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ABSTRACT Given a set of noisy data values from a polynomial, determining the degree and coefficients
of the polynomial is a problem of polynomial regressions. Polynomial regressions are very common in
engineering, science, and other disciplines, and it is at the heart of data science. Linear regressions and
the least squares method have been around for two hundred years. Existing techniques select a model, which
includes both the degree and coefficients of a polynomial, from a set of candidate models which have already
been fitted to the data. The philosophy behind the proposed method is fundamentally different to what have
been practised in the last two hundred years. In the first stage only the degree of a polynomial to represent
the noisy data is selected without any knowledge or reference to its coefficient values. Having selected the
degree, polynomial coefficients are estimated in the second stage. The development of the first stage has
been inspired by the very recent results that all polynomials of degree q give rise to the same set of known
time-series coefficients of autoregressive models and a constant term µ. Computer experiments have been
carried out with simulated noisy data from polynomials using four well known model selection criteria as
well as the proposedmethod (PTS1). The results obtained from the proposedmethod for degree selection and
predictions are significantly better than those from the existing methods. Also, it is experimentally observed
that the root-mean square (RMS) prediction errors and the variation of the RMS prediction errors from the
proposed method appear to scale linearly with the standard deviations of the noise for each degree of a
polynomial.

INDEX TERMS Data, modeling, model order, polynomial, regression, time-series.

I. INTRODUCTION
Polynomial regression aims to select a polynomial that passes
near a collection of noisy data values from a polynomial.
Polynomial regressions are very common in engineering,
science, and other disciplines, and it is one of the important
problems of data science. Polynomial regression models are
generally fitted with the Least-Squares method to obtain
estimated values of the polynomial coefficients. In 1805 Leg-
endre published the Least-Squares method [1] and Gauss
published it in 1809 [2] and later in 1823 [35]. In 1815 Ger-
gonne wrote a paper on ‘‘The application of the method of
least squares to the interpolation of sequences’’ [3]. This
is an English translation by St. John and Stigler [4] of
the original paper that was written in French. In the last
120 or so years, polynomial regressions contributed greatly
to the development of regression analysis [5]–[7]. Few more
recent and interesting diverse applications can be found in
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computer graphics [8], machine learning [9], and statis-
tics [10], including robust regressions [11] without the use
of the Least-Squares method.

In the last fifty years many model order selection tech-
niques have been developed; the corresponding literature is
quite considerable, for example, see [12], [13] and references
therein. Some of these model order selection techniques are
associated with specific model parameter estimation methods
and naturally their general applicability is limited. In this
paper comparison of the proposed method will be carried out
with four model order selection techniques that have been
developed around the maximum likelihood method, namely
Akaike Information Criterion (AIC), corrected Akaike Infor-
mation Criterion (AICc), Generalised Information Criterion
(GIC), and Bayesian Information Criterion (BIC).

In this paper the focus is on polynomial regressions. Exist-
ing techniques select a model, which includes both the degree
and all coefficients of a polynomial, from a set of candidate
models which have already been fitted to the data. The philos-
ophy behind the proposed method is fundamentally different
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to what have been practised in the last two hundred years. The
proposed method for model selection is a two-stage process.
In the first stage only the degree of a polynomial to represent
the noisy data will be selected without any knowledge or
reference to its coefficient values. Having selected the degree,
polynomial coefficients will be estimated in the second stage.
The first stage has been inspired by the very recent results
that all polynomials of degree q give rise to the same set of q
known time-series coefficients of autoregressive models and
an additional constant term µ [34]. Computer experiments
are carried out with simulated noisy data from polynomials
using four well known model selection criteria as well as the
proposed method to evaluate their accuracies in polynomial
degree selections and predictions.

This study is in the context of real-valued and uniformly
sampled noisy data from polynomials. The paper presents the
following original results:

1) A new and fundamentally different approach to the
degree selection of a polynomial from noisy data, with-
out using any knowledge or reference to the polyno-
mial coefficients, is presented. This is illustrated in
section III.

2) New results with noisy data generated from polynomi-
als of degrees 1, 2, 3, and 4 are presented. This can be
found in section IV.

3) It is experimentally observed that the model order
selection accuracy of the proposed method is the best
amongst all the methods compared (sections IV and V).

4) Comparison of new results from the existing four
methods and the proposed method, are recorded in
sections IV and V.

5) The prediction results obtained from the proposed
method, PTS1, are significantly better than those from
the existing methods. For both the normalised RMS
prediction errors and the normalised variations of RMS
prediction errors from the proposed method, their rela-
tionships with the values of noise standard devia-
tion appear to be linear for each of linear, quadratic,
cubic, and quartic polynomials, with a slope of 1
(section IV E).

6) As an internal check of the proposed method, two hid-
den parameters, specifically < µ > and its root-mean-
square (RMS) error, σµ(q), have been estimated from
the data for each value of the degree of a polynomial
and each value of the standard deviation of noise. The
agreements between estimated and theoretical values
of <µ> as well as between the estimated and the-
oretical values of σµ(q) are found to be remarkable
(section IV F).

II. EXISTING METHODS
A polynomial of degree q in continuous time can be written
as

y (t) =
q∑
i=0

c (i) t i (1)

For uniformly sampled discrete time, the continuous time, t, is
represented as t = nT , where n is an integer and T is the
sampling period. In this scenario, the above equation can be
rewritten as

y (nT ) =
q∑
i=0

c (i) (nT )i

A set of real-valued noisy data from polynomials in uniformly
sampled discrete time, can be represented by

x (n) =
q∑
i=0

c (i) (n)i + e (n) , (2)

where e (n) represents errors and T has been removed for
the sake of simplicity in notations without the loss of any
generalisations as the new value of c (i) is the old value of
c (i) multiplied by T i.

In fitting polynomials to such data, x(n), the challenge is to
estimate the polynomial coefficients, c (0) , c (1) , . . . , c(q),
as well as the degree of the polynomial, q. One may take the
following approach:

1) Choose a value of q.
2) Estimate the corresponding polynomial coefficients,

c (0) , c (1) , . . . , c(q).
3) Calculate the relevant RMS fitting error, fe (q), which

is defined as

fe (q) =

√√√√√

(∑N

i=1
(
x̂ (i)− x (i)

)2)
N

 (3)

where N is the number of data values being fitted and
x̂ (i) are the fitted values.

4) Choose another value of q and go to the step 2 or stop.
5) Find the value of q for which fe (q) is the smallest.
6) Choose this value of q as the estimated degree of

the polynomial and the corresponding c (0) , c (1) , . . . ,
c(q) as the estimated coefficients of the polynomial.

Unfortunately, this choice is flawed. In general, a larger
value of q will result in a lower value of fe(q), and choos-
ing q = (N − 1) will always produce a fitting error of
fe (N − 1) = 0, which is often described as overfitting.
Therefore, a fitting error, in itself, is not a good indicator of
the degree of the underlying polynomial. The aim of model
selection techniques is to find a balance between overfitting
(too many parameters and zero error) and underfitting (too
few parameters and higher error).

There are many model order selection techniques. Four
commonly used and well-regarded ones are briefly described
below and compared for polynomial data fitting in Section IV
and predictions. These are Akaike Information Criterion
(AIC), corrected Akaike Information Criterion (AICc),
Generalised Information Criterion (GIC), and Bayesian
Information Criterion (BIC) [33].
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A. AKAIKE INFORMATION CRITERION (AIC)
Given a set of models, AIC [13]–[22] aims to select the best
model from this set. Thus, the selected model is not guaran-
teed to be the best model as it represents a relative choice
amongst the given models in the set. AIC tries to balance
between the risk of overfitting and the risk of underfitting,
as it is a compromise between the best fitted model and the
simplicity of the model.

