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ABSTRACT 
The purpose of this paper is to outline the start of the 
development of a time-dependent Dynamic Structural 
Reliability Model for civil engineering structures.  
The issue of the existing extent of information for the 
different elements of the model is addressed together with 
the research required to assure a uniform reliability level for 
structures. A uniform reliability level provides an ethically 
sound method of assessment of the relative safety of the 
structure.  
Structural reliability analysis is a long-term research problem 
that has been aided by the development of sensitive 
accelerometers, capable of recording thermal vibration of 
structures. Changes in the natural vibration frequencies over 
time can be used to identify changes in the structural 
reliability over time based on real-time behaviour. 
 
KEYWORDS: structural, reliability, dynamic, accelerometer, 
time dependent 
 
NOTATIONS 

   Reliability index  

fp    Probability of failure 

()P   Probability function 

R   Resistance to load and failure 

S   Applied stress regime 

H Horizontal load  
V Vertical load  

iM   Moment capacity at the point i on a frame 

L   Length 

( )G X   Resistance 

   Mean 

   Standard deviation 

( , )G X t  Time dependent resistance 

,a s   Constants in equation (6) 

AC   Axial stiffness coefficient, for symmetric prismatic 

beams = 1 

S  Bending stiffness coefficient, for a symmetric 

prismatic beam = 4 

CS  Carryover stiffness factor, for a symmetric prismatic 

beam = 2 

E  Young’s Modulus  

A Area 
I  Second moment of area 
L Length  

e strain 
'   relative change in quantity, i.e. M 
'M   Dummy variable for equation 10 to hold the 

calculation of the impact of end moments induced 
by variable axial loads in a structural member for 
stability functions 

  Dummy variable equal to 0.5 L  

 
1. INTRODUCTION 

 
1.1 Background 
Observational data from structures damaged in extreme 
loads, such as earthquakes, point to the existence of a 
difference in the probability of failure of different structures 
in different loading events. Any reasonable ethical view of 
this observation points to the need for a minimum acceptable 
level of structure reliability. The accepted definition for an 
acceptable level of structural reliability is the probability of 
failure for a given loading event or events. The alternative 
statement is the return period for failure, such as once in 100 
years.  
 
The probability of failure is usually expressed in terms, such 
as 0.1%, but an alternative number system is often used as 

a surrogate to describe the probability level, which is the 

value. The use of the reliability index   in the 

Complementary Standard Normal Equation yields the 
probability of failure. A common usage has been adopted of 

writing the   as surrogate for the probability of failure, such 

that a value of   of 5.00 represents a probability of failure 

of 0.2859E-06. A one to one relationship exists between the 

reliability index   and the probability of failure
fp , so the 

use of   as a measure for failure is mathematically 

acceptable. The range of   is typically 0 to 10. A structure 

is designed with a target probability of failure or 

corresponding   value.  

 
The target probability is usually provided by default in 
modern codes of practice. These codes of practice were 
derived from a limited number of theoretical and 
experimental sources. One of the definitive sources is the 
development of the steel portal frame model in the 1930s 
[1,2].  
 
 



1.2 Structural Reliability Methods 
Extensive research derived in large part from the early work 
on the steel portal frame led to the development of the field 
of structural reliability analysis. A series of definitive classic 
text books outline the methods used for Structural Reliability 
Analysis [3-9]. The paper uses the standard definitions 
provided in these standard textbooks.  
 
Structural reliability is a limit-based approach that has the 
objective of ensuring that all failure modes of the structure 
are considered. Melchers [3-6] and others [7-9] clearly 
outline the methods used for structural reliability analysis 
and for space reasons only the basic relevant outline is 
summarized in this section. The standard equation used for 
Structural Reliability is equation (1): 
 

( 0)fp P R S= −   (1) 

Although in reality a structure with R S=  cannot be 

considered safe and so equation (1) is expressed as a strict 

inequality, rather than the  . There are four components to 

this equation. The first component is the estimate of the 

structural capacity of the buildings, R . The second 
component is the set of applied loads that can be applied to 

the structure over the lifetime of the structure, S . The third 

component is the difference between the capacity and the 
applied loads, which is used to estimate the safety of the 

building or the probability of failure 
fp . The fourth 

component is the relationship shown in equation (1) that ties 
the independent elements together as the only real 

relationship between R  and S  is the equation.  

