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Abstract

We study the equivariance and reversibility of Neutral Mixed Functional Differential Equations
(NMFDEs). Those equations are ill-posed but can behave properly on a reduced phase space which
we define. We construct solutions of MFDEs with asymmetrical constant deviating arguments and
extend this to MFDEs with distributed arguments on such a phase space and study the infinitesimal
generator of the semi-group associated with the solution operator.

We develop a theory for reversible-equivariant NMFDEs, laying emphasis on D, -reversible-
equivariant systems. We apply the results to a system of ring networks of cyclically arranged
identical cells with forward and backward coupling.

Equivariant Lyapounov-Schmidt reduction is used to analyse Hopf bifurcation in equivariant
NMFDEs. Equivariant centre manifold reduction theory is developed and we carry out an unfold-
ing of an NMFDE having a Bogdanov-Takens bifurcation.

We determine the necessary and sufficient conditions for optimality in variational problems
with generalised delayed arguments. We obtain the critical points of symmetric functionals with
distributed delays from which the resulting Euler-Lagrange equations yield MFDEs. The Euler-
Lagrange equations ensuing from the optimisation of the logistic equation yields a difference equa-

tion.
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Chapter 1
Introduction

In this work we study and extend some aspects of reversibility, equivariance, equivariant Hopf bi-
furcation and Bogdanov-Takens bifurcation of Mixed Functional Differential Equations (MFDEs).
We also develop a step derivative method to solve MFDEs with asymmetrical and distributed argu-
ments, extending the work of Takovleva et al. in [35]. Furthermore, we extend the work of Hughes
[33], providing the necessary and sufficient conditions for optimality in variational problems with
delayed arguments from which the resulting Euler-Lagrange equations yield MFDEs.

Our main interest in mixed functional differential equations arises because they generalise the
delay differential equations which in turn generalise differential equations in the sense that the rate
of change of a system is allowed to depend on future states as well as past states. MFDEs have
attracted considerable attention over the past few decades since time delays are intrinsic in many
real systems and therefore must be properly accounted for when developing mathematical models.
Delay is a common feature of many real processes and with a growing demand for more precise
predictions, control and performance, there is a greater need for models to behave as close to real
systems as possible. MFDEs are important in the study of travelling wave solutions to differential
equations posed on lattices, see Mallet-Paret [49], Ma et al. [47], and as well as in economic
theory, biological sciences and engineering amongst others. MFDEs have a richer mathematical
framework than ordinary differential equations and display better consistency with the nature of
some engineering and biological processes.

The study of functional equations deals with seeking functions that satisfy equations such as
f(x+y) = f(z)+ f(y). Functional equations arise in all areas of mathematics, science, engineering,
and social sciences. A functional differential equation (also called a differential equation with
deviating argument,) can be considered as a combination of differential and functional equations.
The values of the argument in a functional differential equation can be discrete, continuous or
mixed. Correspondingly, one may introduce the notions of differential difference equations, and
integro-differential equations, etc. Delays are inherent in control, transport and biological systems
(e.g. gestation) and as such ordinary and partial differential equations cannot capture the rich

variety of dynamics observed in such complex systems, providing a strong motivation for the study



of functional differential equations. However, we note that solving functional differential equations
can be much more challenging than solving ordinary differential equations. For example, if we
seek exponential solutions, the resulting characteristic equation gives a transcendental equation
in contrast to a polynomial in the case of ODEs. In general, such characteristic equations have
infinitely many solutions corresponding to an infinite family of independent solutions.

The notion of symmetry (equivariance) is a fundamental topic in many areas of mathematics:
see Golubitsky et al. [28] and Field [22]. Many systems in engineering and in nature possess
some symmetry, which somehow influences their functionality. Taking symmetry into account
may significantly simplify the study of such systems. The symmetries of a physical system may
be preserved in the mathematical tools used to model them. Mathematically, the conventional
notion of symmetries (equivariances) and reversing symmetries in a system of differential equations
consists of phase space transformations, including time transformations for reversing symmetries,
that leave the equations of motion invariant. A vector field & = f(x) is reversible if the dynamics
on the phase space is given by the time reversed vector field.

Symmetries (equivariance) and reversing symmetries affect dynamical systems in different ways.
Symmetries map trajectories to other trajectories preserving their direction whilst reversing sym-
metries map trajectories to trajectories, reversing the time-direction of the trajectories. One
difference resulting from this is the role of fixed point subspaces. The fixed point subspace of
amap F' : V — V, where V is a vector space, is defined as Fix(F) := {z € V : F(z) = z}.
Fixed point subspaces of symmetries are setwise invariant under the dynamics but the fixed point
subspaces of reversing symmetries may not be invariant under the dynamics, but give rise to sym-
metric periodic orbits. Symmetries and reversibility in dynamical systems have been studied in
relation to ODEs by numerous authors such as Lamb et al. [43, 44] , Baptistelli et al. [6] and
Teixeira et al. [60].

Bifurcation or branching occurs in a nonlinear system when the state of the system depends
on some parameter which when varied causes the state to branch to another state at some critical
value of the parameter, usually with a change of stability. The goal of bifurcation theory is to
determine the existence and stability of various branches of solutions like fixed points and periodic
orbits. The various equilibria emerge from one another in a continuous manner as the bifurcation
parameter varies across the bifurcation point and the local dynamics is contained in a suitably
defined center manifold at the bifurcation point.

Hopf bifurcation concerns the birth of a periodic solution from an equilibrium solution through
a local oscillatory instability. Hopf bifurcation theorems prove the existence of periodic solutions
of a nonlinear equation, in the vicinity of a stationary solution, when a conjugate pair of distinct
eigenvalues of the linearized equation crosses the imaginary axis. We study reversible equivariant
Hopf bifurcation from symmetric equilibrium points in MFDEs. We make use of the approach
introduced by Rustichini in [56] by adopting a purely functional analytic argument and involving a

Lyapunov-Schmidt reduction (LSR). We set the problem in the space of periodic functions of fixed



period. The linearization of the stationary solution of the MFDE then defines a linear operator
acting on this space. It is noted that a linear operator of mixed type, when its action is restricted
to the periodic functions, can be identified with an operator of the delay type. Once this is done,
the task is reduced to the study of the zeros of the bifurcation functions.

We also study the versal unfolding of a Neutral Mixed Functional Differential Equation (NMFDE)
under a Bogdanov-Takens (B-T) bifurcation. Recall that a B-T bifurcation is a bifurcation of an
equilibrium point in a two-parameter system at which the critical equilibrium has a zero eigenvalue
of algebraic multiplicity two. For nearby parameter values, the system has two equilibria (a saddle
and a non-saddle) which collide and disappear via a saddle-node bifurcation. The non-saddle equi-
librium then undergoes a Hopf bifurcation generating a limit cycle which degenerates into an orbit
that is homoclinic to the saddle and disappears via a saddle-homoclinic bifurcation. Elements of
bifurcation theory can be found in the books by Kielhofer [38] and Kuznetsov [41].

1.1 Review of Functional Differential Equations

A dynamical or evolutionary system may be represented by a function t — z(t) taking values
in some state space X. The independent variable ¢ does not necessarily represent time but may
also represent some spatial or spatio-temporal continuum. When the variation of z depends
instantaneously on the current state of the system, the usual evolution is described using the

differential equation
a(t) = f(t,2(t)),

an ordinary differential equation ( ODE) where f : O € R — R" is a non linear function,
or a partial differential equation ( PDE) when X is an appropriately chosen infinite dimensional
function space.

In a functional differential equation ( FDE), the evolution of a system links states at different
values of ¢, including derivatives. In this thesis we consider mixed functional differential equations
( MFDEs), which are sometimes called forward-backward FDEs. An MFDE links the values of
the function to be determined with the values of its derivatives over an interval of the independent
variable, with the initial interval containing 0, thereby using delayed and advanced arguments.

For instance, given some function f: Q C R!*3" — R, the nonlinear differential equation
$(t) = f(t7 .T(t), .T(t + emin)a .T(t + Hmax))a emin S emaxv

is retarded when 0, < Onax < 0, is advanced when 0 < O, < Onax and mixed when 0, < 0 <
Orax-

In this work we shall see many different types of differential equations, some with rather long
names, and we therefore define their acronyms. As we have seen, when a model does not incor-

porate a dependence on its (past or future) history, we get ODEs or PDEs. Models incorporating



past and current history include delay differential equations ( DDEs) or, more generally, functional

differential equations ( FDEs). When the highest derivative of a FDE is also evaluated with delay,

we add the adjective neutral, giving rise to neutral functional differential equations (NFDESs).
The dynamical system approach to the study of delay differential equations can be seen by

considering the following nonlinear delay differential equation (DDE)
&= F(x(t), x(t — 7)), (1.1)

in which F : R*® — R", with a single delay 7 where 7 > 0 is a constant. The dynamical
system approach to DDEs is to associate with it a semi-flow on the space of continuous functions
C([—7,0],R™) defined by the time evolution of segments of solutions of (1.1) of length 7. Such

segments are defined introducing the notation
r(0) =x(t+0), 0¢e[-T1,0],

so that x(t) = z4(0) and we may write F'(z(t),z(t — 7)) = F(x4(0),2z¢(—7)). Furthermore, given
an initial function ¢ € C([—7,0],R"™), we define f(¢) = F(¢(0), ¢(—7)) so that we may therefore
write (1.1) as

&= f(xy) (1.2)

with z; € C([—7,0],R™) being that segment of the function x(J) defined by letting the real value
d range in the interval ¢t —7 < § < t, and where f is a continuous function mapping C'([—7, 0], R™)
into R".

If ¢ is any given function in C'([—7,0],R™) and z(¢) is the solution of (1.2) with initial function
¢ at zero, we define the operator 7'(t) mapping C'([—7,0],R") into C([—7,0],R™) by

T(t)¢ = z:(9),
where for each fixed ¢ > 0, z4(¢) is the function in C'([—7, 0], R") determined by
2(9)(0) = 2(9)(t +0), —T <0 <0.

The operator T'(t), t > 0 defined on C([—7,0], R™) satisfies the following properties:
1. T(t) is a bounded linear operator for each t > 0;

2. T'(t) is strongly continuous on (0,00); i.e. T(0) = I and lim,_; ||7T'(s)p — T'(t)¢|| = 0 for all
t,s >0, ¢ € C([—7,0],R").

3. The family of transformations {7'(t), t > 0} is a semigroup i.e. T(s +t) = T(t)T(s) for all
t,s > 0.



4. T(t) is completely continuous (compact) for ¢t > 7;i.e. T(t), t > 7 maps closed bounded sets

into compact sets.

For any semigroup of transformations 7'(¢) of a Banach space into itself, the infinitesimal generator
A of T(t) is defined by the relation A¢ = lim,_,+ $[7'()¢ — ¢] for every value of ¢ for which this

limit exists. The infinitesimal generator of {T'(¢)} is given by
Ag(0) = 9(6), —r<6<0,
and the domain of definition of A is given by

dom(A) = { ¢ € C([-7,0[,R") : Ap € C([=7,0L,R"),  (Do¢)(0) = Df(6(0),6(-7)) },

where D f is the linearisation of f at zero.

The DDE can be viewed as a transport equation @ = Au, u(0) = ¢ with nonlocal boundary
conditions in dom(A). The solutions of the DDE are in one-to-one correspondence with the
solutions of an abstract nonlinear ODE in C(|—7, 0], R") where the correspondence is given by
u(t)(0) = z(t + ). This observation originated with Krasovskii [40] and has been crucial in the
development of the qualitative theory of DDEs.

1.2 Mixed Functional Differential Equations (MFDEs)

Mixed functional differential equations (MFDEs), allow us to describe the dynamics of a variable
whose "time’ derivative depends on its past and future (anticipatory) values of the state variable.
The idea of an interaction from the future might raise doubts about the usefulness of MFDESs in
modelling applications but not when the independent variable is spatial. Historically, the primary
motivation for the study of MFDEs comes from the study of travelling waves for lattice differential
equations ( LDEs), which are systems of ODEs or PDEs indexed by points on an (infinite) spatial
lattice. Including the structure of the underlying space into models, as a first approximation, PDEs
are concerned with continuous media and LDEs with discrete media. A more detailed exposition
can be found in Chow et al. [14].

To find travelling waves solutions of FDEs on lattices or study the dynamics of nerve conduction
in humans or in crystals necessitate the use of lattice functional differential equations that reflect

their spatial discreteness. For instance, consider the well-known reaction-diffusion PDE
u(t, z) = alAu(t,z) — f(ul(t, z)), r€QCR?

where the subscript denotes partial differentiation, « is a positive constant and A is the Laplacian

in 2—D. A travelling wave solution takes the form u(t,z) = ¢(o-x — ct) for some ¢ : R — R where
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o € R" is a unit vector, |o| = 1, representing the direction of motion of the wave and ¢ € R is the

wave speed. The spatially discrete version is
U, = a(Aqu), — f(uy,), neNcCz?

where we may denote by n = (i, j) and also where A, is the standard 5 points discretisation of

the Laplacian, that is,
(Agu)ij = Uirrj + wim1g + Wiger + Ui — duiy. (1.3)

In higher dimensions, the travelling wave solution is given by u(t, ) = ¢(o - n — ct). Substituting
the following ansatz, (in which ¢ = (01, 09) is a unit vector representing the direction of motion
of the wave),

w; j(t) = plion + joa — ct), ceR, (1.4)

into (1.3) yields the MFDE
—cp(§) = a(e(§ +01) + (€ — 01) + p(§ + 02) + ¢(§ — 02) — 49(£)) — f(p(£)),
where ¢ = i01 + jog — ct is called the moving coordinate. For example, let
u; j(t) = @(ioy + jog — ct),
then

ui+1,j = QO((Z + 1)0’1 + jO'Q — Ct)
= pl(ioy + jog — ct + 01)
= @€ +o1).

If the wave speed ¢ in the ansatz (1.4) is equal to 0, then we have a difference equation on the

lattice and only discrete values ; for i € Z are relevant, and the solutions are constant in time.

1.2.1 Mathematical Techniques for MFDEs
In Chapter 2 we shall investigate in more detail the solutions of the linear equation
(t) = ax(t) + bx(t + Omin) + cx(t + Omax);,  Omin < 0 < Onax (1.5)

and address some of the challenging issues encountered when solving MFDEs.
An important challenge that has to be overcome in an infinite dimensional setting, which is

the case with functional differential equations, is the fact that Banach spaces, in general, do not
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possess some of the desirable properties that are taken for granted in finite dimensional spaces.
For example, in order to study functional differential equations we need to provide information
(an initial function or initial history) on the entire interval i.e. ¢ : [fiin, Omax] — R™. Each such
initial function determines a unique solution to the functional differential equation. If we require
the initial functions to be continuous, then the space of solutions will be infinite dimensional. If
we seek exponential solutions to the functional differential equations, and compute a character-
istic equation, we obtain a transcendental equation, in fact, infinitely many linearly independent
solutions e®, where, o € C is an eigenvalue. The transcendental equation can have multiple ze-
ros on the imaginary axis, giving rise to complicated critical cases, in contrast to the polynomial
equations encountered when dealing with ODEs.

Another problem is that a Banach space need not have a natural inner product associated with
its norm. For instance, the supremum norm cannot be given by an inner product. However, Hale
et al. in [32] defines a bilinear form that acts like an inner product and it is this form that we use
in this work.

MFDEs in general are not well posed if we demand that their solutions be continuous. To see

this, consider the following example
e(t)=at—1)+x(t+1) =x4(=1) + x4(1), x0=0. (1.6)

If we set ¢(0) = 1 for 6 € [—1, 1], then the solution to equation (1.6) is found to be discontinuous
and simply oscillates between the constant values +1.

A logical first step in the development of the mathematical theory of MFDEs would of course
be to identify the parts of the powerful finite dimensional toolbox that can be utilised in Banach
space settings. In the twentieth century the foundations for linear semigroup theory were already
being laid in an effort to generalize the matrix exponentials that now appear when studying ODEs.
The theory for DDEs is now well established. Linear DDEs define in general a semi-group on the
(infinite dimensional) space of initial data, and the whole of modern nonlinear evolution theory,
including center manifold and bifurcation theory, applies.

Though the use of semigroups has been quite successful, there is still a wide class of systems
to which the machinery cannot be so readily applied. As an important example, we mention our
situation, MFDESs, in which the linear operator describing the infinitesimal change of a system
has unbounded spectrum both to the left and right of the imaginary axis. One cannot define a
strongly continuous semigroup that behaves as the exponential of such an operator. This difficulty
may be circumvented by splitting the state space of the system into two separate parts, that
both do allow the construction of a semigroup. One of these will however only be defined in
backward time. Such a splitting is referred to as an exponential dichotomy. The main piece of
work on this subject in finite dimensions is Coppel [19] and results on exponential splittings in

infinite dimensional systems were obtained by various authors (see reference in Sandstede and
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Scheel [57]). As in the finite dimensional situation, invariant manifolds play a fundamental role in
the study of nonlinear systems. A very important structure in this respect is the so-called center
manifold, which according to Vanderbauwhede and Iooss [64] forms one of the cornerstones of the
theory of infinite dimensional dynamical systems.

It is well known that delay differential equations (DDEs) tend to smooth out irregularities in
the initial values but that no such smoothing occurs for neutral equations where the solutions
retain the degree of regularity of the initial values. Equations of advanced type tend to destroy
the regularity of an initial function and the solution will only extend to +oc when the initial values
comprise a function of class C*°. See Bellman and Cooke [7] for a discussion on such properties.

In this work, we use real and complex valued functions. For many definitions and results, this
distinction does not make any difference, so we denote by K either of R or C. We represent norms
in finite or infinite dimension by || ||, with some index depending on the context. For instance, we
denote the sup-norm in K" by || ||eo. If f : [a,b] — K™ is a continuous function, we denote by || f/||oo
the sup-norm for continuous K-valued functions but || f(¢)||ec will represent the norm of f(¢) € K"
The ‘phase space’ of our MFDEs will be functions defined on closed intervals [fin, Omax] Where, in
general, Opin < 0 < Ohax. In principle, we could allow any (or both) of the bounds to be infinite.
Given Z = [a,b] and a function z : [a + Omin, b + Omax] — K", for any ¢ € [a, b], we denote by z; the
function defined by

2 (0) =2x(t+0), 0 € [Onin, Omaxl- (1.7)

The function z; represents the segment of x(¢) on ¢ + [fin, Omax)- It is clear that x is continuous
on [a + Opin, b + Onay) if and only if z; is continuous for each ¢ € [a, b].