AIC uses the log-likelihood as a measure of the goodness
of fit. Suppose that there is a statistical model of the data,
that q is the number of estimated parameters, and that L is
the maximum value of the likelihood function for the model.
AIC is defined as

AIC (q) = 2q− 2ln (L) (4)

The first term in equation (4) attempts to keep the polynomial
degree small while the second term attempts to obtain the
maximum value of the likelihood or the minimum value of
the log-likelihood. The selected model will correspond to the
one for which AIC is the minimum.

The log-likelihood function for N independent and iden-
tically distributed data from a Gaussian distribution is given
by

lnL (σ, y (i)) = −
(
N
2

)
ln (π)−

(
N
2

)
ln
(
σ 2
)

−

(
1

2σ 2

) N∑
i=1

(x (i)− y (i))2 (5)

For a polynomial of degree 1, i.e., q = 1, y (i) = c (0) +
c (1) i. Thus, ∂L/∂c (0) =

∑N
i=1 (x (i)− c (1) i− c (0))/σ

2,
∂L/∂c (1) =

∑N
i=1 (x (i)− c (1) i− c (0))i/σ

2, and

∂L/∂(σ 2) =
(N
2

)
1/σ 2

−

(
1
2

)
1/(σ 4)

∑N
i=1 (x (i)− y (i))

2.
The minimum of this log-likelihood function corresponds to
the following three equations:

N∑
i=1

(x (i)− c (1) i− c (0)) = 0 (6)

N∑
i=1

(x (i)− c (1) i− c (0)) i = 0 (7)

N∑
i=1

(x (i)− y (i))2 = Nσ 2 (8)

Using equations (6) and (7), one obtains the ordinary least
squares estimates of c (0) and c(1). If one sets up two matri-
ces,XT = [x (1) x (2) . . . x(N )] andAT = [1 2 . . .N ; 1 1 . . . 1],
then [c (1) c(0)]T =

(
ATA

)−1 ATX . It should be remarked
that one cannot calculate a value for σ 2 from equation (8) in
the absence of the knowledge of the noise-free data, y (i).
Similarly, for a polynomial of degree 2, i.e., q = 2,

y (i) = c (0) + c (1) i + c (2) i2. Thus, ∂L/∂c (0) =
∑N

i=1
(x (i)−c (2) i2 −c (1) i−c (0))/σ 2, ∂L/∂c (1) =

∑N
i=1

(x (i)− c (2) i2 − c (1) i− c (0))i/σ 2, ∂L/∂c (2) =
∑N

i=1(
x (i)− c (2) i2 − c (1) i− c (0)

)
i2/σ 2, and ∂L/∂(σ 2)=

(N
2

)

1/σ 2
−

(
1
2

)
1/(σ 4)

∑N
i=1 (x (i)− y (i))

2. The minimum of
this log-likelihood function corresponds to the following four
equations:

N∑
i=1

(
x (i)− c (2) i2 − c (1) i− c (0)

)
= 0 (9)

N∑
i=1

(
x (i)− c (2) i2 − c (1) i− c (0)

)
i = 0 (10)

N∑
i=1

(
x (i)− c (2) i2 − c (1) i− c (0)

)
i2 = 0 (11)

N∑
i=1

(x (i)− y (i))2 = Nσ 2 (12)

Using equations (9), (10) and (11), one obtains the ordinary
least squares estimates of c (0), c(1), and c(2). If one sets
up two matrices, XT = [x (1) x (2) . . . x(N )] and BT =
[1 4 . . .N 2; 1 2 . . .N ; 1 1 . . . 1], then [c (2) c(1) c(0)]T =(
BTB

)−1 BTX . Again, it should be remarked that one cannot
calculate a value for σ 2 from equation (12) in the absence of
the knowledge of the noise-free data, y (i).

Thus, for each selected value of the degree of a
polynomial (q), one can estimate the corresponding coeffi-
cients of the polynomial, [c (0) c (1) . . . c(q)], using the above
procedure.

B. CORRECTED AKAIKE INFORMATION CRITERION (AICc)
Asymptotically, AIC has certain desirable properties, i.e.,
as the number of data values tends to∞. However, whenever
the number of data values (N ) is small, there is a significant
chance that AIC will choose models with too many parame-
ters. This implies that AICwill overfit, despite having the two
terms in equation (4), which are intended to offer a balance
between underfitting and overfitting. It is worth noting that
equation (4) does not have any dependence on the number of
data values.

AICc was introduced to address potential overfittings by
Sugiura [23] in the context of linear regression. Since then
Hurvich and Tsai [24] as well as many other researchers,
e.g., [13], [16], [20], and [25], have extended the applicability
of AICc. AICc can be defined as

AICc (q) =
2qN

N − q− 1
− 2ln (L) (13)

It is clear from equation (13) that AICc depends, amongst
other factors, on the number of data values (N ). As in AIC,
AICc also attempts to find a balance between underfitting and
overfitting.

The procedure for selecting the best model from a given set
of models, i.e., the degree of a polynomial (q) and the corre-
sponding coefficients of the polynomial, [c (0) c (1) . . . c(q)],
requires the minimisation of AICc and is essentially the same
as outlined in section IIA. Similar observations, as for AIC,
can be made for AICc. While, for each value of the degree of
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a polynomial (q), one can estimate the corresponding coeffi-
cients of the polynomial, [c (0) c (1) . . . c(q)], using the above
procedure, it should be remarked that one cannot calculate a
value for σ 2 in the absence of the knowledge of the noise-free
data, y (i).

C. GENERALISED INFORMATION CRITERION (GIC)
In AIC, the factor of 2q has been designed to address the issue
of overfitting. Intuitively, the probability of overfitting will
be reduced as the number of data values increases. In finite
sample situations, extensive simulation studies have demon-
strated that the following generalised information criterion
(GIC) [26]

GIC (q) = αq− 2ln (L) (14)

can perform better than AIC if α > 2. Values of α in
the range from 2 to 6 appear to offer the best performance.
The optimal value for α appears to depend on many factors
and there is no clear hint on how to choose its value in a
specific scenario. Note that α = 2 corresponds to AIC. In the
following investigations the value for α has been chosen to
be 4. Note that GIC does not explicitly depend on the number
of data values.

The procedure for selecting the best model from a given set
of models, i.e., the degree of a polynomial (q) and the corre-
sponding coefficients of the polynomial, [c (0) c (1) . . . c(q)],
requires the minimisation of GIC and is essentially the
same as outlined in section IIA. Again, similar observa-
tions, as for AIC and AICc, can be made for GIC. While,
for each value of the degree of a polynomial (q), one can
estimate the corresponding coefficients of the polynomial,
[c (0) c (1) . . . c(q)], using the above procedure, it should be
remarked that one cannot calculate a value for σ 2 in the
absence of the knowledge of the noise-free data, y (i).

