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Abstract: In this paper, the secrecy performance of physical layer when both the main and wiretap channels undergo x — u
shadowed fading conditions is analysed. In particular, the average secrecy capacity (ASC), secure outage probability (SOP), the
lower bound of SOP (SOP%), and the probability of strictly positive secrecy capacity (SPSC) are derived by using the classic
Wyner’s wiretap model. Two different scenarios for the fading parameters, namely, . and m, which represent the real extension of
the number of the multipath clusters and the shadowing index, respectively, have been studied. These parameters are chosen first
as arbitrary numbers, thus the performance metrics are given in exact closed-form in terms of the extended generalized bivariate
Fox’s H-function (EGBFHF) that has been widely implemented in the open literature using various software packages. In the
second scenario, both the fading parameters are assumed to be integer numbers to obtain the derived results in simple exact
closed-form mathematically tractable expressions in terms of some analytic functions. The numerical results of this analysis are

verified via the Monte Carlo simulations.

1 Introduction

Wyner developed the information-theoretic notion of perfect secrecy
that was introduced by Shannon via proposing the wiretap channel in
addition to the main channel [1]. Accordingly, the performance anal-
ysis of the physical layer security over fading channels was given a
special attention in the open literature. For example, the probabil-
ity of strictly positive secrecy capacity (SPSC), the secure outage
probability (SOP), and the average secrecy capacity (ASC) when
the wireless channels undergo the additive white Gaussian noise
(AWGN) and Rayleigh fading channel were derived in [2] and [3],
respectively. The authors in [4] studied the SPSC when both the main
and wiretap channels subject to Rician fading conditions. The SOP
and SPSC over Rician/Nakagami-m and Nakagami-m/Rician fad-
ing scenarios were provided in [5]. The SPSC and the ASC of the
Weibull fading channel were introduced in [6] and [7], respectively.
The closed-form expression of the SPSC when the main and the
wiretap channels experience a log-normal fading was presented in
[8].

Recently, many efforts were devoted to analysing the secrecy
performance of the physical layer over different generalized fading
channels which give results closer to the practical measurement than
the traditional distributions. For instance, the closed-form expres-
sions for the SPSC and the lower bound of SOP (SOPL ) over
generalised Gamma fading model were derived by using the classic
Wyner’s wiretap model [9]. The authors in [10] analysed the SPSC
and SOP” over x — 1 fading that is used to model the line-of-sight
(LoS) communication scenario where the parameters « and p denote
the ratio between the powers of the dominant and the scattered waves
components and the number of multipath clusters, respectively. In
[11] and [12], the SPSC and the ASC were, respectively, utilised
to studying the secrecy performance over o — u fading condition,
which was proposed to represent the non-homogeneous environment
of wireless channel where « indicates the non-linearity index. The
scenario of main/wiretap channels undergo o — p/k — p fading con-
ditions was investigated in [13] and [14] to study the security of the
physical layer via deriving the SPSC, the SOP, and the SOP” and the
asymptotic expression of the SOP at high signal-to-noise ratio (SNR)
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and the SOPT, respectively. In both works, the performance met-
rics were expressed in terms of the Meijer’s G-function and infinite
series.

The wireless channel may subject to the shadowing effect which
is part of fading that can not be ignored. Hence, several works were
dedicated to analysing the security of physical layer over compos-
ite multipath/shadowed fading channels. The generalised-K (K )
fading model, which is composite of Nakagami-m/Gamma distri-
butions, was employed for both the mai and the wiretap channels
of the classic Wyner’s framework in [15] and [16]. In the for-
mer, the ASC, the SOP, and the SPSC were expressed in terms
of the extended generalized bivariate Meijer’s G-function (EGB-
MGF) whereas a mixture Gamma (MG) distribution was used in the
latter to approximate with high accuracy the same performance met-
rics. The work in [17] was also used the MG fading channel model
via expressing the probability density function (PDF) and cumula-
tive distribution function (CDF) in terms of a single variable Fox’s
H-function (FHF).