To avoid confusion with the classical delay differential equation, DDE-notation, we denote by
D, f the (partial) derivative of a function f as a function (of one) of its variables, . The notation
D¢ f indicate that we consider D, f at the origin. The time right-derivative of a function x is often
denoted by i and the first derivative of a function f by f. Given A and B subsets of normed
spaces, we denote by C"(A, B) the set of n-times continuously differentiable functions f : A — B.
We often write C' for C°

To introduce simplified notations for function spaces, we denote by X = C([Onin, Omax), K™) the
space of K™valued functions continuous on [fiin, Omax]- When O, < 0 < Opax, we need to distin-
guish between the retarded and advanced parts: X~ = C([fmin, 0], K") and X = C([0, Opax], K").
Equipped with their respective supremum norms, they are Banach spaces. For the special situation
of reversible FDES 0, = —0max and so we use the notation Z, = [—r,r| with 0 < r < occ.

For variational problems we need to refer to PWCJa,b], the space of piecewise continuous
functions on a compact interval [a, b] (where the limits on each interval are finite), and PWS[a,b],
the space of piecewise smooth functions on [a, b] that are continuous on [a, b] and have a derivative
in PWCla, b]. A function = that maps a closed interval [a, b] into R™ is said to be piecewise smooth

if the following hold: z is continuous in [a,b], there exist points ¢;’s, the corners of z, so that
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a =ty <t <. <ty=>b, it)exists at all t € [a,b]/{t;}},, @ is continuous at each open
subinterval (¢;,¢;+1), and & has one-sided limits at all ¢ € [a,b]. Notice that x is a piecewise

smooth function if and only if there exists a function v € PWC|a, b] so that

z(t) = x(a) +/ v(s)ds. (1.8)

Also, notice that absolutely continuous functions, or arcs, are functions for which (1.8) holds with
v € L'a,b].

For Banach spaces X and Y, we denote by L(X,Y) the Banach space of bounded linear
mappings from X to Y with the operator topology. We use A € A C RF for the bifurcation
parameter(s). Let L(\) € L(C,R™), A € A; then, the Riesz Representation Theorem implies that

there is an n X n-matrix function 7 on [Opin, Omax] of bounded variation such that

emax
L= [ dn(x.0)6(0)
emin
where the integration variable is 6. For such an 7, we always regard it as extended to R so that

77()\7 9) = 77()‘7 emin)a 9 S eminv
77(>‘7 0) = 77()‘7 9max)7 0 2 Hmax‘

We denote by Ay (a) = 0 the characteristic equation of a linear operator L with « denoting
the critical values (eigenvalues when A is the characteristic polynomial).

We examine a notion which is important in the forward and backward continuation (i.e. that
the solution exists to the left and the right of the initial t—value), of solutions of FDEs. We

consider the functional differential equation

(t) = f(t, z). (1.9)

A function z is a solution of (1.9) on an interval [0 — 7, o + ¢] if there are 0 € R and ¢ > 0 such
that x € C([o — r, 0 + ¢|, R") and z(t) satisfies (1.9) for ¢t € [0, 0 + ¢].
Let 6 € R and define the matrix

AN 0, L) = (X, 0%) — (), 07).

We say L is atomic at €y at Ay if A(\g, 0o, L) is non singular. If A is non singular on a set K C A,
we say that L is atomic at 6 on K.

For non linear mappings, we proceed in the following way: let 2 C R x C' be open. A function
h : €2 — R" is said to be atomic at € on 2 if h is continuous together with its first and second
Fréchet derivatives with respect to ¢ € C, and Dyh is atomic at 6 € Q.
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If H(t,¢) is linear in ¢ and continuous in R x C,

H(t.¢) = / " dn(t.0) 6(0),

emin

then A(t,¢,0) = A(t,0) is independent of ¢ and
A(t,0) = n(t,07) —n(t,07).

Thus, H is atomic at § on R x C if det A(t,0) # 0 for all £ € R.
Ezxamples. 1. If 0 € [Oin, Omax,

H{(t,¢) = 6(0) + B(t)¢(0),

then A(t,0) = B(t) and H is atomic at # on R x C if det B(t) # 0 for all ¢ € R; also,
A(t,0) = I and H is atomic at zero for all ¢t € R.

2. Consider the MFDE system
(t) = A(t)x(t + a) + B(t)z(t — b) (1.10)
where A and B are matrices. We may re-write (1.10) as
At)z(t +a) = (t) + B(t)z(t — b), (1.11)

or as z(t + a) = A7 (t)[2(t) + B(t)x(t — b)] if A is non-singular (or atomic) at all values .

Recall that X = C([fmin, Omax), C*) will be the phase space of MFDEs and we assume that
0 € [Omin; Omax)- Let F:U C (Rx X — C") be a smooth enough function. When 6,3, < 0 < O,
it defines an MFDE

(t) = f(t,x), (1.12)

where z; € X. A solution of (1.12) on an interval 0 € [t;,t5] C R is a function x : [t} + Omin, L2 +
Omax] — C™ which is absolutely continuous on [ty,ts], satisfies (1.12) for almost every ¢ € [ty,ts]

and satisfies one of the following possible (initial) boundary values:
1. (initial value problem) zy = ¢, ¢ € X;

2. (boundary value problem) z(t) = ¢(t — t1), t € [t1 + Omin, t1] and z(t) = Y(t —ts), t €
[ta, to + Omax], With ¢ € X~ and ¢ € XT;

3. (special boundary value problem) z(t) = ¢(t), t € [t1 + Omin, t1] and x(t3) = b, b € C, with
¢ X
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4. (Predetermined variable, backward-looking) z¢o = ¢, ¢ € X ~;

5. (Non-predetermined variable, forward-looking) xy = ¢ € C([0min,0), C™) and x¢(0~) exists.

When (1.12) is linear, see [66], it takes the general form

Omax

x(t) = / dn(t,0)x.(0) + h(t), telCR, (1.13)
Omin

where z(t) € C" and dn is an n X n matrix of finite measures on [fin, Omax] (following Hale et al.

[32]). When the entries of dn are linear combinations of delta functions, we obtain the MFDE

N
B(t) = A(t)a(t + 0;) + h(t), (1.14)
i=1
as a special case of (1.13) with O, = 61 < ... < Oy = Onax, a finite set of discrete shifts, and each
A; an n X n-matrix with complex entries. Results about the numerical analysis of linear MFDESs
can be found in [24, 25, 45, 46].

In general, the initial value problem for delay differential equations (DDEs) have solutions for
any initial data because we can use the methods of steps and integrate the equation on each new
interval of length 7. This means that the DDE is a dynamical system in forward time over the
phase space X~. We can associate with it a semigroup 7'(t), defined by the time evolution of
segments of solutions, acting on the Banach space of initial data X ~. This is not true anymore of
MFDEs since the initial value problem is ill posed.

Recall that an operator 7" is a Fredholm operator if

1. its kernel, /O(T") is finite dimensional,

2. the range, R(T) is closed and has finite codimension.

The Fredholm index is defined as the integer
ind(7") = dim K(T") — codim R(T).

In [48], Mallet-Paret studied the MFDE
N
B(t) = A(t)a(t + 6;) + h(t), (1.15)

i=1

where z is a mapping from R into C" for some integer n > 1 and each A; an n X n matrix
with complex entries. The shifts 0; € [fmin, Omax] may be positive or negative, requiring that

Omin < 0 < Oax- The state space is given by X. The equation (1.15) can be rewritten as

#(t) = L(t)x, + h(t),

16



where L(t) denotes the linear functional

L(t)y = ZAi(t)@(Qi)a p € X.

i(t) = L(t)a. (1.16)

The homogeneous equation
&(t) = Loz, (1.17)

linearised at 0, has characteristic equation (which is obtained by substituting the ansatz z(t) = e*v

into the equation

and the constant coefficient system (or Lg) is hyperbolic if
det A, (in) #0, neR.

Associated to (1.17) is the closed operator A defined on a dense domain D C X given by

ASO = Sba 2 € D = { @ S Cl([eminaemaxLCn) : QD(O) = LOQO }

The spectrum o(A) of A is known to consist only of point spectrum and coincides with the solutions
a of the characteristic equation det Ay () = 0. For each o € o(A), the generalised eigenspace
E, C X of A corresponding to « is finite dimensional, and consists precisely of functions of the

form

p(0) = e p(0), 0 € [Brmin, Oma,

where p is any polynomial with the property that z(t) = e*p(t) satisfies equation (1.17). The

solutions x are called eigensolutions.

1.2.2 Neutral MFDEs

We are now ready to define a large class of NMFDEs. Suppose 2 C R x C'is open, f,h:Q — R"”

are given continuous functions with h atomic at zero. The equation

d
@ ht.) = £tz (1.18)
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is a NMFDE. The function h is called the difference operator for the NMFDE. For a given NMFDE;,
a function z is said to be a solution of the NMFDE if h(t, ;) is continuously differentiable and x
is continuous, satisfying the NMFDE on an interval [a — r, b).

It is known that DDEs tend to smooth out irregularities in the initial values but no such
smoothing occurs for neutral equations where the solutions retain the degree of regularity of the
initial values. Equations of advanced type tend to destroy the regularity of an initial function
and the solution will only extend to 400 when the initial values comprise a function of class C'*
(see Bellman and Cooke [7] for a discussion). Lamb and Van Vleck [42] extend Mallet-Paret’s [48]
Fredholm theory for MFDES to NMFDEs. They consider saddle-node bifurcation of a solution
and we aim to explore the irregularities mentioned for MFDEs and also to investigate other types
of bifurcations.

Consider the NMFDE
%h()\,xt) = f(\ ), (1.19)
where the delays are bounded in [—r, 7], A € R™ are bifurcation parameters and f, h : X xR™ — R".
We seek conditions on h, f such that (1.19) is (equivariant)-reversible. Let H(A), L(\) : X — R”
be the two linearized operators of h, f around a steady state of (1.19). Furthermore, we assume
that H()\) is atomic at zero. By the Riesz representation theorem, there exists n x n matrix-valued
functions p,n : [—r,r] — R™ whose components each have bounded variation and such that for
z € X,

H(M\)z=2(0) — /T du(X,0)z(0), L(\)z= /7‘ dn(X,0) z(0),

—r -r

where Varj, g (A, 8) = 0 (see [32] for more details). For each fixed A, the linear system

d

d—tH(A) T = L()\) Ty,

generates a strongly continuous semigroup of linear operators with infinitesimal generator A,. The
spectrum of Ay, denoted by o(A,), is the point spectrum. Moreover, o € o(A,) if and only if «

satisfies that det A4, (o) = 0, where the characteristic matrix Ay, is given by
Ay (@) = aHN)(e*OT) = L) (e*VT).

It is well-known that z € X is an eigenvector of A, associated with the eigenvalue « if and
only if 2(0) = €% for 6 € [—r, r] and some vector b € C" such that A4, (a)b = 0. We assume that
Ap has a pair of purely imaginary eigenvalues +i/3, and that the symmetry group I' acting on the

system may cause purely imaginary eigenvalues to be multiple.
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1.3 Thesis Overview

In this work we contribute to the theory of MFDES, focusing on the solution of MFDEs, symme-
tries, reversibility, Hopf and Bogdanov-Takens bifurcation and optimality in variational problems.
We

e Construct solutions to MFDEs with asymmetrical deviating arguments and also those with
distributed arguments and provide the conditions necessary for the existence and uniqueness

of solutions.

e Provide a definition of reversibilty that is readily applicable to Neutral MFDEs and provide
conditions under which the action of a compact Lie on the nonlinear functions in an MFDE
to render it reversible-equivariant and to completely classify the actions of the dihedral group

of symmetries.
e Unfold a Neutral MFDE under the Bogdanov-Takens Bifurcation.
e Develop an equivariant Hopf bifurcation theory for NMFDEs.

e Develop an equivariant Lyapunov-Schmidt reduction to consider periodic solutions of sym-
metric MFDEs when the standard Hopf theorem cannot be directly applied resulting from

a high multiplicity of the purely imaginary eigenvalues.
e Study the Hopf bifurcation of a cell network with all-to-all coupling.

e Obtain the necessary conditions on a function which minimises a functional with distributed
delayed arguments and to apply the results to a one-dimensional DDE with a harvesting

term.

Chapter 2 explores the question of existence and uniqueness of solutions to MFDEs. Our first
contribution is to extend the works of Iakovleva and Iakovlev in [35] and [34] by constructing
solutions to a MFDEs with asymmetrical deviating arguments i.e. where O, # —0Omax (the
minimum and maximum delay values). We then further generalise to the rather challenging case
of distributed deviating arguments, introducing a recurrence relation and providing the necessary
conditions for the existence and uniqueness of solutions. We also study the conditions under which
a semigroup theory can be applied to MFDEs, providing a function space whose elements satisfy
the semigroup requirements.

In Chapter 3, we develop a reversible-equivariant theory for NMFDESs, laying emphasis on
D,,—reversible-equivariant systems. We obtain the matricial structures that are necessary for an
NMEFEDE system to be D,,, Z,, and Zs reversible-equivariant. We apply the results to a system of
ring networks of cyclically arranged identical cells with forward and backward coupling. Our effort
follows the works of Golubitsky et al. [27, 28], Lamb et al. [44, 43], Antonelli et al. [4], Teixeira
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[60], Roberts et al [52], Buono et al. [10] that is mainly focused on bifurcation of equilibria in
reversible-equivariant vector fields. We also explore the occurrence of Hopf bifurcation resulting
from the actions of D,,, Z,, and Zs.

Chapter 4 is mainly concerned with the center manifold theory for MFDEs. The decomposition
of the state space of MFDEs (Mallet-Paret’s [50, 48]) into stable and unstable subspaces and their
associated semigroups is useful to apply the general theory of Vauderbauwhede and Tooss [64] Tt is
well known that there are infinitely many characteristic values and some eigenfunctions may have
arbitrarily large exponential growth or decay rates. Since MFDEs are not generally well-posed
and do not generate a typical dynamical system, Mallet-Paret [50] decomposed their solutions
into ‘forwards’ and ‘backwards’ solutions, thereby obtaining semigroups (evolutionary processes)
in terms of retarded and advanced equations whilst making use of a variation of constants formula.

An autonomous MFDE is given by the equation

emax

&(t) = / dn(0)x(t + 0)
emin

where z(t) is an M-vector and dn(f) is an M x M matrix of finite Lebesgue-Stieltjes measures

on [—Omin, Omax]. The decomposition produces the following retarded and advanced characteristic

functions:

emax

A_(a)=al —/ e*dn_(9), Ai(a)=al —/ e?dn, ().

Oumin 0
Cao et al. [13] investigate the Bogdanov-Takens bifurcation exhibited by a neutral DDE whilst
Buono et al. in [11] study the versal unfolding of a family of delay equations. We extend these
works by studying the Bogdanov-Takens (double zero) bifurcation analysis of an NMFDE and its
versal unfolding.

Chapter 5 is mainly concerned with the development and application of the equivariant Lyapunov-
Schmidt reduction following in the steps of Rustichini [56, 55]. Since the presence of symmetries
in a dynamical system may lead to the multiplicity of the purely imaginary eigenvalues, we ex-
plore the symmetries and reversing symmetries of the MFDE and develop the equivariant Hopf
bifurcation theory and equivariant Lyapunov-Schmidt reduction to explore the existence of peri-
odic solutions. We carry also out the Hopf bifurcation of NMFDEs using the Lyapunov-Schmidt
reduction process.

In Chapter 6, we study the Hopf bifurcation of an NMFDE in a ring network. Studies in
bifurcation in ring networks have been mainly focused on systems with nearest-neighbour coupling.
We extend this by considering Neutral MFDE systems with all-to-all coupling.

Chapter 7 concerns the optimisation of functionals with deviating arguments. Hughes deter-
minined the necessary and sufficient conditions for optimality in variational problems with a single
delayed argument in [33]. We extend the result of Hughes and obtain the critical points of sym-

metric functionals with distributed delays from which the resulting Euler-Lagrange equations yield
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MFDEs. We apply the results to the logistic equation and the Euler-Lagrange equations ensuing
from the optimisation yields a difference equation.
Chapter 8 presents a conclusion, highlighting our contributions and suggestions for future work.
We provide an appendix of some well known results to clarify and act as a reference to some

relevant notions addressed in this work.
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Chapter 2

Solution of Mixed Functional

Differential Equations

2.1 Introduction to the Method of Steps

In this chapter we develop a step derivative method (by defining recurrence relations) to solve
linear mixed functional differential equations (MFDEs), generalising some explicit results of the
literature and illustrating some of the challenging issues and properties about MFDEs. We extend
the construction of solutions to MFDEs with asymmetrical deviating arguments and further gen-
eralise to the case of distributed deviating arguments using a method of steps (step derivative) by
Takovleva et al. [35], who give necessary and sufficient conditions for the existence and uniqueness
of the solution.

To set set the scene, we briefly discuss the method of steps (step integration) that is well
established in the literature and is used to solve delay differential equations (DDEs). The theory
of delay differential equations can be found in Hale et al. [32] in which the existence and uniqueness
of solutions of DDEs is discussed. We show the method of steps using the simple class of DDEs

of the form
i(t) = f(z(t — 7)) (2.1)

where the discrete delay 7 is a positive constant and f is a functional operator from C([—, 0], R")
to R™ with initial function z(t) = ¢ for 6 € [—7,0]. In the method of steps, we think of the solution
of the DDE as a mapping of functions from the interval [t — 7,¢] into functions on the interval
[t,t + 7]. The solutions may then be seen as a sequence of functions fy(t), fi(t), f2(t),-- -, defined
over a set of contiguous intervals of length 7. We start with the initial function ¢ and use the
differential equation to obtain the interval [0, 7] and then repeat the process to generate solutions
on succeeding intervals.