D. BAYESIAN INFORMATION CRITERION (BIC)
The form of BIC [27]–[32], [13], [16] is very similar to
AIC, in that they both have two terms – a negative log-
likelihood one and a penalty term for the number of parame-
ters. However, their origins are different. The log-likelihood
term is identical in both cases. The penalty term is 2q in AIC,
while it is ln (N ) (q) in BIC. Note that AIC does not depend
on the number of data values (N ), but BIC does include a
dependence on N . In that sense, BIC captures something of
AIC and AICc. BIC can be written as

BIC (q) = ln (N ) (q)− 2ln (L) (15)

The procedure for selecting the best model from a given set
of models, i.e., the degree of a polynomial (q) and the corre-
sponding coefficients of the polynomial, [c (0) c (1) . . . c(q)],
requires the minimisation of BIC and is essentially the same
as outlined in section IIA. Similar observations, as for AIC,
AICc, and GIC, can be made for BIC. While, for each value
of the degree of a polynomial (q), one can estimate the corre-
sponding coefficients of the polynomial, [c (0) c (1) . . . c(q)],

using the above procedure, it should be remarked that one
cannot calculate a value for σ 2 in the absence of the knowl-
edge of the noise-free data, y (i).

Yang [31] compared AIC and BIC in the context of regres-
sion under the assumption that the true model is not present
in the set of models being compared. It was demonstrated
that AIC was asymptotically optimal for selecting the model
with the least mean squared error, while BIC was not asymp-
totically optimal under the same assumption. In the follow-
ing investigations, the true model order is present in the
set of models being compared though not the exact coef-
ficient values but only the estimated values from ordinary
Least-Squares (OLS).

When the true model is present in the set of models being
compared, it is well documented that BIC will select the true
model with probability 1 asymptotically, i.e., asN tends to∞.
Vrieze [32] carried out a simulation study including the true
model in the set of models being compared. It was shown
that AIC can sometimes choose a much better model than
BIC, since there is a significant chance of BIC choosing a
bad model for finite values of N .

III. PROPOSED METHOD
The proposed method is fundamentally different from all
existingmethods. All existingmethods, includingAIC,AICc,
GIC, and BIC, selects one of the given polynomial models
from a given a set of models where each model consists of
a value for the degree of a polynomial as well as values
for its coefficients. It should be noted that the knowledge of
coefficient values of the polynomial are needed to generate
the log-likelihood estimates [33]. Therefore, these methods
require both the values of the estimated polynomial coef-
ficients, c (0) , c (1) , . . . , c(q), as well as the degree of the
polynomial, q.
It is important to note that in the proposed method there are

two stages. In the first stage, the selection of only the degree
of the polynomial is carried out without the knowledge of
the values of the corresponding coefficients. Having selected
the degree of the polynomial in the first stage, the polyno-
mial coefficients are calculated in the second stage. The first
stage is certainly novel and may seem impossible, as there
are infinitely many polynomials of any one value for the
degree. Nonetheless, this has been inspired by the very recent
results [34], as shown below, which proved that all data from
uniformly sampled polynomials of finite degree q can be
perfectly represented by an autoregressive time-series model
of order q such that

y (n) =
q∑
i=1

a (i) y (n− i)+ µ (16)

where

a (i) = (−1)i+1
(
q
i

)
(17)

for i = 1, 2, . . . , q, and

µ = c (q) (q!) (18)
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A. SELECTION OF THE DEGREE OF A POLYNOMIAL
Equation (16) can be rewritten as

−

q∑
i=1

a (i) y (n− i)+ y(n) = µ

As noise-free y (n) values are not available, this equation is
recast with known noisy data values x (n) as follows

−

q∑
i=1

a (i) x (n− i)+ x (n) = µ (n, q) (19)

where µ(n, q) may depend on both n and q. Equation (19)
can be written in matrix form as XA = M, where X is
a (f − q)x(q + 1) matrix and X = [(x (1) . . . x (f − q))T ;
(x (2) . . . x (f − q+ 1))T ; . . . (x (q+ 1) . . . x (f ))T ], A is a
(q + 1)x1 matrix and A = [(−a (1) . . .− a (q) 1)T ], M is a
(f−q)x1matrix andM= [µ (q+ 1, q) . . . µ (f , q))T ], as well
as f is the number of data values being used for estimation.

All the entries in matrix X are known as they represent the
noisy data values. Also, all the entries in matrix A are known
from equation (17). Therefore, M can be obtained from XA,
containing (f − q) values. For a chosen value of q, these
(f − q) values are estimates of the constant term, µ (q), for
a polynomial of degree q. From these (f − q) values, one
can estimate the mean value, < µ (q) >, and the root-mean
square value, σµ(q), of the µ (q).
Now, equation (19) can be rearranged and approximated as

follows

x̂ (n) =
q∑
i=1

a (i) x (n− i)+ < µ (q) >

As everything on the right hand of the above equation is
known, these (f − q) values of x̂(n) are calculated and can
be regarded as time-series ‘‘fitted’’ values. The relevant root-
mean square time-series estimation error, fe(q), is defined as

fe (q) =

√√√√√

(∑f

i=q

(
x̂ (i)− x (i)

)2)
(f − q)

 (20)

where (f − q) is the number of data values being estimated
and x̂(i) are the estimated values. It should be noted that fe(q)
generally decreases as q increases.

Thus, for every value of q, there are three parameters - the
mean value, < µ (q) >, the root-mean square value, σµ(q),
of the µ (q), and the root-mean square time-series estimation
error, fe(q). These are used to select the appropriate value of
q for the noisy polynomial data.

Recall that each of AIC, AICc, GIC, and BIC attempts
to balance between overfitting and underfitting scenarios.
In one scenario errors reduce and in the other scenario errors
increase with increasing values of q. A similar scenario
arises here, in that fe(q) generally decreases as q increases,
while σ 2

µ(q) increases with q. Now the following parameter is
defined

PTS1 (q) = σ 2
µ(q) + (fe (q))

2
(21)

The selected value of q is the one for which PTS1(q) is the
minimum. This is the proposed selection criterion.

B. ESTIMATION OF POLYNOMIAL COEFFICIENTS
In section IIIA, the appropriate degree, q, for the noisy poly-
nomial data has already been selected. Now equation (2) can
be written in matrix form as GC = X, where G is a f x(q+ 1)
matrix and G = [(1 2q . . . f q)T ; . . . (1 2 . . . f )T ; (1 . . . 1)T ],
C is a (q + 1)x1 matrix and C = [(c (q) . . . c(0))T ], X is a
f x1 matrix and X = [x (1) . . . x (f ))T ], as well as f is the
number of data values being used for estimation.
All the entries inmatrix G are known as they represent inte-

ger powers of integers (see equation (2)). Also, all the entries
in matrix X are known as they represent noisy data values
(see equation (2)). Therefore, C, containing the coefficients
of the polynomial of the selected degree, can be estimated.
As the matrix G is not square, one can obtain the Ordinary
Least Squares (OLS) solution using the pseudoinverse of G,
namely,

C = inv
(
GTG

)
GTX (22)

Thus, for the selected value of q, the matrix C contains
estimated values of the q coefficients of the polynomial.

C. PREDICTIONS
In section III A and B, the appropriate degree, q, for
the noisy polynomial data has already been selected and
the corresponding polynomial coefficients have been esti-
mated using the first f data values. Using this information,
the remaining (N−f ) data values are predicted. The predicted
data values are obtained using a similar matrix equation to
GC = X̂ , where G is a (N − f )x(q + 1) matrix and G =
[((f + 1)q . . .N q)T ; . . . ((f + 1) . . .N )T ; (1 . . . 1)T ], C is a
(q+1)x1 matrix and C= [(c (q) . . . c(0))T ], X is a f x1 matrix
and X̂ = [x̂ (f + 1) . . . x̂ (N ))T ], as well as (N − f ) is the
number of data values being used for prediction. The relevant
root-mean square prediction errors, pe (q), defined as

pe (q) =

√√√√√

(∑N

i=f+1
(
x̂ (i)− x (i)

)2)
(N − f )

 (23)

where (N − f ) is the number of data values being predicted
and x̂(i) are the fitted values, have been calculated.

