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Abstract—This work presents an in-depth analysis and
identifies the inherent modulation processes in power converters
relating input and output parameters to a switching function.
The timing of the switching instances and duration of the on/off
periods applied to the semiconductor power switches constitutes
a Switching Function. The steady state response of two popular
power converters is first investigated: The AC to DC Controlled
Rectifier and the PWM sinusoidally modulated 3-Level HBridge inverter. Both share the same power circuit
configuration, namely the H-Bridge. For both configurations an
appropriate switching Function acts on the input voltage to
produce the output voltage in an amplitude modulation process.
The same Function acts on the output current to set the input
current in a similar way. The expressions relating output and
input (and vice versa) with the switching function are exactly the
same and easily derived from the voltage current waveforms; it
is the switching function that differs. Next the mathematical
models of the two converters in the time domain are derived
based on the fundamental switching function expressions. The
novelty here is that they are not exactly “averaging models”. The
switching action of the semiconductor switches is taken into
account to a good degree thus giving the harmonics on output
and input current. The derived models are verified using the
PSIM simulation software.
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I. INTRODUCTION
Power Electronics date back to 1900s with the
introduction of rectifiers; the mercury arc and the metal tank
[1]. Their main purpose was to exploit the limitations of
transformers and to convert energy at different voltages
and/or frequencies [2]. However, it was not until the
introduction of semiconductor switches, the thyristor
followed by the Field Effect Transistor (FET) in the 1960 and
80s respectively, which revolutionized the industry of power
electronics and the switched mode converters [3]-[5]. Power
electronic converters fall in four categories: AC-DC, AC-AC,
DC-DC and DC-AC. Using the two-port network
representation, the power of converters can flow in either
direction. When the power flows from the AC side towards
the DC side, then the converter is said to work in the
rectification-mode, whereas from DC to AC it is said that is
in inverter-mode [6].
Material and manufacturing advancements keep pushing
the technology offering state of the art switches with lower
losses and faster switching capabilities. Gallium Nitride
(GaN) offer internal resistance in the range of milli-Ohms
(mΩ) and switching frequency capability as high as 200kHz
[7] and 1MHz [8] which makes GaN a high performance
alternative to Silicon Carbide (SiC) [9]. The range of
converter applications is expanding. It is believed that 70%
of today’s electric energy, residential and industrial, is

“converted” [1]. The list of applications includes renewables,
smart grid, telecommunication, aerospace, mining, etc. The
rapid growth expands the area of study, with engineers
investigating new topologies and also improving the
performance of existing; i.e. cascading and multi-level [10],
[11]. Also, the investigation of efficiency [12] and losses [13]
is of great importance for the aforementioned applications
and even more important for applications involving
unmanned systems which have power quality [14]
restrictions and limited on-board energy availability [15][17].
Nowadays, the area of power electronics includes electric
power, electronics and control theory. By controlling the
switching of the electronic devices the output of the
converters can be controlled at the desired voltage and current
levels, frequency and quality (distortion and harmonics). The
most efficient switching process is the Pulse Width
Modulation (PWM). Modulation techniques are divided
according to the switching frequency; low and high. Low
switching frequency modulation includes the Selective
Harmonic Elimination (SHE) and the Space Vector Control,
whereas high switching frequency modulation includes
Sinusoidal PWM and the Space Vector PWM. More
techniques are also discussed in [18] and [19]. The main aim
of these techniques is to improve the output waveforms; the
amplitude of the fundamental component, the harmonic
content, the effect of harmonics on the source, the switching
losses and controllability.
This work presents an in-depth analysis and derives the
mathematical models of the inherent modulation processes in
power converters relating the input and the output parameters
to a switching function. The switching action of the
semiconductor switches is taken into account to a good degree
thus giving also the voltage and current harmonics. The
performance of the derived models is verified using the PSIM
simulation software. The theoretical and simulated results are
then analyzed and discussed.
II. THE COMMON H-BRIDGE CONFIGURATION
Both circuits, the AC to DC Controlled rectifier and the
PWM sinusoidally modulated 3-Level H-Bridge inverter
shares the same power circuit configuration, namely the HBridge. As shown on Fig.1, the H-Bridge is composed of 4
switches and it enables load currents in both directions.
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The input current is derived from (2) and (8)
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Fig. 1. H-Bridge Power Circuit Configuration

