branches: (1) the first
branch (linearly ascending to (J,,7,)) represents the elastic behavior of the interface; (2) the
second branch (linearly descending to (0,,7,)) characterizes the softening behavior of the
interface; and (3) the third branch (linear descending to (0,,0)) corresponds to the frictional
component. The shear stress at the anchor-mortar interface r can be mathematically

expressed in terms of the shear slip & as

Ls for 0<5<6,
51
rol BTt 5 B0 TR 5,<5<5, 1)
52_51 52_51
sy 0% for 6, <5 <6,
53_52 53_52

where 7, and 7, denote the bond and frictional strengths at the anchor-mortar interface and o,

9
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and o, are the relative shear slips corresponding to 7, and z,, respectively.
According to assumption (1), the mortar is only subjected to pure shear. For a cylindrical

mortar element shown in Fig. 3, the equilibrium of shear forces in the z direction yields [1]

Lar —Lar )
T r

m
where 7, is the shear stress in mortar at distance r from the z axis. Integrating Eq. (2) gives

T =—T7 (3)
From assumption (3), all deformations are confined to the axial direction and the

displacement of mortar in the radial direction is zero. According to Hook’s law in shear, the

shear stress in the grout 7., can be expressed in terms of the axial displacement of the grout

w, (r)as
d
£y =62 lr) @
dr
Substituting Eq. (3) into Eq. (4) gives
ar dr
dw, (r)=——— 5
n(N)=-%5"7 (5)
Integrating Eq. (5) with respect to r from a to b yields
ar, b
w_(r=b)-w (r=a)=——In— 6
n(r=b)-w, (r=a)=—"=In- (6)

From assumption (2), the mortar-concrete interface is considered to be fully bonded and the
displacements of mortar and concrete are the same at the mortar-concrete interface. Thus, it
follows from Eq. (6) that the shear slip at the anchor-mortar interface 5 can be expressed as
ar, b
S=w,(r=a)-w, (r:a):w(r:a)—w(r:b)—aln— (7)
a

where w, and w, denote the axial displacements of the anchor and concrete, respectively.

From the continuity conditions at the anchor-mortar and mortar-concrete interfaces, the

10
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shear stress in concrete at the mortar-concrete interface 7, (r =b) can be expressed as

fc(r:b):—gfzgfs(r:a) (8)

where 7, is the shear stress in the anchor. Substituting Eq. (7) into Eq. (1) yields

K[w,(r=az)-w,(r=b,z)] for elastic zone
r=1-K,[w,(r=a,z)-w,(r=hb,z)-K,] for softening zone (9)

~K,[w,(r=a,z)-w,(r=b,z)-5,] for frictional zone
where

K =

K= 55 K,=22u "% K, = (10)
+2In2 %" _¢< %%

1 ) 1 0,7, 0T, 1
i 3 b - In 9
7, G a r,-7, G a

b’ a
In— _
a G
Based on the strain-displacement relationships for axisymmetric problems and

assumption (3), the constitutive law in the axial direction can be used to describe the

respective relationships between the axial displacement w,, the axial stress o,, and the shear

stress ;
ey -
With Eq. (11), the governing equation for the anchor and concrete can be expressed as
21— 1) 8*w, N o*w, Jlow o 12)

1-2u 07> or* roeor

where i is equal to s for the anchor and c¢ for concrete.

3. Analytical solutions

The various possible pull-out cases during the propagation process of debonding are
shown in Fig. 4, where 6, and ¢, are the slips at the free end and loaded end, respectively. It is
noted that the value of L, will be defined later by Eq. (60). The failure process under the pull-

11
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out load P may exhibit elastic, elastic-softening, elastic-softening-frictional, softening-
frictional, and frictional for a long bond length [27, 28]. However, when the bond length L is
not long enough, the softening stage rather than the elastic-softening-frictional stage may
occur [29, 37, 40]. In the current study, the analytical solutions for the displacement and
stress fields of the anchor system under the two scenarios are derived by solving the

governing Eg. (12) with boundary conditions.

3.1. Elastic stage
Under a small pull-out load, there is no softening or friction along the anchor-mortar
interface. In this case, the interface behaves elastic. Based on separation of variables, the
general solutions of Eq. (12) for the elastic stage can be expressed as
w, (r,z)=[ Asinh(Az)+Bcosh(Az)]J,(d,r) (13)
w, (r,z)=[ Csinh(Az)+ Dcosh(Az)][Y,(d.r)J,(d.h)—Jo(d.r)Y, (dh)]  (14)
where A, B, C, D, 4, d,, and d_ are coefficients to be determined with the boundary
conditions. Based on the assumption that the outer boundary of concrete is fixed, the
displacement of concrete can be simplified to Eq. (14) by satisfying w,(r=h,z)=0.
Substitution of Egs. (13) and (14) into Eq. (11) yields
o, (r.z)=EAJ,(d,r)[ Acosh(Az)+Bsinh(1z)] (15)
7,(r,z)=-d,G,[ Asinh(4z)+Bcosh(4z)]J, (d,r) (16)
o, (r.z) = E,A[ Ccosh(4z)+ Dsinh(Az) ][ Y, (d.r)J,(d.h)— Iy (d.r)Y, (d.h) ] (17)
7,(r,z)=-d,G,[ Csinh(Az)+ Dcosh(2z)][Y,(d,r)J,(d:h)- I, (d.r)Y,(dh)] (18)

where

12
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d = 2(1_/’4)2’, E = ES(l_'uS) - E. = Ec(l_:uc) (19)

"\ 1-24 b)) (l-2m)" T () (1-2u,)

The boundary conditions are as follows
0,(2=0,r)=0; 0,(z=0,r)=0; [ 2zr-0,(z=L,r)dr=P (20)
%rc(r =b,z)=7,(r=a,z)=—7(z)=-K[w,(r=a,z)-w,(r=b,z)] (21)

With these boundary conditions, the following coefficients are obtained as

PA
A=C=0; B= : D=N,B;and 22
2rasinh(AL)d,G,J, (d.a) . @2)
ad,G,J, (d.a)
N — s—sY1 S 23
© bd,G,[Y,(db)J,(d.h)=J,(d.b)Y,(d.h)] (#3)
The coefficient 4 can be solved by combining Egs. (13), (14), (16), (18), and (21) as
d,G,J; (d,a) = K{J,(d,a) =N, [ Y, (db) I, (d.h) - 3, (d b)Y, (d,h) ]} (24)

From Eq. (24), a series of roots can be obtained. For simplicity, only the first root is used in
the elastic stage [41, 42]. With 4 determined, the value of d. can be obtained from Eq. (19).