IV. RESULTS
In this section are described some computer experiments to
assess the performance of the four existing techniques (AIC,
AICc, GIC, and BIC) as well as the proposed method (PTS1)
for selecting polynomial models and predicting noisy polyno-
mial data. Linear, quadratic, cubic, and quartic polynomials
with different amounts of Gaussian noise have been consid-
ered. It is clear from equations (4), (13), (14), and (15) that
AIC, AICc, GIC, and BIC calculate log-likelihoods which
require the knowledge of the standard deviation of noise,
which is not available in real situations. One can attempt to
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get a reasonable estimate of this using the fitted values from
the model and the noise-free data using equation (8). Since
noise-free data are not available in real situations, one can
attempt to estimate the standard deviations of noise.

Earlier experiments using estimated standard deviations
have produced poor results from AIC, AICc, GIC, and BIC.
Therefore, in the following experiments, AIC, AICc, GIC,
and BIC results are based on using the exact values of the
standard deviations of noise (known from simulations), which
give them an advantage over the proposed method, PTS1, that
does not use such exact knowledge.

A. LINEAR POLYNOMIAL
Here a polynomial of degree 1 has been considered for data
generation: y (n) = n + 1. For this experiment, 1,000 sets
of 101 data values have been generated for each value of the
standard deviation (σ ) of noise using the zero-mean Gaussian
distribution, N (0, σ ). Thus, the generated noisy data can be
described by

x (n, σ ) = n+ 1+ N (0, σ ) ,
for n = −50 : 1 : 50 and σ = 1 : 1 : 5 (24)

In each set of 101 data values, the first 60 data values have
been used for estimating the degree of the polynomial and
its coefficients. Figure 1 shows the accuracy (%) of degree
selection using AIC (green lower triangles), AICc (black
upper triangles), GIC (magenta + signs), BIC (blue circles),
and PTS1 (red stars) versus noise standard deviations for the
linear polynomial. AICc is always better than AIC. GIC and
BIC are very similar, and they are always much better than
AIC and AICc. The proposed method, PTS1, is always the
best by far.

FIGURE 1. The accuracy (%) of degree selection using AIC (green lower
triangles), AICc (black upper triangles), GIC (magenta + signs), BIC (blue
circles), and PTS1 (red stars) versus noise standard deviations for a linear
polynomial.

The remaining 41 data values have been predicted and
the root-mean square (RMS) prediction errors have been

calculated. The RMS prediction errors for AIC, AICc, GIC,
BIC, and the proposed method for each of the five values of
the standard deviation of noise are presented in Table 1.

Of the existing techniques AIC, AICc, GIC, and BIC, GIC
and BIC offer much better performance. Each of AIC, AICc,
GIC, and BIC calculates log-likelihoods, which require,
amongst others, the value of σ , and was allowed the advan-
tage of using the exact values of σ for the above results,
even though these are not available in reality. Despite this, the
proposed technique is the best and offers significantly better
performance than GIC and BIC (as well as the other two).

The upper half of Figure 2 displays the RMS prediction
errors from GIC (magenta + signs), BIC (blue circles), and
the proposed method (red stars), while the lower half of
Figure 2 depicts the variation of RMS prediction errors from
GIC (magenta+ signs), BIC (blue circles), and the proposed
method (red stars). It is remarkable how much smaller the
RMS prediction errors from the proposed method are com-
pared to those fromGIC andBIC.Also, the variations of RMS
prediction errors from the proposed method are significantly
smaller compared to those from GIC and BIC.

FIGURE 2. The upper figure shows the RMS prediction errors from GIC
(magenta + signs), BIC (blue circles), and the proposed method (red
stars), and the lower figure shows the variation of RMS prediction errors
versus the standard deviations of noise for a linear polynomial.

B. QUADRATIC POLYNOMIAL
Here a polynomial of degree 2 has been considered for data
generation: y (n) = n2+n+1. For this experiment, 1,000 sets
of 101 data values have been generated for each value of the
standard deviation (σ ) of noise using the zero-mean Gaussian
distribution, N (0, σ ). Thus, the generated noisy data can be
described by

x (n, σ ) = n2 + n+ 1+ N (0, σ ) ,
for n = −50 : 1 : 50 and σ = 1 : 1 : 5, (25)
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TABLE 1. Root mean-square errors for predicting x (n) = n + 1 + N
(
0, σ

)
using five different techniques, including the proposed technique.

FIGURE 3. The accuracy (%) of degree selection using AIC (green lower
triangles), AICc (black upper triangles), GIC (magenta + signs), BIC (blue
circles), and PTS1 (red stars) versus noise standard deviations for a
quadratic polynomial.

In each set of 101 data values, the first 60 data values have
been used for estimating the degree of the polynomial and
its coefficients. Figure 3 shows the accuracy (%) of degree
selection using AIC (green lower triangles), AICc (black
upper triangles), GIC (magenta + signs), BIC (blue circles),
and PTS1 (red stars) versus noise standard deviations for the
quadratic polynomial. AICc is always better than AIC. GIC
and BIC are very similar, and they are always much better
than AIC and AICc. The proposed method, PTS1, is always
the best by far.

The remaining 41 data values have been predicted and
the root-mean square (RMS) prediction errors have been
calculated. The RMS prediction errors for AIC, AICc, GIC,
BIC, and the proposed method for each of the five values of
the standard deviation of noise are presented in Table 2.

Of the existing techniques AIC, AICc, GIC, and BIC, GIC
and BIC offer much better performance. Each of AIC, AICc,
GIC, and BIC calculates log-likelihoods, which require,
amongst others, the value of σ , and was allowed the advan-
tage of using the exact values of σ for the above results,
even though these are not available in reality. Despite this,

FIGURE 4. The upper figure shows the RMS prediction errors from GIC
(magenta + signs), BIC (blue circles), and the proposed method (red
stars), and the lower figure shows the variation of RMS prediction errors
versus the standard deviations of noise for a quadratic polynomial.

the proposed technique is the best and offers significantly
better performance than GIC and BIC, typically an order of
magnitude better.

The upper half of Figure 4 displays the RMS prediction
errors from GIC (magenta + signs), BIC (blue circles) and
the proposed method (red stars), while the lower half of
Figure 4 depicts the variation of RMS prediction errors from
GIC (magenta + signs), BIC (blue circles) and the proposed
method (red stars). It is remarkable how much smaller the
RMS prediction errors from the proposed method are com-
pared to those fromGIC andBIC.Also, the variations of RMS
prediction errors from the proposed method are significantly
smaller compared to those from GIC and BIC.

C. CUBIC POLYNOMIAL
Here a polynomial of degree 3 has been considered for data
generation: y (n) = n3 + n2 + n + 1. For this experiment,
1,000 sets of 101 data values have been generated for each
value of the standard deviation (σ ) of noise using the zero-
mean Gaussian distribution, N (0, σ ). Thus, the generated
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TABLE 2. Root mean-square errors for predicting x (n) = n2 + n + 1 + N
(
0, σ

)
using five different techniques, including the proposed technique.