The physical layer security over the so-called x — p shadowed
fading channel that has been suggested as a composite of K — p
and Nakagami-m distributions was investigated by several efforts.
The authors in [18] studied the physical layer security over kK — i
shadowed fading by employing the incomplete moment generating
function (IMGF) for integer values of the fading parameters. But,
the derived results were given in terms of the partial derivative of
the upper IMGF which would lead to provide the performance met-
rics with double infinite series. This is because the upper IMGF of
the k — p shadowed fading model was expressed in terms of the
confluent Lauricella hypergeometric ®o function. On contrary, in
[19], the SOP, SPSC, and ASC for k — p shadowed fading scenarios
were presented in terms of an integral form. The analysis in [20] was
also based on using the K — p shadowed fading channels to deriving
the SPSC and SOP” of the physical layer. However, the provided
expressions were approximated and included the EGBMGEF as well
as double infinite series that do not converge easily and steadily.
Therefore, the authors were used the Gamma distribution to approx-
imate the expressions of the aforementioned performance metrics in



simple closed-from formats. In [21], the SOP and SPSC for single-
input multiple-output over independent and identically distributed
(i.i.d.) kK — p shadowed fading channels with integer values of p
were given in terms of double infinite summations. Although the
single variable FHF is recently utilised in [22] as a unified frame-
work to analysing the physical layer security over several channels
such as o — p, it cannot be applied for x — p shadowed fading con-
dition. This is because impossibility of expressing both the PDF and
the CDF of k — u shadowed fading in terms of the univariate FHF.

Motivated by the above, this work is dedicated to providing
another formats of the secrecy performance metrics of the physical
layer over k — p shadowed fading channel via using two different
scenarios of the fading parameters.

The main contributions of this work that fill the gaps of [18], [19],
[20], and [21] are listed as follows:

e We derive exact closed-from expression of the confluent Lau-
ricella hypergeometric ®o function in terms of the extended gen-
eralized bivariate Fox’s H-function (EGBFHF). This function has
been widely implemented in the open literature using MATLAB and
MATHEMATICA software packages.

e Capitalising on the above, we comprehensively analyse the
secrecy performance of the physical layer over k — p shadowed fad-
ing channel model via deriving novel exact closed-form expressions
of the ASC, SOP, SOP”, and SPSC for arbitrary and integer numbers
of the fading parameters. However, in [20] and [21], the SOPL and
SPSC were only given in terms of double infinite series. Although
the ASC was derived in both [18] and [19], the provided expressions
were presented in an integral form and infinite series, respectively.

o Unlike the SOPY and SPSC of [20] and [21] that were included
double infinite series when the fading parameters are arbitrary
values, our derived expressions are exact closed-form.

e We study the secrecy performance of the physical layer over
+x — p shadowed fading model by assuming p and the shadowing
severity index are integer numbers. Consequently, the ASC, SOP,
SOP’, and SPSC are obtained in simple exact closed-form math-
ematically tractable analytic expressions. In addition, they provide
good insights into the behaviour of the systems at different values
of the fading parameters. Although this scenario was investigated in
[18] and [19] for the ASC and the SOP, the derived results were given
in terms of double infinite series as well as non-analytic function.
It is remarkable that the case of the fading parameters are integer
valued was not presented in [20] and [21].

e In contrast to [21] in which the Gamma distribution was utilised
to providing the SOP” and SPSC in approximate closed-form, our
derived results are given in exact expressions via supposing the
values of the fading parameters are integer numbers.

Organization: Section 2 is divided into two subsections. In Sub-
section 2.1, the system model is described whereas the formats of
the PDF and CDF of kK — i shadowed fading are given in Subsec-
tion 2.2. The ASC, the SOP, the SOP”, and the SPSC for general and
integer values of ¢ and shadowing parameter are derived in Sections
3,4, 5, and 6, respectively. Section 7 performs the simulations and
numerical results. Finally, conclusions are presented in Section 8.

2 System and Channel Models
2.1  System Model

The model defined by Wyner in [1] consists of three different nodes
of wireless communications. The legitimate user communicates with
the intended receiver which are named Alice and Bob, respectively,
in the presence of an eavesdropper (Eve). In this paper, it is supposed
that the main (Alice-Bob) and wiretap (Alice-Eve) channels that are
independent undergo quasi-static K — p shadowed fading channels.
Moreover, all nodes are equipped with a single antenna and the chan-
nel state information (CSI) for the main and the wiretap channels is
known by the Bob and the Eve, respectively. When the transmit-
ter (Alice) sends the signal s(n), the received signals r;(n) at the

receivers (Bob and Eve) is expressed as [20]
ri(n) = hi(n)s(n) + wi(n). M

where i € {D,E}, D, and E stand for Bob, and eavesdropper,
respectively. In addition, h;(n) and w;(n) are the k — p shadowed
fading channel and the additive white Gaussian noise that has zero
mean and fixed variance, respectively.