The shear stress = can be obtained from the condition (21) as

PAcosh(Az
o(2)= 220N (42) 25)
2zasinh(AL)
If the displacement of the anchor at the loading point denotes A, the load-displacement

relationship can be obtained by substituting r =0 and z =L into Eq. (13) as

b 2rad,G,J, (d,a)A

tanh(AL) (26)

As the load P increases, this stage ends when the shear stress z at the loaded end reaches z, .

Substituting 7 (z = L) =1z, into Eq. (25) gives the elastic ultimate load P,

_ 2rar,

R, === *tanh(aL) (27)

e

It is noted that P, represents the pull-out load before the interface starts softening.

13
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3.2. Elastic-softening stage

In this stage, softening first appears at the loaded end and the peak shear stress moves
towards the free end. Thus, the whole anchor-mortar interface consists of an elastic zone of
length L, and a softening zone of length L. With the boundary and continuous conditions in
this stage, the general solutions of Eq. (12) for the elastic zone can be written as
w, (r,z)=[ Asinh(Az)+B, cosh(4z)]J,(d,r)+[ A sinh(pz)+B, cosh(pz)]J,(d,.r) (28)

w, (r,z)=[ C,sinh(4z)+ D, cosh(Az) ][ Y, (d.r)J,(d.h)— I, (d.r)Y,(dh)]

. (29)
+[ C,sinh(pz)+D, cosh(goz)][Yo(d(pcr)Jo(dmh)—\]o(dwcr)YO(dwch)J
where A, B, C,, D, A,, B,,C,, D,, 9, d,,and d . are unknown coefficients and
2(1- 1)
= ' 30
o -2 @ (30)
Substituting Egs. (28) and (29) into Eq. (11) gives
o,(r.z)=EAd,(d,r)[ A cosh(4z)+B,sinh(Az)]
31
+E,pd, (d,.r)[ A, cosh(¢z)+B,sinh(pz) ] .
z,(r,z)=-d,G,[ A sinh(4z)+ B, cosh(4z)]J, (d,r)
32
—-d,G, [ A,sinh(pz)+B, cosh(pz)]J,(d,r) (32
o, (r,z)=E,A[ C cosh(Az)+D;sinh(4z) ][ Y, (d,r)J,(d.h)— Iy (d.r)Yy(dh)]
: (33)
+E,p[ C, cosh(pz) + D, sinh (2) || Yy (d,er) 3o (d,ch) = I (1) Y, () |
7.(r,z)=—d,G, [ C,sinh(4z)+ D, cosh(Az) ][ Y, (d,r)J, (d.h)—J,(d.r)Y,(dh)]
. (34)
~d,.G,[C,sinh(¢z)+ D, cosh (pz) ][ Y, (d,er) o (d,ch) = 3; (d,er) Y (d,ch) |
The boundary conditions in the elastic zone [0, L,] are as follows
o,(z=0,r)=0; o0,(z2=0,r)=0; -z, (r=a,z=L,)=r, (35)
D (r=b2)=r,(r=a,2)=—c(2)=—K[w,(r=a,2)-w,(r=bz)]  (36)

a

14
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It can be seen from the conditions (21) and (36) that ¢ is in fact another root of Eq. (24).
Based on the superposition principle and separation of variables, the general solutions of Eq.

(12) for the softening zone can be expressed as

w,(r,2) =[ Asin(2) + B, c0s(52)] 1, (d°r) K, @)
W, (r,2) =[C,sin(z)+ D, cos(Bz) ]| Ko (d°r)1(d°h) -1, (d°r)K, (d°h) | (38)
o,(r.z)=E,pBl,(d°r)[ Acos(Bz)-B,sin(Bz)] (39)
7,(r,z)=d*G,[ A;sin(Bz) + B, cos(Bz) |1, (d°r) (40)

ac(r,z):EZ,B[C3cos(,Bz)—D3sin(,82)j[K0(d°r)Io(d°h)—Io(d°r)K0(d°h)} (41)
rc(r,z)z—chc[C3sin(,Bz)+Dscos(ﬁz)][Kl(d%)Io(d°h)+Il(dCb)KO(d°h)} (42)

where A, B,, C,, D,, £, d*, and d° are unknown coefficients and

i 2(1_ﬂi)
d'= —1—2,Lli £ (43)

The continuous and boundary conditions in the softening zone in [0, L] are as follows

o,(z=0) and w,(z=0) arecontinuous; —z,(r=a,z=0)=r, (44)

IO 2zr-o,(z=L,,r)dr=P (45)

%rc(r =b,z)=7(r=a,2)=-7(2)=K,[w,(r=a,z)-w,(r=b,z)-K, | (46)

With the conditions (35), (36), (44), (45), and (46), the unknown coefficients A, B,, C,,
D,,A,B,,C, D,, A, B;, C;, and D, can be obtained as

N, . N,

B-— 2 B =-_—__38 47
* cosh(4L,)" * cosh(gL,) “)

A=A =C=C,=0; D,=NB; D,=N,B, (48)

A i N,d.J; (d.a)tanh(AL,) .\ Nd,.J; (d,.a)tanh (oL, ) (49)

IEEACEY 2 o
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-
B=—-%2——: C,=N.A; D,=N.B 50
3 dSGsll(dsa) 3 5A3 3 503 (50)

where
K _ Tu _ z'u
* d°G,,(d*a) d,GJ(d,a) 7.
N, = B dle(dsg) — Ng:KZ_NZ_dSGSh(dSa) 1)
d,.J; (d,a)

ad,.G,J, (d,.a

S s )
— @
bd,..G, [ Y, (d,.b) I (d,.h) = 3, (d,cb) Y, (d,ch) |
)

