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ANALYSIS OF UNIFORM BINARY SUBDIVISION SCHEMES FOR CURVE DESIGN

1. Introduction

Recursive subdivision 1s being wused increasingly in approximation
theory and computer aided geometric design as a method for the generation
and definition of curves and surfaces. Two well-known examples are the
Chaikin and Catmull-Clark algorithms, which respectively generate quadratic
and cubic B-spline curves. More recently, an interpolatory subdivision
scheme with shape control was proposed, see Dyn, Gregory, Levin [4]. Our
purpose 1s to provide a convergence theory for such subdivision schemes.
We define a class of uniform subdivision algorithms and seek conditions
under which there exist continuous limit curves. Furthermore we wish to

investigate the differentiability of the limit curves.

The theory of convergence of recursive subdivision curves has been
investigated in a general setting by Micchelli and Prautzsch [5], [6].
Their approach is through the study of control point transformation
matrices which define the Dbasic subdivision scheme. Our approach is
similar but we consider subdivision algorithms of a more specific form and

base the theory on a generalization of the difference analysis used in [(47.



For simplicity of presentation, we consider schemes based on Dbinary,
i.e. diadic, subdivision. However, the theory ©presented There can be
immediately generalized to the case of p-adic subdivision. We Dbegin in
section 2 by defining a general binary subdivision method and then present
some preliminary results. In section 3, necessary and sufficient
conditions for the existence of a continuous 1limit curve are discussed and
in section 4 the differentiability of this 1limit curve 1is considered.

Finally, 1in section 5, the theory is illustrated by application to some

specific examples.
2. The binary subdivision process
N

Let ff € R,1i € z, denote a sequence of points in RrRY , N > 2, where k

is a non-negative integer. A binary subdivision process is defined by

K+1 m k
£, = a.f. .
21 = %5
(2.1)
k+1 O k
iyl = jEO bt 45

Here m > 0 and we assume non-degeneracy in the summations in that

(2.2) ‘ao‘ * ‘bo‘ >0 and ag| + for| > 0.

Given initial wvalues f° € R'Y , i €2z, then in the limit %k - «, the process

Defines an infinite set of points in RY. Our purpose 1s to formulate

conditions on the coefficients of the scheme (2.1)which guarantee the

existence of a smooth limit curve.

We will denote the subdivision scheme (2.1) with coefficients %Hrlz 0
J

and%jfn = 0 by S(a,b). The values f* are called the control points for the
J

k'th stage of the scheme and the piecewise linear interpolant to these

values is called the control polygon.
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Two examples of recursive subdivision which fit into the class of
scheme (2.1) are:

Chaikin's algorithm [3]

3 1
gkl _ 2 ¢k +—fkl .
21 Rt 4 1+
(2.3)
k+1 1 x 3 k

and a 4-point interpolatory algorithm [4]

k+1 _ [k
Hi Ty
(2.4)
k+1 _ |1 [k k] [k k 1
a1 = [2 * m}fiﬂ Tl ol L
The first example belongs to the class of schemes producing control points

(£:"*}  in the convex hull of the control points at stage k.For this class
of schemes a strong criteria for convergence to a continuous limit curve 1is
given in [5]. The second example Dbelongs to the class of interpolatory
schemes which produce limit curves passing through the control points.
Hence the convex hull property is undesired and some of the coefficients
are negative. (For practical application only positive wvalues of w in
(2.4) are appropriate.)
For our analysis the sequence of control points {ff}will be related,

in a natural way, with the diadic mesh points

(2.5) 6 =i/2 , 1 € =z .
fk + 1
The process (2.1) then defines a scheme whereby 21 replaces the value ff
at the mesh point tgglzztﬁandfﬁiil is 1inserted at the new mesh point
k+1 _ k k+1 . . k
t2.l = {ti +i§i+l }/ 2 The control polygon connecting the points {fj} can

now be viewed as a parametric curve % (t) atisfying fk(tf)sz

For the analysis, and for practical implementation, the scheme S (a,b)
will be considered on a finite domain [0,n] € R. The scheme is well
defined on this domain, for all k > 0, if the control points at stage k are

defined on the set {i/2* :1 € Z.}, where



2m — 1 ifay # O,

2m—2ifam = 0.

In particular the initial data must be given on Z,.
In the following analysis we assume that by # 0. This is justified by
the observation:

Proposition 2.1 The scheme (2.1) produces a limit curve f(t) if and only

if the related scheme

k+1  mol k
By = 2 Pty

(2.7)
k+1 O k
Bi+1 = jEO a5t 4y

produces the 1limit curve f (t) .