The expressions relating the output and input (and vice
versa) with the switching function F(t) can be derived from
the input output voltages and currents as demonstrated in
Fig.1. For the AC-DC controlled rectifier
𝑉𝐶𝐷 (𝑡) = 𝐹(𝑡). 𝑉𝐴𝐵 (𝑡)

(1)

𝐼𝐴 (𝑡) = 𝐹(𝑡). 𝐼𝐶 (𝑡)

(2)

where VAB(t) is the input voltage Vin(t), VCD(t) is the output
voltage Vo(t), IA(t) is the input current Iin(t) and IC(t) is the
output current Io(t). For the inverter, the input and output are
reversed
𝑉𝐴𝐵 (𝑡) = 𝐹(𝑡). 𝑉𝐶𝐷 (𝑡)

(3)

𝐼𝐶 (𝑡) = 𝐹(𝑡). 𝐼𝐴 (𝑡)

(4)

where VAB(t) is the output voltage Vo(t), VCD(t) is the input
voltage Vin(t), IA(t) is the output current Iin(t) and IC(t) is the
input voltage Io(t).

III. THE AC TO DC CONTROLLED RECTIFIER
The ideal switches of Fig.1 are replaced by thyristors. The
Switching function of expressions (1) and (2) can easily be
expressed mathematically [20] by:
sin(𝑛𝛿)
(
cos(𝑛𝜔𝑡 − 𝑛𝜃)
𝑛𝜋
𝑛=1

(5)

where n is an integer odd number, δ is the half ON period of
the thyristors, θ is the phase delay of the Switching Function,
ω is the mains frequency and α is the firing angle of the
thyristors.
The input voltage is the mains (sinusoidal) voltage at
frequency ω and peak (amplitude) value Vp. By applying the
sum and difference trigonometric identities on expression (1)
then the output voltage is derived as
∞

sin(𝑛𝛿)
[sin(𝜔𝑡(𝑛 + 1)
𝑛𝜋
𝑛=1
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𝑉𝑜 (𝑡) = 2𝑉𝑝 ∑
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(7)

(10)

It is evident that THD is independent from the value of the
firing angle and level of Idc for continuous conduction.
From (9) the fundamental current can be shown to be
sin(𝑛𝛿)
(11)
𝐼1 (𝑡) = 4𝐼𝑑𝑐
𝑠𝑖𝑛(𝜔𝑡 − 𝛼 )
𝑛𝜋
and the displacement power factor is
𝐷𝑃𝐹 = 𝑐𝑜𝑠(𝛼)

(12)

IV. THE PWM SINUSOIDALLY MODULATED 3-LEVEL HBRIDGE INVERTER
The switching function for this circuit is a PWM signal
which can be expressed in terms of a sum of switching
functions [20]:
𝑚

𝐹𝑃𝑊𝑀𝐵 (𝑡) =

∞

∑∑

sin(𝑛𝛿)

𝑘=1 𝑛=1

𝑛𝜋

cos(𝑛𝜔𝑡 − 𝑛𝜃)

(13)

where m is the ratio of the switching frequency (mω) to the
fundamental component (ω) of the output to be produced. k
is an integer number from 1 to m, n is an integer number.
𝛿=

𝑇
𝐷 1
+ ( ) ( ) [cos[(𝑘 − 1)𝑇] − cos(𝑘𝑇)]
4
2 2

(14)