-
. ad*G,l,(d*a o
" bd“G,[ K, (d%)1,(dh)+1,(d°b) K, (d°h) | 3

(52)

4

Substituting Egs. (37), (38), (40), and (42) into the condition (46), the remaining unknown
coefficient £ can be obtained by solving the following equation

4G, 1, (d*a) - K, {1, (d"a) = Ny Ky (D) 15 (d°h) 1, (d°b) K, (d°h) [f =0 (54)

It is noted that only one root can be obtained from Eq. (54) as the modified Bessel

function is a non-oscillating function. According to Egs. (32), (36), (40), and (46), the shear

stress ¢z in the elastic-softening stage can be expressed as

7(z)=d,G,B, cosh(1z)J,(d.a)
+d,,G,B, cosh(¢z)J,(d,.a)

ps s

in the elastic zone [0, L, ] (55)

r(z2)=-d°G, [A3 sin(Bz)+ B, cos(ﬂz)] Il(dsa) in the softening zone [0,L,]  (56)
Substituting the condition (45) into Eq. (39) yields the pull-out load P

o 27ad*G,l, (d°a)
B

[ A cos(pBL,)—B,sin(AL,)] (57)

The displacement at the loading point A is obtained from Eq. (37) as
A= Ajsin(AL,)+B,cos(BL,)+K, (58)

Thus, the critical softening length L, can be obtained by solving dP/dL, =0 . If the
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ultimate load P, occurs in this stage, it can be obtained by substituting L, into Eq. (58). As
a matter of fact, as the softening zone propagates, two scenarios may occur. On one hand, the
elastic-softening-frictional stage occurs when z at the loaded end reduces to z,. Thus, L, can

be obtained by substituting 7(z=L,) =7, into Eq. (56) as

d°G, [ A;sin(BL,)+B,cos(BL,)]1,(d*a)=—, (59)
On the other hand, the softening stage occurs when L, extends to L and ¢ at the loaded

end is still greater than z,. At the critical situation, softening appears at the free end and

friction begins at the loaded end. Substituting L, =L into Eq. (59) yields

L,=L= %arccos (3] (60)

TU
where L, represents the minimum bond length for the elastic-softening-frictional stage to

appear. It is easily shown that when the bond length is greater than L,, the elastic-softening-

frictional stage occurs. Otherwise, the softening stage will appear.

3.3. Elastic-softening-frictional stage

At this stage, frictional zone appears and extends along the interface. If the length of the

frictional zone is L, , the solutions in the elastic-softening stage, i.e., Egs. (28) to (34), (37) to
(43), and (47) to (56) are still valid by replacing L with L L.

The general solutions of Eq. (12) for the frictional zone can be expressed as

w, (r,2) =[ Asin(¢z)+ B, cos(£z) |1, (d°°r )+, (61)
w,(r,2)=[C,sin(£2)+ D, cos(£2) || Ky (dr) Iy (d*°h)—1,(d°r) K, (d*h) | (62)
0,(r,2) =E&1,(d*r)[ A cos(¢2) - B, sin(¢2)] (63)
7,(r,2)=d*G,[ A;sin({z)+B, cos(£z) |1, (d*°r) (64)
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o,(r.2)=E,{[C,cos(¢7)- D4sin(§z)][K0 (d*°r)1,(d*°h) =1, (d*°r)K, (dgehﬂ (65)
7,(r,2) ==d°G,[C,sin(¢2)+ D, cos (¢ z) [ K, (D) I, (d“°h) + I, (d°*b) K, (d**h) | (66)
where A,, B,, C,, D,, ¢, d*°, and d°° are unknown coefficients and

2(1_/4)
1-2u

de' = e (67)

The boundary and continuous conditions in the frictional zone [0, L, ] are as follows

(68)

o,(z=0) and w,(z=0) arecontinuous; —z,(r=a,z=0)=r,
jOaZﬂr-as(z:Lf,r)dr:P (69)
grc(r =b,z)=r(r=a,2)=-7(2)=K,[w,(r=a,2)-w,(r=b,z)-5,] (70)

With the conditions (68) to (70), the coefficients A,, B,, C,, and D, are obtained as

gd°l(d%a) _ o
4_W(dgsa)[%cos(ﬂl‘s)_BBSm(ﬂLs)]' C4_N6A4 (71)

B, = A,sin(SL,)+B,cos(AL,)+K,—-6,; D,=NgB,;and (72)

. ad**Gl,(d*"a) s
" bd“G[ K, (d°D) 1, (d°*h)+ 1, (d°b) K, (dh) ] 9

Based on the condition (70), ¢ can be obtained by solving the following equation
46,1, (d°*a)~ K, {1, (d°*a) Ny [ K, (d°“) 1, (d“°h) =1, (d“*b) Ky (d“h) [f =0 (74)
The shear stress = can be obtained by combining the condition (70) with Eq. (64)
7(2)=-d*G,[ A;sin(¢z)+ B, cos(¢2) |1, (d*"a) (75)
Substituting the condition (69) into Eq. (63), the load P can be expressed as

o 27ad**G,l, (d**a)
¢

The expression of A can be obtained from Eq. (61) withr=0and z=1L,

[ Acos(SL;)-B,sin(¢L,) ] (76)

A=Agsin(¢SL)+B,cos(SL, )+5, (77)
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Substituting 7 (z =0) =z, into Eq. (75) gives the relationship between L, and L,

-d**G,l,(d**a)B, =1 (78)

r

It can be seen that the load-displacement relationship can be obtained from Egs. (76) to
(78). If P, occurs in this stage, it can be obtained with the Lagrange multiplier method. In
particular, since the interfacial shear stress in the frictional zone remains constant, the pull-

out load P can also be expressed in a simple manner from Eq. (57)

b= omar L + 27ad*G,l, (d°a)

[ A,cos(BL,)-B,sin(AL,)] (79)

where A, and B, are shown in Egs. (49) and (50). The pull-out load P reaches the ultimate
load P, when the derivative of Eq. (79) is zero with respectto L, i.e.,