Suppose that z(t) = f;_1(t) over some interval [t; — 7,¢;] where i = 1,2,3,--- . Then, over the
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interval [¢;,t; + 7], we have, by separation of variables, and using dummy variables r and s,

z(t) t
/ dr = / fi—1(s —1)ds (2.2)
fim1(ts) ti

K3

with the solution x(t) is given by

x(t) = fi(t)
— ) - /t Fii(s — 1)ds (2.3)

with fo(t) = ¢. We write the DDE (2.1) as an ODE on the interval [0, 7] as

x(t) = flz(t))
= ¢(t—7) (2.4)

for all ¢ € [—7,0]. The integral form of its solution can be written as

£(t) = 2(0)+ / F(a(s))ds
= x(O)—i—/O o(s — 7)ds. (2.5)

This process can be continued on succeeding intervals and we may call it the 'method of step
integration” . In the case of mixed functional differential equations (MFDEs), the first step is
to re-arrange the equation, forcing the solution z(¢) to depend on derivative terms. The method
described below, in which the solution depends on successive differentiation may be termed the
method of step derivatives.

Takovleva et al. [35] employ a method of steps to obtain an iterative formula for the solution
and also obtain the necessary and sufficient conditions for the existence of and uniqueness of the
solution to the equation

() =zt —1)+x(t+1), (2.6)

with the initial function defined on the interval [—1, 1] by

P1(t), t € [-1,0]
Pa(1), t € [0,1]

where ¢ € C([—1,1],R"), the space of continuous functions on the interval. The first step is to
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rewrite equation (2.6) in the form
x(t) =a(t—1) —z(t —2) (2.7)

and then obtain a solution over succeeding intervals of unit length by means of increasing order
derivatives of the function ¢. We develop and demonstrate this method in the ensuing sections
of this chapter. The existence and uniqueness of the solution to the equation summarised in the

following result:

Theorem 2.1 (Iakovleva et al, [35]). The solution x of (2.6) with ¢ € C*([—1,1],C) ewists and
is infinitely differentiable if and only if

$(0) = 9 (=1) +6(1), n =012,

Let ¢ € C*([—1,1],C). If a solution x of (2.6) exists and is differentiable, then the solution is

unique.
Proof. See [35, Theorem 3.1, p. 4] ]
Takovlev et al. in [34] extend the method and results to the equation
(t) = Az(t + a) + Bx(t — a) + Cx(t) + f(t),

where A, B and C' are matrices and ¢t € R.

2.2 Construction of Solutions of MFDEs

Before we generalise the results in and [35] and [34], we present the following transformation of a

more general MFDE to the two-term form given later in equation (2.12).

Lemma 2.2. Let Ay, B_, By be n X n-matrices such that Ay commutes with B_ and By, r1,79 > 0

and x : I — C™ where I C R is an interval containing the origin. The MFDE
(t) = Ayx(t) + B_x(t — ) + Bia(t + ra), (2.8)

15 equivalent to the MFDE
y(t) = Ay(t —r1) + By(t +ra), (2.9)

where A = B_e~ " and B = B, e, with y(t) = e 1tx(t).
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Proof. Let y(t) = e~“t*x(t). Differentiating y with respect to t :

gt) = —Awy(t) +e it
= —Awy(t) +e M (Awa(t) + Boa(t — ) + Bya(t + 1))
= —Au(t) + Aiy(t) + e MIBLeMe ATy (t — ) + e M BreteM Ty (t )
= Ay(t —r1) + By(t +12),

(A
)

when A, hence e

, commutes with B_ and B,. [
In general we get the following result.

Corollary 2.3. Let Ay, B_, By be n x n-matrices, r1,r9 > 0 and x : I — C" where I C R is an
interval containing the origin. The MFDE

(t) = A1z(t) + B_x(t — 1) + Brx(t + re), (2.10)
18 equivalent to the MFDE
y(t) = A)y(t — ) + B(t)y(t + 1), (2.11)
where
A(t) = e MiB_eMtemhm
B(t) = e MB Mttt

with y(t) = e~ A1'x(t).

Note that when matrices commute, their exponentials commute. Therefore, if A and B_
commute, then B_ will commute with the exponentials e41* and e~ leading to cancellations in
(2.12) and Lemma 2.2 follows.

We generalise the work of Iakovleva et al. [35] and Takovlev et al. [34] and obtain the solutions

of
&(t) = Ax(t + Omax) + Bx(t + Omin), (2.12)

where A, B are n x n-complex invertible matrices and the delays 0, < 0 < 6,..«, subject to the
initial condition zg = ¢ where ¢ : [fmin, Omax] — C™ We also study the generalised and more
challenging case of mixed functional differential equations with distributed delays.

We require that the operator A should be atomic at 6,,.,. The main tool used here is the
method of steps which starts with the initial function, mapping it successively from the initial
interval into subsequent intervals of equal length. When the delay and advanced arguments are

asymmetrical, care must be taken to subdivide the intervals appropriately in order to apply the
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terms of the MFDE to the prior interval. We label the intervals Iy, I; - - - I,,. We find that the order
of the derivatives increases inside an interval and in subsequent intervals. We write (2.12) as a

forward equation
Az(t + Omax) = ©(t) — Bx(t + Omin), (2.13)

with an initial condition zy = ¢. We write (2.13) equivalently as
z(t) = A7 i (t — Omax) — A7 Br(t — Onax + Ornin)- (2.14)

We use (2.14) to generate a solution on [fm, 00) using the method of steps described below.
Let I, = [nOmax — (n — 1)0min, (0 + 1)0max — nOmin], n € Z. The union of those intervals is the
whole of the real line and they intersect at their end points. To simplify notation we write here

&, for z,e the restriction of x on I,,, that is, =, : [fin, Omax] — R is defined by

max_emin) ’
xn(9> = x(n<9max - emin) + 9)7 S [emim 9max]7 (215)

in which n(fpax — @min) can be visualised as a point in time at the boundary of the interval I,,,
recalling the notation z,(f) = x(t + ). To obtain a solution of the equation (2.13) we employ
the recurrence relation defined in (2.15) and determine the solution Az,(#) in the interval I,, as

follows:

Az(n(Omax — Omin) +0) = &(—nbmin + (1 — 1)0pax + 0) — Bx((n — 1) (Omax — Omin) + 6)
= :t(n<9max - 6min) + 9 - emax) - B(n(emax - 6min> + emin - emax + 9)
= x’n_l(ﬁ — Gmin) — Bl’n_1(9> (216)

Note that 6 — 0, is not necessarily in 7,1, so (2.16) is not necessarily the recurrence relation
we seek. Because O < 0 < Opax and 0 — Oy € [0, Oax — Omin] for [Omin, Omax], we need to
split [fmin, Omax| into subintervals to write explicitly the relations linking x,, to x,_;. We require
that Opin < 0 — Onin < Omax, that is, 20, < 0 < Opax + Omin. Therefore, the critical point
occurs at 0 = 0. + Onin, beyond which 6 — 60,,;, > 0., and lies outside I,, and we therefore use
Z, and not &, 1 We split the interval [fin, Omax] into the sub-intervals [0in, Omax + Omin] (Where
0 — Omin € [Omin, Omax]) and [max + Omin, Omax). The question is if 0 is in the first or the second
interval. When 6 > 0., we reapply (2.14) to previously calculated values, increasing the order
of the derivatives. We consider the two cases when 0, > [Omin| or when [0pin| > Opax-

We note that when 0p,.x > |min| and for 6 € [Omin, Omax + Ominl,
Az, (0) = (0 — Opin) — Brp_1(0). (2.17)

Since 0 — Oy, in the derivative term is not in the interval [fnin, Omax], We differentiate the
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equation to obtain

Ai(t) = i(t — Onae) — Bi(t — O -+ Ounin) (2.18)

Ai((n = 1) (Omax — Ommin) + 0 = Omin) = (0 — 2)Ormay — ninin + 0))
= —Bi((n —2)0max — (0 — Din +0)  (2.19)

Ay (0 — Opin) = Zp1(0 — (Omin + Omax)) — Bin_1(0 — Omax) (2.20)

Adn(0) = i 1(0 — Ouin) — Biiny_1(0) (2.21)
For 6 € [Omin, Omax + Omin), giving
Al‘l(e) = .1’0(9 — Gmin) — B.To(e)

= ¢(‘9 - 6min) - B(b(@)
FOI' 8 S [emax + emina emax]a
T, (0) = A28, 1(0 — (Omax + Omin)) — A 2By 1(0 — Opax) — A By, _1(0) (2.22)

keeping with the delay notation for forward stepping. This gives, for 6 € [Oax + Omin, Omax| Since
0 — ‘gmin > Qmam
A:I:‘(t) - x(t - emax) - Bl’(t - emax + emin)

and differentiating, we obtain,
T(0 — Omin) = A7 50 — (Omax + Omin)) — A B(0 — Opay) (2.23)

In the case when |0pin| > Omax, we note that 0 — O € [0, Omax — Gumin] 0T [Omin, Omax], SO we
need to split [fmin, Omax] into sub-intervals to write explicitly the relations linking x,, to x,_;.
Denote by
|10min| /Omax | = max{ k : kOpax + Omin > 0},

I = 14 ||0nin|/Omax]), and 0x = kbpax, 0 < k < 1. So, let Jp = [0k + Omin, Okr1 — Omin, 0 <
kE<1l-—1,and J, = [a; 4 Omin, Omax)- S0 Jo = [0o + Omin, 01 + Omin] = [Omin, Omax + Omin] and
J1 = [Omax + Oin, 20max + Omin]-

Note that the J, are intervals of width 6,., and J; is the interval left over from removing

multiples of a from [fnin, Omax]- In the interval I,,, when 6 < 6., we may apply (2.14) and
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then for subsequent subintervals of width 6,,.x, we reapply (2.14) to previously calculated values,

increasing the order of the derivatives each time. For 6 € Jy,
T (0) = A iy 1(0 — Opin) — A" By, _1(0).
For 0 € Jq,
2 (0) = A7%i5-1(0 = (Omax + Onin)) — A7 Bitn1(0 — Omax) — A7 B (6).

Lemma 2.4. The solution to the MFDE (2.13) is given by the following recurrence relation

k
a(0) = A"EDEND O — 0 — 00) = ATBaD (0 0;), €S, 0SE<I (224)

n
7=0

Proof. We prove Lemma 2.4 by induction on k.
Assume that (2.24) is true for 0 € Ji. For 6 € Ji,1 the argument 6 — O, > Orax, SO We use
2(t) = A727(t —Omax) — A2 B (t — Omax +Omin ), which has the effect of left-translating the argument
by Omax. Recall that z,,(0) = 2(n(Omax — Omin) +0). Taking x(t) = x,(0) with t = n(Omax — Omin) +6

we obtain

i'n—l(e - emin) - A_Qx((n - 1)(0max - emin) + 0 - emin - emax)
- A_QBZ'((TL - 1)(0max - Qmin) + 0 — emax)
= A_Q:En—l(e - (emax + emin)) - A_QBi‘n—l(e - emax)-
Hence for 6 € Jp 1,
2" DO — O — 0,) = A~ E2 D9 g g ) — AR Mg g, ). (2.25)

n n—

Substituting into (2.24), we obtain

n

k
a(0) = A~ED D00, —0141) — A BV (0-0,00) Y AU BLY (0-6;) (2.26)
7=0

which simplifies to

k+1
2 (0) = A~ED B0 — Oy — 1) — Y AU BY (0 6)) (2.27)
j=0

]
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2.2.1 Construction of Solution to MFDEs with Distributed Delays

We now extend the analysis developed above to the case of models that include a distribution of
delayed and advanced terms, representing the situation where the arguments occur in some range
of values with some associated distribution. The method is not easily applicable in the case of an
equation with distributed delays and we do encounter additional difficulties with neutral MFDEs.
If the linear operator L given in &(t) = Lx; is continuous, then by the Riesz representation theorem,
there exists an n x n matrix-valued function 7 : [Opin, Omax] — R™* whose elements are of bounded
variation such that L¢ = f;"“‘" dn(0)¢(0). Examples with discrete arguments are special cases of

min

the more general distributed systems by employing the Dirac distribution.

Consider
2(t) = ax(t + Omax) + Br(t + Omin)- (2.28)
Then
gmax
- / (B (0)2:(6) + b4, (6)24(6))
emin

_ / " (O (0) + 05, (0))4(6)

emin

Omax
- / dn(0)2:(6).

Gmin

where « and 3 are constants. Furthermore, let 7 : [, Omax] — R be given such that n(6) = 0
for all n € (Omin, Omax) and n(Omax) = o and n(Omim) = 5, then

/ " d0(6) $(8) = a6 (Bune) + B(Bin) (2.20)

gmin

To apply the techniques developed above, we extract the leftmost and rightmost values i.e. at

Omin and 0, from the operator L. Suppose that L is atomic at 0,,;, and 0,.,. Write

Lgb = .Z¢ + agb(emax) + /B¢<0min>7 (230)
with « - 8 # 0. Hence we have
emax
(t) = axy(Omax) + B¢ (Omin) + / dn(0) x(0) (2.31)
emin
which we rearrange to obtain
ernax
il?(t) = a_li(t - 0max) - Ck_lﬁl‘(t + (emin - gmax)) - / dﬁ(]/) [L’(t + v — Hmax). (232)
emin
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With 7 defined such that dn(fn.x) = 0, the modified integral term is not atomic at its boundary

points. Define ... —6,:)(0) := 2(1(0max — Omin) + 0) and introduce the recurrence

2n(0) = a1 (0 — Oin) — @B 1 (6) — / " ) r(B 4 v — B, (2.33)
Omin
For @, 1(0 — Omin) we have 0 < 6 — Opin < Omax — Omin, however 0 — 0,,;, cannot be greater than
Omax but Onax — Omin > Omay since O, < 0, yielding the threshold 6 = 0,0 + Oimin.
For the integral term, v varies from 6.;, to f,. for a fixed 6. In the interval I,,_;,we have
0 <0 —0upin+v <04 Opax — Omin Where 0 + 00 — Omin lies in I,,. We have v < 0 + v — Oy <
V + Onax — Omin with threshold when 6 + v — 0,,;, = Onax that is, when 0 = 0,,., + Oin — v. Note
however that v is variable. Hence to move into [,,, we add 0,,x — Omin to 6. The integral would
therefore require values close to z,(0) i.e. x,_1(0 + Omax — Omin) = T, (0).

With 0 € [Oiin, Omax), the argument of x lies in the range
t— (0max - emin) S t— Qmax + 0 S t.

Hence to calculate x(t) we require x over the interval ¢ — (fax — Omin ). The presence of distributed
delays mean that x(t) requires up to instantaneous values of z for all t > 60,.. To remedy this
situation, we employ functions with compact support such that the integral has value 0 in the
boundary interval of width e. Therefore v varies from 6,,;, to 0.« — € and hence 0 < 0 — O, + v <
0+ 0 nax — Omin — €. In this case the threshold is 04600 — Omin — € = Omax Or equivalently 6 = 6,,;, +e€.
When 0,,;, < 0 < Oin + €, we apply the equation to I,,_;.

The method of steps needs a clear interval before t = 0y, therefore x(t) can only be calculated

implicitly by re-using the equation z(t) = @(t — Opax) — f:“_‘“ dn(0) x;_y,.,.(0).

2.3 Existence of Solutions to MFDEs

Theorem 2.5. The solution x of (2.12) with ¢ € C°°([Omin, Omax), C") exists and is differentiable
(C*) if and only if

¢(n+1)(0) _ A¢(n)(9max) + qu(”)(emin), n=0,1,2---

If a solution x of (2.6) exists and is differentiable, then the solution is unique.

Proof. Since ¢ belongs to C°([fmin, Omax), C"), for each interval I,, the function z(t) exists and is
infinitely many times differentiable. We now investigate the conditions necessary for the existence
and continuity of the solution z(t). For the solution to be continuous at 6 = €45 + Omin, We require
that

x5 (0) =z, (0), at 0 = Opax + Omin (2.34)
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That is

A_lxn—l(g - Hmin) - A_len—1<0) - A_Qjén—l(e - (Qmax + emin))
— A?Bin 1(0 — Opax) — A 'Bx, g, (0)  (2.35)

and on substituting 6 = 60,,.x + O and simplifying, we obtain
:i‘n—l(o) = Al"n—l(emax) + Bjjn—l(emin) (236)

and when n = 1 we have

¢(O) = Aqg(emax) + Bé(emin) (237)

that is, ¢ = Lo.

For continuity at § = 0,,.,, we require that

xn(emax) = Tn+1 (emin)

an(emax) = A_ijn_l(—emin) — A_2Bl‘n:1 (O) — A_lBZEn_l(emaX). (238)

At Opin, we have 0 € [Onin, Omax + Omin] and
L1 (Omin) = A7, (0) — A7 By, (Oin) (2.39)

This should equal z,,(0ax ), implying that

T (Omax) = A3, (0) — A7 By, (Omin) (2.40)
hence
[L’n(O) = A$n(9max) + B$n<9min) (241)
that is, ©,(0) = Lx,,.
O

Corollary 2.6. There exists a unique continuous solution of (2.12) on [Omin, ) if xg = ¢ is

smooth on [Omin, Omax] with
U D(0) = AP (Omax) + BE™ (Buin), 1> 0. (242)

Proof. Fix n, then x is continuous on [, if and only if = is continuous across the points 6, =

ag + Onin € Jp N Jppq, 0 <k <[ —1, and across # = a across I, and I,,,;. We need to have
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n—1

k
Tp(agyr) = A~ (kD) (R 1)(ak+1 — Oppin — ag) — ZA*(J'“)Bxfﬁl(akH —a;), 0<k<Il-1,
=0

k+1
Tp(agy) = A*(Hz)x(kjf)(akﬂ — Oppin — ag) — ZA*(jJrl)B:I:?(fll(akH —a;), 0<k<IlI-1
=0

n

Theorem 2.7. Let

i) = / " dn(0) 2(0). (2.43)

emin
The solution ¢ of the MFDE with distributed delays (2.43) ezists and is differentiable when ¢
belongs to the set
M ={ ¢ € C°([Omin, Omax]) : ¢"TV(0) = Lp™ }.

Proof. Since ¢ belongs to C°([fmin, Omax), C"), for each interval I,, the function z(t) exists and is
infinitely many times differentiable.
To show continuity at end points, we make reference to the recurrence given by the equation

(2.33) presented again below upon rearrangement:

Gmax
i 1(0— On) = an(0) + B 1(0) + 0 / G50) 210+ v — ).

gmin

Given an initial function ¢ € C*°([Omin, Omax], C"), and setting 6 = Oy, we obtain

elnax
n—1(0) = @z, (Omax) + B2n—1(Omin) +/ dn(v) xp—1(v). (2.44)
emin

Differentiating (2.44) n times gives
0" (0) = L™, (245)

where we recall from (2.30) that Lo = Lo + ad(Omax) + BO(Omin)- O

2.3.1 Possible Initial Functions ¢(f) that satisfy the MFDE

Lemma 2.8. The function ¢(0) = e?® where p € C such that p = AePPmax 4 BePomin s q charac-
teristic root of and satisfies the MFDE (2.12) .