 
The standard structural reliability problem assumes that the 
problem is time invariant or stationary in mathematical 

terms. Any reading of the extensive literature on building 
damage shows this to be in error, the standard structural 
reliability problem is time dependent or non-stationary in 
mathematical terms. Figure 1 shows a definition sketch for 
the non-stationary problem with the proability distribution for 
the capacity and load effects over time and their inevitable 
overlap.  
 

 
 
Figure 1. Schematic time-dependent reliability problem 
(from Melchers [3, 4]) 
 
The clear point of Figure 1 is that at some stage the building 
fails in some fashion. In earthquakes, this failure can be 
catastrophic for the entire community as shown in Figure 2. 
This example is taken from central Italy. Here, the clear and 
present danger to the population for building collapse and 
death is earthquakes.  

 

 
 

Figure 2. 1915 Avezzano earthquake – damage in Via Napoli [10] 
 
A study of the fatality rates in earthquakes in the Abruzzo 
Region in the 1915 Avezzano earthquake showed that 100% 
fatality rates occurred in some villages in this region [11], 

demonstrating the issues relevant to structural reliability 
methods.  
 



One of the challenges in the last fifty years, since the formal 
definition of structural reliability measures, is the 
development of the time dependent structural reliability 
model. Buildings are subjected to multiple loads over their 
lifetime, each load doing some damage to the building, but 
these loads do not necessarily lead to immediate collapse 
as suggested in Figure 1. However, progressive damage 
followed by a large event may lead to unexpected 
catastrophic failure. There are of course many different 
loads that can damage structures and kill humans, but 
earthquakes represent a critical issue and provide a critical 
outset for developing Structural Reliability theory.  
 
The paper addresses the four key components of a 
proposed time dependent (non-stationary) structural 
reliability model. The ability to develop non-stationary 
models relies on the collection of a different type of (high 
quality) data through monitoring and analysis. Some of this 
data is analysed near real time and some requires longer 
periods of data analysis followed by extensive statistical 
analysis using frequentist [12], Bayesian [13] and Monte 
Carlo analysis [14].  
 
1.3 Methodology for the proposed method 
The paper outlines the development of a time-dependent 
structural reliability model that is based on measured 
acceleration data through monitoring. An outline of the four 
stages of the development of the model is presented below.  

1. Time-dependent structural model: Development of a 
time-dependent non-linear structural model that 
provides a better representation of the measured 
data than linear elastic models.  

2. Probability distribution of applied loads: Real loads 
are not constant. Their variability can be 
characterised through probability distribution (e.g. 
Gaussian or non-Gaussian). Thermal loading is 
Gaussian and provides a well-defined basis for long-
term monitoring and modelling.  

3. Measured frequency data: High quality measurement 
data for the response of the structure to the applied 
loads.  

4. Bayesian statistics and Monte Carlo analysis: 
Bayesian statistics is used to determine the existing 
load probability functions. Monte Carlo analysis is 
used to determine the probability of failure for a 
structure based on measured data. The Monte Carlo 
method requires a suitable structural model, in this 
case a non-linear model that allows changes in the 
properties of the structural elements to be modelled 
as the loads vary. 

 
2. TIME-DEPENDENT STRUCTURAL MODEL 

 
2.1 Introduction 
Structural analysis is required for the construction of any 
modern structure, unlike for historical construction, for 
example for the buildings shown in Figure 2. The analysis 
can be a simple set of code rules, such as for light timber 
framing [15] or detailed finite element analysis for major 
structures. 
 
Modern structural analysis using codes of practice assume 
that the main variables are constant with zero variance. The 
codes of practice build in the variance to the models in the 
factors used in the code equations [16]. The reason for this 
method is simplicity of analysis for the practicing engineer, 
who wants to complete a reasonably accurate design in a 
minimum time for economic reasons. The development of 
high sensitivity accelerometers however offers a new 
possibility to monitor time dependent behaviour of structures 

in real time. Dynamic properties change with temperature 
and with changes in the structural condition.  
 