2𝜋
𝑚

(15)

where
𝑇=

From (6) the output voltage harmonics (amplitude and
phase) can be derived. Worth noting that the order of the
harmonics is even since ω(n-1) where n =1,3,5..etc.
This output voltage is pushing a current through the output
impedance and in most cases this current is fully smoothed to
its dc value, Idc. Idc is easily calculated from Ohm’s Law by
considering the load resistance R and the average value of the
output voltage. The latter is derived from (6) for n = 1. For n
= 1, its second term gives rise to a term of zero frequency,
hence the dc component of the output voltage.
𝑉𝑖𝑛 (𝑡) = 2𝑉𝑝

The magnitude of the input current harmonics can also be
derived from (9). Worth noting that the frequency
components are odd ωn, since where n =1, 3, 5...etc.
The total harmonic distortion (THD) for the first 50
components and displacement power factor are easily derived
from (9) as expressed by (10) and (12).
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Fig. 2 Frequency Spectrum of Modulation Function

(16)

This switching function contains a strong fundamental
component at ω and harmonics centred at the switching
frequency mω and its multiples, Fig. 2. Therefore the
modulation function can be written in a simpler way as:
𝐹𝑃𝑊𝑀𝐵 (𝑡) = 𝑀1 sin(𝜔𝑡) + 𝑀𝑚 cos(𝑚𝜔𝑡)
+ 𝑀𝑚1 cos[(𝑚 + 2)𝜔𝑡 − 𝜃𝑚1 ]
+ 𝑀𝑚2 cos[(𝑚 − 2)𝜔𝑡 − 𝜃𝑚2 ]

(17)

The output voltage is derived from (3) and (17). Certainly
it will contain the same frequency components as the PWM
switching as indicated in Fig.2 since the input is a dc voltage,
Vdc.
𝑉𝑜 (𝑡) = 𝑉𝑑𝑐 𝑀1 sin(𝜔𝑡) + 𝑉𝑑𝑐 𝑀𝑚 cos(𝑚𝜔𝑡)
+ 𝑉𝑑𝑐 𝑀𝑚1 cos[(𝑚 − 2)𝜔𝑡 − 𝜃𝑚1 ]
+ 𝑉𝑑𝑐 𝑀𝑚2 cos[(𝑚 − 2)𝜔𝑡 − 𝜃𝑚2 ]

(18)

The output voltage at fundamental frequency V1(t) is
given by
(19)

𝑉1 (𝑡) = 𝑉𝑑𝑐 𝑀1 𝑠𝑖𝑛(𝜔𝑡)
and its magnitude

𝑉1
√𝑅2 + (𝜔𝐿)2

sin(𝜔𝑡 − 𝜑)

(21)

The magnitude of the fundamental output current
𝐼1 =

(22)

𝑉1
√𝑅2 + (𝜔𝐿)2

𝜔𝐿
(23)
𝜑 = 𝑡𝑎𝑛−1 ( )
𝑅
The output current is reflected to the input according to
Expression (4)
(24)

𝐼𝐼𝑁 (𝑡) = 𝐼𝑜 (𝑡)𝐹𝑃𝑊𝑀 (𝑡)

By substituting (17) in (24) and by employing the sum and
difference trigonometric identities, the various frequency
components of the input current are derived. The fundamental
output current I1 with the depth of modulation M1 will
produce the dc component of current at the input and an ac
component IIN1 at twice the fundamental of the output current
I1, for 50Hz grid frequency it is at 100Hz.
𝐼1 𝑀1
(dc)
(25)
𝑐𝑜𝑠[−𝜑]
2
𝐼1 𝑀1
(100Hz) (26)
𝐼𝐼𝑁1 =
2
The fundamental output current I1 at frequency ω (50Hz) with
Mm at frequency mω will produce at the input two
components, IINm-1 at (m-1)ω and IINm+1 at (m+1)ω. For a
switching frequency 2000 Hz, we have at 1950Hz and IINm+1
at 2050Hz.