FIGURE 5. The accuracy (%) of degree selection using AIC (green lower
triangles), AICc (black upper triangles), GIC (magenta + signs), BIC (blue
circles), and PTS1 (red stars) versus noise standard deviations a cubic
polynomial.

noisy data can be described by

x (n, σ ) = n3 + n2 + n+ 1+ N (0, σ ) ,
for n = −50 : 1 : 50 and σ = 1 : 1 : 5, (26)

In each set of 101 data values, the first 60 data values have
been used for estimating the degree of the polynomial and
its coefficients. Figure 5 shows the accuracy (%) of degree
selection using AIC (green lower triangles), AICc (black
upper triangles), GIC (magenta + signs), BIC (blue circles),
and PTS1 (red stars) versus noise standard deviations for the
cubic polynomial. AICc is always better than AIC. GIC and
BIC are very similar, and they are always much better than
AIC and AICc. The proposed method, PTS1, is always the
best by far.

The remaining 41 data values have been predicted and
the root-mean square (RMS) prediction errors have been
calculated. The RMS prediction errors for AIC, AICc, GIC,
BIC, and the proposed method for each of the five values of
the standard deviation of noise are presented in Table 3.

FIGURE 6. The upper figure shows the RMS prediction errors from GIC
(magenta + signs), BIC (blue circles), and the proposed method (red
stars), and the lower figure shows the variation of RMS prediction errors
versus the standard deviations of noise for a cubic polynomial.

Of the existing techniques AIC, AICc, GIC, and BIC, GIC
and BIC offer much better performance. Each of AIC, AICc,
GIC, and BIC calculates log-likelihoods, which require,
amongst others, the value of σ , and was allowed the advan-
tage of using the exact values of σ for the above results,
even though these are not available in reality. Despite this,
the proposed technique is the best and offers significantly
better performance than GIC and BIC (as well as the other
two).

The upper half of Figure 6 displays the RMS prediction
errors from GIC (magenta + signs), BIC (blue circles) and
the proposed method (red stars), while the lower half of
Figure 6 depicts the variation of RMS prediction errors from
GIC (magenta + signs), BIC (blue circles) and the proposed
method (red stars). It is remarkable how much smaller the
RMS prediction errors from the proposed method are com-
pared to those fromGIC andBIC.Also, the variations of RMS
prediction errors from the proposed method are significantly
smaller compared to those from GIC and BIC.
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TABLE 3. Root mean-square errors ifor predicting x (n) = n3 + n2 + n + 1 + N
(
0, σ

)
using five different techniques, including the proposed technique.

FIGURE 7. The accuracy (%) of degree selection using AIC (green lower
triangles), AICc (black upper triangles), GIC (magenta + signs), BIC (blue
circles), and PTS1 (red stars) versus noise standard deviations for a
quartic polynomial.

D. QUARTIC POLYNOMIAL
Here a polynomial of degree 4 has been considered for data
generation: y (n) = n4 + n3 + n2 + n + 1. For this experi-
ment, 1,000 sets of 101 data values have been generated for
each value of the standard deviation (σ ) of noise using the
zero-mean Gaussian distribution, N (0, σ ). Thus, the gener-
ated noisy data can be described by

x (n, σ ) = n4 + n3 + n2 + n+ 1+ N (0, σ ) ,
for n = −50 : 1 : 50 and σ = 1 : 1 : 5, (27)

In each set of 101 data values, the first 60 data values have
been used for estimating the degree of the polynomial and
its coefficients. Figure 7 shows the accuracy (%) of degree
selection using AIC (green lower triangles), AICc (black
upper triangles), GIC (magenta + signs), BIC (blue circles),
and PTS1 (red stars) versus noise standard deviations for the
quartic polynomial. AICc is always better than AIC. GIC and
BIC are very similar, and they are always much better than

AIC and AICc. The proposed method, PTS1, is always the
best by far.

The remaining 41 data values have been predicted and
the root-mean square (RMS) prediction errors have been
calculated. The RMS prediction errors for AIC, AICc, GIC,
BIC, and the proposed method for each of the five values of
the standard deviation of noise are presented in Table 4.

Of the existing techniques AIC, AICc, GIC, and BIC, GIC
and BIC offer much better performance. Each of AIC, AICc,
GIC, and BIC calculates log-likelihoods, which require,
amongst others, the value of σ , and was allowed the advan-
tage of using the exact values of σ for the above results,
even though these are not available in reality. Despite this, the
proposed technique is the best and offers significantly better
performance than GIC and BIC (as well as the other two).

The upper half of Figure 8 displays the RMS prediction
errors from GIC (magenta + signs), BIC (blue circles) and
the proposed method (red stars), while the lower half of
Figure 8 depicts the variation of RMS prediction errors from
GIC (magenta + signs), BIC (blue circles) and the proposed
method (red stars). It is remarkable how much smaller the
RMS prediction errors from the proposed method are com-
pared to those fromGIC andBIC.Also, the variations of RMS
prediction errors from the proposed method are significantly
smaller compared to those from GIC and BIC.

E. NORMALISED RESULTS FROM THE PROPOSED
METHOD
Figure 9 displays the normalised RMS prediction errors and
the normalised variation of RMS prediction errors from the
proposed method for linear, quadratic, cubic, and quartic
polynomials. All the RMS prediction errors from the pro-
posed method for the linear polynomial were divided by its
RMS error at σ = 1. This ensured that the normalised
RMS prediction error for the linear polynomial σ = 1 is 1.
Similarly, all the variations of RMS prediction errors from the
proposed method for the linear polynomial were divided by
its value at σ = 1. This ensured that the normalised variation
of RMS prediction error for the linear polynomial σ = 1 is
1. Similar procedures were repeated for quadratic, cubic, and
quartic polynomials.
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TABLE 4. Root mean-square errors for predicting x (n) = n4 + n3 + n2 + n + 1 + N
(
0, σ

)
using five different techniques, including the proposed

technique.

TABLE 5. Estimated and theoretical values of < µ > and σµ(q) for different polynomial degrees and noise, σ , of 5.

FIGURE 8. The upper figure shows the RMS prediction errors from GIC
(magenta + signs), BIC (blue circles), and the proposed method (red
stars), and the lower figure shows the variation of RMS prediction errors
versus the standard deviations of noise for a quartic polynomial.

The upper half of Figure 9 displays the normalised
RMS prediction errors from the proposed method for linear
(marked by red stars), quadratic (marked by red open circles),
cubic (marked by red upper triangles), and quartic (marked by
red plus signs) polynomials. The description of the lower half
of Figure 9 is essentially the same, except that these values
represent the normalised variations of RMS prediction errors.
The two blue straight lines in Figure 9 have a slope of 1 and
an intercept of 0 for guidance.

There are three remarkable observations from Figure 9:
1) For both the normalised RMS prediction errors and the

normalised variations of RMS prediction errors from

FIGURE 9. The upper figure shows the normalised RMS prediction errors
from the proposed method for linear (red stars), quadratic (red open
circles), cubic (red upper triangles), and quartic (red plus signs)
polynomials. The lower figure shows the normalised variations of RMS
prediction errors versus the standard deviations of noise. The two blue
straight lines with the slope of 1 and the intercept of 0 are for guidance.

the proposed method, their relationships with the val-
ues of σ appear to be linear for each of linear, quadratic,
cubic, and quartic polynomials.

2) For both the normalised RMS prediction errors and
the normalised variations of RMS prediction errors
from the proposed method, their relationships with the
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FIGURE 10. The left column shows the histograms of 1000 values of
< µ > for degrees ranging from 1 to 4. The right column shows the
histograms of 1000 values of σµ(q) for degrees ranging from 1 to 4.

values of σ for each of linear, quadratic, cubic, and
quartic polynomials appear to be identical.

3) For both the normalised RMS prediction errors and
the normalised variations of RMS prediction errors
from the proposed method, their relationships with the
values of σ may be described by a single straight line
with a slope of 1 and an intercept of 0.