N,d,J, (d,a)[1-tanh? (AL,) |+ N,d,J, (d .a)[1-tanh? (oL, ) | = m (80)

The relationship between L, and L, is shown in Eq. (59), which can be further simplified as

N,d,J, (d,a)tanh (AL, ) . Nyd,.J; (d,.a)tanh (gL, ) 7, cos(AL,) -7,
2 @ ~ SG;sin(pL,)

(81)

It is noted that, when the ultimate load occurs in the elastic-softening-frictional stage,
the value of “ gL, " is usually greater than 2. The reason for this is that ¢ is the second root of
the oscillation equation (24). Thus, substituting tanh(¢L, ) =1 into Egs. (80) and (81) gives

T

tanh® (AL, )=1- L 82
anh* (4L N,d.G,J, (d.a)cos(AL,) (62)

- N.d J,(d @
tanh (L) = 2| —eosUib)n N :(%2) (83)

N,Ad,G,J, (d.a)sin(SL;) ¢N,dJ,(d.a)

Combination of Eq. (82) with Eq. (83) yields
2
42 r,cos(BL)-z,  Ngd,Ji(d,a) L r o)
N,pdG,J, (d,a)sin(SL;) ¢N,dJ,(d.a) N,d.G,J, (d,a)cos(AL;)
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Thus, when the ultimate load occurs in the elastic-softening-frictional stage, the
softening length L, can be calculated from Eq. (84) with a numerical solver and the
corresponding elastic length L, can be obtained from Eq. (82) or (83). It is interesting to note
that both the elastic length and the softening length are constant, independent of the bond
length. In other words, if an anchorage reaches its ultimate load in the elastic-softening-
frictional stage, only the frictional length L, increases with the increase of bond length. This
indicates that there exists a critical bond length, i.e., once the critical bond length is reached,
the increased bond length only affects the frictional length. The effect of bond length on the
ultimate load is detailed in section 6.

When the slip at the free end continues to increase, the interfacial shear stress at the free
end reaches the shear strength. In this case, the elastic zone vanishes, the whole bond length
is composed of the softening and frictional zones, and the interface enters the softening-

frictional stage.

3.4. Softening stage
Based on the above discussions, the softening stage occurs after the elastic-softening
stage when L<L,. In this stage, the whole interface behaves softening. Therefore, the
solutions for the softening zone Eqs. (37) to (43) are still valid by replacing A,, B;, C,, and
D, with the unknown coefficients A, B;, C., and D, respectively. The boundary conditions
in this stage are as follows
o,(z=0,r)=0; o0,(z2=0,r)=0; _[OaZﬂr-as(z: L,r)dr=P (85)

%rc(r =b,z)=r,(r=a,z)=-7(z)= Kl[ws(r =a,z)-w,(r =b,z)—K2] (86)
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With the conditions (85) and (86), the coefficients A, B;, C., and D, are given by

- Py ; Dy =N,B
ZﬂadsGssin(ﬂL)ll(dsa)’ 5~ 555 (87)

A:’ = CS = 0 , B5 =

The shear stress = can be obtained by substituting the condition (86) into Eq. (40)
r(2)=-d°G,B, cos(pz)1,(d*a) (88)
Substituting r =0 and z = L into Eq. (37), the load-displacement relationship can be obtained

as

K P
=% 2ratan(BL)d°G,l,(d*a) (®)

3.5. Softening-frictional stage

As the debonding process propagates, the softening-frictional stage occurs at the end of
the elastic-softening-frictional or softening stage. In a similar manner, the solutions for the
softening and frictional zones, i.e., Egs. (37) to (43) and (61) to (67) are still valid if A,, B,
C;, D, A, B,,C,, and D, are replaced with the unknown coefficients A, By, C,, Dy, A,,
B,, C,, and D,, respectively. The boundary conditions in the softening zone [0, L] are as
follows

(90)

r

0,(2=0)=0; o,(z=0,r)=0; —r,(r=a,z=L,)=7
%rc(r=b,z)=rs(r=a,z)=—r(z)= K, [w, (r=az)-w,(r=bz)-K,] (91)
Based on the above conditions, the coefficients A, By, C;, and D, can be obtained as

T

- L X =N.B
d°G, cos(AL,)1,(d*a)

D6 — Y56 (92)

A%:CGZO’ BGZ

The boundary and continuous conditions in the frictional zone [0, L, ] are as follows
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o,(z=0) and w,(z=0) are continuous; Jj 271 - o, (z =L, r)dr =P (93)
grc(r =b,z)=r(r=a,2)=-7(2)=K,[w,(r=a,2)-w,(r=b,z)-5,] (94)
The remaining unknown coefficients can be obtained from the conditions (93) and (94) as

pd*sin(pL)1,(d%a) ) i
) ¢d’l,(d*a) B

C,=N,A; D, =N,B, (96)

A = L (95)

d°G,l,(d*a)

The shear stress = can be formulated from the boundary conditions (91) and (94) as
7(2)=-B,d°G, cos(Bz)1,(d*a) in the softening zone [0, L] (97)
7(2)=-d*G,[ A sin(¢z)+ B, cos(¢z) |1, (d*"a) in the frictional zone [0,L,] (98)
Substituting the condition (93) into Eq. (63) gives the pull-out load P

o 27ad**G,l, (d**a)
¢

[ Acos(SL;)-B,sin(sL,)] (99)
The displacement at the loading point A is obtained from Eqg. (61) as
A=Asin(¢SL)+B, cos(SL, )+5, (100)
It should be noted that in this stage, L, is variable but can be determined within a certain
range. Herein, two cases are considered. In case I, the softening-frictional stage occurs after
the elastic-softening-frictional stage, while in case Il the softening-frictional stage occurs
after the softening stage. In case I, the elastic-softening-frictional stage ends when the length
of the elastic zone reduces to zero. Substituting z =0 and 7 =z, into Eq. (97) gives

o

LS:Luzlarccos( ]; L, =L-L, (101)
p T

u

Therefore, L, is between L—L, and L. In case Il, L, is between 0 and L. It is worth
noting that the snapback phenomenon may occur in this stage for an anchorage with a longer

bond length. Snapback is caused by the sudden release of the stored strain energy in the
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frictional zone due to the reduced load capacity [44]. Previous studies have shown that the
occurrence of snapback in the load-displacement response depends on the bond length [37, 40,
44, 45]. However, very little attention has been paid to develop theoretical formulas to
evaluate the minimum bond length that exhibits snapback. In this regards, the present study
details the derivation of the minimum bond length as follows.