. . k .k ok k ,
Consider an 1interval [ ti’ti+l ] = 1i/27,(1 +1)/2 at the k'th stage of

the recursion. The control points which determine the future behaviour of

the process in this interval are defined Dby the vector
T
_ k k
(2.8) fi,k = {fi,.. "’fi+nl+l} ,
The control point vectors f2i'k+lrf215Lk+1 at the k+l st stage for the two

K+l ck+1 ], [tk+1 k+1

Subintervals k2i B 2i+1,t2i+2],are efined by two inear trans-

formations on fi,x .To express the transformation matrices we introduce

the "generator matrix" of order M = n; + 3:

In the case a, # 0, M = 2(m+l) and the generator matrix is of the form

0
a 0 . . . a 0

2.9) A= 0

(2. = b 0 . . . b 0 . .
0

0 a.o a

0 b 0 b 0
0 a.o a 0
0 b 0 b 0




Otherwise, if a,= 0, M = 2m+ 1 and the generator matrix A 1is as above but
with the Last row and column deleted.
The control point vectors are transformed by
(2.10) f2 5,010 = Acfi,x and fs 141, k1 = Aif ik
where
-1
1...M 2...M
(2.11 =A and A4 =A _
) Bo 1...M_1 1 1...M 1
ig...dp
(Here A 5 jp is the matrix comprised of the elements of the matrix A
10
at rows i; < ... < i, and columns j; < . . .<3p).

Furthermore, let

. k .

i, .- _
(2.12) —c=ip+ 2 152 Jero,n-2"%;

2 J=1
be the diadic expansion of i/2%,where i, = [i/2¥] is the integer part of
i/2¥ and i; € {0,1}, 3 - 1,...,k. Then the history of the process up to

generation k of the control point vector f£f; is given by

(2.13) fi,x= Aix . . A;1f 30,0
where

T
(2.14) filoz{fgo,...,fgo+n1+l}

is the control point vector of initial values for the interval [1g,i.+1].
Example 2.1. To make the exposition more concrete, consider the scheme

defined by

k+1 .k K
i = agh tafiy

(2.15)
k+1 . .k k K
friv1 = Pofy + Py F bofi .

(Here m = 2 and a, = 0.) Then the generator matrix is



(2.16)
a a; 0 0 0
A= bO bl b2 0 0
0 aj a; 0 0
0 bO bl b2 0
i 0 0 ay a, O_
and the control point transformation equations are
(k1] T 1[5 s b b 0 +&
55 2y a; 0 0 1 bl 0 ! : £
k k+1
k+1 f, £ 0 a a 0 k
f21+1 bO b, b, 0 i+l 2i+2 0 ! i+l
(2.17) | x+1 | Fk+l k+1 k
biv2 0 3 a0 ||"2i43)| |T2ig3| |0 B b b f
k+1 £k k+1 k
f2i43) L0 Po P P L3 ) [Toiva] [0 0 & a[fii3]
Micchelli and Prautzsch [6] consider subdivision schemes with general
control ©point matrices Ay, and A; . In our case, however, the matrices
clearly have an inter-related structure, a study of which reveals the
following:
Proposition 2.2. Denote the spectrum of A by
(2.18) ANA) = (A1, .. M),
where Ay = 0 and A y.1 = a, if ap # 0or Ay-1 b if a , =0 (see (2.9)) .
Then
(2.19) AAs) = {A , ..., Ar-1) and A(A) = {ALl, ..., A2, bo }.

We conclude this section ith some introductory observations concerning

the convergence of the recursive subdivision process. Since the smoothness

properties of the limit curve are at least as strong as its components we
assume from now on that ff € R. We say that the process converges uniform-

ly on the dyadic points, to a continuous limit function £ € C[O0,n], 1if,

given ¢ > 0, there exists an integer K 2 0 such that

(2.20) | £ (i/2 %) - ££ 1 <eUi=0,...,2% and U k > K.

(This 1s equivalent to the uniform convergence of f k (t) to a continuous

limit function f(t) on [O0,n].) The following proposition now applies:



Proposition 2.3. A necessary condition for the uniform convergence of the
subdivision process (2.1) on the dyadic points, to a continuous
(non-degenerate) limit curve on [0, n] (for arbitrary initial data),is that
m m
(2.21) ZajZij=1.
J=0 3=0

One consequence of this Proposition 1s that A, A, and A; must have

e =[1,,..,11"as an eigenvector with corresponding eigenvalue 1, denoted
hereafter as A; = 1 of Proposition 2.2.
3. Convergence analysis-continuity

we will assume in all subsequent work that the necessary conditions

(2.21) of Proposition 2.3 apply. Define the sequence of differences

k _ck
(3.1) Ay =15

Fo-tFiedM=(0,1,...,Fnen 7.

k

We then have the following lemma:

Lemna 3.1. Suppose there exist an integer L > 0 and an a, 0 £ o < 1,

such that
(3.2) max Aik+L‘SO( maﬁ)A]i Yk >0
1eZk+L 1eZk

Then the subdivision process(2.1)converges uniformly to a continuous
function f on [0,n].