Proof. Let ¢(0) = e, then ¢ () = p"e?®. Hence ¢™+1(0) = Ap™ (Opax) + BO™ (Oinin), giving
ptl = pr AePlmax 4 pn BePmin and therefore, p = AePfmax 4 BePfmin which can be seen to be the

characteristic equation of (2.12) and thus satisfies Theorem 2.5 . O
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If we consider polynomials, ¢() = 6", then ¢ (0) = n!f and ¢+ (0) = 0. Therefore,
0 = nlAf + n! B0, giving the restriction A = —B. To determine if there exists an initial function
¢(0) that satisfies Theorem 2.5 for all A and B, we consider functions of the Gaussian distribution
g(e=?), or h(sin(f)) such that

™ (0) = ¢™ (Binax) = 6™ (Orin) = 0. (2.46)

2.4 Semigroup Associated to an MFDE

In [36], a spectral analysis of the semigroup associated to certain MFDE is presented. The as-
sociated semigroup to the solution of this equation and its corresponding infinitesimal generator
are defined on a closed subspace of C* [0y, Omax]. Expressions for the resolvent associated to the
infinitesimal generator and its point spectrum are presented. A particular feature in this work is
that the semigroup is defined on a topological space which is not a Banach space.

We apply this to a general autonomous linear MFDE. The idea is that for an autonomous
linear MFDE, from i(t) = La,, we get 2D (¢) = L™, for any n € N.

To motivate the ideas developed in this section, we recall some basic facts about semigroup

theory. The following Cauchy problem
(t) = Az(t), t >0 (2.47)

with 2(0) = ¢ where A = (a;;) is an n x n matrix with a;; € C for 4, j = 1,2,--- ,n has a
unique solution z(t) = zee!! with A and e linear operators. The family of matrix operators
T(t) = e, t > 0, is a uniformly continuous semigroup on C. The representation of the solution as
x(t) = T(t)xo, t > 0, yields the derivation of some properties of the solution from the properties
of the family 7'(¢). This idea can be extended to a general Banach space. We note that if A is a
linear unbounded operator, A : D(A) C X — X, with some additional conditions, then we can
associate with A a so-called Cy-semigroup of linear operators T'(t) € L(X), t > 0.

We recall that a semi-norm on a vector space X is a real-valued function p on X such that
p(x +vy) < p(z) + p(y) and p(az) = |a|p(z)Ve,y € X, and scalars a and that p is a norm
if p(z) # 0 if x # 0. If a system of semi-norms P is countable, then we may assume that P =
{Illx = f € N}, where ||| < |2 < --- . This may be obtained by setting || f||x = max;—12... x p;(f)

where {p; : j € N} is a countable system of semi-norms.

Definition 2.9. See Rudin [54]. Let {p.} be a family of semi-norms on a vector space X. Then
the o' open strip (ball) of radius v centred at x € X s

BY ={y:palz —y) <r}. (2.48)
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Let £ = {B*(x)} be the collections of all open strips in X, then the topology T (E) generated by €

is called the topology induced by {pa} . Since each p, is a semi-norm, B (x) is conved.

The set consisting of finite intersections of the balls, B = {ﬂ?zl By } forms a base for the
induced topology.
Consider the topological space C®°[—0in, Omax] endowed with the induced topology by the

countable (implying the existence of a surjection from N to C°°[0in, Omax] ) system of semi-norms:

pr(f) = max |f¥(x)]

Ze[emin,emax]

with £ a non-negative integer such that each k gives a different semi-norm. Convergence in this

topology implies the uniform convergence of the function and each of its derivatives of any order.

Definition 2.10. A sequence of functions f,(x) defined on an set S is said to converge uniformly

to f(z) on S if || fn— flls = 0 as n — oo, t.e. lim, o fr = f uniformly on S.

If the sequence of functions f,(z) converges uniformly to f(z) on the S, then f,(z) converges
pointwise to f(z).

Denote
k k k
Il = D21 Dloe = D max|fO) =D pilf),  fork=01,---.
i=0 i=0 i=0
Consider the following closed subspace of C*[0yin, Omax]:

M ={ ¢ € C™nin, Omax) + 8" (0) = B" D (Ornin) + A0" ™V (Onax), n=1,2,...}, (2.49)

and each t > 0, a subspace of C°[0in, Omax| such that when ¢ € M, we have a unique solution z.

Definition 2.11. Let X be a real Banach space. A strongly continuous semigroup of linear oper-
ators, (Co—semigroup), is a one-parameter family T(t) : X — X, t > 0 of linear operators that
satisfy

1. T(0) = I;
2. Tt +t2) =T(t)T(t2), b1, t2 20
3. limyo P20 — o pe X

We consider the operator T; on the solution z(t) of (2.5) defined by

(T:9)(0) = “x(t+0), 0 € [frmin, Ommad-
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Theorem 2.12. The family of operators { T, : t >0 } defined by T, : M — M on the solutions
x(t) of equation (2.5) defines a strongly continuous semi-group in the space M. Furthermore, T,

i1s unique. The domain of T, follows from Theorem 2.5.

Proof. We define function y;(0) := Tyx(0) = ®z(f) and require that ygn)(()) = Ayt(n_l)(emax) +
Byt("_l)(Qmin). We also have ¢,(0) = #,(0) = Az;(0max) + Bxi(—0min). Upon differentiating n — 1
times, we have 3\ = 2" (0) = Az!" ™ (Orax) + B2\" " (nin). Hence y,(0) = (T,0)(0) € M for
each fixed ¢ > 0 and the restriction of Tz t0 [fmin, Omax], 18 @ € M, so the domain of T} is M.
We check (the semigroup property) if Ti,s = T'(¢)7T'(s).
We have that
Ti4s(0) = ¢$t+s(9)a (2.50)

which is the solution at time ¢ + s + 6 with the restriction 0 € [@in, Omax]-
We also have that

TU(T)(0) = Ty(“x(s + 0)) = (Tw))(0) = “z(0), (2.51)

the solution at time 46 with restriction 1)(0) = Yz,(0). We obtain equality when ?z;, ;(6) = Yx,(6).

However, ®z;, () is a solution of

xt<0) = Axt(emax) + th(emin)
¢x"t+s(0> = Ad)xtJrs(emax) + B(z)xt(emin)
¢t(0) = AY(Omax) + By (Omin) solution with 1) restricted to [Onin, Omax)- (2.52)

To show that T} is continuous for each fixed ¢, we shall prove that there exists nj for each k
and some constant ¢ > 0 such that ||T;¢||x < ¢ 1%, ||4||; for each fixed t > 0.

k
1Tl = 3 pilio
=0

k
= Zpi¢93t(9)
1=0
k .
= Y max |’z (0)]. (2.53)
=0

We recall the solutions constructed via the method of steps. When 6,0 > |6min|, We write

(2.43) in terms of the initial function ¢ as
k1

2(0) = A~ B (9 4 Gy — ar 1) — 3 A" BO) (9 — ay) (2.54)

=0
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When |6min| > Omax, we write (2.24) in terms of ¢
k
2 (0) = AZFTVGEN (G 4 0, — a) = Y ATBGY(O —ay), € T, 0< k<L (2.55)
=0

To establish a bound for x;(0) which has width 0,.x — Omin, We consider contiguous intervals

Iy, I, or I,,, I,4; that encompass x;(6). The value of n is calculated by subtracting multiples of

O max + Omin from ¢ and found to be n = [ﬂ%

order of the derivatives of ¢ in the interval I, as k = L"o(’%j when 0.« > Onin and k = ["fﬂj

max

|. Since Oax, Omin € R, we can only estimate the

when 0, > Onax. We may therefore use the estimate

pe(Ta(9)) < max [z (6)] + max [20(6)],

In—l

and the equations (2.54) and (2.55) and find that

[emitn max

k
k
max ]|a:£ 1< ol
=1

Finally, lim; ,,, T;x = T,z if and only if lim, ¢ || T} 42 (0) — Tyx(0)||x = 0 for tg > 0 and
k=0,1,....

Hence by assuming that 0, < 6 < 0, and taking into account the uniform continuity of
) in the closed interval [ty + Omin, to + Omax] (£, € [Bimin, Omax) ), it follows that

’ max ] 2™ (7 + 1o+ 0) — 2P (¢, + 0)] < | m?<x| ‘ 128 () — 2B ()] = 0
min,Vmax t—t/ <|r
as 7 — 0.

The uniqueness of T; follows from Theorem 2.5.
From the definition of T; and with Ty = I, the identity, and T}, , = T, T for each t,s > 0. [

2.4.1 Infinitesimal Generator

The solution z(t), of (2.12) , can be extended to the left and with the additional condition of
the existence of an inverse, the operator set (semigroup) 7; can be made to constitute a group.
Consider the space D(A) = { ¢ € C®[Omin, Omax] : limy g w} and define the operator
A: D(A) = C*®[Omin, Omax| as

46(6) = lim TGO =00) _ ;i +6) — 6(6)

t—0 t 10 t ’

with the limit taken in the topology of C°[fuin, Omax]- The operator A is called the infinitesimal

generator associated to the semigroup 7;.
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Theorem 2.13. The infinitesimal generator A maps M in M and Ax = &, where M is given by
2.49.

Proof. Firstly we show that Az = &. Assuming x € D(A), then

— Ag(0)] = 0.

lim max
t—0 oe [emin 70max]

¢(t +06) — ¢(6)
t

This implies that, for each 6 € [fyin, Omax|, there is the pointwise limit

Ap(6) = 1im LU =00V _ 1)

t—0 t

Next, we show that the domain of the operator A is M where M is the subspace defined in
(2.49). This follows since from Theorem 2.12 T} : M — M.

By the Mean Value Theorem, for each n = 1,2, ..., there exists a number 0 < & < t such that
(=Dt 4 0) — (=D (p
iy |~ L 35 20 o) = 500 + &) — 2(0)]
%

Since z(™ is continuous in the closed interval [Omin, Omax), and therefore uniformly continuous in

this interval, for each € > 0 there exists § > 0 such that if || < ¢

li ™) (g — ()] = 0.
ggrgmewrﬁigm]lx (0 + &) — ™ (0)]

Since lim;_,o & = 0, and applying the limit of composition of functions,

n—1 _ (n-1)
im max |© (t+0)—x (0)
t—0 06[9min79max] t

—2™(0)] =0

for each n € N.
Next we verify that the range of A is M. We take ¢ € M = dom(A), and define

(0) = Ap(0) = ¢(0).

We then need to verify that ¥™(0) = A" (Omax) + BY" ! (Omin). We have

(0) = $(0) = Ad(Omax) + B (min) (2.56)

which we differentiate n — 1 times to obtain

P*(0) = ¢"(0) = A@"(Omax) + BO" (—bimin)
= AY" 1 (Onax) + BY" " (Ornin) (2.57)
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Hence we have ¢(#) € M since we took ¢(0) = ¢(0), with ¢(f) € M, where M is defined by 2.49
UJ

2.5 Spectral Analysis of the Infinitesimal Generator

On the set M, the MFDE becomes an ODE because of the generator of the semigroup. In order

to determine the resolvent associated to the infinitesimal generator, we consider the equation
Ax(0) = Xz(0) + f(0) where f,z € M.
Since Ax = ', the former equation can thus be rewritten as
T =+ f, (2.58)

which we consider with the initial conditions given by 2.6

2T 0) = Be® () + Ar™ (), n=0,1,.... (2:59)

The solution of the ODE in equation 2.58 is given by
0
z(0) = ce +/ =% £(5) ds, (2.60)
0
where s is a dummy variable and where the derivative is given by
0
() = Aee™ + )\/ A0 f(s)ds + f(8). (2.61)
0

We determine the constant ¢ such that the solution satisfies the conditions (2.59). Since x € M, it
satisfies the condition #(0) = Bx(Omin) + Az (fmax). Substituting this condition into the expressions
coming from (2.61) for # = 0, and from (2.60) for § = —60,,in, Omax, We obtain

0
>\ —_ BeiAemin J— Ae)\amax

By e O f(s) ds - A fy N0 f(5) ds — £(0)

c (2.62)

and note that the denominator is the characteristic equation for (2.59).
For the general continuous linear operator Lx;, with z and f vectors, using #(0) = Lz, =

feem-ax dn(0)xo(0), we have

#(0) = Ac + £(0) (2.63)

and

Lzg = /emx dn(0) {ce’\e + /00 e’\(e_s)f(s)ds} (2.64)

Gmin
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and equating the two expressions, we obtain

Omax Omax 0
e+ f(0) = / dn(#)ce*’ + / dn(6) / 0= f(s)ds (2.65)

emin omin 0

which upon solving for ¢ we have

c=[n- / o dn(Q)ew]l { / " @) / "0 Fs)ds f(O),} (2.66)

emin 0

Gmin

with ¢ a vector and the expression in square brackets, a matrix.
Since © € C*([Omin, Omax), R) and, using induction, we verify that = € M, if f € M. Finally, in
view of (A — Al)z = f, we have x = R(\, A)f where R(\, A) denotes the resolvent associated to

A. From (2.62), we get the expression for the resolvent associated to A to be
0
R\ A)f(0) = ce +/ M09 £(s) ds. (2.67)
0

We observe that the operator R is defined only for A such that g(\) = A\ — Be min — Aemax jg

different from zero since it appears in the denominator .

Theorem 2.14. The cigenvalues of A satisfy the characteristic equation g(\) = A — Be min —

AerMmax = (0 and there is no other spectrum.

Proof. There exists x # 0 such that Az = Az if and only if 2(0) = ce*’. We will prove that x € M.
To do it, we replace ¢t = 0 in (2.6) obtaining #(0) = Bz (0min) + A% (fmax) which implies, taking out
¢, g(\) = 0. Similarly, we obtain for the n-th derivative 2 (0) = Bz (=) + Az (Oay),
that is, g(A) = 0. Therefore, the point spectrum of A is the set of A € C such that g(\) = 0.
We now show that there is no other spectrum implying that if g(\) # 0 then A belongs to the
resolvent of A. It is sufficient to show that the resolvent is a continuous operator for such a A\. We

make use of the following result:

Theorem 2.15 (Folland,[23]). Let X and Y be vector spaces with the topologies defined by the
families of semi-norms {pataca and {gs}pen, respectively, where A and B are certain sets of
indexes. Let R: X — Y be linear. Then, R is continuous if and only if for all 5 € B there exist
ay, -0y € A and ¢ > 0 such that g3(Rz) < chzlpaj (x).

We rewrite the resolvent given by (2.67) and using the relation for ¢, in the form
amin Omax
R\ A f(O) = CB/ e AOmints) £(g)ds M 4 CA/ N Omax=s) £(g) 05 N
0 0

0
— cf(O)e’\0+/ 0= £ (s5)ds (2.68)
0
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or simply as
R\ A)f =exBuf +exRaf + exBsf + Ruf,

Aemin

where ¢y = (A — e~ — eMmax) =L and prove that the R;f’s are continuous for i = 1,2,3,4. [

Theorem 2.16. For initial functions ¢(0) = €, 0 € [Oin,Omax), and X € o,(A), we have
T,6(0) = MO*) fort € R.

Proof. Clearly the function e, for 7 € R, represents the smooth solution of equation i(t) =
T(t — Omin) + 2 (t + Omax) if and only if X — e~ Amin — eAmax = () that is, if and only if A € 0,(A). In
view of Tyz(0) = x(t+6), where z(t+6) is the solution of equation & (t) = Bx(t —Omin) + Az (t+6max)
with the initial function ¢(0), @ € [~Omin, Omax], we have Tie*? = X0+ for ¢ € R, O]
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Chapter 3

Symmetries and Reversibility of Neutral
MFDEs

We know that for ODEs, the Itequivariance of the vector field with respect to the action of a
compact group I' is equivalent to the I~symmetry of the equation in the sense that the action of
' leaves globally invariant the set of solutions of the ODE (sends a solution into another one).
Clearly, the equivariance of the vector field induces the symmetry of the equations. The result
follows from the fact that the converse is true when we can always uniquely solve the Cauchy
problem for an ODE.

Definition 3.1. A Neutral Functional Differential equation (NMFDE) is an equation the form

@(t) = f(xe, @) (3.1)
that is, ©(t) depends not only upon the past history of x but also on the past history of &(t).

Lemma 3.2. Let I' be a compact group. If an ODE is I-symmetric, then its vector field f is

[-equivariant.

Proof. Let z(t) be a solution of the ODE #(t) = f(t,z(t)) with initial condition x(ty) = zo. For
any v € I, denote by y(t) = v x(t) the y-symmetric solution. Therefore y(t) = f(t,y(t)) and so

y(to) = vZ(to) = vf(to, 20) = f(to,y(to)) = f(to, v70),

valid for any ¢, zo and v € I. ]

In this chapter we explore those ideas in the more general context of NMFDESs, extending the

notion of reversibility to these cases.
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3.1 Symmetry and Equivariance of Vector Fields

We study the reversibility and equivariance MFDEs given by the following equation;

©(t) = f(t m), (3.2)

with phase space defined by X = C([0min, Omax), C"), which when equipped with the sup-norm, is
a Banach space. We have z; € X and assume that 0 € [fpin, Omax). Let f: U C (Rx X — C") bea
smooth enough function. If f is Frechet differentiable at 0, we identify by the Riesz representation
theorem, its Frechet derivative at zero by f’(0), with the regular measure induced by a function

of bounded variation, the n x n-matrix function 7 on [fpin, Omax] such that the linear operator
L(N)¢ = f'(0)¢ is given by
emax
L= [ dn(x.0)6(0)
0

where the integration variable is € € [Opin, Omax]. For such an 7, we always regard it as extended
to R so that

770\’ 0) = 77()‘7 Qmin)a 6 S ‘gmim
A 0) = 10\ bOmax);, 0 > Oy

Let I' be a compact group acting on R™ via a representation p : I' — O(n). Recall that if " is
a compact group we can always choose co-ordinates so that the action of I' is orthogonal (hence
I' C O(n)). Given an interval I C R, the action of I' induces an action on functions z : I — R”
in a straightforward way: for v € I} (yz)(t) = y2(t). Such actions also respect the regularity
of a function, that is, if a function f belongs to one of the function spaces we consider in this
thesis, then v f belongs to the same function space. Given a NMFDE, an element v € I' is called a
symmetry of the NMFDE if y(t) = yz(t) is a solution whenever z is a solution. Closely linked, the
non linearity of an NMDE is [requivariant when it commutes with a group action of I'. Clearly,
[Ffequivariance implies I*symmetry.