As previously mentioned, the softening-frictional stage occurs after the elastic-
softening-frictional stage once the elastic zone vanishes. It follows from Eq. (101) that
L, =L,and L, =L-L,. Inthis case, the displacement at the loading point A, can be obtained
by substituting L, =L, and L, =L L, into Eq. (100) as

A, =Agsin[£(L-L,)]+B,cos[ £ (L-L,)]+5, (102)
where

osin(AL) 4 a e s T,
pd“G,1,(d**a)’ % =B =K 0 d*G,1,(d*a)

A=- (103)

On the other hand, the softening-frictional stage ends when the softening length vanishes,
i.e, L,=0and L, = L. In this case, the displacement at the loading point A, can be obtained
by substituting L, =0 and L, = L into Eq. (100) as
A, =B, cos({L)+6, (104)
It follows from A, = A, that
Assin[ ¢ (L-L,)]+B,{cos[ ¢ (L-L,)]-cos(¢L)} =0 (105)
It can be seen from Eq. (105) that the minimum bond length L, that exhibits snapback
can be determined from Eq. (105) using a mathematical solver. The significance of L, is that
it is the shortest bond length that exhibits snapback phenomenon, which may lead to a
catastrophic bond failure and become more dangerous as the bond length increases [45].
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Afterwards, the whole interface enters the frictional stage when the softening zone
vanishes. In this case, the interfacial shear stress remains constant and the pull-out load P is
independent of the slip. For convenience, the solutions in the frictional stage are given in the

Appendix.

4. Anchor pull-out response and interfacial bond behavior

Consider a typical anchor system, in which a steel thread bar is embedded in concrete
with cement grout [9]. The material properties and geometric and interfacial parameters are
taken from the pull-out test of Benmokrane et al. [9] as follows: E, =205 GPa, E, =30 GPa,
G=7.7826GPa, 1, =03, . =02, a=79mm, b=19mm, h=100mm, 7, =14.5MPa,
6,=29mm, r, =3.7 MPa, 6, =10.6 mm, and &, =100, =1060 mm . With these parameters,
the value of L, can be obtained from Eq. (60) as 1156 mm. To study the pull-out response of
the anchor and the interfacial bond behavior during the whole pull-out process for different
bond lengths, the load-displacement curves and the interfacial shear stress distributions for L

smaller, equal to, or larger than L, are considered.

4.1. Load-displacement curves
When the bond length is smaller than L,, two bond lengths of 100 and 800 mm are

considered. The load-displacement curve for L =100 mm is shown in Fig. 5(a). It can be seen

from Fig. 5(a) that the branch O-A obtained from Eq. (26) is linear elastic and terminates
when P reaches the elastic ultimate load P,. Subsequently, the elastic-softening stage, i.e., the

branch A-B obtained by Egs. (57) and (58), is non-linear. This cannot be clearly observed in
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Fig. 5(a) since the interfacial shear stress distributes uniformly along the bond length.
Afterwards, the response in the softening stage, i.e., branch B-C obtained from Eqg. (89), is
linear. It is noted that the softening-frictional stage may not happen due to the uniform shear
stress distribution, as shown in Fig. 5(a). The load-displacement curve in the frictional stage
is represented by the horizontal line C-D obtained from Eq. (A.5).

The load-displacement curve for L =800 mm is illustrated in Fig. 5(b). Beyond P, (point
A), the load increases with the extension of softening zone. Afterwards the ultimate load P,
(point B) is reached and the curve exhibits a nonlinearly decreasing trend (branch B-C). The
branch C-D represents the softening stage and terminates when the frictional zone starts to
develop from the loaded end. The branch D-E, corresponding to the softening-frictional stage,
can be obtained from Eqgs. (99) and (100).

Fig. 5(c) shows the load-displacement curve for L =L,. As in the last case, the interface
behaves elastically until P, is reached. With the propagation of softening zone, the load
increases nonlinearly until the ultimate load P, is reached. Afterwards, the non-linear
softening response occurs and terminates at the point C, where the softening length is equal to
the bond length, i.e., L, =L, =L and 7 at the loaded end is equal to r,. Subsequently, the
softening-frictional stage occurs after the elastic-softening stage, corresponding to the non-
linear branch C-D.

The load-displacement curve for L =2000 mm is shown in Fig. 5(d). The branches O-A
and A-B represent the elastic and elastic-softening stages, respectively. The branch B-C-D
corresponds to the elastic-softening-frictional stage and can be obtained from Egs. (76) to

(78). It is noted that, in this stage, the load P first reaches the ultimate load P, (point C) and
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thereafter decreases gradually until the elastic zone vanishes. The reason for this is that, when
the frictional zone extends to a certain extent, the loss of pull-out capacity in the elastic zone
may be larger than the resistance force provided by the frictional zone. Afterwards, the
softening-frictional stage occurs, which corresponds to the snapback branch D-E and is very
challenging to be captured in any displacement controlled or load controlled pull-out test [44,

45].

4.2. Interfacial shear stress distribution

The interfacial shear stress distribution for L =100 mm is illustrated in Fig. 6(a). It can
be clearly seen from Fig. 6(a) that the shear stress successively appears at four different
stages, i.e., elastic, elastic-softening, softening, and frictional stages, which can be obtained
from Egs. (25), (55) and (56), (88), and (A.4), respectively. A uniform distribution throughout
the pull-out process is observed, indicating that pull-out tests with short bond lengths can be
used to derive the bond-slip model.