Proof. Consider the piecewise 1linear control polygon f * on [0,n]to the

values f% I =0..... 2%n and let "."w denote the uniform norm on C[O.n] We

0
will show that&k}k=0defines a Cauchy sequence on C[0,n].Since the max-

£ and f ¥is attained at a point on the k+l'st

imum difference Dbetween
mesh, then

(3.3) [£5% = £5|~< max {My, Ny} ,

where



Mk = max ‘fkfl — fk,
0<i<okp |21 -
(3.4)
_ k+1 g[k k ]
Ne = omax sy — o Y |
0<i<2'n-1

From (2.1) and the necessary conditions (2.21) we obtain

m m
f;*l _£f - Za.lf.k - f.kJ - yaak .
1 1 j:O JL1i+] 1 j:O J 1+73,
K+1 1[k xk ] o K 1[k K oomzl Ty
Bivn "B Yl = jgobj{fiJrj BN SRR NEE jEO b3 Ay
where a5 and by are appropriately defined constants. From (3.3) and (3.4)
we thus have
(3.5) ka“—fku <y max |n¥].
o0 ien(1)
k
Here, and 1in the following, y denotes a generic constant, independent of k.
Using (3.2) recursively gives
(3.6) max [pK| < v of¥/E]
iez{ P
k
and thus
(3.7) kaJrl—ka <volk/1],
o0

0
< 1 it follows that %khci) defines a  Cauchy sequence on

IA
Q

Since 0
C[O0,n]
and this completes the proof.

Lemma 3.1 suggests an investigation of the difference process denoted
by AS(a,b) = S(c,d) which is defined in the following proposition, where to

define such a process we need he necessary condition of Proposition 2.3:

Proposition 3.1. (The 1st difference process.) The differences Aﬁ,

i e zSJ , satisfy the recursive relations



ks
k1 ool ITEHY
AT = X
21 =0
(3.8) ]
k+1 &
Boiv1 jéo By g7
where
% ( b,)
c. = a - 14
j l:O l :I_
(3.9)
4. = ¥ ) S ) +o
R ., —a.) + a. = . — a.) +o..
3 iSo 1 i J i=0 J J J
(Hence dj = aj-cj.)
Proof. From (2.2),
k+1 _ k41 k+1 O k
(3.10) boi0 = Toiq T hyT = 2Py T A fy,
k+1 _ k41 k+1 _ kK, o k k
(3.11) AZit1 =%2ivo ~foit1 =Pty +j§1(aj ~P iy, tant e

Since the sums of coefficients in (3.10) and (3.11) are zero, by the

necessary conditions (2.21), it follows that the summations can be written

in terms of differences. For example, writing
Kk omoloy k
fi+j - véj Bigw T Him

and substituting in (3.10) leads to the first relation in (3.8).
We will show, 1in Proposition 3.2, that the generator matrix of the
difference scheme S (c,d) can be derived from a similarity transformation on

the M x M generator matrix A However, we first make the following

observations:
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Remark 3.1.

(1) If a, # o then d, = a, # 0.

(11) If a, =0 then d, = a, = 0 and ¢cp-1 = bp— an # 0.

(iii) Since Dby * 0 by assumption, then dy = by # 0.

In either case amn # 0 or a, = 0, the generator matrix of the difference

process will Dbe of order M-1.

Proposition 3.2. (Generator matrix) The (M-1)x (M-1)matrix
-1
~111,..., M
(3.12) C = EMAEMl S
1, ., M

is the generator matrix for the difference process (3.8), where

_ ERtE _
-1 1 = e
E =
M -1 1 -1 -1
(3.13)
1
Proof. Equation (3.12)can be verified directly from (3.8) and (3.9).

However, it is instructive to consider the following argument. Let

T
ey _ k k

(3.14) fi,k = [f.l,...,fimﬁz}
(cf. (2.8)) . Then
(3.15) f2i,k+l =Afi,k.
(This transformation contains both control point transformations (2.10)
Thus
3.16 EEZ'kl—EAE_lE E'k
(3.16) M FelsREL = By Ay By By
where

N T

. ok k
(3.17) EM fi,k = {Ai""’Ai+n1+2}

We now observe that the M'th and M-1'st columns of Ey A Emi are given Dby

(3.18) EMAED_/Ile(M) = -EyBe = -Eye = &M
and

-1 (M -1) T (M)
(3.19) EyAE e = BEyal-1,..., 7 = -Bye = ",
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where {e(j'),i =1, ..., M} denotes the standard basis in R* . Condition (3.18)
implies that the first M-1 relations in (3.16) are unchanged by deleting

the 1last row and column of Ey A EM& and the last component of each vector

~ ~

Ey £ and E. £, .Thus

MToip 41 M “i'k

(3.20) A2i,k +1 = CAik'

where

N T
. _ k k

(3.21) ALk = [Ai""’Ai+nl+l}
and C has a final column consisting of zeros by (3.19). Equation (3.20) 1is

thus the analogue of (3.15) for the difference scheme, which completes the

proof.