There are therefore two modelling scenarios for the design 
and monitoring of structures. For simple structures, like 
houses without dynamic monitoring traditional, essentially 
static analysis is suitable. For complex structures that are 
monitored episodically or continuously, time-dependent 
reliability analysis (based on experimental data) would 
provide a much more accurate model of the changes in 
condition than static analysis. 
 
2.2 Standard Model 
The proposed structural reliability model is illustrated 
through a standard model of a steel portal frame that has 
been used since the 1930s, as shown in Figure 3. V 
represents the vertical load and H the horizontal load, each 
with given mean and standard deviation. The height L and 
the length 2L are standard features of this problem. Points 
B, C, and D represent the points of plastic failure or sway. 
The structure is based on the well-studied standard problem, 
developed by Baker in the 1930s [1] and used by Melchers 
in this classic text [4]. Melchers and Beck suggested in 2018 
[5] that the resistance is time invariant. This may be 
applicable for a simplified model but is clearly conservative 
considering the system shown in Figure 1.  
 

 
Figure 3. Standard portal frame problem for structural 

reliability 
 
The first step in the structural capacity analysis is to 
determine the modes of failure. Figure 4 shows the 
representation of the failure modes using the simple 1930’s 
nodal graph for the named failure modes (beam, sway and 
combined) and binary heap representation that have been 
used for hand calculations for structural analysis 
programming from the late 1960s. The clear element of 
Figure 4 is that there is a limited number of failure modes 
and each can be quantified.  

 
 
Figure 4. Tree graph and binary heap representations of 
the failure modes for the portal frame 



2.3 Sample Standard Solution 
There are a range of analysis programs available to model 
the structure shown in Figure 3. The limit state function for 
the modes can be expressed using simple plastic equations 
as shown in Equation (2) for the beam in the portal frame: 
 

2 0B C DM M M VL+ + − =  (2) 
 
The traditional assumption for this standard portal frame is 
that all moments have a capacity of 1, the applied vertical 
load, V is 1 and the length, L, is 1. The standard deviations 
are 0.15 for the moments and 0.5 for the vertical load. From 
that, the resistance of the beam is shown in Equation (3). 
 

( ) 2B C DG X M M M V= + + −  (3) 
 
Therefore, the resistance of the beam is ( ) 3G X = . The 

mean of the resistance is 3G =  and standard deviation 2

G  

is calculated using in Equation (4). 
 

2 2 2 2 2(0.15) (2*0.15) (0.15) (0.5)G = + + +  (4) 
 

From that, the probability distribution 𝛽𝐺 can be found as 

shown in Equation (5) as derived by Melchers. 

G
G





=  (5) 

Hence, G  is 4.83. Melchers has already calculated the 

probability of failure
fp  for a range of 𝛽𝐺  values in Appendix 

D of [4], that give a probability of 60.7 10x −  for the current 

example. This is an estimate for one of the possible failure 
modes for the simple portal frame model. The static model 
has an acceptable probability of failure when it is new and at 
time 0 the structure is considered to fall within acceptable 
statistical limits. This observation does not mean that the 
structure cannot collapse, but it will probably require a larger 
load than the estimated applied load to collapse, as often 
occurs with earthquake loads.  
 
2.4 Time-dependent model 
Condition of structures varies with time. One of the ways to 
identify the condition of structures is through dyamic 
characterisation. There has been tremendous development 
in accelerometer technology during the last two decades to 
gather high-quality measurement data for the dynamic 
behaviour of structures. Three grades of accelerometers are 
currently available. Grade 1, the highest resolution with 
about 20 - 50 µg resolution, grade 2 with resolution in milli-g 
terms, commonly used in the automotive industry and grade 
3 used in cell phone modems. The sensitivity of grade 1 
accelerometers allows not just live loads, but also thermal 
background vibration to be measured accurately, that forms 
the basis for the proposed method. The data for in the paper 
was collected using a SENSR CX1 Grade 1 accelerometer, 
measuring 2000 times per second in the X, Y and Z 
directions.   
 