As for L =800 mm shown in Fig. 6(b), five pull-out stages can be found. In the elastic
stage, rincreases non-linearly along the bond length. In the elastic-softening stage, however,
r increases with increasing z in the elastic zone but decreases with decreasing z in the
softening zone. Afterwards, the softening stage occurs and z gradually decreases until it
reduces to z, at the loaded end. In the softening-frictional stage, Eqgs. (97) and (98) are
adopted to obtain the interfacial shear stress distribution.

The interfacial shear stress distribution for L =L, is depicted in Fig. 6(c). At the end of

the elastic-softening stage, = at the free end increases to z, while 7 at the loaded end reduces
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The softening-frictional stage occurs after the elastic-softening stage. Fig. 6(d)
represents the interfacial shear stress distribution for L = 2000 mm. Compared with the case
for L =800 mm, the failure process experiences an elastic-softening-frictional stage, in which
the shear stress distribution can be obtained from Egs. (55), (56), and (75).

From the above discussions, it is seen that the bond length L determines the possible
stages that occur during the pull-out process. For short bond lengths such as L =100 mm, the
interfacial shear stress distribution is uniform along the bond length and therefore the shape
of the load-displacement curve depicted in Fig. 5(a) is analogous to that of the bond-slip
model. However, the non-uniform shear stress distribution becomes more pronounced as the

bond length increases, which can be clearly observed from Fig. 6.

5. Experimental verifications

The experiments herein presented refer to laboratory pull-out tests, whose numerous
results have been reported in the literature. To verify the efficiency of the proposed analytical
model, four series of laboratory pull-out tests are collected for comparison. It is noted that,
although the outer boundaries in these pull-out tests are unconstrained, the axial stiffnesses of
the test samples are large enough so that the deformations at the outer boundaries can be
assumed to be zero. Thus, the test results can be used for comparison with the analytical
model.

The first pull-out test, regarding cable bolts embedded in concrete cylinders with plain
cement grouts, was reported by Rajaie [46]. The parameters were as follows: a=7.6 mm,

b=255mm, h=125mm , G=89076 GPa , E,=194GPa, x =0.3, E, =19GPa, and
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4. =0.2. The interfacial parameters were determined by pull-out tests for L =200 mm as:
7, =584 MPa, r, =2.81MPa, 6, =9.9 mm,and 6, =19.9 mm .The bond length varied from
150 to 700 mm. With these parameters known, the ultimate load P, with different bond

lengths can be obtained, as listed in Table 1, together with the measured P. From Table 1,

emax -
it can be seen that the analytical solution agrees well with the test results, indicating that the
analytical solution is able to predict the ultimate load of grouted anchors.

The second pull-out test was conducted by Chen et al. [47]. The anchor was a modified
cable bolt and embedded in a commercial cement grout with strata binder grout. The
parameters were as follows: a=14.25mm, b=21mm, h=175mm, G=4.1074GPa ,
E, =201GPa, =03, E, =11.82GPa,and x, =0.2.The pull-out test for L =320 mm was
used to calibrate the interfacial parameters: r, =13.50 MPa, 7, =11.00 MPa, ¢, =5.0 mm, and
0, =12.0 mm . With these parameters, the ultimate loads with bond lengths of 320 to 380 mm
can be obtained as shown in Table 2, together with the test results of Chen et al. [47]. It is
seen from Table 2 that the proposed analytical solution is in good agreement on the test
results, which further validates the accuracy of the analytical model.

Zhang et al. [19] performed a series of pull-out tests on FRP rods embedded in steel
tubes with cement grout. Three types of FRP rods, round sanded (FR1), spiral wound (FR2),
and indented (FR3), and four types of cement grouts, CG1l, CG2, CG3, and CG4, were
adopted. The radii and Poisson’s ratios of FRP rods and the shear moduli of cement grouts
were as follows: a=3.75mm, u, =0.38 for FR1; a=4.00 mm, u, =0.35 for FR2; and

a=3.95mm, u, =0.38 for FR3 and G =7.8378, 8.3784, 10.4091 and 7.4554 GPa for CG1,

CG2, CG3, and CG4, respectively. For each specimen, the parameters were as follows:
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b=255mm, h=28.5mm, E, =195GPa,and g, =0.3. Detailed information regarding the
other parameters is shown in Table 3. Based on the analytical model, the ultimate load for
each specimen can be obtained as listed in Table 3, together with the experiment results. It
can be seen from Table 3 that, the proposed analytical model agrees well with the
experimental results except for specimens 5, 6, and 12. The reason for this is that the three
types of FRP rods have lower Young’s moduli and longer bond lengths, resulting in a
significant radial deformation in the FRP rods under a larger pull-out load, which is not
considered in the proposed analytical model.

The pull-out test on FRP tendons embedded in cement mortar filled steel tubes
conducted by Zhang and Benmokrane [20] is used to further verify the proposed analytical
model. In their test, two types of FRP tendons, round sanded (AR) and Leadline ribbed (LE),
and two types of cement grouts, CM and EM, were used. The radii and Young’s moduli of
FRP tendons were 3.75 mm and 60.8 GPa for AR and 3.95 mm and 163.3 GPa for LE. The
shear moduli of cement grouts were 9.1129 and 10.9016 GPa for EM and CM, respectively.
For each specimen, the parameters were as follows: b=25.5mm, h=285mm, y, =0.38,
E. =195GPa, and y, =0.3. The other parameters are listed in Table 4. Thus, the ultimate
load can be predicted as shown in Table 4, together with the experimental results. It can be
seen from Table 4 that the analytical solution is in good agreement with the experimental
results. The interfacial shear stress distribution along the bond length at the ultimate state is
shown in Fig. 7. It is seen from Fig. 7 that the shear stress is uniform along the bond length
since the bond length of each specimen is relatively short. Thus, the interfacial parameters

measured by experiments are reliable.
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In order to further validate the proposed analytical model, the load-displacement
responses of different specimens are calculated and compared with the experimental results
of Zhang and Benmokrane [20], as shown in Fig. 8. It can be seen from the experimental
curves shown in Fig. 8 that, after the ultimate load is reached, the response exhibits a sharp
decrease in pull-out load with an increase in slip, indicating that the bond property of the
anchorage may degrade due to the propagation of interfacial cracking. It is noted that from
this point onwards, the experimental response exhibits an oscillating residual pull-out
capacity due to the mechanical interlocking between Leadline ribbed tendons and grout [20].