Let an M-2 control vector for the difference process S(c,d) be defined

by
T
_ k k
(3.22) Ai,k = {Ai""’Ai+nl}
(cf. (2.8)) . Then the analogues of the transformations (2.10) for
the
difference ©process are
(3.23) 821, k+1 ~  C0%i,k’ “2i+1,k+1 T ©1 i, k’
where
(3.24) . _Cl,...,M_2 . _c2,...,M_1
. = ’ - _
0 1,..., M2 1 1,..., M2
Furthermo , with 1/2F given as the diadic expansion (2.12), we have
(3.25) Ai,k =c. ...c. A. .
l’k i1,
Example 3.1. With the scheme defined by (2.15), and hence A defined by
(2.106),
(3.26)Es A E* ="c0 cq 0 0 0|
d0 d1 0 0 0
0 CO cl 0 0
0 dO dl 0 0
i 0 0 aO 1 1_




where

(3.27)

As a consequence of Proposition 3.2 we get:
Corollary 3.1. Let the spectra of A, A, and A; be defined as in
Proposition 2.2 where A; =1 1is defined by the necessary convergence
condition of Proposition 2.3. Then the spectra of the difference process

matrices are

(3.28) A(C) = A(A)N{A1},A(Co) = A(Ro)\{A1},A(C1) = A (A1) \N{A1}.

Proof. From (3.12) and (3.18) it 1is clear that A(C) = A(A)\{A;}.
Moreover, as in Proposition 2.2, A(Cy) = A(C)\N{0} and A(C,) differs from
A (Cy) by the one eigenvalue dy. In view of (2.19) and dy = by we thus

conclude (3.28).

Having defined the control point transformation matrices C, and C; for

the difference process, we are now in a position to state the fundamental

convergence result of the paper.

Theorem 3.1. (Convergence) Let the subdivision process (2.1) satisfy the

necessary convergence condition of Proposition 2.3. Then the following are

equivalent:

(@) The process S(a,b) defined by(2.1) converges uniformly to a continuous
limit curve on [0, n] for arbitrary initial data.

(b) The difference process AS(a,b) = S(c,d) defined by (3.8) and (3.9)
converges uniformly to zero on [0,n] for arbitrary initial data.

(c) There exists an integer L > 0 and an a, 0 < a < 1, such that

(3.29) le....c.|- <o, v eto,1y, 5 -1,
Proof. We first show that (a) = (b) . Let
k _ .k [k [k B [k] [k]_ K
O T S B SV B L (e Lo Bl

Then by the uniform convergence of (2.1)to a continuous limit curve
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f € C[0,n] it follows that given e > 0 there exists an integer K > 0 such

that

(3.30) |A}<|ssui=o,...,2kn—1 and Y k = K

(see (2.20)) .

To prove that (b) = (c),observe that (3.30) and 3.25) imply that

(3.31) Cl .Ci Al . <eg Y iy € (0,1} , Yk 2 K
k 1 -0
s M-2 .
Here K depends on the initial data Ai 0 € R However, applying (3.31)
0
to the finite set of initial data e‘'*’) € RY"2 4 =1,...,M-2, we conclude

(3.29) with o = ¢< 1 and L the maximum over the M-2 values of K in (3.30) .

Finally, we show that (c) = (a) . Let
K+L -
poktL i+ 3 1273,
j=1 J
k -
ik = i+ % 1.2,
=1 J

where 0 £ iy < n-1 and iy €{0,1}, J = 1,...,k+L. Then

Ai,K+L = C. ...C. A

Tk+L iger 1K
Hence, by (3.29),
(3.33) ai, ki <7 < o || 2]~ -
and condition (3.2) of Lemma 3.1 is thus satisfied, which guarantees

uniform convergence of the process S (a,b).
Using an equivalent norm argument we can obtain:

Corollary 3.2. A necessary and sufficient condition for convergence is

that there exists an L > 0 such that

(3.34)

for any matrix norm.
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We also have:

Corollary 3.3. A necessary condition for convergence 1is that the spectral

radii of Cp, and C; satisfy

(3.35) p(Co) <1 and p(cy) <1

Remark 3.2. This last corollary together with Corollary 3.1, implies that

a necessary condition for convergence 1is that the eigenvalues of Ay and A,

except for A; = 1, are all of absolute wvalue <1. (See also [5]).

Theorem 3.1 provides a tool for analysing the convergence of the
process S(a,b) through the study of the difference ©process
AS (a,b) = S(c,d). Suppose the difference process <can itself be differenced
to give the process A? S(a,b) say (for this it is required that sc ; = ud;

and hence the control point matrices Cy and C; have common eigenvector e).

We then have the following:

Theorem 3.2. Let the necessary conditions for convergence (3.35) hold and
assume that nc; = xd ;. Then the process AS (a,b) = S(c,d) converges
uniformly to zero if and only if the process A’s(a,b) converges uniformly

to zero.
Proof. By Theorem 3.1, the process As (a,b) converges uniformly to a

continuous function h say, if and onlyifthe process A?(a,b)converges
uniformly to =zero.It remains to show that 1f AS(a,b)converges uniformly
to h, then h = 0. For this it suffices to show that h wvanishes on the

dense set of diadic points. Consider a fixed diadic point of the form

f -
— =iyt X i.270,0.00,1), 5 = 1,..., £ i = i/2 49,
Since
k -/
Iy, 42 ) +§i2‘3i 0, /+1<9>%k, k>1¢
2€_ O 2k O j:]_ 3 14 j_ 4 —j— ’ = ’

we get from (3.25),



A2k_€l,k = c]g_gc C, B, gk
i, i, 1or
hus, by (3.35),
%im A =0,
=% ok-13 x

so that h vanishes on the diadic points.