(2050Hz)

(28)

𝐼1 𝑀𝑚2
(1850Hz)
(29)
2
𝐼1 𝑀𝑚2
(1950Hz)
(30)
𝐼𝐼𝑁𝑚−13 =
2
The fundamental output current I1 at frequency ω (50Hz)
with the component of the switching Mm1 at frequency
(m+2)ω will produce at the input two components, IINm+3 at
(m+3)ω and IINm+13 (m-1)ω. For a switching frequency 2000
Hz, we have IINm+3 at 2150Hz and IINm+13 at 2050Hz.
𝐼𝐼𝑁𝑚−3 =

(20)

Output current Ιο(t), ignoring higher order harmonics as they
are smoothed by the load inductor is I1(t) is given by

𝐼1 𝑀𝑚
2

The fundamental output current I1 at frequency ω (50Hz)
with the component of the switching Mm2 at frequency (m2)ω will produce at the input two current components, IINm-3
at (m-3)ω and IINm-13 at (m-1)ω. For a switching frequency
2000 Hz, we have IINm-3 at 1850Hz and IINm-13 at 1950Hz.

𝐼1 𝑀𝑚1
2
𝐼1 𝑀𝑚1
=
2

𝐼𝐼𝑁𝑚+3 =
𝑉1 = 𝑉𝑑𝑐 𝑀1

𝐼1 (𝑡) =

𝐼𝐼𝑁𝑚+1 =

𝐼𝐼𝑁𝑚+3

(2150Hz)

(31)

(2050Hz)

(32)

IINm-13 and IINm-1 must be added vectorially since they are
at the same frequency 1950Hz. Similarly, IINm+1 and IINm+3
must be added vectorially since they are at the same
frequency 2050Hz. Their phase relation cannot be derived at
the moment with the present understanding of the Switching
function Theory. Nevertheless the worst case scenario can be
adopted and simply add them.
The current waveforms derived from a PSIM simulation
are represented in Fig 3. Similarly, Fig 4 is the frequency
spectrum as derived from PSIM.
This low frequency component of the input current IIN2 at
twice the output frequency cannot be eliminated by the
change of the switching frequency or the switching function.
It is shown here that it is produced due to the modulation
process of the output fundamental current and the modulation
index itself.

𝐼𝐼𝑁𝑑𝑐 =

𝐼𝐼𝑁𝑚−1 =

𝐼1 𝑀𝑚
2

(1950Hz)

(27)

Fig.3 Switching Function, output (peak 110A) and input (peak 110A) current
waveforms of the sinusoidally modulated H-Bridge 3-Level inverter

Fig.4 Frequency Spectrum of the Sinusoidally Modulated H-Bridge 3Level Inverter

V. MATHEMATICAL MODELS

Fig.5 Mm as a function of depth of modulation M1

By employing the Switching Function, the large signal
mathematical models of the AC to DC converter and the
PWM Inverter are derived. These are suitable for simulating
systems such as PV modules connected to the grid.
A. Mathematical model of the PWM Inverter
Let us consider a simple case with the inverter connected
to an impedance L, R. The output voltage Vo(t) and input
current iin(t) are given from (33) and (34), written again as
𝑉𝑜 (𝑡) = 𝑉𝑑𝑐 𝐹(𝑡)

(33)

𝑖𝑖𝑛 (𝑡) = 𝐹(𝑡)𝑖𝑜 (𝑡)

(34)

The output loop equation is given by
𝑉𝑜 (𝑡) = 𝐿

𝑑𝑖𝑜 (𝑡)
+ i(t)𝑅
𝑑𝑡

(35)

Integrating both sides of (35)

B. Mathematical model of the AC to DC converter
Let us consider a simple case with the converter
connected to an impedance L, R. The output voltage Vo(t)
and input current iin(t) are given from (39) and (40), written
again as
𝑉𝑜 (𝑡) = 𝑉𝑖𝑛 (𝑡)𝐹(𝑡)

(39)