Define L : I x RF x X — R" as

(L(t, \)2)(0) = / " dn(t 1, 0) 2(0). (3.3)

Bmin

Lemma 3.3. Given a compact group I' acting on R", the linear map L (3.3) is I-equivariant if

ydn(t, A, 0) = dn(t, A, 0)y, VyeL (3.4)
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3.2 Reversibility

To introduce reversibility, we assume that there is a group I' acting on R” with an homomorphism
X : I' = Zy where Zy = {1,—1}. Such homomorphism is an example of a character of I' over
Zs, the cyclic group of order 2. One example of such map could be x(v) = det(p(v)) where the
representation p of the group I' on V is a linear group homomorphism p : I' — GL(V), where
GL(V) is the vector space of invertible linear mappings V' — V. Given r > 0, the existence of x

induces another action of I" on C[—r, 7] defined by

(4$2)(0) = v=(x(1)0), VO € [-r,7]. (3.5)

For reversible FDEs we consider 0p,x = —0min = 7 > 0 . Our FDE will be reversible if ¢ — z(t)
is a solution if and only if t — p(y)z(x(7)t) is also a solution. Define = ={ vy e T': x(v) =1 },
the subgroup of I' of spatial symmetries. Then our FDE is Z-equivariant. An element in the
complement of = in I' is called a reversing symmetry of the FDE. We do not require that there exists
a reversing symmetry, that is, an involution (that is, 42 = I). In general, x(v?) = (x(7))? = 1,
and so the only thing we can say is that the composition of two reversing symmetries is a spatial
symmetry (see Lemma 3.4). If the FDE is reversible, but does not possess any nontrivial symmetry,
ie. I' =7y and = = {1}, we call it purely reversible.

The representation p, of I' defined as p, (7) = x(7)p(7) is called the (x-) dual (representation)
of I'. Following [44], we call the representation of I' self-dual if it is isomorphic to its dual, that is,

if there exists a linear I~equivariant A : V' — V such that

Ap(y) = py(7)A, Yy €L (3.6)

Lemma 3.4. 1. x(v7!) =x(v).
2. The composition of two reversing symmetries is a spatial symmetry.

3. Let I’ be a compact group acting orthogonally on R™ with reversing symmetries determined by
the map x : I' = Za, x(v) = det(y). If there is a reversing symmetry and the representation

15 self-dual, then n must be even.

4. The symmetries and reversing symmetries of a system form a group I' and the symmetries
form a normal subgroup H < T'. When H # T, then H is a subgroup of index 2, so
I'/JH ~ Zy. It is noted that ' can be written as the semi-direct product I' ~ H X Zo if and

only if T'/H contains an involution.
Proof. 1. Because 1 = x(I) = x(v-7") = x()x(v" )

2. Let Vi L= 17 2a such that X(,YZ) = _17 L= 1a 2. Then X(%%) = X(’YI)X(,}/Q) = 17 and so Y172

is a spatial symmetry.
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3. When the representation is self-dual, (3.6) holds. Taking the determinant on both sides, we
find that det(A) = (x(v))" det(A), Vy € [}, and so n must be even.
O

3.3 Reversible Equivariant NMFDEs (REN MFDEs)

A Reversible Equivariant Neutral MFDE is a neutral mixed functional differential equation that

possess symmetry transformations of the state variable (equivariance) and time inversion, ¢ — —t,
reversibility. Consider the NMFDE

d
& (bt 20)) = £t 0,0, (37)

where the delays are bounded in [fin, Omax] and f, h are given continuous functions with A atomic

at zero. We seek conditions on h and f such that (3.7) is reversible-equivariant.

Lemma 3.5. When the mazimum delay and absolute value of the minimum delay are equal, i.e.
Omin = —Omax = —71, and I = [=b,b], b > 0, the reversibility of equation (3.7) follows from

hx(Mt, M AH2))) = ~h(t, N, 2), Vyel, Vtel, Vze X, (3.8)
FOXNEAA () = p(NF(A2), Yyel, Vel Vze X, (3.9)

Proof. Let z(t) be a solution of (3.7). For reversibility, we require y(t) = yx(x(7)t) to be also a
solution of (3.7), that is,

(e, ) = 7t A o)

We have y(6) = y(t + 6). Let y(¢) be a solution of the equation 3.7. Then

y(0) = yr(x(v)(t+0))
= yr(x(7)t + x(7)0)

And so, setting s = x(7y)t,

— (h(t,y) =
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we get

= (bt y:)) = x(v)

For the vector field, we obtain

fty) = [, (’Yu(gg))x(v)t)

From the hypothesis of the lemma, we can conclude. O

3.3.1 Linear Reversible Equivariant Neutral (REN) MFDEs

Here we explore the conditions needed to make a neutral MEDE reversible equivariant. A reversible
equivariant neutral MFDE is a neutral MFDE possessing symmetry transformations of the state

variable and inversion of the time variable.

Define L : X — R" as

(L(t,\)2)(0) = / Cdn(t A 0) 2(0), VEe I =[—bb, b>0, V€ [—r . (3.10)

-

Lemma 3.6. The linear map (3.10) is I-reversible equivariant if

dn(x(Mt, A, x(MO)y = x(V)vdn(t, A, 0), Vtel,0e[-rr],Vyel (3.11)

Proof. We need to show that
Lix(Mt. )z = p(NL(t, Nz, Vte L VyelVze X.
We have

Lix(mt, Az =



and
o (L Nz = X(7) / dn(t, X, 6) =(6).

-
Therefore we need

r

x(7)r
/ dn(x()t, A x(7)0)72(6) = / Adi(t, ), 6) 2(6).

—x(V)r -

This relation is satisfied if (3.11) holds true. O

3.4 Group Actions in One Dimension

The group I' = Zs = {k,1}, where k = —1, had two actions on R: kjz = —x or kexr = .
Moreover, there are two homomorphisms x; : Zg — Zs, j = 1,2, namely, x;(k;) = (—1)%. This

gives four possibilities to consider with the following actions on C'([—r,7]):

(kij2)(0) = (=1)'2(0), VO ¢€[-rr],i,5=1,2, (3.12)
(“g,jz)(e) = Riz(x;(R:)0) = (—=1)z((=1)%0), VYO0€[-r71],i=1,2. (3.13)

This means that we have four possibilities for REN MFDEs in one dimension. Namely, re-

versibility follows from

(=1, k! 2) = (=1)h(t,2), Vtel, i,j=1,2,

’ 17]

=1tk 2) = (1) f(t,2), Vel ij=1,2

s Ki
They correspond to the following symmetries:

la k19 with x (k1) = 1, Zs-equivariant, not reversible,

1b k11 with x(k1) = —1, reversible, Zy-equivariant,

2a Koo with x(k2) = 1, no equivariance, nor reversibility,

2b kKo with x(k2) = —1, purely reversible.
With the reversibility conditions on h and f, the previous cases become:

la h(t,z) = h(t,—z) and —f(t,2) = f(t,—z), so y(t) = —z(t) are both solutions,

1b h(t,2(0)) = —h(—t,—z(—0)) and f(—t,2(0)) = f(t,—=2(—0)), so y(t) = —x(—t) are both

solutions,

2a no conditions,
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2b h(—t,z(—0)) = —h(t,2(0)) and —f(—t,2(0)) = f(t,2(—0)), so y(t) = x(—t) are both solu-

tions.

Lemma 3.7. The linear operator L : [ x X — C, I = [—b,b], defined by

2w - [ " dn(t.6) =(6).

—-T

is reversible if and only if
dn(—t,0) = —dn(t,0), VO ¢c[—rr|, t € [-b,D].

Any linear one dimensional map is Zs-symmetric.

Proof. From (3.11), reversibility follows from

dn(—t, =0)y = —ydn(t,0),
with v = +1. And so, dn(—t,—0) = —dn(t,0). O

Note that in Case 1a any linear operator L be sufficient because the Zy-symmetry is a condition
on the non-linear part of f, namely, f must be odd in z.

As an example of a Z, reversibile system, it can be seen that the linear operator
L(t)z = a(t)z(r) + b(t)z(0) + c(t)z(—r) (3.14)

where z € X, r > 0 and a,b,c : R — R is reversible if and only if b is an odd function and
c(t) = —a(—t) for all t € R.

3.5 Group Actions in Two Dimensions

We require two dimensional group actions for the second order equations and will consider the Lie
groups I' : 0(2),S0(2),D,,, Zp, n > 2.

For reversibility, we need to consider the different possibilities for the groups I' and homomor-
phisms x : ' — Zs.

We note that SO(2) is connected and continuous, implying that x must be constant and so we
can only choose x(v) = 1.

The presentation of Z,, is < p : 0" =1 >. To define x on Z,, we only need to fix the value of
X(0). There are only two possibilities:

1. x(0) = +1. In this case, Z, acts as a pure symmetry, there are no reversors.
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2. x(¢) = —1. This is a group homomorphism only when n = 2m is even. In that case

the symmetry group = is generated by o and is isomorphic to Z,/2 = Z,,. The group
Z, = =Z{1, o}.

The presentation set D, is

<ok 0"=kK=1,Ko=0"K>.

There are four possibilities for x. We examine them in turn.

1. When x(¢) = x(k) = 1, there is no reversibility, only pure symmetries . The whole group
==D,.

2. When x(9) = 1 and x(k) = —1, clearly x(¢°) = 1 and x(¢°x) = —1, 0 < s < n — 1. This

defines an homomorphism because

S1

x(0° - 02K) = x (0" "2k) = =1 = x(0™) - x0™K),

and
X(0" k- 07K) = x(0"7K%) = x(0™7") = 1 = (=1)* = x(¢" k) - x(¢™r).

The symmetries are = = Z,, and D, is the semi-direct product Zy x Z, where Zo =< Kk >.

3. When x(¢) = —1 and x(k) = 1, x(0°) = (—1)?, and so n = 2m must be even. The character

x cannot be the determinant. The group of pure symmetries is isomorphic to

[1]

:{QZS’QQSK : OSSST/L—l}:]D)m:Z2>qu7

where Z,, correspond to the rotations generated by p? and Zy =< k >.

4. Finally, x(p) = —1 and x(k) = —1. Again, n = 2m must be even and the character x cannot

be the determinant. The group of pure symmetries is isomorphic to

[1]

:{Q237Q2s+1/$ : Ogsgm_1}:]n>m:z2>qzm,

where Z,, correspond to the rotations generated by p? and Z, =< ok >.

3.6 Group Actions in n Dimensions

Here we study the actions of Z, and Zs on R" by
P($1a e 7'Tn) = (:E27I37 e 7x1)7and’%(xla e 7xn) = ("L‘na e 71:1)’
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where p, k together generate the dihedral group D,, and p generates the cyclic group Z,.

The generator p of Z,, acts on R" by (pz); = x;41. A flip of order 2 or reflection is denoted by
k with action on R" given by either of (kx); = z,42_;, when the line of reflection passes between
the n* and the first component or (kx); = xp12-; when the line of reflection passes through the
first component. The dihedral group D,, = Z,, ® Z, of order 2n is generated by p and &.

The representation of p be given by the cyclic forward shift matrix and that of the flip x by

the permutation matrix of vector indices, by which simple calculations yield the following:

010 0
0 01 0
p=10 0 0 0 (3.15)
Do 1
1 00 0
such that the entries p; ; = d;;_1 and consequently we have (p*1); = x40 With
_ 0 .
1
) 0 ...
pr=1 (3.16)
S |
0 .0
10 .0
with entries given by p?j = 0;j—2 and
00 0 ... 1]
O ... 1 0
K = 0 0 0 (3.17)
1 0
10 0 0
with entries given by k;; = di4jnt1-
We define dn by
mi(t,0) ma2(t,0) msa(t,0) ... ma(t0)
M1 (t,0) ma2(t,0) mes(t,0) ... maal(t,0)
dn =
_nnl (t, 9) 77n2(ta 9) 77n3(ta 9) s nnn(ta 0)_
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3.7 Reversible Equivariance

3.7.1 Z% Action

We explore Z, actions and also those of Zz which will be required to determine the matrix
structures for Z, and D, reversibility. We note that p* rotates pairs of adjacent coordinate points

onto subsequent pairs and lets p act between the pairs.

Lemma 3.8. The matrix dnp2 15 generated by two row vectors dy, for the odd numbered rows and

bi. for the even numbered rows given by the relations

d. = M2i—1k+2i-2, (3.18)

that iS, Nij = dj72z'+2 and
b = N2ik+2i-2, (3.19)

from which i = bjf2i+2

Proof. Note that y(p?) = 1, with p? acting as a symmetry.

Given that p;; = d;;_1, we have p?; = (p - p);, hence
(p-pij = Zpikpkj
k=1

n
= E i k—10k j—1
k=1

= Oit1j-1

= (Sij_g. (320)

For the Zn action, we require that [p*dnl;; = [dnp®]i;.

2

PPdnly = D (0%

k=1

2
= Z 5ik7277kj
k=1

772'_,_2]' (321)

and
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el = Dm0

Mij—2- (3.22)

Equating (3.21) to (3.22) we obtain 7,19, = 1; j_2 OF 1;j = Nit2j+2.

p* € Z, acts as a symmetry on R* = R" when n = 2r i.e. when n is even. The result is that
a row moves up two steps and across two steps, giving families (orbits) of size r. Hence with n?
entries in the matrix dn, we have "72 = @ = 4r orbits. The action therefore gives pairs of rows,
dy and by,.

To generate the matrix entries for dnp2, we consider two row vectors dy = [dy,ds - - d,] and
b = [b1,ba -+ byl

For the odd numbered rows, we have dy = 1,_1;. We let k = j — (20 — 2), and i — i + 1
whilst j +— 74+ 2. Then k = (j+2) —2(i+1—1) = j — 2i + 2. Hence dy = 79;_1x12i_2. Setting
J=k+2i—2gives k =75 — 2t + 2 and we obtain

Nij = Aj—2i+2. (3~23)

Similarly, for the even rows, we have by = 7, and with the arguments used in the odd
numbered case, we find that by = 19; 12 2.
O

Using the result obtained above, we can construct the matrix dn"’z required for the Z» equiv-

ariant action thus:
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di dy dz dy dpo dpr dy
by by by by bos boi by
doy1 dy dy dy ... dys dyy dyo
bot by b1 by ... bya bos by
dy s dyo dyy dy ... dyg dos dys
bos oo Dot bn .o bug bus bna
wh | e e e e ] 8.24)
dy dy dy dy ... dy ds  dg
by bs by b ... by by b
ds dy dv dg dy dy dy
bs  bs by bs by by b
dy dy ds dg d, d dy
by be bs b by b by |

3.7.2 Z, Equivariance

We consider the action of the rotation group p with character x(p) = 1. Then

Lemma 3.9. For Z,—equivariance, the n? entries of the matriz dn are permutations of an
n—wvector d = [dy] such that for i,k = 1,2,--- ,n we have dy = n;iyx t-e. 1 = dj_;. This
yields 5 + 1 p—orbits, each with n elements which are pairs of diagonals with distinct entries and

a unique main diagonal.

Proof. We require that [x(p)pdn|;; = [dnpl;;. We recall that p;; = 0;j_1.

[X(p)pdnli; = Zpiknkj
k=1

= Z 5z‘k—177kj
k=1
= Nit1j (3.25)

and
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[dnpli; = Znikpkj
k=1

= Z NikOkj—1
=1

Tij—1 (3.26)
Equating (3.25) to (3.26), we obtain n;41; = n;;_1, i.e. 1;; = Ni—1-1. O
This yields n—distinct entries in the vector [dy,ds, - ,d,] for the matrix dn such that d =
Niivk, for k=1,2,--- n,ie.
[ d, dy dy ... dyy dy
dpv dp di ... dp_3 dy_o
dn =1+ i i : (3.27)
ds dy dy ... dy ds
dy d3 dy ... d, dy
di dy ds ... d,_1 d,

We note that the relation 7;; = d;_; makes the first entry to d,, as d,, : however, to ensure that the

first entry should be d;, the modified relation is 7;; = d;_;;1, the usual circulant definition.

3.7.3 Z, Reversibility

We consider action of the rotation group Z, with element p whose character y(p) = —1 and with

p? acting as the symmetry group, whereby 7,; = d;_g;12. This leads to :

Lemma 3.10. The matriz dn’~ is generated by the relations —dy(t,0) = dx.1(—t,—0) for the

odd numbered rows and —by(t,0) = byy1(—t, —0) for the even numbered rows. Thus for the
odd numbered rows, we have the alternating sequence nyi_12,—; = di and My_12; = da, where
dy(—t,—0) = —d;(t,0). The same is obtained for the even numbered rows.

Proof. We require that [x(p)pdn);(t,0) = [dnplij(—t, —0). We recall that p;; = 6; ;1.

For the odd numbered rows, we obtain
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[x(p)pdnli;(t,0) = Z_Piknkj(t70)
k=1

= Z—&k—ﬂlkj(t;@)
k=1

= Z —0ik—1dj_ok12(t, 0)
k=1

= _dj—2(i+1)+2<t7 0)

= —d;_x(t,6) (3.28)
and
[dnp]ij(_t> _9) = Z nikpkj(_tv _9)
k=1
= Z NikOkj—1(—t, —0)
k=1
= Z di—2i+20k;—1(—t, —0)
k=1
= dj_1-9i12(—t,—0)
= dj_si1(—t,—0) (3.29)
Equating (3.28) to (3.29), we obtain —d;_s;(t,0) = dj_9i+1(—t, —0), that is, —d), = dj+1. O]
This yields 2—distinct entries in the vector [dy,ds, - ,d,] for the matrix dn such that d; =
Niitk, for k=1,2,-++ n, ie.
(A —dy d —dy dy —dy]
b —b by —h bi —h
dy —dy di —dy di —dy
- — by —bi by —by ... by —b . (3.30)
d1 —d1 dl _dl dl _dl
b1 b1 by —b by —b1

3.7.4 7, Equivariance

We consider the action of the rotation group Z, with character x(x) = 1.
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Lemma 3.11. When x(k) = 1, the matriz entries for dn satisfy 0;; = Nn+1—int+1—j-

Proof.
[k-dnl; = Zﬁik M j
k=1

n
= E 6i+kn+177kj
k=1

= Mnt+1—ij

= 1h—i; modn

and

[dn - k] = ka Kk j
k=1

n
= E 77ik5j+k n+1
k=1

= Nin+l—j

= Ni1—j

Equating (3.31) to (3.32) we obtain the relation n1_;; = 7;1—;.