Corollary 3.4. Suppose there exists the process AfS(a,b) and that the
necessary conditions (3.35) hold. Then S(a,b) converges uniformly to a
continuous limit function if and only if Afs(a,b) converges uniformly to
zero.

Corollary 3.4 and Theorem 3.1 suggest that we can analyse the o
convergence of S(a,b) in terms of the two control point matrices of
A" S(a,b). To establish convergence condition (3.35) must be satisfied
together with condition (c) of Theorem 3.1 applied with respect to the two
control point matrices of A'S(a,b) . Since these matrices are of order
(M-¢)x (M-¢),we can expect the analysis to be simplest for the largest
possible ¢. Also, following the reasoning of Corollary 3.1 the process
A' S(a,b) will have control point matrices with spectra AR \{n. .., A}
and AN(AD)\{A1,...,7,}.

The above matrix tools can also be used to extract the limit wvalues of
the subdivision process at the points {i/2*} using only values at level k.

This fact already appears in [5].

Theorem 3.3. (Limit wvalues) If the process converges uniformly to f then
(3.36) f 1/ 2%) =xY'f,
where y is a left eigenvector of Ay, VA, = vy,y e = 1.
Proof. Let e, v, ,...,V y-1 be the generalized eigenvectors of Ay with
eigenvalues 1, Ar , ..., N y1 respectively. Then
M-1
%dk = ale4—i§2aivi
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and, from (2.10),

(3.37) = AL, = o

f
204 k4t 071,k 1 i=
Since |n; [<1,2< i<M-1 is a necessary condition for convergence.

1lim A

/
/=00 0

v, = 0Oand by the uniform convergence of the process

Jim £ = ae = 4 /25
P 2tk + 0

Thus applying yT we obtain

Y'f ., = o = f(i/2k,

’

Condition (c) of Theorem 3.1 1is based on the fact that a transformation

between the k'th step and k+L'th step can be described as a product of the

transformation matrices Cy and C;. We must, however, consider all permut-
ations of length L in order to describe all ©possible product
transformations.

Alternatively consider the process of taking L steps of the difference

scheme S(c,d) which takes wvalues {Aﬂ} at level k to values {A“L } at level

k+L. Now L steps of he diadic process is equivalent to one step of a
2t —adic process S [c1 ,L ..cL 1] say. Furthermore the coefficient wvector

c ;i ,, of this process can be conveniently computed from row i of the M; x My

A

matrix (HJL where
c, = | - Sm-1
(3.38) 4 4 4
0 : : m-—1 m
©o “m-1
0 fn1—l dm

and
(3.39) My = max{2% M-3}

(The conditions (3.39) with ; = M-3 may be needed for small L. so that C;
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is a square matrix. ) With this formulation it is not difficult to obtain
the following:
Theorem 3.4. An equivalent convergence result) A necessary and
sufficient condition for uniform convergence of the scheme (2.1) to a

continuous limit function is the existence of an integer L > 0 such that

A

_ L
(3.40) m%XHCmLLo = ||c)” |, € @0 < o<1,
It should be noted that under the conditions of Corollary 3.4, the
process AS(a,b) = S(c,d) can be replaced by A'S(a,b) in Theorem 3.4. It

should also be noted that Theorem 3.4 holds pecifically for the «~-norm.
4. Convergence analysis - differentiability

Assume that the subdivision process (2.2) converges uniformly to a
continuous limit curve f C[O0,n].Then we wish to 1investigate the

differentiability of £f. Define the sequence of divided differences.

kK _ k[k B kl . (1)
(4.1) di = 2 fi+l f.l 1€ Zk
(c.f. (3.1)). Then, by Proposition 3.1, the divided differences satisfy

the recursive relations

a(l)ak
kel Mol 3 Ty
as.. = X
21 ':O
(4.2) J
k+1 o (1) .k
doi41 = jéo Ry
where
(4.3) a1 = 2c.ana b = 24,
J J J J
are defined by (3.9). Thus we have the divided difference scheme DS(a,b):=

S (a (1) () ) with the generator matrix

(4.4) A1) = og o op apclftreeor Mol
M™M [1,...,M -1

and control point matrices



1 1,...,M -2
(1) _ 5 _ 1,...,M-2
AO = CO = EMAEM
(4.5)
(1) -1l2,..., M -1
A =2 = 2E,AE
1 €1 M ML,...,M—Z
see (3.12) and (3.24) .
We will showin Theorem. 1 that the divided difference process

provides the key fo r analysing the differentiability of the limit function

f. For this, the following lemma is required:

Lenma 4.1. If the divided difference scheme converges uniformly to a
continuous 1limit function on [0,n] (for arbitrary initial data), then the
basic scheme (2.2) converges uniformly to a continuous limit function.