2.2 The PDF and CDF of k — . Shadowed Fading

The PDF of the instantaneous SNR +;, f, (i), in & — p shadowed
fading model is given by [23, eq. (4)]

Fru (i) = @iy e ™A By (ms i Bii)- @)
i(I+ri m Al — iKiAq

where A; = & (’YJLF : -0i = T T(pa) (pikitma)™ By = (ll‘l:’ii+éni)7
7; is the average SNR, m; is the shadowing severity index, and
1F1(.;.;.) is the confluent hypergeometric function defined in [24,
eq. (9.14.1)].

The CDF of the x — p shadowed fading channel is expressed as
[23, eq. (6)]

Q;
Fy(vi) = lT’YZ T (g — i, ma; pi + 15— Ay, —Civi). (3)

where C; = RiAZ, ®o(.,.;.;.,.) is the bivariate confluent
hypergeometrlc function [22, eq. (9.261.2)].

When both p and m are integer numbers, i.e., u and m € 77T, the
PDF and the CDF are, respectively, given by [25, egs. (12) and (13)]

M; ’yilbjifl v
P =S Aj— e i @
K2 i w.i
=0l ey, - !
and
M; 4 wj171 1 i [
Fy(vi)=1=Y Aje % () .
~i (Vi) Z J3i€ Z 7! (Q]) ®)
Ji=0 r;=0 i

where M;, Aj,,1;,, and ;, are given in Table I that is given on the
next page.

3 Average Secrecy Capacity

The ASC is defined as the average of the secrecy capacity C's over
the instantaneous SNR, +, of the main and the eavesdropper chan-
nels. Mathematically, the ASC can be calculated by C's = I1 + I —
I3 [16, eq. (6)] where I1, I2, and I3 are expressed as

L = L In(1 +vp)fp(vp)Fe(vp)dvp (6)
I = Jo In(1+~g)fe(ve)Fp(vE)dvE @)
I3 = Jo In(14+vg)fe(vE)dVE ®)

Theorem 1. For arbitrary values of p and m, Iy, Is, and
I3 are respectively given by (9), (10) and (11) as shown on
the next page. In these expressions, I'(a IOO =le=%dx and

Srid, b ’a"’b“[] are the incomplete Gamma Sfunction and the
EGBFHF deﬁned in [26, A.1], respectively. It can be noticed that

the EGBFHF is not yet implemented in popular software packages
such as MATLAB and MATHEMATICA. Therefore, several codes
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Table 1 Parameter Values for the PDF and the CDF of the x — 1 Shadowed Fading with Integer 1« AND m [25].

Case Parameters
M; = p;
0, , Ji=0
s (maitdi-2y [ e[ B ] T .
g >my | Ay, = (=™ (mj7£1 )[A} [I] ) 0<gi<pi—my
ji—pitmi—1 i—2 ¢, JPimretmitlrg 1 .
(apem ) [ [&]7 mem<aism
b = i —mi —Ji +1, 0<ji < pi —my
7 wi —Ji + 1, pi —my < Ji < H4
Q. — A4 0<ji < pi —my
A i —m; < ji < i
M =m;i — pi _
) ) o ma—p C; Ji B, mi—Hi—7Ji
ui < g A= [ %] (&
Yy, =my ;ji
Q;, = C,

have been written to evaluate this function using various software
packages such as [12] and [27].

Mg wa T(k — o, )
Imt Z A]E Cip Z 5 JE? ]E (14)
Proof: See Appendix A for the proof. g jE=0 k=1 Q75
_ (%°,.a—1_—x : :
Remark 1. When both @ and m are integer numbers, (6), (7), and where I'(a, b) = I b T e "dz is the upper incomplete Gamma

(8) can be yielded in simple exact closed-form expressions as shown function [20, eq. (3.351.2)].

at the bottom of this page in (12), (13), and (14), respectively.