Monitoring can be episodic, a few minutes at a time or 
continuous. Figure 5 shows an example of acceleration 
recording over time for a large structure. The majority of the 
vibration is caused by thermal loading (shown inside the red 
box) and some additional vibration (outside the red box) by 
live loading. The relevant frequencies for the recording 
(caused overwhelmingly by constant thermal loading) can 
be identified through Fast Fourier transform (FFT) analysis 
[16, 17]. With available data measured through well defined  
thermal loading, structural analysis can now be extended to 

align with the full range of measured natural frequencies of 
the structure.  

 
Figure 5. Thermal vibration recording 

 
The extension of the static to dynamic analysis requires the 
change in the dominant frequencies over time to be 
incorporated into the model. To demonstrate the process 
through the portal frame in Figure 3, the resistance of the 
beam given in Equation (3) can be modified to include the 
estimate of natural frequencies as shown in Equation (6). 

 

( , ) 2 sin( )B C DG X t M M M aV st= + + −  
(6) 

 
 
2.5 Computer Analysis Development 
The simple analysis presented above can be completed 
using a plastic analysis computer program. These programs 
were developed in the 1960s and to a large extent are 
unchanged in mathematics, for example ULARC [18]. In 
terms of model development, there are clear advantages to 
these early programs. The code is usually short, accurate 
and coded in Fortran. It is relatively easy to turn these 
programs into Monte Carlo analysis programs used as the 
basis for Structural Reliability Analysis. ULARC does not 
provide natural frequency estimates. Natural frequency 
estimates can be provided by a range of commercially 
available programs. Extensive analysis completed in the last 
decade however points to the need for dynamic analysis 
using the complete 3D stability functions rather than elastic 
or plastic analysis, as derived by Ekhande et. al., in 1989 
[19]. A full implementation of these equations has been 
developed using the Harrison base analysis programs [20], 
which is a more complete solution than the Petersen 
equations used in some commercial packages [21]. One of 
the major challenges for coding Structural Reliability 
Analysis is real time processing of large amount of data that 
may involve 3D stability function matrices.  
 
3. PROBABILITY DISTRUBUTION OF APPLIED LOADS 

 
The dead load of a structures is essentially fixed. Live loads 
vary depending on the use of the structure, but are generally 
relatively constant with time, unless the structure is 
repurposed. Live loads include traffic, earthquake, wind, 
flood and other loads. Out of these, earthquake loads are 
likely to be the most damaging for structures and provide a 
simple demonstration of the proposed model.  
 
3.1 Load Statistics 
Thermal loads are constant at constant temperature. They 
have a mean value, standard deviation and a probability 
distribution function. An example of a probability distribution 
of a thermal load in shown in Figure 6. Thermal loads are of 
Gaussian (normal) distribution, shape of a bell-curve, but the 



traffic loads are non-Gaussian. The different types of 
distributions will be important factors in the next stages of 
the analysis.  
 

 
 

Figure 6. X, Y and Z Direction Acceleration Distribution 

from Nichols and Tomor [22] 
 
3.2 Underestimation of Earthquake Loads 
Earthquake loads form a critical load for large areas of 
human habitation. The real statistical issue with earthquake 
loads is the relatively short period of data collection. There 
are two types of earthquake records: earthquake time trace 
and observational data. The earthquake time trace goes 
back to about 1890, although the major development of this 
system occurred after the start of the Cold War. 
Observational data is published by NOAA [23] as the world 

earthquake fatality catalogue and goes back to about 200 
BCE. Statistical analysis in the last twenty years shows that 
the time between fatal earthquakes has been dropping since 
the 1840’s and it continues to drop. The average period 
between fatal events is less than 20 days now. This 
statistical analysis shows that the probability distribution for 
earthquake deaths is Poissonian [24] and as the world 
population increases the potential maximum probable 
fatality count in an earthquake increases.  
 