Proof. Let d C[0,n] Dbe the limit function of the divided difference

scheme for given initial data d% i € Z(”k . Then, by uniform convergence,
there exists an integer K > 0 such that

(4.7) |df - (i/2%) |<e YWi= 0,...,2"n-1 , Y k> K.
Hence
4.38) afl < ||, +evi =0 2%n -1, vk 2 x

. S s 0 P , > k.
Now, with i/2 % given as the diadic expansion (2.14),

(4.9) a, . = a1l Ay = okec. ...c. 4. ,0,

ik i1 il 10,0 1y 1,714

where

(4.10) dj_,kz 2 kAj_, k s i e z k( 1)
Hence
(4.11) le....c.a., 0 < llal, + €]/ 2,

v i, € {0,1} , 3 =1i,...,k, Yk =2«k.

Here, K and "d "wdepend on the initial data. However, as in the proof of

Theorem 3.1, we can apply (4.11) to the initial data e e R" 2,
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i = 1,...,M-2, and hence conclude that
(4.12) lim|C. ...C, =0
k—oo|| 1 i
k 1lleo

uniformly for all $jg11'ij S {O,l} Thus, by Theorem 3.1, the basic
subdivision process converges uniformly to a continuous limit curve.

We now have:
Theorem 4.1. (Convergence) The basic subdivision process S(a,b) converges
uniformly to f e ¢t [0,n] if the divided difference process DS(a,b)
converges uniformly to d € C[0,n]. Moreover d = f’.
Proof. Suppose the divided difference process converges uniformly to

d € C[0,n].Then, by Lemma 4.1, the basic process converges uniformly to a

limit £ € C[0,n]. It remains to show that f' = d and for this we follow
the approach of [4]. Consider the Bernstein polynomial on [0,n].
(4.13) b o(t) = >N ek, N = 2Kn
: k a = i’ B !
where
‘ i ‘ N—1i
N
(4.14) el(t) = [i{—} [1 - —}
n n
Then 1its derivative is the Bernstein polynomial
' N—-1
_ N-1 k
(4.15) b (t) = EO B, “(t)ay
Write
_ NN . N N k .
f(t) - bkﬁj = f(t) — 2 B.(t)f(in/N)+ > R: (L)t f(in/N)
i=0 * i=0 * 1
(4.10)
' 3 NSl N1 . N=l N-1 k .
d(t) — bkﬁn = f(t) > B (t)d(in/ (N = 1))+ > B (t)dy — d(in/N(N — 1))
i=0 * i=0 1t 1

Then the uniform convergence properties of the subdivision processes and of
the Bernstein polynomials imply that

(4.17) lim”f - b = lin Jda - b 0

K00 kHw kS ow0 ka -

Hence &k}i;o defines a Cauchy sequence on C'[0,n] and thus has limit
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f € ¢ [0,n] , where £ ' = d.

Theorem 4.2 shows that, to prove C' convergence we need only verify the
C’ convergence of the divided difference scheme s(a‘t ,b(” ) . As in
Proposition 2.3, we need the necessary condition for the wuniform

convergence of this scheme which then allows the construction of the
difference scheme S(c(”,d. D y= AS(a u),b(”. Translating the necessary
conditions back to the original scheme S(a,b) gives:

Proposition 4.1.A necessary condition for uniform convergence of the

divided difference process on thediadic points,to a continuous limit, 1is

that
M m m 1
(4.18) > ajy = >b. =1land ) j(b. —a.) = —.
J=0 =0 J =0 J J 2
Proof. The first condition in (4.18) is necessary for convergence of the

basic scheme S (a,b), see Proposition 2.1, and is needed for the existence
of the divided difference process S(a (”,kﬂl)). Applying Proposition 2.3

to this ©process gives a second necessary condition

(4.19) yall) o vl —
J J

Substituting for a;"" and by using (4.3)and (3.9)and rearranging the
summations gives the equivalent necessary conditions (4.18).
Remark 4.1. (The diadic point parameterization) Conditions (4.18)
means that the process S(a,b) preserves linear functions to within a
translation. Thus if we start ith linear data f°% = i, hen at stage k the

k . . . . k k -k
values il also linear in 1 and furthermore they satisfy fi+l - %_ =2 7.

For any process with this property we argue that the parameterization (2.5)
is a natural one. Under this parameterization, the geometric smoothness of
the limit curve is determined by the smoothness of its components. To show
this it 1s enough to present data for which geometric smoothness 1is

equivalent to component smoothness. Consider the curve obtained by
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applying the process to the bivariate data set

(4.20) £9% = (i,Yy) i e 7.
By condition (4.18) the 1limit curve can be written as f(t) = (t+c,y(t)) for
some constant c¢. Therefore, if y (t) is not C" for some v then f(t) cannot

be a geometrically CY curve.