F. µ VALUES AND RMS OF µ VALUES
In [34], it has been proven that, for the correct degree,
µ = c (q) (q!), for noise-free data. Taking the expectation
of equation (19), one can write

< µ >=< µ (q) >=< 〈−
q∑
i=1

a (i) x (n− i)+ x (n)〉 >

= −

q∑
i=1

a (i) y (n− i)+ y (n) = c (q) (q!) (28)

Since in these experiments c (q) = 1 in all cases, the theoret-
ical expectations are that < µ >= q!.
Given that µ (n, q) = x (n) −

∑q
i=1 a (i) x (n− i), vari-

ations in µ (n, q) values will come, in the current scenario
of having chosen the correct degree, from variations in x (n).
Therefore, the variance is given by

< σµ(q) >
2
=

(
(1)2 +

q∑
i=1

a (i)2
)
σ 2 (29)

Combining equations (17) and (29), theoretically expected
values of < σµ(q) >2 are 50, 150, 500, and 1750, for
polynomial degree (q) values of 1, 2, 3, and 4 respectively
for noise standard deviation of 5.

In computer experiments there are 1,000 realisations for
each degree of polynomial and each value of noise standard
deviation, σ . In each of these 1,000 realisations there is one
value for < µ > and one value for σµ(q). Figure 10 has four

rows and two columns. All the eight subplots correspond to
σ = 5. Each column contains four subplots. The first column
displays histograms of 1,000 values of< µ > for degree = 1
in the top subplot, for degree = 2 in the next subplot, for
degree = 3 in the subplot after, and for degree = 4 in
the bottom subplot. The second column displays histogram
of 1,000 values of σµ(q) for degree= 1 in the top subplot, for
degree = 2 in the next subplot, for degree = 3 in the subplot
after, and for degree = 4 in the bottom subplot. All eight
distributions look fairly symmetrical.

Table 5 records the average of these 1,000 values and RMS
values from computer experiments as well as the correspond-
ing theoretical values for each value of degree and σ = 5.
Theoretical values of < µ > for different values of q can be
calculated from equation (28) and theoretical values of σµ(q)
can be calculated from equation (29). From Table 5 it is clear
that the agreements between estimated and theoretical values
of< µ > as well as between estimated and theoretical values
of σµ(q) are remarkable.

V. DISCUSSION
In the above experiments, for model selections and predic-
tions, AIC results are the worst and AICc results are better
than AIC results. GIC and BIC results are very similar, and
they are much better than AIC and AICc results. Remarkably,
results from the proposed method are the best and signifi-
cantly better than GIC and BIC results.

One natural question is ‘‘what is the statistical significance
of the polynomial degree estimation results from the various
estimators for the four different polynomial degrees and the
five different noise standard deviations’’. For each combina-
tion of a polynomial degree and a noise standard deviation,
there are 1000 estimated values of the polynomial degree for
each of the five estimators. As estimated polynomial degrees
are discrete, the ‘‘poissfit’’ function in MATLAB has been
used to obtain the maximum likelihood estimate of the degree
and its 95% confidence interval (i.e., the significance level
of 0.05). The maximum likelihood estimate of the degree in
all 20 cases for each of the four existing estimators AIC,
AICc, GIC, and BIC is different from the true value of the
degree. Table 6 contains the results from these four estima-
tors, describing either the true polynomial degree is inside
or outside the 95% confidence intervals. For AIC and AICc,
confidence intervals do not contain the true degree 100% of
these cases. For GIC and BIC, confidence intervals do not
contain the true degree 25% of these cases. On the other hand,
PTS1 has selected the correct polynomial degree in all of
these 20 cases (4 degrees times 5 noise standard deviations).
Thus, PTS1 results are consistent with the true degree for
100% of these cases in the presence of zero-mean Gaussian
noise.

Another question is ‘‘how does PTS1 work for a
non-Gaussian noise distribution’’. There are very many non-
Gaussian distributions. A new set of 20 experiments were
carried out using zero-mean noise from a Uniform distri-
bution at the same five noise standard deviations and four
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TABLE 6. Is the true polynomial degree inside or outside the 95% confidence intervals for different estimators at four different polynomial degrees and
five different zero-mean Gaussian noise standard deviations?

polynomial degrees. For each of the five estimators, there
are now 20 (4 degrees times 5 noise standard deviations)
pairs of numbers; one number is the percentage accuracy
with Gaussian noise while the other number is the percentage
accuracy with Uniform noise. For each estimator, 20 values
of the percentage accuracy with Gaussian noise minus the
corresponding percentage accuracy with Uniform noise have
been calculated. For each estimator, both the average of these
difference percentage accuracies and the standard deviation
of these difference percentage accuracies have been calcu-
lated from these 20 values. The results are 0.65%± 2.10% for
AIC,−0.24%± 1.78% for AICc,−0.37%± 0.97% for GIC,
−0.37% ± 0.97% for BIC, and 0.0% ± 0.0% for PTS1. This
confirms that the results with Gaussian noise and Uniform
noise are very similar for each estimator. Again, the PTS1 is
the only one to select the correct degree of a polynomial
every time; its performance was always the best. BIC and
GIC performances are very similar, and their performances
are better than AICc, which performed better than AIC.

For Uniform noise, the same ‘‘poissfit’’ function in
MATLAB has been used to obtain the maximum likelihood
estimate of the degree and its 95% confidence interval (i.e.,
the significance level of 0.05). The maximum likelihood esti-
mate of the degree in all 20 cases for each of the four existing
estimators is different from the true value of the degree.
For AIC and AICc, confidence intervals do not contain the
true polynomial degree 100% of these cases. For GIC and
BIC, confidence intervals do not contain the true degree 25%

of these cases. On the other hand, PTS1 has selected the
correct polynomial degree in all of these 20 cases (4 degrees
times 5 noise standard deviations). Thus, PTS1 results are
consistent with the true degree for 100% of these cases in the
presence of zero-mean Uniform noise.

Recall that each of AIC, AICc, GIC, and BIC attempts
to balance between overfitting and underfitting scenarios.
In one scenario errors reduce and in the other scenario errors
increase with increasing values of q. As can be seen from
equations (4), (13), (14), and (15), each of them has the
identical log-likelihood term, wherein one can find the fitting
error. At a conceptual plane, the (fe (q))2 term in PTS1(q)
(see equation (21)) is similar in that it also represents ‘‘fit-
ting’’ error (but not the same at all). The first term in these
four existing estimators always depends on q and on N for
AICc and BIC. It is worth noting that this first term has no
connection with the data values. On the contrary, the first
term in equation (21) for PTS1(q) is σ 2

µ(q), which is clearly
connected with the underlying data values (beyond q and N ).
This is yet another way that the proposed estimator is different
from other four estimators.

A great deal of attempts has been made to make the com-
parisons fair (see section II and IV). However, AIC, AICc,
GIC, and BIC calculate log-likelihoods which require the
knowledge of the standard deviation of noise, which is not
available in real situations. One can attempt to get a reason-
able estimate of this using the fitted values from the model
as the noise-free data using equation (8). Earlier experiments
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using estimated standard deviations have produced poor
results from AIC, AICc, GIC, and BIC. Therefore, in all the
above experiments, AIC, AICc, GIC, and BIC results are
based on using the exact values of the standard deviations of
noise (known from simulations), which give them an advan-
tage over the proposed method, PTS1.