𝑖𝑖𝑛 (𝑡) = 𝐹(𝑡)𝑖𝑜 (𝑡)

(40)

𝑑𝑖𝑜 (𝑡)
+ i(t)𝑅
𝑑𝑡

(41)

Integrating both sides of (41)
(36)
∫ 𝑉𝑜 (𝑡)dt = 𝐿𝑖𝑜 (𝑡) + ∫ i𝑜 (t)𝑅 dt

The switching function for the Inverter is given by (13)
and it is approximated here to its first two components, the
modulating and the switching frequency
𝐹(𝑡) = 𝑀1 sin(𝜔𝑡) + 𝑀𝑚 cos(𝑚𝜔𝑡)

Expressions (33) to (37) are employed to construct the
mathematical model of the AC to DC converter shown in
Fig.6

𝑉𝑜(𝑡) = 𝐿

Rearranging and solving for output current, io(t)
1
1
∫ 𝑉𝑜 (𝑡)dt − ∫ i𝑜 (t)𝑅 dt
𝐿
𝐿

(38)

The output loop equation is given by

∫ 𝑉𝑜 (𝑡)dt = 𝐿 𝑖𝑜 (𝑡) + ∫ i𝑜 (t)𝑅 dt

𝑖𝑜 (𝑡) =

The relation is not linear but it can be linearized in
sections
𝑀𝑚 = 𝐾𝑜 − 𝑀1 𝐾1
0 < M1 < 0.3
𝑀𝑚 = 𝐾𝑜 − 𝑀1 𝐾12
0.3 < M1 < 0.55
𝑀𝑚 = 𝐾𝑜 − 𝑀1 𝐾12
0.055 < M1 < 1.0

(37)

The two coefficients are M1 and Mm. M1 is the depth of
modulation and it is externally controlled. Mm is the
coefficient of the switching frequency and is shown in [20]
that it is related to M1 in a fashion dictated by Fig.5.

Rearranging and solving for output current, io(t)
𝑖𝑜 (𝑡) =

1
1
∫ 𝑉𝑜 (𝑡) dt − ∫ i𝑜 (t)𝑅 dt
𝐿
𝐿

(42)
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Fig.6 The Mathematical model simulated in PSIM pf the PWM inverter
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The switching function for the converter is given in
expression (43) and it is approximated here to its first two
frequency components, the modulating and the switching
frequency.
𝐹(𝑡) = 𝐾1 cos(𝜔𝑡 − 𝜃) + 𝐾3 cos(3𝜔𝑡 − 3𝜃)

(43)
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Fig.7 The mathematical model of the AC to DC converter

The coefficients K1 and K3 are given by

I_output_PSIM

Io_SF

0

0.02

200

𝐾1 =

sin(𝛿)
𝜋

and

𝐾3 =

sin(3𝛿)
3𝜋

(44)

150

100

δ = π/2 and θ = α + δ

(45)

where α is the firing angle and δ is the period for which the
thyristors are conducting.
Expressions (39) to (45) are employed to construct the
mathematical model of the AC to DC converter shown in
Fig.7. The output current of the AC to DC converter is
presented in Fig.8, both in PSIM simulation and in
mathematical model. It is obvious that both results totally
match with each other.

50

0
0.04

0.06

0.08

0.1

Time (s)

Fig.8 Output current of the AC to DC converter (Blue line is the
mathematical model, red is the PSIM)

VI. RESULTS
The results for the two circuits are presented on Tables I to
IV. Table I presents the THD, the input current and power
factor for the AC to DC converter, for both the PSIM
simulation and the switching function (SF) analysis.
Expression (10) is employed to calculate the THD whereas
the fundamental current I1 is found from (11) where δ = π/2
for continuous conduction. As shown from the tabulated
results there is a good match between the PSIM simulation
and the SF; the difference is limited to 1.9%.
TABLE I. AC TO DC CONVERTER L= 0.1H, R =1 Ω, α = 45O
PSIM
SF