Remark 4.2. A necessary condition for c? convergence of the divided
difference process 1is that Aou) and A1”J have eigenvalues of bsolute value
< 1. We then have that the matrices Ay and A; for the basic scheme S(a,b)
must have eigenvalues A= 1, X = % other eigenvalues of absolute
value < 1/2 (see Remark 3.2).

Remark 4.3. Derivative limit values) If the divided difference process

converges to a ok limit, then, following Theorem 3.2,

(4.21) £1i/2%) = Y(l)Tdi,k'

where y' ') is a left eigenvector of Ay ,y™ "a, (1)= Yy T,y Te=1,
Remark 4.4. (Higher order continuity) To analyse c! continuity of the
basic scheme S(a,b) the procedure is now clear. The {' th order divided

difference scheme S(a”),b(“) = DgS(a,b) = ZgAgS(a,b) is constructed and
its C’ convergence 1s analysed (applying the theory of section 3). In

order to carry out such an analysis it is necessary that

(4.22) ya® -y O _ g
3 J 1 J

for each v'th order scheme, v = 0, ... ,{. These conditions imply that the
control point matrices Ag and A; of the basic scheme S(a(m,b(m)= S(a,b)
must have eigenvalues A, v = 1/2Y, v =0, ..., ¢ and for convergence it is
then necessary that the other eigenvalues have absolute values <1/2° (see
Remark 4.2).

Remark 4.5. (Integrating subdivision schemes) To analyse the different-

iability of the limit curve f(t), we introduced a subdivision scheme
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DS(a,b) = S(a(”,b(”) for the divided differences {a} which subsequently
produced the derivative curve d(t) = f'(t).The scheme s(at, b 11is

obtained from S(a,b) by

N T U L0 < 4 < m -1
(4.23)
(1) 1ot
) — oY . - a4 b0 €5 < m.
J 1i=0 1 1 J

If DS(a,b) is uniformly convergent then by applying it to the data set

%f+1 —-ff} it converges to f'(t), where f(t) is the 1limit curve of the
original scheme. Let us enote by g(t) the limit curve obtained by apply-

ing DS (a,b) to the data %f} Then obviously

(4.24) f'(t) = g(t+l)- g(t).
Reversing the above argument we may ask, given a subdivision scheme
S(a(”,b(”, what 1is the scheme S(a,b) for which DS(a,b) = S(a(”,b(” ) ?

Solving (4.23) we obtain

1 m—1
a. = — aQJ + b””lo <j<m-1l;a, =1- % a.,
J 2] J =0 J
(4.25)
1
p. = bl);p, = —-F(l)-rbt“ll <5 <nm
- - (1) (1) mel oy _on o)
Starting with a convergent scheme S(a'”', b we have : aj —-_Z%bj =1
J= J=
m m
We thus obtain a new consistent scheme with Y a. = Y b. =1 The new

4=0 J 4=0 J
scheme S(a,b) called the integrated scheme of the scheme S(a(”,b(”)

By Lemma 4.1 if the scheme S (a ”J,b 1y is uniformly convergent then so 1is
the scheme S(a,b). Applying both schemes to a data set {f%} we obtain two
curves g(t) and f(t) respectively satisfying (4.24) which may be rewritten

as



(4.26) f(t) = J::H (s)ds = jf g(t — s)B(s)ds = g * B,
where
1,s € [— 1,0]
(4.27) Bl(s) =
0. otherwise
(the constant of integration being =zero because of local support). Hence
the process of integrating subdivision schemes provides schemes with an

additional order of smoothness (as is to be expected from Theorem 4.1)

Furthermore, assume S(aﬁe),b(e) )exists and 1s uniformly convergent to a c?
function. Let ¢y € C' and j e C° be the limit of S(a,b) and s(a‘'’,b'”

respectively for the initial data &3 , . Then by (4.26)

(4.28) L|J = ([)*Bl e *Bl = ([)*Bg

where B, is a B-spline of order { (degree {-1) supported on [-¢, O07.

(Relation (4.28) was conjectured by C.A. Micchelli.)

5. Examples
5.1 Corner cutting
A simple example of recursive subdivison is provided by the 'corner

cutting' process

k+1 _ .k B k
£ = of + (1 - f, .,
(5.1)
k+1 ..k ~ k
Biyr =B T (L =B)E 4,

where 1 2 o>b 2 0, (see also de Boor [1l]). We thus have the subdivision

scheme S(a,b), where

(5.2) a = [o,1-a] , b

[ﬂ’l_ﬂ]'

The difference process is S(c,d), with

(53) c = [O(_ﬂlo] , d = [ﬂ,l—O(]
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and hence has control point matrices

C,= .
Cc = - 1 1 _
(5.4) 0 «-p 0 , B o
§ 1 -« 0 o —2pB
Now
(5.5) ook, = ool = maste - 8.1 - @~} <1,
since 1 > a> p > 0, and hence, by Theorem 4.1 the corner cutting process

converges uniformly to a c’ limit

The divided difference process is S(a(D,b(D ), where

(5.6) ay = 2¢ = 2[-B,0] ,b%) = 2d = 2[Bb,1l-a]

and in order to proceed with a ct analysis we require that

(5.7) o - b=1/2

(so that the sum of coefficients is unity). The difference process for

s@a™*, oy, is then s(c?,d") where

(5.8) c = [1-2p81, 4 = [28Db ]

This leads to the condition

(5.9) 0<b<1/2, a=1/2+ f

for a C' limit. 1In particular, the choice p = 1/4, a - 3/4 gives the

Chaikin scheme (2.3).