We therefore obtain the following matrix

b1 b12 b13 oo by bin

b1 bao bas oo by ban

i = bzy by bus ben-1)  bzy
b(%ﬂ)n b(2+1)(n71) b(%+1)(nf2) b(g+1)2 b(ﬁ+1)1

ban, ba(n—1) ban-2) ... b b1
| b bi(n-1) bin—2y ... b2 b |

3.7.5 Z, Reversibility

Lemma 3.12. The matriz entries for dn satisfy —n; j(t,0) = Nnt1—int1—j(—t, —0).
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Proof.
[X(K)k - dnli;(t,0) = Zf‘%k’ﬂkj(t,@)
k=1

= Z_5i+kn+177kj(t76)
=1

= —Mnt1-i;(t,0)
= —m_;;(t,0) modn (3.34)

and

[dn - Kij(—t,—0) = Z Nik ki j(—t, —0)
k=1

= Z Nik0j+knt1(—t, —0)

k=1
= Nint1-j(—t,—0)
= ni1—j(—t,—0) (3.35)

Equating (3.34) to (3.35) we obtain the relation —n;_;;(¢,6) = n;1_;j(—t, —0).

O
3.8 D,—Reversible Equivariance
3.8.1 The case when x(p) =1 and x(x) =1
Lemma 3.13. The matrix entries for dn satisfy d, = d,_xro. When n is odd, we may choose "TH
values and when n is even, we may choose ”TJ“Q values such that the symmetries give the remaining
values.
Proof. From Z,, equivariance, dj = 1,4 from which 7;; = d;_;+1. Also, we have K;; = d;4jn+1.
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For D,, equivariance, we require [ - dn’];; = [dn’ - kl; ;.
[k -dnli; = Zﬁik Tk j
k=1
= Z Oitknt1 Nk 4
k=1

n
= E dj—k+1
k=1

- dj—(n—l—i)—H
= di+j mod n (336)

and
[dn - kli; = kafikj
k=1

n
= E dy—i+10j4knt1
k=1

= dpp1-j-it1

= 1)) (3.37)

Let k = ¢+ j, then 2 — (i + j) = 2 — k. Equating (3.36) to (3.37) we obtain the relation dj =
dn—k+2- O

Hence for n = 4 or 5, we have 3 distinct elements and 4 for n = 6 or 7, and 5 distinct entries
for n = 8 or 9 etc.

For example, when n = 6, we have d;,fixed, dy, fixed and dy = dg, d3 = d5, viz:

d1 dg dg d4 d3 d2
dy dy dy d3 dy d3
d3 dy dy dy ds d

d?’] _ 3 2 1 2 3 4 . (3 . 38)
dy ds do dy dy d3
d3 d4 dg d2 dl d2

dg dg d4 d3 d2 dl

3.8.2 The case when x(p) =1 and x(k) = —1

We consider the action of xk on dn” with p acting as a symmetry.

From Z,, equivariance, dj = 1,45 from which 7;; = d;_;+1. Also, we have k;; = 0;1jn41.

Lemma 3.14. When x(p) =1 and x(r) = —1, the matriz entries satisfy the relation —d(t,0) =

n—1

dp—g42(—t,—0). When n is odd, we may choose "3

values, with the middle value being an odd
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Junction, whilst we may choose § values when n is even, with anti-symmetry relations giving the

remaining values.

Proof. For D, reversibility with reversor, k, we require [x(r)x - dn?]; ;(t,0) = [dn’ - K] ;(—t, —0).

[X(k)k - dni;(t,0) = Z—Hikﬁkj(t,e)

= Z — it kent1 M (L, 0)

k=1

= Z —Oitkn+1 dj—pr1(t,0)

k=1
= _dj—(n+1—i)+1(t7 9)
= —d;+j(t,#) modn (3.39)

and

(dn - Klij(—t,=0) = > mixrnj(—t,—0)
k=1

= Z di—i+10j4knt1(—t, —0)
k=1

= dpy1-j-i+1(—t, —0)
= dn—(i4j)42(—t, —0) (3.40)

Let k =i+ j,thenn—(i+j)+2=n—(i+7—1) =n—k+ 2. Equating (3.39) to (3.40) we
obtain the relation —dy(t,0) = d,,_g12(—t, —0).

O
3.8.3 The case when x(p) = —1 and x(k) =1
Here, we have x and p? acting as symmetries with p as the reversor acting on dan.
From Z, equivariance, dj, = 1;;4i from which 7, ; = d;_j. Also, we have K;; = 0;4jn41. For D,

reversibility, we require (k- dn,);; = (dn, - k) ;-

Lemma 3.15. The matriz dn has entries of two distinct values satisfying —d;(t,0) = —da(—t, —0),
and given any di, the matriz is fully determined. When n is odd, the middle value is an odd

function.

Proof. For D, reversibility, we require [ - dn,);; = [dn, - Kl; ;.
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[ dnlij(t,0) = > kit 0)
k=1

= Sisknt1 Miy(t,0)
=

Nnt1-1(t,0) mod n (3.41)

and

n

[dn - £lij(=t,—0) = > mixrns(—t,—0)

k=1
= Znik5j+kn+1(_ta_9)
k=1
= nin+1—j(_t7_0) (342)

Let k = j +2i — 2, then 4 — (j + 2i) = 2 — k. Equating (3.41) to (3.42) we obtain the relation
Mi—i; = Mi1—j, linking the odd to the even rows.
Let I =1 —1, then

Nr; = M—ij
Ni1—j
= Mh-11-j- (3.43)

Equating corresponding subscripts from 7,_;; = 7,1—;, we find that d; = by and dy = b;. When n
is odd, the middle value is an odd function since —dun (t,0) = d%(—t, —0). O

This yields 2—distinct entries in the vector [dy,ds, - - ,d,] for the matrix dn such that

29

d —dy dy —dy ... di —d;
—dy dy —dy di ... —di dy
d —di di —dy ... di —d
—dy dy —di dy ... —dy d
iy = 1 a4 1 4 101 (3.44)
d —di di —dy ... di —d
—di dy —dy dy ... —dy dy



3.8.4 The case when x(p) = —1 and x(k) = —1

In this case, p? is the symmetry and either p or & is the reversor, acting on dnp2.

Lemma 3.16. When x(p) = —1 and x(k) = —1, the matriz entries satisfy the relation —m_; ;(t,0) =
ni1—j(—t, —0), linking odd to even rows such that —d;(t,8) = ba(—t, —0) and —dy(t,0) = by (—t, —0).
Note also that since —d; (t,0) = da(—t, —0), we have by (t,0) = di(t,0) so that by(t,0) = —d;(—t, —0).

This gives two distinct matriz elements.

Proof. For D, reversibility, we require [x(x)x - dn”~|;;(t,0) = [dn’~ - K]; ;(—t, —0).

[X(k)k - dnli;(t,0) = Z —Fik (L, 0)

= Z —0itknt1 Mk (£, 6)

k=1
= _77n+17ij<t; 9) (345)
and
[dn - &lij(=t,=0) = > mixrni(—t,—0)
k=1
= Znik5j+kn+l(_ta —0)
k=1
Nin+1—j)(—t, —0) (3.46)
Equating (3.45) to (3.46) we obtain the relation —n_;;(¢,0) = n;1—;(—t, —6). O

This yields 2—distinct entries in the vector [dy,ds, - - - ,d,] for the matrix dn such that

d —dy dv —dy ... di —d;
dl —dl dl —dl dl _dl
d1 —d1 d1 —d1 dl _dl
d —dy dv —dy ... di —d
d?’] _ 1 1 1 1 1 1 ‘ (347)
d —dy dy —dy ... di —d;
Ay —dy dy —dy ... dy —dy
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3.9 The Spectral Analysis of the matrix, dn

We have found the matricial structure of dn to be circulant or block circulant. We require the
following results of circulant and block circulant matrices to analyse the various dn matrices. A
circulant matrix and block circulant matrix can be represented as a sum of Kronecker products

with powers of the cyclic forward shift matrix R.

Lemma 3.17. Let A = Circ(a), where a = [ay, az, - - - ay,)] s the circulant vector. Then

A = R + @R +asR*+ -+ a, R}
= Y n—la R (3.48)

k=0

Similarly, if B € BCirc(.), is block circulant, then

B = RR®B,+R'®By,+R*®B3+---+R"'®B,
k—1

= Y RM'@B. (3.49)

k=1
where ® is the Kronecker product.

Proof. We note that the matrix R is a permutation matrix with a single 1 in each row and
column, with the other entries zeroes. Raising the circulant matrix R to powers up to n yields new
permutation matrices with the ones shifted to the right by one position each time. Also, R" = I.
It is easy to observe that the circulant matrix A can then be written as a linear combination of
the powers of R. The a; terms are generated by multiplying the identity matrix, R" = I, by a4,
and fall on the leading diagonal. The ay terms are generated by multiplying R by as, with the
result that the 1’s in R correspond to the as positions in A. This process is repeated n times and
the resulting matrices can then be summed to give A in its entirety.

To prove the block circulant relation we define the Kronecker product of two matrices A €
R™™ B € RP*? as the matrix

CLHB alnB
amB ... an,B

Following the process in the circulant case and replacing the a;’s with R, the result for block
circulant matrices follows. O
Theorem 3.18. Let A € R™"™ have eigenvalues \;, i = 1,2,--- ,n and let B € R"™ "™ have
etgenvalues vj, j = 1,2,---,m. Then the mn eigenvalues of A ® B are given by \i ® pj =
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AL, A2, sty Ay Aofh s+ Aoy Apfl.-

Furthermore, let x1, s, - ,x, be the linearly independent right eigenvectors of A correspond-
ing to the eigenvalues A,--- , A\, (p < n) and let y1,Ya, -+ ,y, be the linearly independent right
eigenvectors of B corresponding to the eigenvalues ji1,- -+ , piq (¢ < m), then z; ® y; € R™ are the

linearly independent right eigenvectors of A @ B corresponding to A;ji;.

Proof.

(A® B)(r®y) = Ar® By

= \zQ®uy
= Az ®y). (3.51)
O]
When dn = Circ(d), the circulant operator, the eigenvalues are given by
Ae = di + plidy + -+ pln=VFa, (3.52)

with eigenvectors
Qk:(p];“pik""?pi(nil)vl)v 1§k§n

where )\, € C, where p = e is the n' root of unity and A, exists if and only if d; € C.
We observe that the Zs actions, either on their own or in conjunction of Z, give rise to a

partitioning of the matrix dn such that

Lemma 3.19. When x(k) = 1, then

[a P
dn= |, PA (3.53)
and when x (k) = —1, then
_|A —-P(B)
dn = B _P(A) (3.54)
where
P(A) = [(1) ;][ ]lf (1)]
= kAr (3.55)

and similarly for P(B).
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0 A
Proof. Denote the representation of Z, by . Then a matrix commutes with Z, if
K
0 k| |A B A B| |0 &
= (3.56)
k 0| |C D C D| |k O
C kD Bk A
ie. R = noan . Comparing corresponding entries, we see that kB = Ck, i.e.
kA kB Dk Ck
C = kBk. Similarly, D = kAk. O

Lemma 3.20. If a matrix M is Z,, equivariant, then M is D, equivariant.

Proof. Recall the presentation of the non-abelian group D = {< p,x >: p" = x%> = I, prx = kp~'}.
Let v € D, = p"k® where r = 0,1,--- ;n and s = 0,1. Then My = yM = M(p"r*) = (p"K*) M.

Since M is Z,, equivariant when s = 0, we take s = 1. Then
Mp'k = p kM. (3.57)

From the LHS of (3.57), Mp"xk = p" M k. Equating to the RHS, p" Mk = p"k M = Mr =M. [

B
A

Theorem 3.21. Matrices that commute with D,, are of the form

Proof. Matrices that commute with Z, are circulant. We therefore take k = 1 in the Z, represen-
tation of (3.19) and the result follows. O

We discuss the possiblity of the occurrence or not of Hopf bifurcation (birth of periodic orbits)
relating to the matrix dn resulting from the D,,, Z,, and Z, actions, and further explore this later,
when we analyse some cyclically repetitive structures, ring networks. It is well-known that Hopf
bifurcations occur when the Jacobian matrix of a nonlinear dynamical system has a pair of purely

imaginary eigenvalues, tw. The normal form is given in two dimensions by the matrix

0 —d
il .

We now examine the circulant matricial structure of dn arising from the Z,, and Z, actions.
Lemma 3.22. The matriz dn is circulant when x(p) = 1.
Proof. The proof follows from lemma (B.2), given that a circulant matrix is p—equivariant. [

The following cases outline the matricial structure when dn is circulant :
We explore Z, equivariance i.e. when x(p) = 1. Recall that dyp = Circ(d) where d =
[dy,dg, -+ ,d,] € R™™.
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The eigenvalues are given by

Ae = di+prdo+ -+ pn VR,
= dl + dgew + d362i9 4+ 4 dne(n—l)z‘ﬂ

= i dy[cos(k —1)0 + isin(k — 1)0] (3.59)

Lemma 3.23. Hopf bifurcation can occur from the Z, equivariant action on dn.

Proof. For Hopf bifurcation to occur, we require that A\, = iw, i.e. Y ;_, dycos(k —1)§ = 0 and
that Y ,_, dysin(k —1)0 = w. O

Next, we examine the possibility for the occurrence of Hopf bifurcation witn D,, equivariance

i.e. when x(p) = 1 and x(x) = 1. The matrix is given by dn = Circ(d) where d = {dy. : dy, = dp,—1.}.

Lemma 3.24. Hopf bifurcation cannot occur from the D, equivariant action on dn, when x(p) =1

and x (k) = 1.

Proof. Using the relation dy = d,_j, we see that the values in the eigenvalue relation occur in

pairs, and the eigenvalues are seen to be given by

/\k - dn+d1p+d2p2+d3p3—|—...+d3pn_3+d2pn—2+d1pn—1
- - 1 _ 0 fn=2r—-1

r—1

= d,+2 dy cos(k —1)0 +
; d.(=1)% ifn=2r

tfn=2r—-1

27k

Note that we have made use of p, = ¢"n = ¢ where 6 := 2* and that p™ + p" = €™ ¢~ =
2w (n—k) —i2wkr

2cos(mf) and p!_, =e n  =e n =pl.

Hence the eigenvalues Ay € R, implying that the Hopf bifurcation cannot occur. O

Here we examine the possibility of Hopf bifurcation occurring with D,, reversibility when x(p) =
1 and x(k) = —1. Note that here, dn = Circ(d) where d = {dj, : —d(t,0) = d,—r(—t, —0)}.

Lemma 3.25. Hopf bifurcation can occur from the D,, action on dn, when x(p) =1 and x(k) = —1.

Proof. Using the relation d, = —d,,_;, we see that the values in the eigenvalue relation occur in

64



pairs, and the eigenvalues are seen to be given by

Me = dn+dip+dop® +dsp’ + - —dsp" > —dop"? — dyp"!
0 ifn=2r—-1

— dn +d1<p_p:1) +d2(p_ p:Z) + - +d7‘71<p7‘_1 _ pril) .

r—1 .
0 ifn=2r—-1
= dn+22 idsin(k —1)0 — :
=1 d.(=1)% if n=2r

In this case, since A\, € iR, we may have the Hopf bifurcation.

]

The following cases outline the matricial structure when dn € R™*" is block circulant of size
5 X 5. We observe that dn is circulant over My(R). Hence dn can be partitioned to create a block

matrix with 2 x 2 sub-matrix blocks, which need not be circulant.
Lemma 3.26. The matriz dn is block circulant when x(p) = —1.

When dn is Z,, reversible with x(p) = —1, the matrix dn”~ may be partitioned into blocks,

giving a block circulant structure with each block given by

dy —d
Dlzll 1

€ R**2, (3.60)
by —b

Let R be the cyclic forward shift matrix and such that R = I, the identity matrix, and ® be the

Kronecker product. Then dn?~ can be represented by the matrix sum

A~ = RRD+R*°®@D, +R*®D,+---+R"'® D,
k—1
= Z R¥'® Dj. (3.61)
k=1
This gives
1 1 1
B 1 1 ... 1 .
dn’~ = ® Dy = Circ(1) ® Dy, (3.62)
1 1 1

n

with R, Circ(1) € Rz*2.

The eigenvalues and eigenvectors of Circ(1) can be found from Circ(1)x = Az as follows:
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1 | | 1 T+t -+ 2, Ay
1 1 1 To Xy +axo+---+x, )\LL’Q

= = |- (3.63)

1 1 -1 Tn T+ 2o+ -+ 2, ATy,
We note that Circ(1) has rank 1 and at most one non-zero eigenvalue A = n and n — 1 eigenvalues
of 0. When X = 0, one obvious solution is W := {[xy, z, -+, z,]T : &1 + 2o+ -+ - + 2, = 0}, with
dimW = n — 1. When A = n, we may choose U := {[x1, To, 23, -+, Z,]T 101 =29 = -+ =2, }

and dimU = 1. Since W NU = {0}, we have dim(W + U) = n.

The eigenvalues of D; are y; = 0 and puy = dy — by with corresponding eigenvectors y; = [1, 1]7
and Yo = [dl, bl]T.
Lemma 3.27. Hopf bifurcation cannot occur from the Z, reversible action on dn, i.e. when
x(p) = —1.

Proof. The eigenvalues of D; are real i.e. p; = 0 and pus = d; — by € R. Note that D; is not in

Hopf normal form. Therefore, the Hopf bifurcation cannot occur in this case. [

If dn is D, reversible with x(p) = —1 and x(x) = 1, then the matrix dn”~" may be partitioned

into blocks, giving a block circulant structure with each block given by

d —d
Dy=| " ' e R (3.64)
—dy  dy
This gives
dnf~" = Circ(1) ® Ds. (3.65)

The eigenvalues of Dy are ju; = 0 and py = 2d; with corresponding eigenvectors y; = [1, 1|7
and yo = [1, —1]T.