Proof: See Appendix B for the proof. O
I - OpOg T(up)T(uE)
(Ap = Bp)Hp=he T'(up —mp)T(ug —mp)l(mg)
><1¥0,1:1,2;1,1;1,1;1 1 1 Bp Ap Ce (1_.UD+mD§1717171) (171)7(171)
1,1:2,2;1,2;1,151,1 | Ap—Bp* Ap—Bp’ Ap—Bp’ Ap—Bp (—ME;O,O, 1, ]_) (1, 1), (0, 1)
(1_“D+mD71) (1_/-‘LE+mE71) (1_mE71) (9)
(071)7(1 _I'LDvl) (071) (071)
I — ©EOp U(pe)l (kD)
(Ag — Bg)te=mp T(up — mp)l(up —mp)l'(mp)
o O 1L 21111 1 Bg Ap cp |A=—pp+mg;1,1,1,1)|(1,1),(1,1)
1,1:2,2;1,2;1,151,1 | Ap—Bg’ Ag— BE Ag—Bg’ Ag—Bg ( ©p;0,0,1, 1) (17 1)7 (0 1)
(1_ E‘+mE7 1_ND+mD71) (1_mD71) (10)

Ja =06 F(“E) H071 1,2;1,1 Bg (17/"’E71) (171)7(151) (17/'LE+mE31) (11)
3 F(ﬂEme) 1,0:2,2;1,2 ZE —Bg’ Ag—Bg — (1,1)7(071) (O 1)7(1_ME71)
M P P —1 Vi +TE
7int _ ZD A, {ech iD 'k *wwjpv Z Aje Cip+Cip JEZ (Yo )'TE ]DZ 5}(1 *leD —78:Cjp +Cjg) } (12)
Jp=0 k=1 QF i5=0 rp=0 BT S QprTaiEi(@bie 4+ 0vis)

Mg Yig Mp Yijp—1 Yig+TD
mt Z A]E |:€ g Z F(k _w]E7C E Z A] e JE JD Z (’¢'7E)1D Z F(l _QpJE _TDych +CJD) :| (13)
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It can be observed that the ASC over k — i1 shadowed fading
channel has not been presented in exact closed-form expression in
the previous works. Consequently, to the authors’ best knowledge,
the expressions in (9)-(14) are novel.

4  Secure Outage Probability

The SOP is defined as the probability of falling the instantaneous
secrecy capacity, C's, of the system below the target secrecy thresh-
old, Rs. According to [9, eq. (4)], the SOP can be computed by

(oo}
SOP = J Fp(Ove +0 —1)fe(ve)dve (15)
0
where 0 = exp(Rs) > 1,1.e., Rs > 0.

Theorem 2. For arbztrary and integer values of the fading parame-
ters, the SOP and SOP'™ are gzven in(16 ) and (17), respectively, at
the bottom of this page. In (17), ( ) =) a), denotes the binomial
coefficient.

Proof: See Appendix C for the proof. g

One can see that (16) and (17) are new because they have not been
derived in the open technical literature in exact closed-from.

5 Lower Bound of SoP

According to [6], the SOPY can be obtained from (15) by inserting
Y — oo. Hence, the SOP” can be calculated by

oo

Sopt = L Fp(0yve)fe(vE)dVE

< SOP (18)

Theorem 3. : The SOP” for arbitrary numbers of p and m, the
SOPL can be expressed in terms of the mulllvarzate FHF as given in
(19). Moreover; when ju.and m € N, the SOPm, can be obtained in
simple exact closed-from expression as in (20).

Proof: See Appendix D for the proof. (]

J\lE A Z\/ID

SOPh =1- Y — 2 N4y,

o
i5=0 ;7% (Yjp — D! jp=0
P p—
< 67> (¢, +7D)
Z "Z"jD 6 1 "Z"jE +rD (20)
ro=0 7ol (a7 + ;)

6 Probability of Strictly Positive Secrecy
Capacity

The SPSC that is defined as the probability of the instantaneous
secrecy capacity, Cs, is greater than zero can be evaluated by [9,
eq. (12)]

SPSC = 1—SOP" for 6=1 1)

Accordingly, the SPSC for arbitrary and integer values of fading
parameters can be deduced from (19) and (20), respectively, after
using § = 1 and plugging the results in (21).