The predicted load-displacement curves are also shown in Fig. 8 for different
consecutive debonding stages, where A, B, C, and D represent the ends of the elastic, elastic-
softening, softening, and softening-frictional stages, respectively. It can be seen from the
analytical curves shown in Fig. 8 that, after the peak load, the interface starts to transfer from
the elastic-softening stage (branch A-B) to the softening stage (branch B-C) since the bond
lengths of the three specimens are much smaller than L,. As debonding propagates, the
interface enters the softening-frictional stage (branch C-D), in which debonding initiates at
the loaded end and propagates rapidly towards the free end. Finally, the interface enters the
complete frictional stage, which is followed by the gradual pull-out of grouted tendons. It
should be noted that from the point D onwards, the predicted pull-out load remains constant
and therefore is not in good agreement with the experimental results. This inconsistency
could be explained as follows. Since the three FRP tendons are Leadline ribbed, the grout
flutes are crushed, and the tendon ribs are partially sheared off during the pull-out process

[20]. As a result, the experimental response exhibits an oscillation in the residual load due to
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the mechanical interlocking between the tendon ribs and grout. However, the effect of anchor
profile configuration on the interfacial bond failure is not taken into account in the present
model and the tri-linear bond-slip model with constant frictional stress is used to describe the
interaction between the anchor and grout.

Besides, it is interesting to note that the predicted load-displacement response
approaches to that of the local bond-slip model shown in Fig. 2. The reason for this is that the
interfacial shear stress distribution is almost uniform for anchorages with short bond lengths,
as shown in Fig. 7. From the above discussions, it is seen that the present analytical model is
capable of predicting the ultimate load capacity and the load-displacement response of

grouted anchors.

6. Effect of bond length

It can be seen from the proposed analytical solution that the bond length exhibits an
important effect on the pull-out behavior of grouted anchors. Therefore, it is of practical
significance to investigate its effect on the ultimate load and the load-displacement response.
The parameters of the test of Benmokrane et al. [9] as given in section 4 are used as the
reference values.

The effect of bond length L on the ultimate load P, is shown in Fig. 9(a), which shows
that, as the bond length increases, P, increases rapidly. However, when the bond length
exceeds around 1300 mm, P, increases at a much lower but steady rate. This confirms the

presence of a critical bond length L_., as marked by the black dot in Fig. 9(a). The reason for

cri !

this is that, the ultimate load P

max

appears in the elastic-softening stage when L is smaller than
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L. Otherwise, P, occurs in the elastic-softening-frictional stage. As discussed in section

3.3 as seen from Eqgs. (79) to (84), if P, appears in the elastic-softening-frictional stage, the

ax
elastic and softening lengths are constant and only the frictional length increases with the
increase of bond length. Since the interfacial shear stress in the frictional zone keeps a
constant value z, smaller than that in any other part of the anchorage, the increase of bond
length has a smaller but steady influence on P, once it is larger than L. The method for
determining the value of L is described as follows. When P, occurs in the elastic-
softening-frictional stage, the elastic length L, and softening length L, can be obtained from
Egs. (83) and (84) without knowing the bond length in advance. Thus, L, is equal to the sum
of L, and L. For example, with the parameters taken in this section, L,, L, and L_; are
calculated as 445, 838, and 1293 mm, respectively, which is consistent with the observation
shown in Fig. 9(a).

The effect of bond length on the load-displacement curve is shown in Fig. 9(b). It can be
seen from Fig. 9(b) that the bond length has a significant influence on the load-displacement
response of anchorages. With the parameters taken in this section, the minimum bond length
that exhibits snapback can be obtained from Eq. (105) as L,, =1462 mm. As expected, when

L is less than L, no snapback occurs and the load-displacement curves show a postpeak

o
softening response. Moreover, Fig. 9(b) shows that an increase in bond length beyond L,
leads to an increase in the intensity of snapback. In other words, the snapback response
becomes more pronounced as the bond length increases. This can be explained as follows.

Fig. 9(a) shows that, for a bond length greater than L, (> L), the frictional length increases

cri

with the increase of bond length. As a result, the longer the bond length is, the larger the
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amount of strain energy in the frictional zone is stored. Thus, as the bond length increases, the
frictional zone releases more stored strain energy, which results in an increase in the intensity

of snapback and the ductility of the failure process.

7. Conclusions
This paper has presented a three-dimensional analytical model for the nonlinear pull-out

response of anchorage systems based on a tri-linear interfacial bond-slip relationship. Due to

the axisymmetric nature of anchorages, the proposed analytical model is able to provide a

rigorous and complete theoretical basis for understanding the debonding mechanism and for

predicting the full-range pull-out behavior of anchorages. Based on this study, the following
conclusions can be made as follows:

(1) Three-dimensional analytical solutions have been derived for the stress field,
displacement field, and load-displacement response of anchorage systems during the
whole complete pull-out process.

(2) By comparing with experimental data, it has been validated that the proposed analytical
model is capable of predicting the ultimate pull-out load and load-displacement response
of grouted anchors.

(3) It has been found that there exists a minimum bond length L, which is responsible for all
possible pull-out stages during the process of debonding.

(4) The ultimate load P, increases rapidly with the increase of bond length before the
critical bond length L_; is reached but thereafter at a small but steady rate.

(5) The observed snapback in the load-displacement response is dependent on the bond
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length. Anchorage systems with bond lengths shorter than L, do not exhibit snapback.