THD
0.464
0.473

I1
187.6
186.3

PF
0.700
0.707

The magnitudes of the frequency components of the input
currents of the PWM inverter are derived from expression
(22), (25) to (30) for output of 50Hz and switching frequency
of 2000Hz. As shown in Table II there is a good match
between the SF results and the simulation results (PSIM).
Worth noting that same frequency components, IINm-13 and
IINm-1 (1950Hz) as well as IINm+1 and IINm+3 (2050Hz) are
added vectorially.
TABLE II. PWM INVERTER: OUTPUT 50HZ, SWITCHING FREQUENCY
2000HZ
I1

Idc

50Hz

PSIM
SF

112.7
114.1

12.95
12.86

IIN1

IINm-1

IINm+1

IINm-3

IINm+3

100Hz

1950Hz

2050Hz

1850Hz

2150Hz

41.98
42.39

57.18
60.7

59.47
60.4

11.27
10.91

11.45
10.61

Table III presents results of the output current for the PWM
inverter for L=0.01Η, R=1Ω and Vdc=500V. The
mathematical model based on the switching function predicts
to a good accuracy the output current, both fundamental and
at switching frequency.
TABLE III.

INVERTER FREQUENCY COMPONENTS OF OUTPUT
CURRENT

Frequency (HZ)
From PSIM
From Math/Model SF
Error

50
112.7
113.7
0.89%

2000
3.477
3.575
2.8%

Table IV presents results of the output and input current
for the PWM inverter for L=0.01Η, R=1Ω and Vdc=500V.
The mathematical model based on the switching function
predicts to a good accuracy the input current, both dc and at
the lowest harmonic of 100Hz frequency.

Frequency
IoPsim
Io SF
Error

INVERTER FREQUENCY COMPONENTS OF INPUT
CURRENT

Frequency (HZ)
From PSIM
From Math/Model SF
Error

dc
13.10
12.95
1.15%

100
41.98
42.63
1.55%

Table V presents results of the output current of the AC to
DC Converter for L=0.1H and R=1Ω. The mathematical
model based on the switching function predicts to a good
accuracy the output current, both dc and at the lowest
harmonic of 100Hz frequency. The second harmonic cannot
be predicted as only two frequency components of the
switching function are considered in the model.
TABLE V. OUTPUT CURRENT OF AC TO DC CONVERTER
Frequency
Io Psim
Io SF
Error

DC
179.2
178.8
0.22%

100 Hz
28.68
28.73
0.17%

200 Hz
4.769
5.467
14.6%

300 Hz
1.956
-----

Table VI presents results of the input current of the AC to
DC Converter for L=0.1H and R=1Ω. The mathematical
model based on the switching function predicts to a good
accuracy the outputτ current, both fundamental and at the first
harmonic of 150Hz frequency. The second harmonic cannot
be predicted as only two frequency components of the
switching function are considered in the model.
TABLE VI.

INPUT CURRENT OF AC TO DC CONVERTER

150
60.65
62.65
0.17%

250
36.5
9.38
14.6%

VII. DISCUSSION AND CONCLUSIONS
The inherent modulation processes and the existence of a
modulation function in the form of the switching function in
power converters are recognised and simple mathematical
expressions relating input and output quantities are derived.
The order of the harmonics of output voltage/current and input
current are easily derived. Magnitude and phase are readily
available.
The results in Table I suggest that the switching function
can accurately predict currents for the AC to DC converter.
In Table 2 the order and magnitudes of the input and output
currents show close agreement between Switching Function
predictions and PSIM simulations for the PWM Inverter.
Furthermore mathematical models suitable for simulations
in more complex configurations are derived. These models
take into account also the switching action of the
semiconductor switches and harmonics of the output and
input current are also predicted. This is a progression to the
average model which is usually adopted in these cases
This paper successfully presented the potential of the
switching function as a tool to give quick answers for the
power converter analysis.
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