7 Numerical and Simulation Results

In this section, the numerical results of this work are verified via
Monte Carlo simulations with 107 iterations. The parameters of
main and wiretap channels are assumed to be independent and non-
identically distributed random variables. In all figures, the markers
represents the numerical results, whereas the solid lines explain the
simulations. Furthermore, all the secrecy performance metrics are
plotted versus 7p and the ratio A = yp /4g for various values of
up and mp and 4p, respectively.

Figs. 1 illustrates the ASC versus A for (up, mp) =
(0.5,0.5),(2,0.5),(2,4), kp = kg =1, ug = 0.5,mpg = 1, and
4g = 5 dB. From this figure, one can see that the value of the ASC
becomes better when pp or/and mp increase. This is because the
high values of p and m imply a large number of multipath clusters
and less shadowing impact at the Bob, respectively. For instance, at
mp = 0.5and A = 20 (fixed), the ASC for up = 2.5is nearly 17%

(6 —pypetre I'(pe)

gre I'pg —mpe)l'(up —mp)I(

mp)

(1-pg;1,1,0,0), (—up;0,0,1,1) ‘

11| (6-1) (6-1)
w1 T (e = Br). BE’(Q_UAD’(H_1)CD‘(_MD§0’07171)7(_ND_HE§1717171)

- '(1_#E+mE71)'(1_HD‘FmDal)‘(l_mDal)}
(07 1) (07 1)7 (1 — HE; 1) (01 1) (01 1)
(16)

Mp 9 1 Yip— Mg

pint — 1 _ Z Aje %p Z QTD -~ Z

Pj
jp=0 rp=0 JD jE=0 Q JE ¢JE D=0

5> (P OFT (k + )
17
Z <k> (9_1)k7TD(QL+L)k+w]‘E a7

iD QjE

orr P(ug)

sopl = OpOg

1;1,1;1,1 Bg 0AD 6Cp
,2;1,151,1 | (Ag—BEg)’ (Ag—Bg)’ (Ag—BEg)

(Ag — Bg)tr+ie T(ug —mg)L(up —mp)T(mp)

(1—pp—up;1,1L,1)|(1—pg+mg,1)|(1 — pp +mp,1)|(1 —mp,1)
(_MD;Ovlvl)

(0,1),(1 = pp,1) (0,1) (0,1)

19)
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Fig. 1: ASC versus X for different values of up and mp, kp =
kg =1L pug =05, mg=1ad~yg =5dB
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Fig. 2: ASC versus 7p for different values of g, kp = kg = 1,
up =25, mp =15, ug = 0.5, andmg = 1

higher than pp = 0.5. In the same context, when up = 2 and mp
changes from 0.5 to 4, the ASC is increased by roughly 4%.

Fig. 2 shows the ASC versus 4p foryg = —5,0,and 5dB, kp =
kg =1, up =25 mp =15, ug = 0.5, and mp = 1. In this
figure, it can be observed that the increasing in 4 p leads to enhanc-
ing the security performance. On the other side, the ASC improves
when 4 g decreases. This refers to the deterioration of the eavesdrop-
per’s channel. For example, when 4p = 10 dB (fixed), the values of
the ASC for ¥ = —5 dB and 4 = 0 dB are approximately 1.974
and 1.675, respectively.

Figs. 3 and 4 demonstrate both the SOP and SOP” versus A and
D, respectively, for Rs = 1 and the same simulation parameters of
Figs. 1 and 2. As expected, the the SOP and SOP® reduce with the
increasing in the fading parameters of the main channel i.e., up and
mp and for the same reasons that are mentioned previously. More-
over, under the same conditions, the difference between the SOP and
SOPL becomes large when g increases. This is because the total
SNR of the SOP” is higher than that of the SOP. For example, in
Fig. 3, at A = 15 (fixed), the SOP and SOP” for the (Lp, mp) =
(2, 4) are less by nearly 40.4% and 40.2%, respectively, than (i p,
mp) = (2, 0.5). The provided results for the SOP in Figs. 2 and
3 are affirmed by the SOP” in the same figures. This confirmation
comes from all results of the SOP” in the these figures are less than
their corresponding scenarios of the SOP and this satisfies the second
equal of (18).
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Fig. 3: SOP and SOPL versus ) for different values of up andmp,
kp=kgp=1ug =05 mg=1,79g =5dB,and Rs =1
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Fig. 4: SOP and SOP’ versus 4p for different values of yg, kp =
REp = 1, UD = 2.5, mp = 1.5, HE = 0.5, mpg = l,and Rs =1
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Fig. 5: SPSC versus A for different values of up and mp, kp =
kg =1L ug =05 mgp=1and 5y =5dB