Estimating earthquake loads is extremely difficult, but it is 

critical for determining the applied stress regime, S  curve 

on Figure 1. An underestimation of the load will statistically 
reduce the likely lifetime of the structure.  
 
Newmark and Hall [25] used the tripart chart to demonstrate 
the frequency spectra of earthquakes analysed using Fast 
Fourier transform methods in an easy to understand format 
as shown in Figure 7 (see [26] for full details of these 
events). The figure indicates proposed limiting values for 
earthquake design, recommended by Newmark and Hall in 
1976, the 2010 New Madrid Seismic Zone Maximum 
Credible estimate (NMSZ-MCE) [27] and by the 1958 
Richter estimate [28]. The design event increases in 
amplitude for all frequencies with time. The interesting 
observation is that large events often have elements that lie 
above all three estimates from 1956 onwards, for example 
the 1989 Nahanni earthquake [29] that occurred in a low 
seismic risk classified region. In essence, estimating the 
peak earthquake design loads for any region is problematic 
because of the short record period. Earthquake loads 
therefore represent a significant risk in inaccurate statistics 
and ultra-high variability in their probability distribution. 
 
 

 
Figure 7. Tripart chart presentation of range of earthquakes 

 



4. MEASURED FREQUENCY DATA 
 
The next step is to identify the natural frequencies of the 
structure through high quality monitoring. To demonstrate 
the process, recordings with a Grade 1 SENSR CX1 
accelerometer are used with frequencies up to 1000 Hz and 
0.122 Hz frequency steps. The monitored data are stored in 
a MySQL database and analysis programs were developed 
for real-time processing of the data. During continuous 
monitoring approximately 10,500 data points are collected 
each day on the vertical, longitudinal and transverse axes. 
The time driven data is converted to frequency-driven data 
through FFT analysis and peak frequencies are plotted 

every 8 seconds as shown in Figure 8 (approximately one 
hour of data, 450 plot points, vertical direction). The graph 
indicates four distinctive frequencies at about 8.5 Hz, 10 Hz, 
11.75 Hz and 17.5 Hz. Similar plots are recorded for the 
horizontal and transverse directions. Frequencies can have 
one, two or three axes involvement. For the data set shown 
in Figure 8, the first natural frequency is only observed in the 
vertical direction, the second, third, and fourth are observed 
in the vertical as well as in the longitudinal directions. The 
first frequency observed in the transverse direction (not 
shown) is about 80 Hz and the peak observed frequency in 
all directions is about 320 Hz.  
 

 

 
Figure 8. Example of peak frequencies every 8 seconds (ca. 1 hour recording) 

 
The first measured frequency can be easily matched to a 
linear elastic structural model for specific Young’s Modulus 
and Poisson’s’ Ratio values. Matching the second and 
higher natural frequencies is however much more 
problematic. A linear elastic model generally fails to match 
the higher frequencies, because minor changes in major 
variables, such as the Young’s Modulus can have significant 
effects on the higher frequencies. If the frequencies 
identified by the structural model cannot be matched using 
linear elasticity, plasticity or partial stability functions [21], 
the development of a new structural analysis model may be 
necessary. 
 
For matching higher frequencies for a simple elastic beam 
with buckling (or any other deformation) as shown in Figure 
9 [19], the first step is the development of a beam equation 
that includes bending capacity and shear deformation 

capacity coefficients. The model in Figure 9 includes a Py  

moment [20], that was proposed by Berry (for aircraft spars) 
[30] and for which the 3D solution was formulated for by 
Ekhande et al., [19]. The proposed model for the non-linear 
elastic beam and is given in Equation (7).  
 
 

0 0

0 .

0

AB AB

BA BA

EA
AC

LP e
EI EI

M S CS
L L

M
EI EI

SC S
L L





   
   

=
   
      

  (7) 

 

 
Figure 9. Non-linear elastic beam definition from 

Harrison [20] 
 
 
Where S  is the bending stiffness coefficient, CS  the 

carryover stiffness factor and AC  the axial stiffness 

coefficient. Using standard theory, the terms , ,AC S SC  are 

constant for elastic prismatic beams. For non-linear stiffness 
theory they are however not constant and can be calculated 
using Equations (8)-(10). Equation (10) is a complex 
equation and can be a simplification using an alternative 

variable termed 
'M , defined in Equation (11). The 

simplifying terms are the mean defined as
2 P

EI
 =  and   

defined as 
2

L
 = . 