Lemma 3.28. Hopf bifurcation cannot occur from the D, reversible action on dn, i.e. when
x(p) = —1 and x(rk) = 1.

Proof. The eigenvalues of Dy are real i.e. p; = 0 and us = 2d; € R. Alternatively, since Dy is not

in Hopf normal form, the Hopf bifurcation cannot occur in this case. ]

When dn is D,, reversible with x(p) = —1 and x (k) = —1, the matrix dn’—"~ may be partitioned

into blocks, giving a block circulant structure with each block given by

dy —d
Ds=|"' ' eRr¥> (3.66)
dy —dy
We have
dn="" = Circ(1) ® Ds. (3.67)
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The characteristic polynomial of Dj is A = 0 giving p; = 0 and y; = [1, 1]7. The eigenspace
span{[1, 1]7} is not enough to span R?.

Lemma 3.29. Hopf bifurcation cannot occur from the D, reversible action on dn, i.e. when
x(p) = =1 and x(k) = —1.

Proof. Since Dj3 is not in Hopf normal form, the Hopf bifurcation cannot occur in this case. [
The Zy equivariant action on dn yields "72 distinct matrix entries.

Lemma 3.30. Hopf bifurcation cannot occur from the Zs equivariant action on dn, i.e. when
x(k) = 1.
Proof. When n = 2, we have

by b
= | " (3.68)
b12 bll

with eigenvalues p; = b1; £ b1s € R. Furthermore, we note that since the resulting matrix dn
has ”72 distinct entries and therefore not in Hopf normal form, the Z, equivariant action does not

generate the Hopf bifurcation. ]
The Zs equivariant action on dn yields "72 distinct matrix entries and satisfy 1;; = —n1—;1—;

Lemma 3.31. Hopf bifurcation can occur from the Zo reversible action on dn, i.e. when x(k) =
—1.

Proof. When n = 2, we have

bii b
=" " (3.69)
b12 bll

with eigenvalues p; = £4/b3; — b2, € iR when b5 > by;. The Z, equivariant action may generate
the Hopf bifurcation. O

3.10 Ring Networks

There is considerable interest in networks of nonlinear differential equations. Systems with sym-
metry can lead to interesting oscillatory patterns which can be investigated using the theory of
equivariant bifurcations. Consider a ring of n identical elements with forwards and backwards
nearest neighbour coupling. We assign to each individual element a linear decay term, a nonlin-
ear forwards-backwards self-connection (feedback) term and nonlinear element to element mixed
connection terms. Such a generalised system could obviously be further complicated by making
the delay arguments different from each other or distributed.

We investigate and classify ring network systems of NMFDEs, extending previous work on net-

work systems of DDEs and MFDEs. A cell is a finite dimensional system of functional differential
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equations on a phase space R™ A coupled cell network C consists of N cells with equations that

are coupled. A network consists of nodes, cells, linked by edges which specify the couplings.

3.10.1 Neutral MFDE in a Ring Network

In this section we study reversibility and equivariance in ring networks resulting from the actions
of the dihedral group D,,. The dynamics of coupled cell networks (symmetric networks of coupled
identical oscillators) with nearest-neighbour coupling have been studied by authors such as Buono
et al. in [9], Campbell et al. in [12] and Benoit et al. in [8]. The equations used by these authors

contain some delay terms and are generally of the form
&) = fla;(8) + Y cjuh(a;(t) — zi(t — 7)),
k=1

where f is the internal dynamics function and A the coupling function and j = 1,--- ,n. Another
example can be found in Wu [67] i.e. the delayed Hopfield-Cohen-Grossberg model of neural

networks given by

Ui(t) = —w(t +ijf“y 7)), 1<i<n,

where f is a sigmoidal function normalized so that f(0) =0 and J = J;; is a symmetric circulant
matrix with all the diagonal elements identical to zero. We extend and generalise these examples
to a neutral MFDE network with (maximum) all-to-all coupling given by the general equation
The dynamics of a cell network with (maximum) all-to-all coupling can be written by the neutral
equation

[H;(uj)e]" = a; f;(To(uy)e Z Bik i (T1(uz)e, To(u)e), (3.70)

k=1,k#]

where [.]" and f; = D, [ denote Frechet derivatives and where the operators T; are given explicitly
by
Touy = u(t), Tyuy = u(t + 7), Touy = u(t — 7) (3.71)

and the linearisation at 0 is given by

[H'(0)(uy)e]" = ; £(0)(To(uy)e Z Bin £ (0) (T (wg)e, To(u)e) (3.72)
k=1k+#j
with 1 < j < n, where the states of the cells are characterised by a vector u; = [uj1, . .., Ujy), of size

nm i.e. each with m components with u; : C([0minbmaz]) = R™ and with H : C([0minbmaz]) — R™.
The difference operator H is atomic at a if H is continuous together with its first and second Frechet

derivatives with respect to ¢, and the derivative Hy with respect to ¢ is atomic at a. We may
write H(t fem‘“” d[uu(t,0)]¢(0). The linear operators T; : X — R 4 =0, 1,2, represent how the

9m1'n
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distributed time effects enter the internal dynamics of a particular cell, for f;, and the dynamics of
the connection or interaction for f; ;. We note that T; : C([0inbmaes]) — R™, whilst f; : R™ — R™
and fj, : R™ x R™ — R™. Furthermore, T; = [;™* d¢;(6)(u; ).
1. The Frechet derivative of the difference operator at 0 of the LHS of (3.70) given by H;(u;);
is

emax

H(0) (u); = / dy15(0) (11,):(0). (3.73)

emin

The matrix dp has dimensions nm x nm and is block diagonal with each block dpu; of

dimension m x m.
2. Consider the equation (3.70). The Frechet derivative gives
[0 f5(To(ui)e)l = 0 fi(To(uy)e) - To(ue);
= a;f;(0) - To(uy),

Omax
_ / 0, £1(0)dGo(0) (1;):(6) (3.74)

which is block diagonal with m x m blocks.

3. The Frechet derivative of the last term of the RHS is given by

D Bl Milw)e, To(w))] = Y BislFja(Tilws)e) - Ti(wy)e + F(To(u)r) - To(u )]
k=1,k#j k=1,k#j
— Z Binf1(0) Ta(ug)e , (3.75)
k=1,k+j T (u)e

with the vector having dimension 2nm. We split the m x 2m matrix f7,(0) into two m x m

sub-matrices to yield

- / S Bl (00 (8) ) (6) ¢

Omin = 1k7é]

Z @k jkl ‘f]m(

k=1,k#j

oo (3.76)
[ tatal0dcmn6)
Omin =1 k#j
We may therefore rewrite the linearisation of (3.70) from (3.73) , (3.74) and (3.76) as
Omax Omax
/ dp;(0)(u;)i(0) = / [ 3 f5(0)dCo (6 Z Binfik1(0)]dC1(6) | (u;):(6)
Omin Omin k=1 k#j
b m (3.77)
+ / > B0 0) (w0
Omin k=1 k£j
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The equivariance and reversibility of (3.70) and thus of (3.77) can be determined by employing
lemma (3.5) of section (3.3).

Here is a matrix schematic of (3.77)

[dp]x [l ldnfiz -+ [dn]in

d d d <o ldn]an
[dp)2 | (] [dn] . [drrlan | (378)

[dpi)n [dnlny [dnlng -+ [dn]on

The m x m sub-matrices (blocks) of (3.77) are given by
gy = IO+ [T B ONGO)  Tor i = 70
Yo n . L '
Zkzl,k;éj ﬁjkfg/‘kz(o)dgz(@) for i # ]

The diagonal entries are equal, hence independent of j. The coupling values ;5 and fj; deter-
mine how cell & influences cell j. For Z,, equivariance, dn is circulant, [n];; = d;_;+1, and therefore,
fi(0) = f'(0), aj = a, Bjx = Bjand fj,,(0) = f,(0) so that the coupling terms do not depend on
the j cell but only on the k cell (e.g. f{5(0) = fi5(0) = -+ = f/,(0)). As a consequence, all cells

would have the same internal dynamics.
For D,, equivariance, dn is block-circulant i.e. [dn];; = [dn]j—iy1 and furthermore, [dn], =
[dn],—1+2. For example, when n = 6, the circulant vector (of sub-matrices) of ®2 distinct entries

is {[dn]1, [dn)z, [dn]s, [dn]4, [dn)s, [dn]2}. We note that the coupling terms also depend only on the k
cell i.e. fi5(0) = fra(0).

3.10.2 The D, Actions on the Operators 7T;

We examine the D,, actions on the operators 7; defined in (3.71) .
Lemma 3.32. The operators T; are Z,, and Zs— equivariant.

Proof. Since T is linear, we let
Tp e{o(r), o(=7), &(1) + &(=7), &(7) — ¢(=7)} (3.80)
Since po; = Piy1,

T(ppi) € {bisa(7); div1(=7), ¢ixa(7) + Giv1(=7), Gir1(T) — Piva(—7)}
= pT'¢; (3.81)
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Also, since kK¢; = ¢pio_i,

T(k¢i) € A{bnro—i(T), Onio—i(—=T), Onyo—i(T) + Gnro—i(—=T), Ony2—i(T) — Gpyo—i(—7)}
]

To set the scene for reversibility, we consider the various possible definitions of of the operator
T and utilise v* : 2(0) — z(—60) to obtain the following;

Theorem 3.33. T; is Z,, and Zy reversible if and only if T = ¢(1) — ¢(—7).
Proof. 1. When T'¢ = ¢(7), then
T(pgi(—0)) = T(¢ir1(—0))
# —pT(d:i(=0)) (3.83)

and similarly
T(k¢i(—0)) = T(dn+2-i(—0))
£ —RT(6,(=0) (3.84)

2. When T'¢ = ¢(—7), then

T(pgi(0)) = T(dir1(0))

O (3.85)
and also
T(koi(0)) = T(dn+2-i(0))

# —kT(¢i(0)) (3.86)

3. When T'¢ = (¢(7) + ¢(—7)), then

T(ppi(—0)) = T(diy1(—0) + ¢ir1(0))

# —pT(¢i(—0)) (3.87)
with
T(rgi(—0)) = T(Pn+2-i(—=0)) + dny2-i(0))
# —rT(¢i(0)) (3.88)

4. When T'¢ = (¢(1) — ¢(—7)), then
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T(P¢z‘(_9)) = T(¢i+1(_9) — ¢ir1(0))
= —pT(&:(~1)) (3:89)

and similarly
T(ki(—0)) = T(Pn+2-i(—0)) — Pns2-i(0))
= —rT(¢i(0)) (3.90)

O

3.10.3 Another look at D, actions on the ring network neutral MFDE

We now study D,,—symmetries of (3.70).
For Z, equivariance, we require (pu;) = ujr; and f(T'(pu)) = pf(Tu).

Lemma 3.34. The NMFDE (3.70)
[H;(u)e) = fi(Tous) + > fin(Tawg, Toug)
k=1

15 p—equivariant when

fj,k<¢a 1/1) = fj+1,k+2(¢a w)
f](¢7¢) = fj+1(¢a¢)‘ (391)

Proof. For f(T(pu)),

Fi(Tolpuy)) + Y Fin(Ti(pug)s, Topur)) =

k=1

Fi(To(uin)) + Y Fiw(Ti(uin)e, To(uks)), (5 mod n) (3.92)

k=1
For pf(Tw),

pFi(To(w;)) + 0 Y Fin(Ti(u)e, To(ur)e) =

k=1

Fie1(To(uin)) + > Frvrwra (T (ujsn)e, To(ups)e)- (3.93)

k=1
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We note that for an n—node network, we obtain n conditions on the coefficients corresponding
to the order of rotational symmetry.

Similarly, for Z, equivariance,

Lemma 3.35. The NMFDE (3.70)

[Hj(uj)i) = fi(Tous) + > fin(Trug, Toug)

k=1

18 Ziy equivariant when

fik(0,0) = faro—jmio—i(0,0)

Proof. For the left hand side,

Fi(To(kuy) + > fin(Ti(wug), To(kug)) =

k=1
Ji(To(tny2—3)e) + Zn: Fin(Ti(unio—j)e, To(tnia—5)i), (j modn) (3.95)
k=1
whilst for the right hand side,
5, (Tog) + 1S FislTi (), Tolun)) =
k=1
s Ttz )0+ 3 v smes +(Ti(msas)o Toltmsa 4)0) (3.96)
k=1

3.10.4 Reversibility

We now study the possibility of reversibility resulting from D,, actions.

Case 1: x(p) = +1, x(k) = +1

Lemma 3.36. With x(p) = +1, x(k) = +1, the NMFDE (3.70) is D,, equivariant given the
conditions in (3.91) and (5.94).

Proof. See above. ]
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Note that since we have already explored the actions of p and s above, we only need to apply

py and k, in the following arguments for reversibility.

Case 2: x(p) = +1, x(k) = —1

In this case, the system (6.5) is p—equivariant as shown above.

Lemma 3.37. The equation (3.70) is k—reversible if and only if

[iw(@,0) = = faro—jnto—k (¥, @) (3.97)
Proof.
Fi(To (i (— +Zf]k Ty (ke (—0)), To(kug(—0))) =
fi(Totnga—5(=0)) + ijk Ttna—i(—0), Tottnia-i(—0)) =
Fi(Totnyaj(—0)) + Z Fik(Totin o 5(0), Tittn o 1(6)) (3.98)
and

—ifi(Toui(0) — &Y fiu(Thu;(0), Toug(9)) =

k=1

—fut2j(Tottnya—5(0) = > fura—ja(Tittnga—;(60), Totin 2 4(6)). (3.99)
k=1

Note the switch between 7} and T3 in (3.98) .

Case 3: x(p) = —1, x(k) =+1

In this case, the system is k—equivariant if condition (3.94) is satisfied.

When x(p) = —1 and x(k) = +1, then x(p°®) = (—1)*, which requires n to be even i.e. n = 2m,
Dy = Ty X Zo = {p**, p*k: 0 < s <m —1}.

In this case, Z,, corresponds to rotations by p?u; = ujio and Zy =< Kk > .
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Lemma 3.38. The equation (3.70) is p—reversible if and only if

fi(=0) = —fita(0),
fin(@,0) = —firon2(,0) (3.100)

Note the switch in the arguments.

Proof. For the left hand side (LHS)
[i(Topui(—0)) + Zf]k T1p*u;(—0), Top*un(—0)) =

Ji(Touja(— +ngk Tvujiz(—0), Toupy2(—0)) =

k=1
f (T0U3+2 + Zf]k T2 u]+2(9>7T1uk+2<0)) (3-101)
k=1
Note the switch in arguments.
For the right hand side (RHS),
—p” f;(Tou;(0)) — p Zf]k Tiu;(0), Toug(0)) =
k=1

—fira(Toujy1(0)) — i fitanra(Tiujro(0), Tougo(6)). (3.102)

k=1
Upon comparing coefficients and terms with similar arguments, (3.100) follows. O

Case 4: x(p) = —1, x(k) = -1

When x(p) = —1 and x(k) = —1, then x(p°*) = (—1)*, which requires n to be even i.e. n = 2m,
Dy =Zp X Zo = {pQS PP 0<s<m—1}

In this case, Z,, corresponds to rotations by p?u; = ujo and Zy =< Kk > .

Lemma 3.39. The equation (3.70) is p— and k—reversible if and only if

fi(=0) = —fi+a(0),
fj,k(@w) = _fj+2,k+2(w7¢) (3~103)

5



3.11 Group Actions in a Three-cell Network

Consider a 3-ring network with nearest neighbour coupling, equivariant with respect to the finite

group: I' = D3 = Z3 ® Z, generated by a rotation o and a reflection k. The map x : D3 — Zo

is determined from y(¢) = 1 and x(k) = —1, so & is the reversor. Consider the action of Zs on
X = C([~r,r],R?) defined by the shift to the right o(uy, us, u3) = (ug, u3, uy) and x(uy, us, uz) =
(uy, us, uz).

For Zs-equivariance, the nonlinearity satisfies f(o(u1,us,u3)) = of (u1,us, uz). The linearisa-
tion Df of f satisfies
Lyuy + Lous + L3ug
D f(uy,ug,uz) = | Laujy + Lyus + Lous (3.104)
Louy + Laus + Lyug

where the L;’s are linear MFDEs

Liu = ayu(r) + apu(0) + agu(—r), (3.105)
Lou = byu(r) + byu(0) + bou(—r), (3.106)
Lsu = cyu(r) + cou(0) + cou(—r). (3.107)

For reversibility, we require

f(/iﬁ(ul, Uz, uz)) = —k f(u1, uz, us), (3.108)

where x(u1,uz,u3) = (u1,us, uz). Note that in kPu, time is reversed, i.e. w(t +7) — u(t — 7).
When Liuf = Lyu and Ly u* = —L;u, i = 1,2,3, the linear operator is Ds-reversible. We show

that Lq is Zs-reversible if a = —a; and ag = 0. Hence,
Liu = a(u(r) — u(—r)).

Notice the forward and backward terms with symmetric delays.
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Chapter 4

Centre Manifold Theory of Nonlinear
MFDEs

In this chapter, we briefly summarise the centre manifold theory, one of the techniques employed
to simplify a complex n-dimensional dynamical system by reducing the dimension of the state
(phase) space. The purpose is to reduce the dimension of a system near a local bifurcation. We
then carry out a versal unfolding of a DDE and examine the versal unfolding of an NMFDE under
the Bogdanov-Takens bifurcation .

A broader coverage of the centre manifold theory can be found in the work of A. Vander-
bauwhede and G. Iooss ([64]) and Kuznetsov [41] . Centre manifold reduction in the case of
functional differential equations are provided in the works of Faria et al. [21], Babram et al. [5]
and Guo et al. in [31] .

Recall that a manifold is a subspace of dimension m < n of R™ that may be required to
satisfy continuity and differentiability conditions. If a solution to a differential equation starts and
remains on a curve or surface (manifold), then the manifold is said to be invariant. It is known
that the classification of the equilibria of a linear(ised) system depends on the eigenvalues of the
Jacobian matrix.