Figs. 5 and 6 explain the SPSC versus A and 7p, respectively.
Again, the provided curves in these figures confirm the results of
Figs. 1-4.



% Jp=-5dB []
* Jp=0dB
O Ap=5dB o
Simulation
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Fig. 6: SPSC versus 7 for different values of ¥, kp = kg = 1,
Hwp = 2.5, mp = 1.5, HE = 0.5, and mg = 1

From all figures, it is clear that the performance improves when
the ratio A increases. This refers to the high 4 in comparison with
the g which would lead to make the Alice-Bob channel better
than the Alice-Eve channel. More importantly, the numerical results
and Monte Carlo simulations are in perfect match for any provided
scenario.

8 Conclusions

This paper was dedicated to studying the secrecy behaviour of the
physical layer over x — p shadowed fading channels. Unlike pre-
vious works that are used the same channel model, the secrecy
performance metrics, namely, the ASC, the SOP, the SopPL , and
the SPSC, were derived by assuming two different scenarios of the
fading parameters. In the first scenario, the derived results were
expressed in exact closed-form in terms of the EGBFHF for arbitrary
values of 1 and m. On the other side, the second scenario provided
analytic exact mathematically tractable closed-form expressions in
terms of simple functions via assuming the fading parameters are
integer numbers. From the given results, an enhancement in the val-
ues of the ASC, the SOP, the SOP”, and the SPSC can be observed
when pp or/and mp increase and g decreases. Accordingly, the
results of this work can be employed to studying the behaviour of the
physical layer security over a variety of fading channels with simple
exact closed-form expressions and integer fading parameters. The
case of the imperfect CSI over x — i shadowed fading channels can
be also taken into consideration in our next work.
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Appendix A
Proof of Theorem 1

Substituting (2) and (3) in (6), we have

pDo+pE—1 e*-AD YD

00 [*
n=-2=£ EJ In(1+vp)v}

pE  Jo
x 1F1(mp;pp; Bpyp)

X ®3(pp —mp,mp; pe + 1;—Agvp, —Ceyp)dyp (22)

To compute the integral in (22) in exact closed-form, we express
In(.) and the hypergeometric functions in terms of the Meijer G-
function. However, the argument of 1 F(.;.;.) should be negative
to be expressed in terms of the single variable FHF and the integral
converges. To achieve that, the following properties [28, eq. (1.3.7)],
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[26, eq. (1.130)], and [29, eq. (11)] are used in (22)

1Fi(asb;x) = e®1F1 (b — a;b; —x) @3
1F1 (a3 b; —x) = %H%é |:m‘(07 (11)7_(10"_127 1):| (24)
-+ = 33 o1 1 1) )

To write the confluent Lauricella hypergeometric function ®o(.)
in (22) in terms of the FHF, we use the following identity [28, 1.ii,
pp- 259]

®a(ay,a0;b; —x1t, —xot) =

H)—E_l{%(l n %)_al (1 n ’”5—2)_@2; s,t} 26)

where R(b) > 0, R(s) > 0,and {a1,as} € Rand £71(.) stands
for the inverse Laplace transform.
The following property is given in [26, eq. (1.43)]
- 1 11 |(1—y,1)
y _ _ - s )
1+z)7= ) Hi {m‘ 0,1) 27

With the aid of (27) and using the definition of FHF that is pre-
sented in [26, eq. (1.2)], the inverse Laplace transform of (26) can be
rewritten as

ﬁ_l{% (1 + %)_al (1 + %)ﬂlz; S’t} - P(af)(?(ag)