 



2( coth coth

coth 1
S

    

 

− +
=

−
 (8) 

2( coth coth )

coth 1
CS

    

 

+ −
=

−
 (9) 

'

3 2

1
( )

1
4

AC M
EA

P L

=

−
 

(10) 
 

' 2 2 2 2( )(coth( ) cos ( )) 2( ) 2 cos ( ) (1 coth( ))AB BA AB BA AB BAM L M M L L ech L M M L ech L M M L L        = + + − + + +  (11) 

 
5. BAYESIAN STATISTICS AND MONTE CARLO 

ANALYSIS 
 
5.1 Bayesian statistics 
The next step is to identify the probability distribution of the 
monitored frequency data for the thermal vibration and other 
loads. Bayesian statistical analysis provides a relatively 
straightforward method for estimating the parameters of a 
probability distribution [31]. Figure 10 shows the probability 
distribution of the monitored thermal vibration data shown in 
Figure 8 for temperature against frequency, processed by 
Bayesian analysis. 
 
 

 
Figure 10. Fast Fourier transform results expressed as 

a Bayesian result for temperature against frequency 
 
Some of the interesting observations in Figure 10 are:  

1. Higher frequencies are increasingly temperature 
dependent 

2. Some of the frequencies are not recorded at higher 
temperatures 

3. Very low frequencies only register below 27oC, as the 
structure cools. 

 
Fitting of measured data to structural models is quite a 
challenge and demonstrates some of the problems still to be 
overcome, including introducing temperature dependence 
into the structural model.  

 

5.2 Monte Carlo Analysis 
The final step is to determine the probability distribution of 
loads and failure mechanisms over time, based on 
measured data and improved structural models and the 
highest probability of failure for the overall structure.  
Using suitable structural models, the Monte Carlo analysis 
can be used to identify changes in the properties of the 
structural elements and their probability of failure for the 
range of applied loads through. the main steps are as 
follows: 

1. Determine the set of variables  
2. Determine the probability distributions, means and 

standard deviations for each variable 
3. Develop a set of random numbers for each variable, 

based on the probability distributions. Identify the 
probable range of applied loads and resistances  

4. Use structural analysis programs to determine the 
relative safety for each set of random numbers 

1. Determine the highest probability of failure for the 
loads and resistances. 

 
For the original example of a steel portal frame shown in 
Figure 3, a Monte Carlo analysis has been completed using 
the proposed method and ULARC program. The estimated 
probability of failure was found to be within 0.5% of the static 
estimate based on 1 million iterations. 
 
Further development of the model presents a number of 
challenges and is likely to utilise structural analysis 
packages with full stability functions for 3D analysis, modern 
solvers and eigenvalue solvers.  
 

6. CONCLUSIONS 
 
Buildings are subjected to a combination of loads over their 
lifetime (including environmental, thermal and earthquake 
loads), leading to gradual deterioration over time. The 
statistical characteristics of loads can vary significantly. For 
example, traffic or earthquake loads are generally non-
repeatable with non-Gaussian statistical properties, while 
thermal loads are repeatable with Gaussian (bell-curve) 
statistical properties. 
 
Simple structural reliability analysis using constant loads 
and standard structural models have the danger that certain 
loads, such as earthquake loads in some configurations can 
provide high probabilities of failure and little room for error 
for the estimation of mean and standard deviations for the 
loads, leading to unexpected structural failure.  
 
A time-dependent Structural Reliability model is proposed 
for civil engineering structures, based on non-linear 
structural models, measured thermal loading patterns, 
probability distribution of applied loads and probability of 
failure for the structure based on measured data. The 
development of the program is on the way, but a number of 
further challenges are yet to be overcome before it can be 
applied widely. 
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