Just as in every study, there are some limitations of this
study. It is important to remember that the observations have
been based on zero-mean, symmetric noise distributions. It is
not known how things will work out in non-symmetric or
other (than Gaussian and Uniform) symmetric noise distribu-
tions. Also, these experiments have been performed with four
different polynomial degrees and five different noise standard
deviations. Extensions of these may be considered in future
explorations.

VI. CONCLUSION
Given a set of noisy data values from a polynomial, this paper
has considered determining the degree and coefficients of the
polynomial, which is the problem of polynomial regressions.
Unlike existing techniques, which select a model, including
both the degree and coefficients of a polynomial, from a
set of candidate models which have already been fitted to
the data, the proposed method is fundamentally different.
In the first stage only the degree of a polynomial to represent
the noisy data is selected without any knowledge or refer-
ence to its coefficient values. Having selected the degree,
polynomial coefficients are estimated in the second stage.
The first stage has been inspired by the very recent results
that all polynomials of degree q give rise to the same set of
known time-series coefficients of autoregressive models and
a constant term µ [34] and it constitutes a different paradigm
from anything that appeared in the last two hundred years.
Computer experiments have been carried out with simulated
noisy data, from polynomials of degree 1, 2, 3, and 4, using
four well known model selection criteria – AIC, AICc, GIC,
and BIC – as well as the proposed method, PTS1, for polyno-
mial degree selections and predictions. The PTS1 is the only
one to select the correct degree of a polynomial every time;
its performance was statistically significant and always the
best. BIC and GIC performances are very similar, and their
performances are better than AICc, which performed better
than AIC.

The prediction results obtained from the proposed
PTS1 are significantly better than those from the existing
methods. For both the normalised RMS prediction errors
and the normalised variations of RMS prediction errors from
the proposed method, their relationships with the values
of σ

1) appear to be linear for each of linear, quadratic, cubic,
and quartic polynomials,

2) appear to be identical for each of linear, quadratic,
cubic, and quartic polynomials, and

3) appear to be described by a single straight line with a
slope of 1 and an intercept of 0.

Therefore, the normalised root-mean square (RMS) prediction
errors and the normalised variation of the RMS prediction
errors appear to scale linearly with the standard deviation
of the noise. As an internal check of the proposed method,
two hidden parameters, specifically <µ> and its RMS,
σµ(q), have been estimated from the data. For each value
of the degree of a polynomial and value of the standard
deviation of noise, the agreements between estimated values
and theoretical values of <µ> as well as between estimated
values and theoretical values of σµ(q) are remarkable.

ACKNOWLEDGMENT
The author would like to thank Dr. C. Liu for formatting the
manuscript.

REFERENCES
[1] A. M. Legendre, Nouvelles Méthodes Pour la Détermination des Orbites

des Cométes. Paris, France: Firmin Didot, 1805.
[2] C. F. Gauss, Theoria Motus Corporum Coelestium. Hamburg, Germany:

Perthes, 1809.
[3] J. D. Gergonne, ‘‘The application of the method of least squares to the

interpolation of sequences,’’ Historia Math., vol. 1, no. 4, pp. 439–447,
1815, Nov. 1974, doi: 10.1016/0315-0860(74)90034-2.

[4] S. M. Stigler, ‘‘Gergonne’s 1815 paper on the design and analysis of poly-
nomial regression experiments,’’HistoriaMath., vol. 1, no. 4, pp. 431–439,
1974, doi: 10.1016/0315-0860(74)90033-0.

[5] G. U. Yule, ‘‘On the theory of correlation,’’ J. Roy. Stat. Soc., vol. 60,
no. 4, pp. 812–854, 1897, doi: 10.2307/2979746.

[6] K. Pearson, G. U. Yule, N. Blanchard, and A. Lee, ‘‘The law of
ancestral heredity,’’ Biometrika, vol. 2, no. 2, pp. 211–236, 1903, doi:
10.1093/biomet/2.2.211.

[7] R. A. Fisher, ‘‘The goodness of fit of regression formulae, and the dis-
tribution of regression coefficients,’’ J. Roy. Stat. Soc., vol. 85, no. 4,
pp. 597–612, 1922, doi: 10.2307/2341124.

[8] V. Pratt, ‘‘Direct least-squares fitting of algebraic surfaces,’’ ACM SIG-
GRAPH Comput. Graph., vol. 21, no. 4, pp. 145–152, Aug. 1987.

[9] A. T. Kalai, A. R. Klivans, Y. Mansour, and R. A. Servedio, ‘‘Agnostically
learning halfspaces,’’ SIAM J. Comput., vol. 37, no. 6, pp. 1777–1805,
Jan. 2008.

[10] I. B. MacNeill, ‘‘Properties of sequences of partial sums of polynomial
regression residuals with applications to tests for change of regression at
unknown times,’’ Ann. Statist., vol. 6, no. 2, pp. 422–433, Mar. 1978.

[11] D. Kane, S. Karmalkar, and E. Price, ‘‘Robust polynomial regression up to
the information theoretic limit,’’ in Proc. 58th Annu. IEEE Symp. Found.
Comput. Sci., Oct. 2017, pp. 391–402, doi: 10.1109/FOCS.2017.43.

[12] H. Linhart andW. Zucchini,Model Selection. New York, NY, USA:Wiley,
1986.

[13] K. P. Burnham and D. R. Anderson, Model Selection and Multi-model
Inference. New York, NY, USA: Springer-Verlag, 2002.

[14] H. Akaike, ‘‘A new look at the statistical model identification,’’ IEEE
Trans. Autom. Control, vol. AC-19, no. 6, pp. 716–723, Dec. 1974,
doi: 10.1109/TAC.1974.1100705.

[15] H. Akaike, ‘‘On the likelihood of a time series model,’’ Statistician, vol. 27,
no. 3, pp. 217–235, 1978.

[16] K. P. Burnham and D. R. Anderson, ‘‘Multimodel inference: Understand-
ing AIC and BIC in model selection,’’ Sociol. Methods Res., vol. 33, no. 2,
pp. 261–304, Nov. 2004, doi: 10.1177/0049124104268644.

[17] H. Akaike, ‘‘Prediction and entropy,’’ in A Celebration of Statistics,
A. C. Atkinson and S. E. Fienberg, Eds. New York, NY, USA: Springer,
1985, pp. 1–24.

[18] P. S. Bandyopadhyay and M. R. Forster, Philosophy of Statistics. Amster-
dam, The Netherlands: North-Holland, 2011.

[19] A. Boisbunon, S. Canu, D. Fourdrinier, W. Strawderman, and M. T. Wells,
‘‘Akaike’s information criterion,Cpand estimators of loss for elliptically
symmetric distributions,’’ Int. Stat. Rev., vol. 82, no. 3, pp. 422–439,
Dec. 2014, doi: 10.1111/insr.12052.

VOLUME 8, 2020 130429

http://dx.doi.org/10.1016/0315-0860(74)90034-2
http://dx.doi.org/10.1016/0315-0860(74)90033-0
http://dx.doi.org/10.2307/2979746
http://dx.doi.org/10.1093/biomet/2.2.211
http://dx.doi.org/10.2307/2341124
http://dx.doi.org/10.1109/FOCS.2017.43
http://dx.doi.org/10.1109/TAC.1974.1100705
http://dx.doi.org/10.1177/0049124104268644
http://dx.doi.org/10.1111/insr.12052


A. K. Nandi: Model Order Selection From Noisy Polynomial Data Without Using Any Polynomial Coefficients

[20] J. E. Cavanaugh, ‘‘Unifying the derivations of the Akaike and cor-
rected Akaike information criteria,’’ Statist. Probab. Lett., vol. 31, no. 2,
pp. 201–208, 1997, doi: 10.1016/s0167-7152(96)00128-9.