J J L(r1)T (a1 — r1)T(r2)T(ag — r2)a; "oy "
R1JIR2

£t {8T1+T2_b; s, t}drldrg
(28)

The inverse Laplace transform in (28) can be calculated as follows

tb—rl —ro—1

—1f _ri+ra—b, _
L s ,s,t} =T (29)

(b—r1—r2)

Substituting (29) into (28) to yield

{0200 2) e = e

Employing the definition of the bivariate FHF that is given in [26,
eq. (2.56)] for (30) along with (26), we have

I'(b
P9 (a1, a; by —w1t, —xot) = %
0.0:1.1 - |1 —a1,1)|(1 —az,1)
xHy'1q {mt xat (1—b,1)] (0,1) ‘ (0,1) ] 3D

where H®’ ; ia,b; a"’b" [.] is the bivariate FHF.

After 1nsert1ng (23) (24), (25) and (31) in (22) and utilising the
definition of the FHF, we obtain (32) that is shown at the bottom of
this page in terms of the multiple closed contours R; in the complex
r;-plane for ¢ € {1,2,3,4}.

With the help of [26, eq. (3.381.4)], the inner integral, J, of (32)
can be be computed in exact closed-form as

oo
J = J ,Y%DJrME*Tl*T2*T3*7‘4716—(AD—BD)'de,yD

_ F(H’D + HE —T1 — T2 — T3 — T4) (33)
- (AD _ BD),MDJF#E—Tl—TZ—TS—TAL

Plugging (33) in (32) and using [26, eq. (A.1)], the proof is
completed for (9).

It can be observed that (10) can be calculated by (9) after
replacing the symbols D and E with E and D, respectively.

Substituting (2) in (8), we have

o0
13=@EJ0 n(l+yp)ve" LemArTE

x 1F1(mg; pE; BEvE)dVE (34)

Using (23), (24), (25) for (34), this yields

1= 00y gy
,1 mpg, 1
33 o 1) o)t e 1 e

(35)

-1 1 J J L(r1)T(a; — r1)T(r2)T (a2 — r2)
2mj)? Jr, R, L(b—r1—r2)
—r . Following the same steps in (32) and (33), (35) can be evaluated
(xt)y " (at)g Pdridry in exact closed-form expression as provided in (11) which completes
(30) the proof.
1, = 9098 P(up)I'(1+ pp)

pe T(pp —mp)l'(pg —mpe)l(mg)
)

1 J J J J DL+ )T (=r)P(=r)T(r2)T (up —mp —12) T(r3)T' (kg — me — r3)T'(ra)T(mg — r4)
R2 JR3 JRa (1

2m)* Iz,

— 1) (up —r2)

IF(l—pg—713—714)

o0
BE,”AE”C;“J Pt mra s o= (AD=BO)ID gy ey dirydrsdry (32)
0
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Appendix B
Proof of Remark 1

Inserting (4) and (5) in (6) and performing some mathematical
simplifications, this yields

Mp

I{nt Z AjD

520 Q5P (4, — 1)!

o0 ’L/) YD
H In(1 +yp)vy® e Mp dyp
0
Mg Yip—
- Z Ajp Z QTE
jE=0 re=0 " JE
[ele] _ 1 _1
XJ (1 +app e et (marme) ey
0

(36)

Employing [30, eq. (47)] to calculate both the integrals of (36)
in simple exact closed-form expressions as given in (12) and this
completes the proof.

Using D and E instead of E' and D, respectively, in (12), the
result is I”’t that is given in (13).

Plugglng (4) in (8), this yields

Mg

w.
JjE=0 Qj;E (7/)]5 - 1!

JjE

o Yjo—1 —gF
X In(1+vg)vg® e “edyg 37)
0

Likewise, [30, eq. (47)] is utilised to express (37) in exact closed-
form as given in (14) which completes the proof.

Appendix C
Proof of Theorem 2

Inserting (2) and (3) in (15) and using (23), the result is

1)MD€—(AE—BE)’YE

oo
s0p = PO [ e gy 16—
HE 0

X 1F1(ug —mg; pE; —BeE)

X ®3(pup —mp,mp;up + 1, —Ap(Ovg +60 — 1),

—Cp(0vp + 6 —1))dvg (38)
To compute the integral in (38), we recall the identities (23), (24),

(31), and [26, eq. (1.39)]. Consequently, the SOP in (38) can be
expressed in multiple closed integrals as shown in (39).