Remark 5.1. Condition (5.7) was essential to prove the existence of a ct
limit with respect to the diadic point parameterization. This does not,
however, imply that this condition is necessary for a geometrically C!

smooth curve (see also Remark 4.1).
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5.2 Uniform B-spline subdivision
The Chaikin scheme can Dbe viewed as the integral of the divided

difference scheme S(a“”,b(h , Where

(5.10) a®™ = 111,01 , b -[1/2,1/2]
Thus it is the integral of the scheme
k+1 k
By = 5
(5.11)
k+1 1 x 1 x
Biv1 T 5H TS HN

This scheme is simply that of piecewise linear interpolation with the c?

limit
(5.12) gty = (i +1-t)f +(t - ,te(i,i+1),i=0 nt
. ol 1417 14 14 roe e .
From (4.25) we can thus conclude the well known result that Chaikin's
algorithm has a C' quadratic spline limit. Furthermore, the limit is a
uniform quadratic B-spline with control points {foi}.
A similar argument applies if we now integrate Chaikin's algorithm

giving, from (4.24), the scheme

1 1
ekl _ gk L 2 gk
21 i i+1
(5-13) k+1 21 k ’ k 1k
+
Bivn T ghH Tt gt

This 1is Catmull-Clark's algorithm [2] with uniform cubic B-spline limit.
Clearly, repeated integration will produce the algorithm for generating any

order uniform B-spline curve.
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5.3 4-point interpolatory scheme

The interpolatory scheme S(a,b), where

1
(5.14) a=1[0,1,0,0] , b =[w—tw,=1t0,~®]

has the tension parameter w which can be used to

control the shape of the

limit curve, see [4], (w - 0 gives piecewise linear interpolation). The

control point matrices of the difference scheme

1 1
——+m,5+m,—w]

4

(5.15) Asz(a,b)zsb—m,

have eigenvalues

1 1 1

(5.16) {—-,2@,——(1 + 41 — 160 — (1 — /1 — 16w — m}.
2 4 4

Thus the necessary condition of

Corollary 3.3 for C’ convergence 1is

. . . 1
satisfied if |w |< =

The scheme S(a,b) can be differenced twice to vyield

2 1
(5.17) A"S (a, b) = Sﬁ2w2w,2wl [—w, 5 - 2@@—@]]

Thus, by Theorem 3.4 with L=1 and using either AS(a,b) or A°S (a,b), C°

. . 1 . .
convergence 1s guaranteed 1f |w | <:-Z%. With L-2 and AS(a,b) we obtain the

improved range

1 -1 + 17
-— <o
4 8
3 -1+ 17
(5.18) -—— < o< —=0.39
8 8

Hence

1
In fact Michelli and Prautzsch [7] proved that —-5«: @ < 0 guarantees ok

convergence using the positivity of the vectors a and b for this range of

@ . Powell [8] using an ingeneous transformation on the control point
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1
matrices obtained the range 0 <w < 443 /96 — Z- ~0.42 Furthermore, his

. . . . 1 .
numerical calculations indicate that 0 <w< > is the correct range for c?

convergence for positive @ to.

To analyse c? convergence, we consider the difference process for
DS(a,b) given by S([ 4w),4w,0], [-2w, 1-4w,-2w]). Here, Theorem 3.4 with L=1
is not applicable since |l [ -2w, 1-4w,-2w] |]. =21. With L=2, however, we
obtain

(5.19) 0 < w < = 0.154

—1+\/§
8

as a sufficient condition for a C' limit which is an improved range than

that given in [4].

The scheme cannot, in general, have a C? limit since IfS(a,b) does not

have coefficients summing to unity (except in the case w = 1/16, when the
control point matrices of AD?S (a,b) have an eigenvalue 1). This confirms
the result given in [4].
Finally, we note that integrating the scheme gives
k+1 _  © _k 3 ® | _k 1 ® ® _k
e B L + 2}fi+1 + L + 2}fi+3 5 fivs
(5.20)
B Ok 1 W | _k 3 0| k Ok
By = 750 Y [4 * 2}fi+l * [4 * 2}fi+2 -5t

We thus have a scheme with a tension parameter w, which is C? for

satisfying the sufficient condition (5.19) and which has guadratic B-spline

limit for w = 0.
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