[21] G. Claeskens and N. L. Hjort, Model Selection and Model Averaging.
Cambridge, U.K.: Cambridge Univ. Press, 2008.

[22] J. de Leeuw, ‘‘Introduction to Akaike (1973) information theory and an
extension of the maximum likelihood principle,’’ in Breakthroughs in
Statistics, S. Kotz and N. L. Johnson, Eds. New York, NY, USA: Springer,
1992, pp. 599–609.

[23] N. Sugiura, ‘‘Further analysts of the data by akaike’ s information criterion
and the finite corrections,’’Commun. Statist. Theory Methods, vol. 7, no. 1,
pp. 13–26, Jan. 1978, doi: 10.1080/03610927808827599.

[24] C. M. Hurvich and C.-L. Tsai, ‘‘Regression and time series model selec-
tion in small samples,’’ Biometrika, vol. 76, no. 2, pp. 297–307, 1989,
doi: 10.1093/biomet/76.2.297.

[25] S. Konishi and G. Kitagwa, Information Criteria and Statistical Modeling.
New York, NY, USA: Springer, 2008.

[26] R. J. Bhansali and D. Y. Downham, ‘‘Some properties of the
order of an autoregressive model selected by a generalization of
Akaikeás EPF criterion,’’ Biometrika, vol. 64, no. 3, pp. 547–551, 1977,
doi: 10.1093/biomet/64.3.547.

[27] G. Schwarz, ‘‘Estimating the dimension of a model,’’ Ann. Statist., vol. 6,
no. 2, pp. 461–464, Mar. 1978.

[28] R. L. Kashyap, ‘‘Optimal choice of AR and MA parts in autoregres-
sive moving average models,’’ IEEE Trans. Pattern Anal. Mach. Intell.,
vols. PAMI–4, no. 2, pp. 99–104, Mar. 1982.

[29] J. Rissanen, ‘‘Modeling by shortest data description,’’ Automatica, vol. 14,
no. 5, pp. 465–471, Sep. 1978.

[30] J. Rissanen, ‘‘Estimation of structure by minimum description
length,’’ Circuits, Syst. Signal Process., vol. 1, no. 4, pp. 395–406,
1982.

[31] Y. Yang, ‘‘Can the strengths of AIC and BIC be shared? A conflict between
model indentification and regression estimation,’’ Biometrika, vol. 92,
no. 4, pp. 937–950, Dec. 2005, doi: 10.1093/biomet/92.4.937.

[32] S. I. Vrieze, ‘‘Model selection and psychological theory: A discussion of
the differences between the akaike information criterion (AIC) and the
Bayesian information criterion (BIC).,’’ Psychol. Methods, vol. 17, no. 2,
pp. 228–243, 2012, doi: 10.1037/a0027127.

[33] P. Stoica and Y. Selen, ‘‘Model-order selection,’’ IEEE Signal Pro-
cess. Mag., vol. 21, no. 4, pp. 36–47, Jul. 2004, doi: 10.1109/MSP.
2004.1311138.

[34] A. K. Nandi, ‘‘Data modeling with polynomial representations and autore-
gressive time-series representations, and their connections,’’ IEEE Access,
vol. 8, pp. 110412–110424, 2020, doi: 10.1109/ACCESS.2020.3000860.

[35] C. F. Gauss, Theoria Combinationis Observationum Erroribus Minimis
Obnoxiae. Gottingen, Germany: Henricus Dieterich, 1823.

ASOKE K. NANDI (Fellow, IEEE) received the
Ph.D. degree in physics from the University of
Cambridge (Trinity College), Cambridge, U.K.

He held academic positions in several univer-
sities, including the University of Oxford, U.K.,
Imperial College London, U.K., the University of
Strathclyde, U.K., and the University of Liver-
pool, U.K., as well as the Finland Distinguished
Professorship with Jyvaskyla University, Finland.
In 2013, he moved to Brunel University London,

U.K., to become the Chair and the Head of electronic and computer engineer-
ing. He is a Distinguished Visiting Professor at Xi’an Jiaotong University,
China, and an Adjunct Professor at the University of Calgary, Canada.
In 1983, he co-discovered the three fundamental particles known asW+,W−

and Z0 (with the UA1 team at CERN), providing the evidence for the unifica-
tion of the electromagnetic and weak forces, for which the Nobel Committee
for Physics awarded the prize to his two team leaders for their decisive
contributions, in 1984. He has made many fundamental, theoretical, and
algorithmic contributions to many aspects of signal processing and machine
learning. He has much expertise in Big and Heterogeneous Data, dealing
with modeling, classification, estimation, and prediction. He has authored
over 600 technical publications, including 240 journal articles as well as five
books, entitled Condition Monitoring with Vibration Signals: Compressive
Sampling and Learning Algorithms for Rotating Machines (Wiley, 2020),
Automatic Modulation Classification: Principles, Algorithms and Applica-
tions (Wiley, 2015), Integrative Cluster Analysis in Bioinformatics (Wiley,
2015), Blind Estimation Using Higher-Order Statistics (Springer, 1999), and
Automatic Modulation Recognition of Communications Signals (Springer,
1996). The H-index of his publications is 75 (Google Scholar) and his
ERDOS number is two. His current research interests include signal pro-
cessing and machine learning, with applications to communications, image
segmentations, biomedical data, and so on.

Prof. Nandi is a Fellow of the Royal Academy of Engineering, U.K.,
as well as a Fellow of seven other institutions, including the IEEE and
the IET. Among the many awards, he received are the Institute of Elec-
trical and Electronics Engineers (USA) Heinrich Hertz Award, in 2012,
the Glory of Bengal Award for his outstanding achievements in scientific
research, in 2010, theWater Arbitration Prize of the Institution ofMechanical
Engineers, U.K., in 1999, and the Mountbatten Premium, Division Award
of the Electronics and Communications Division, Institution of Electrical
Engineers, U.K., in 1998. He was an IEEE EMBS Distinguished Lecturer,
from 2018 to 2019.

130430 VOLUME 8, 2020

http://dx.doi.org/10.1016/s0167-7152(96)00128-9
http://dx.doi.org/10.1080/03610927808827599
http://dx.doi.org/10.1093/biomet/76.2.297
http://dx.doi.org/10.1093/biomet/64.3.547
http://dx.doi.org/10.1093/biomet/92.4.937
http://dx.doi.org/10.1037/a0027127
http://dx.doi.org/10.1109/MSP.2004.1311138
http://dx.doi.org/10.1109/MSP.2004.1311138
http://dx.doi.org/10.1109/ACCESS.2020.3000860

	INTRODUCTION
	EXISTING METHODS
	AKAIKE INFORMATION CRITERION (AIC)
	CORRECTED AKAIKE INFORMATION CRITERION (AICc)
	GENERALISED INFORMATION CRITERION (GIC)
	BAYESIAN INFORMATION CRITERION (BIC)

	PROPOSED METHOD
	SELECTION OF THE DEGREE OF A POLYNOMIAL
	ESTIMATION OF POLYNOMIAL COEFFICIENTS
	PREDICTIONS

	RESULTS
	LINEAR POLYNOMIAL
	QUADRATIC POLYNOMIAL
	 CUBIC POLYNOMIAL
	 QUARTIC POLYNOMIAL
	 NORMALISED RESULTS FROM THE PROPOSED METHOD
	 VALUES AND RMS OF  VALUES

	DISCUSSION
	CONCLUSION
	REFERENCES
	Biographies
	ASOKE K. NANDI