Performing some mathematical manipulations and using [24, eq.
(3.194.3)] to evaluate Jo of (39) in exact closed-form as follows

Joy = g—ug+r1+r2 (0 _ 1)/}.D+[LE—7"1—'I"2—T‘3—7’4

X B(pg —r1—72,—pp —pg + 71+ 72 + 13 +74) (40)

where B(., .) is the Beta function defined in [28, eq. (1.1.34)].

Invoking the identity B(z,y) = @) F(y) [28, eq. (1.1.47)] for
(40) and inserting the result for Jo in (5;9) the SOP can be deduced
as in (16) and this completes the proof.

When p and m are integer numbers, the SO can be calcu-
lated after subsututmg (4) and (5) into (15) and using the fact that

Pint

Io° f(v)dvy £ 1. Thus, this yields
Mp o1 Yip—1 1
znt Q-
SOP™=1- 3 Ajpe M0 > g
Jip=0 rp=0 JD

M

20 Q0 (4, — 1))

Je=03%%, JjE :

%—Fﬁ)’YEdny
41)

o0 o —
<[ e v 0 - 1yee (

Applying some algebraic simplifications and employing the prop-
ety (1+a)’ =Y0_o (2)a* [24, eq. (1.111)] in (41), we have

0—1 Yip—1

M

SOP™ =1 3o A e 3T L
: Jp QTvDTD!
ip=0 rp=0 " JD

Mg A D r

pp A o |

_ ijE _ k

Je=0 iE (1/)]13 ) k=0

[t g e
0

dve (42)

The integral in (42) can be expressed in simple exact closed-form
by using [24, eq. (3.381.4)] to yield (17) which completes the proof.

©pOg C'(ug)T(1+ up)

SOP =
up T(pg —mpe)l(pp —mp)T(mp)

1 J J J J L(r)L(r2)l (kg —mp —r2) D(r3)l'(pp —mp — r3)I'(ra)'(mp — 74)
RaoJR3 IRy

2m)* Iz,

D(pug —r2)

P(l—pup —r3—ra)

oo
(Ag — Bg) "B ALPCcy™ J 'ygEﬂﬁ”*l(@'yE +6 — )P Ty drydradradrs (39)
0

J2
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sopl — #"7©pOk C(pp)l(1+pp)
pp  T(pg —mg)T(up —mp)T(mp)
1 J J J I'(r))T(pg —mg —7r1) T(r2)T(up —mp —72)L(r3)T(mp —r3)
(2m5)% Jry JRs IR T(pg —1r1) (1l —pup —re—13)
o0
By Ap™=CH" J ’YEEJWD_Tl_rz_m_lef(AEiBE)d’YE dridradrs (44)
0
T
Appendix D

Proof of Theorem 3

Inserting (2) and (3) in (18) and recalling the identity (23), this yields

sopt — 9DOE gup
HE

o0
J 7J;é}ﬁLMD*16—(AE—BE)’YE

1Fi(pg —mEe; pe; —BevE)

X ®3(up —mp,mp;pup + 1;—Apbyg, —Cpbyg)dve
(43)

With the aid of (24) and (31), (43) can be rewritten as in (44) at
the top of this page.

The inner integral in (45), J3, can be evaluated by utilising [24,
eq. (3.381.4)] as follows

_ T(ug+pp—m —r2—r3)
Js = (A — Bg)#BtpHD—T1—T2—Ts3 5

Plugging (45) in (44) and using the definition of the multivariate
FHF, (19) is obtained which completes the proof.

For integer values of the fading parameters, SOP,L-Lm can be com-
puted by plugging (4) and (5) in (18) and utilising J'go Fy(y)dy & 1.
Accordingly, we have

SOP;; =1 — _
w.

Je=0 Qj;E (jp — D!

Mp Yjp—1

IRV

Yip
ip=0 rp=0 QjD rp!

JE

6"P

e8] (041
J AP e AL S
0

With the aid of [24, eq. (3.381.4)], (46) can be calculated in simple
exact closed-form expression as provided in (20) and that completes
the proof.
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