Otherwise, snapback becomes more pronounced with an increase in bond length.
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Appendix

Closed-form solutions for frictional stage

When the interfacial shear stress z at the free end reduces to r,, the whole interface
exhibits only friction. Thus, the solutions for the frictional zone Egs. (61) to (67) are valid by
replacing A, B,, C,, and D, with the unknown coefficients A, B,, C,, and D, respectively.
The boundary conditions are as follows

o,(z=0,r)=0; o0,(z2=0,r)=0; IOaZET-GS(ZZ L,r)dr=P (A1)

grc(r =b,z)=7,(r=a,z)=—1(z)= K3[WS(I’ =a,z)-w,(r =b,z)—§3] (A.2)

Substituting the conditions (A.1) and (A.2) into Egs. (61) to (67), the coefficients A, By,

C,, and D, can be obtained as

Pg
A=C © 27ad“Ggsin(¢L)1 (d%a)" (A-3)

The interfacial shear stress = can be obtained from the condition (A.2) as

P¢ cosh
r(z) = Feeoh(e) (A4)
2zasinh(¢L)
Substituting r =0 and z = L into Eq. (61) gives the load-displacement relationship
A=9. Pe (A.5)

* 2zatanh(¢L)d“°G, 1, (da)
It should be noted that the interfacial shear stress z in the frictional stage remains a
constant value 7, along the bond length. Since the slip J, is assumed to be extremely larger
than 0, in the current study, the shear stress solved from Eq. (A.4) can be considered as

constant in a smaller range.
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Fig. 1. Anchor-mortar-concrete anchorage.

Fig. 2. Bond stress-slip relationship in (a) typical tri-linear model and (b) tri-linear model
used in this paper.

Fig. 3. Stress analysis of mortar cylindrical shell element.

Fig. 4. Various possible debonding cases at anchor-mortar interface.

Fig. 5. Load-displacement curves for (a) L=100 mm, (b) L=800 mm, (c) L=1156 mm, and (d)
L=2000 mm.

Fig. 6. Interfacial shear stress distributions for (a) L=100 mm, (b) L=800 mm, (c) L=1156 mm,
and (d) L=2000 mm.

Fig. 7. Interfacial shear stress distributions along bond length at ultimate state for (a) specimens
AREMA40 and AREMS80, (b) specimens LECM40 and LECM80, and (c) specimens LEEM40
and LEEMB80.

Fig. 8. Comparison of load-displacement curve between analytical solution and experimental
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Fig. 9. Effect of bond length on (a) ultimate load and (b) load-displacement curve.

Table 1 Comparison of ultimate load between analytical solution and experimental results of
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Table 3 Comparison of ultimate load between analytical solution and experimental results of
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888  Fig. 8. Comparison of load-displacement curve between analytical solution and experimental
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Fig. 9. Effect of bond length on (a) ultimate load and (b) load-displacement curve.
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895  Table 1 Comparison of ultimate load between analytical solution and experimental results of

896  Rajaie [46].

No. L (mm) Pemax (kN) Pmax (kN) (Pmax_ Pemax)/ Pemax (%)

1 150 43.4 41.8 —3.8
2 200 55.8 55.7 —0.3
3 300 85.2 83.3 —2.2
4 400 115.6 110.8 —4.2
5 500 145.6 137.9 —5.3
6 600 168.6 164.6 —2.4
7 700 187.2 190.9 2.0

897
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899  Table 2 Comparison of ultimate load between analytical solution and experimental results of

900 Chenetal. [47].

No. L (mm) Pemax (kN) Pmax (kN) (Pmax_ Pemax)/PemaX (%)

1 320 381.3 385.6 11
2 340 432.9 409.5 —5.4
3 360 462.6 433.4 —6.3
4 380 479.1 457.3 —4.6
901
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903  Table 3 Comparison of ultimate load between analytical solution and experimental results of

904  Zhang et al. [19].

Es L o r o1 02  Pemax Pmax  (Pmax—Pemax)/Pemax
No. Specimen
(GPa) (mm) (MPa) (MPa) (mm) (mm) (kN) (kN) (%)
1 FRI1+CGl 60.83 100 8.2 2.8 131 386 194 19.0 —2.0
2 FR1+CG2 60.83 100 7.9 25 1.05 6.10 186 185 —05
3 FR1+CG3 60.83 100 8.4 3.1 072 560 199 196 —15
4 FR1+CG4 60.83 100 8.7 26 066 418 206 202 —1.9
5 FR1+CG4 60.83 200 8.7 26 066 418 269 388 44.2
6 FR1+CG4 60.83 350 8.7 26 066 418 37.1 56.7 52.8
7 FR2+CGl1 435 100 123 33 234 766 309 303 —1.9
8 FR2+CG2 435 100 7.9 24 230 648 200 196 —2.0
9 FR2+CG3 435 100 123 3.3 178 780 310 304 —20
10 FR2+CG4 435 100 132 38 250 650 333 323 —3.0
11 FR2+CG4 435 200 132 3.8 250 6.50 556 59.9 7.7
12 FR2+CG4 435 350 132 38 250 650 679 859 26.5
13 FR3+CG1 163.33 100 13.1 41 332 9.60 326 324 —0.6
14 FR3+CG2 163.33 100 10.6 3.1 297 995 267 26.2 —1.9
15 FR3+CG3 163.33 100 124 44 261 870 308 307 —0.3
16 FR3+CG4 163.33 100 144 5.6 290 640 358 355 —0.8
17 FR3+CG4 163.33 200 144 5.6 290 640 676 69.7 3.1
905
906

54



907  Table 4 Comparison of ultimate load between analytical solution and experimental results of

908  Zhang and Benmokrane [20].

L T 7 01 02 Pemax Prmax (Pmax— Pemax)/Pemax
Specimen
(mm) (MPa) (MPa) (mm) (mm) (KN) (kN) (%)
AREM40 40 14.85 3.93 1.22 325 1400 1391 —0.64
AREM80 80 10.76 2.84 1.37 444 2030 20.04 —1.28
LECM40 40 23.75 6.78 4.49 899  23.60 23.55 —0.21
LECM80 80 22.92 7.52 451 8.37 4550 4525 —0.55
LEEMA40 40 21.54 8.06 4.22 789 2140 21.36 —0.19
LEEM80 80 18.62 7.73 4.34 776  37.00 36.80 —0.54
909
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HIGHLIGHTS

(1) Three-dimensional analytical model is proposed for the pullout response of anchors.
(2) The ultimate load and load-displacement response have been predicted and verified.
(3) The bond length determines the possible stages in the evolution of debonding.

(4) The bond length plays a pivotal role in the load-displacement response of anchors.
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