An equilibrium point of a nonlinear system whose linearization has eigenvalues all with negative
real parts is stable. If the linearization has any eigenvalues with positive real part then the
equilibrium point is not stable. If the nonlinear dynamical system with an equilibrium point at
the origin and with the linearization there having no eigenvalues with positive real part, then by a
suitable linear transformation we can always rewrite the dynamics in terms of stable coordinates
x € R and y € R* (where ¢ is the dimension of E°, the centre eigenspace and s is the dimension of
E*| the stable eigenspace at the origin) such that R = E*@® E*@ E°.. For example, an autonomous

system can be transformed into block diagonal form with the linearised terms separated as

&= Bx+ f(z,y), 9=Cy+glx,y), zeR"™ yecR" (4.1)
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where n is the dimension of the system with f and g smooth. Let the origin be an isolated
equilibrium point i.e. f(0,0) = ¢(0,0) = 0 and that the eigenvalues of B have zero real parts but
non-zero imaginary parts, and the eigenvalues of C' have negative real part.

Consider the system
T = f(zr)=Ax + g(x) (4.2)

where f(0) = 0 and A = DYf(0). The spectrum o(A) can be divided into the disjoint union of
the stable spectrum o, the unstable spectrum o, and the centre spectrum o, . To those spectra
correspond three eigenspaces, namely: the stable subspace E? the span of the stable eigenvectors,
the unstable subspace E* the span of the unstable eigenvectors, the centre subspace E°“

From the eigenspaces above, there exist the following invariant manifolds: a stable invariant
manifold W* tangent to E° at 0, a stable invariant manifold W*" tangent to E" at 0, a stable
invariant manifold W¢ tangent to £ at 0. Note that stable component W?# is bounded forward in
time, the unstable component W* is bounded backward in time whilst the center component W*¢
is bounded in both directions. The invariant manifolds may be given in the form of the graph of
a function 1. : (E¢,0) — E* @ E", invariant under the flow. Their linear approximation is zero
at 0 and therefore the graph is tangent to the subspace E°. The graph of 1. denoted by W¢ and
tangent at the generalised eigenspace of A = DU f(0) with purely imaginary eigenvalues is called

the center manifold of the system at 0.

4.1 Centre Manifold Theory

We present the center manifold theory of A. Vanderbauwhede and G. Iooss [64]. We note that since
this theory is developed for Banach spaces, it is applicable to the state space C([@min, Omax), C°)
that we have employed for functional differential equations. Proofs of the theorems mentioned
below may be found in [64].

We let X,Y and Z be Banach spaces, and let A € L(X, Z) be a continuous linear operator and
with ¢ € C*(X,Y), the Banach space of k—times continuously differentiable functions for some
k > 1 and furthermore, let £ and H be Banach spaces, V' C E an open subset, £ € N and n > 0.
Then we define

Cy(V.H) ={veCHV,H) : |v|jv =sup||Dju(z)| < o0, 0<j <k},
zeV
equipped with the sup norm on all derivatives up to order k, and

CI?J(E’H):{ UECO’1<E,H) : |U|Lip: sup M

< o0},
z,yeE, x#y HZL’ - yH

where |v|r;, denotes the Lipschitz constant. When V = E we may write |v|; for |v|;z. We also
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define
BOR,E) = { ve C'R,E) ¢ [[olly = supe ™ [u(t)]| < oo }, (4.3)
teR

the space of exponentially growing functions. We note that BC"(R, E) C BC*(R, E) if 0 <n < ¢
and that [[vfl¢ < [lvll,, Yo € BC"(R, E), that is, (BC"(R, E)), 5, forms a scale of Banach spaces.
The following hypothesis is placed on the operator A :

1. (H1) There exists a continuous projection P. € £(Z, X) onto a finite-dimensional subspace
X. C X such that AP.x = P.Axz, Vo € X, and such that, taking
Zn=I-P)Z), Xn=UI—-P)X), Yy=U—-P)(Y),
where the subscript ¢ refers to the centre and h, to the hyperbolic components, and

A =Alx.€e L(X,), A, = A|x, € L(Xn, Zy),

then the following hold

(a) 0(A.) C iR (where o(A) denotes the spectrum of the operator A);
(b) there exists some 8 > 0 such that for each n € [0, 5) and, for each f € BC"(R,Y},), the

linear problem

jih = AhZL’h —+ f(t), T € BCT](R, Xh),

as a unique solution x, = K, f, where K, € L(BC"(R,Y},), BC"(R, X},) for each n €
[0,8) and || K|, < v(n), ¥n € [0, B), for some continuous function v : [0, 8) — R..

4.1.1 Some Centre Manifold Theorems

The aim here is to find solutions of (4.2) which belong to BC"(R, X) for some n € (0, 3), under
the hypothesis (H1). We use the notation P, = Iz — P..

Lemma 4.1 (Vanderbauwhede and Iooss). Assumming that (H1) holds true and g € CP(X,Y)
and let z(t) : R — X be a solution of (4.2) and let n € (0,3). Then the following statements are

equivalent:
1. z(t) € BC"(R, X),
2. x(t) € BO(R, X), V¢ > 0,
3. Pyx(t) € CP(R, Xp).

Proof. Let z(t) = P.x(t) and x,(t) = Pyx(t). Then z(t) is a solution of the ordinary differential
equation

j;c - Acxc + ch(x<t))7 (44)
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which we may obtain via the variation of constants formula

t
zo(t) = etz (0) —l—/ et P g(x(s))ds, VteR. (4.5)
0

Because o(A.) C iR and g is globally bounded, z(t). € BO%(R, X,) for all ¢ > 0. In the same

manner, we see that x(t) is a solution of the equation
jjh = Ahxh + Phg(x(t)) (46)

Now, P,g(z(t)) € CP(R,Y}), and hence, by (H1), the equation (4.6) has a unique solution in
CP(R, Xp,) given by Kj(Pyg(x(t))). Moreover, this solution is also the unique solution of (4.6)
in BC"(R, X},) for each n € (0,5). Then since z(t) € BC"(R, X}) and n € (0, ), the foregoing
argument shows that

zp(t) = Kn(Pag(z(t))). (4.7)
Since Kj,(Pyg(z(t))) belongs to BCY(R, X,) = CP(R, X}), it follows that condition (1) implies the
condition (3).

Now assume that the condition (3) holds and since CY(R, X;) C BC*(R, X},) for each ¢ > 0, it
follows that z;,(t) € BC*(R, X}) for all ¢ > 0. Furthermore, because z.(t) € BC*(R, X,) for each
¢ >0, it follows that x(t) = x.(t) + z(t) € BC*(R, X) for all ¢ > 0. Therefore the condition (3)

implies condition (2) which in turn implies (1), the result follows. O

Lemma 4.2 (Vanderbauwhede and looss). Assume that the hypothesis (H1) holds and g €
CY(X,Y). Let x(t) € BC"(R,X) for some n € (0,8). Then z(t) is a solution of (4.2) if and
only if
t
z(t) = e' P.x(0) —I—/ A=) P g(x(s)) ds + Kn(Pug(z))(t), Vte€R. (4.8)
0

Proof. 1If x(t) is a solution of (4.2) then using (4.5) and (4.7) shows that x(t) satisfies (4.8).
Conversely, if z(t) satisfies (4.8) then projecting with P. shows that z.(t) = P.x(¢) is a solution of
(4.4), while projecting with P, gives (4.7), and hence, by hypothesis (H1)(ii), z5(t) = Px(t) is a
solution of (4.6). Thus using (4.4) and (4.6) we can see that that x(t) is a solution of (4.2). O

Theorem 4.3 (Vanderbauwhede and looss). Assume (H1). Then there exists a dg > 0 such that,
for all g € CPN(X,Y) satisfying
|9lLip < o, (4.9)

there exists a unique v € C’I?’l(XC,Xh) such that for all x(t) : R — X, we have the following

equivalent statements :

1. x(t) is a solution of (4.2) and x(t) belongs to BC"(R, X) for some n € (0, );
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2. Pp(z(t)) = (P.x(t)), for allt € R, and P.x(t) : R — X, is a solution of the ODE

e = Acxe + Pog(xe + ¥(2.)). (4.10)

The following result follows as a consequence of the above theorem:

Corollary 4.4 (Vanderbauwhede and Tooss). Assuming that (H1) is true and let g € Cp'(X,Y))
be such that (4.9) holds. Then the problem

(4.11)

T = Ar+ g(x),
P.x(0) =z, x€ BC"R,X),

has for each x. € X, and each n € (0,5) a unique solution given by
x(t,xe) = wo(t, x.) + VY(x(t, x0)), (4.12)

where x.(t,x.) is the unique solution of (4.10) satisfying x.(0) = x..

Following the prior hypotheses and results,
We={z.+v(x) : z.€ X, } CX (4.13)

is called the unique global centre manifold of (4.2).

The next problem is to examine the smoothness of this centre manifold.

Theorem 4.5 (Vanderbauwhede and looss). Assume that the hypothesis (H1) holds. Then there
exists for each k > 1 a number &, > 0 such that, if g € CPN(X,Y)NCE(V,,Y), withV, ={ x €
X : ||Puz|l < p } and p > ||Kpllo| Prglo, and if moreover

19| Lip < Ok, (4.14)

then the mapping ¥ given by Theorem 4.3 belongs to the space CF(X., X,). Moreover, if g(0) =0
and Dg(0) = 0, then (0) = 0 and Dy(0) = 0, also.

Lemma 4.6 (Vanderbauwhede and Iooss). Let E be a Banach space, p > 0 and w € C}(V,, E)
where V,={z € X : ||Pu| <p}. Letn>0and V) ={1u€ BC"(R,X) : a(t) € V,,Vt €R }.
Define W : VI — BC"(R, E) and W : VI — L(BC"(R, X), BC"(R, E)) by
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forallt e R, 4 € V) and v € BC"(R, X).
Let ® € C°(BC"(R, X.), V1) be such that

1. ® is of class C* from BC"(R, X,) into BC"™(R, X) for each pu > 0;

2. its derivative takes the form
DO()(0) = @Y (), Va,v € BO"(R, X,),

for some globally bounded ®V) : BC"(R, X,) — L(BC"(R, X.), BC"(R, X).

Then W o ® € CP(BC"(R, X,.), BC"(R, E)). Moreover, W o ® is of class C* from BC"(R, X,)
into BC" (R, E) for each p > 0 with

D(W o ®)(2)o = WI(®(a)eV(a)s, Vi, € BC"(R, X,).

Proof. The proof of this lemma uses the same arguments as used in the proof of Lemma 3.7 of
[63]. O

4.1.2 Local Centre Manifold

Using the theorems 4.3 and 4.5 of the global centre manifolds leads to the following theorem on

the existence of a local centre manifold for (4.2).

Theorem 4.7 (Vanderbauwhede and Iooss). Assume that (H1) holds and let g € C*(X,Y) for
some k > 1 with g(0) = 0 and Dg(0) = 0. Then there exist a neighborhood Q of the origin in
X and a mapping ¥ € CF(X., Xp) with ¥(0) = 0 and D¥(0) = 0 and such that the following
properties hold:

1. ifx.(t) : I — X, is a solution of (4.10) such that x(t) = x.(t) + ¥(z.(t)) € Q for allt € R,
then x(t) : I — X is a solution of the system (4.2);

2. if x(t) : R — X is a solution of (4.2) such that x(t) € Q2 for allt € R, then
Phx(t) = 7VD(PCCU(t))v vt € R,

and P.x(t) : R — X, is a solution of (4.10).

Corollary 4.8 (Vanderbauwhede and looss). By the conditions of Theorem 4.7, one sees that
there exists a neighborhood Q0 of the origin in X such that all solutions z(t) : R — X of (4.2)
which satisfy x(t) € Q for all t € R are of class C* as a mapping from R into X.
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4.2 Center Manifolds for MFDEs

The center manifold reduction permits the study of a dynamical system near a non-hyperbolic
equilibrium point as of an ordinary differential equation.

A complicated dynamical system can be put into a simpler form by some change of coordinates,
an example being the the use of Jordan form for square matrices. The process of calculating the
normal form of an ordinary differential equation involves projecting the system onto the center
manifold and obtaining an approximate expression of normal form. Faria and Magalhaes [21] ob-
tained the normal forms for FDEs by recursive changes of variables without computing beforehand
the center manifold of the singularity. The resulting equation is an abstract form of ODE in an

enlarged phase space.
Consider the MFDE
(t) = LNz + F(\, ), (4.15)

where the delays are bounded in [fin, Omax], A € R™ are bifurcation parameters and L(A) : X —
R™, be a linear operator and where X is the Banach space of continuous functions C([fmin, Omax] :

R™) equipped with the supremum norm

Il = sup [o(0)], PEX. (4.16)

6min<0<9max
By the Riesz representation theorem we may write

LAz = / T dn(n, 0) 2(0)

emin

where 1 : [Omin, Omax] — R is a function of bounded variation. We may rewrite (4.15) using
Lo = L(0) as
&(t) = Loxt + [L(N) — Lojze + F(\, x¢). (4.17)

We let A(A\) be the infinitesimal generator of the linearised system

#(t) = L\, (4.18)

with spectrum o(A(X)) and let Ay be the set of purely imaginary eigenvalues. When A = 0, the

following bilinear form is defined

0 Omax
0.0) = w000~ [ [ we—oano)oce)as (4.19)

and used to decompose the state space X as X = F°® Q) with E° being the generalised eigenspace
of Ay and @ is the infinite dimensional complementary subspace. A basis for the subspace E°

is P, = {Pa,, -+, Pa,. }. We let B denote the finite dimensional matrix representation of A(\)
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that is restricted to ®,, such that A®,, = ®,,B. The basis of the dual space * in X* is given by
U = col {Uy,---,¥,,} such that (U, ®) = I, the identity matrix.
It is shown by Faria et al in [21] that the equation (4.17) can be written as an ODE

.ftt = Axt + XOF($t)

in the Banach space BC' of continuous functions from [0y, Omax] to R™ bounded and continuous
on [Omin, Omax] With a possible jump discontinuity at €y.,. The elements of BC' are given in the
form ¢ + Xod, where ¢ € X, § € R with Xo(0) = 0 for 6 € [Omin, Omax] and Xo(Omax) = 1.

Let II: BC' — E° be a continuous projection defined by

[I(¢ + Xod) = @[(¥, ¢) + W(0)d].

We may write BC' = E° @ ker Il such that Q = E° @ E" C ker II. Decompose x; = ®y; + 2; where
y; € R™ and 2, € kerIIN D(A) = Q' where D(A) is the domain of A. The equation (4.17) is

therefore equivalent to the following system

g = By +9(0) {[L(\) — Lo|(Py + 2) + F(Py + 2)}
s = Agiz+ (I — )X (0) {[LO\) — Lo)(Py + 2) + F(dy + 2)} (4.20)

where Agi © Q' — kerIl such that Agip = ¢ + Xo[L(¢) — $(0)]. The system (4.20) can be

transformed to the system

1
z'/szJer](l./!’Z)

>
iy, 2)

where

fi(y, 2) = U(0) F;(Py + 2)
[y, z) = (I = )Xo Fj(Dy + 2)

where Fj is the j Frechet derivative of F.

4.2.1 The Effects of Symmetry on the Center Manifold

We now briefly explore the effects of symmetry and reversibility on the center manifold. Golubitsky
et al. [28] and Cicogna et al. in [16] amongst others, explore the effects of the action of a Lie group

I on the center subspace. Cicogna et al. show that the center manifold inherits the symmetry
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properties of the original system.
Consider the situation when the equation (4.2) commutes with a group representation i.e. there

exists a group I' representing the symmetries of (4.2), such that
vyArx = Ayx and ~g(x) =g(yx), Vre X,yel.

Thus the group I' leaves then the subspace X invariant.

It follows from the uniqueness of the global centre manifold that

V(o) = P(yee), Va. € Xe,y €T, (4.22)

Hence the centre manifold is invariant under the action of I' and that the reduced ODE on this
centre manifold is equivariant under the action of I' in X..
Aspects of group actions can be found in appendix (D). We now highlight some results from

28] .

Proposition 4.9. The action of I' allows the Jacobian matriz (dg)oo to have purely imaginary

eigenvalues when there is a I'—invariant subspace of R™ that is either of the form
o V&V whereV is absolutely irreducible,
o irreducible but not absolutely irreducible.

Recall that a representation of I' is absolutely irreducible if the only linear maps that commute
with I' are real multiples of the identity. The next problem is to consider reversibility, i.e. when

a system anti-commutes with a symmetry ~.
YAr = —Avyz, ~g(z) = —g(yz), VreX.

We need to show then that v¢(z.) = ¥(yz.) and that the reduced vector field on the centre
manifold anti-commutes with ., the restriction of v to X°.
Since on X}, we have Ap(\ — Ay)~t = (A — A;,) LA, it follows that

Ah/7+(t>|Xh = ’}q_(t)Ah, t> 0, and Ath—(t>|Xh = ’)/_(t)Ah, t < 0. (423)

4.3 Versal Unfoldings

We introduce the notion of (uni)versal unfolding first in the context of ODEs and vector fields and
then to some FDEs.

Definition 4.10. A family f(x,«) of vector fields is an unfolding of fo(x) if f(z,0) = fo(x) for

parameters o € CP where p is an integer.
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Definition 4.11. An unfolding f(z,«) of fo(x) is versal if it contains all possible qualitative

dynamics that can occur near to fo(x).

This means that every other unfolding in some neighbourhood of fy(z) will have the same
dynamics as some family induced by f(z, @), through the addition of small parameters. Transver-
sality guarantees that a parameter, a perturbs a nonhyperbolic equilibrium point transversely i.e.
D, f(0,0) # 0. An equilibrium point is nondegenerate, it cannot be removed by sufficiently small
perturbations, such as by a small change in the value of a.

Recall that a dynamical system is a manifold M called the state space endowed with a family
of smooth evolution functions &, that for any element of ¢ € T, the time, map a point of the
phase space back into the phase space. The system is called a flow when ¢ € R. An unfolding
is essentially a smoothly embedded submanifold that is transverse to M. The following diagram

depicts the conjugacy between two flows:

xr —2y o, )

l |r

y —s iy, )

implying that
Ui(h(z, @), @) = h(p(z, ), @) (4.24)
in which y = h(z, a) is a homeomorphism.

Let x1,...,x, be local coordinates on M, and let R(xy,...,x,) denote the ring of smooth

functions. We define the Jacobian ideal of f, denoted by J; as follows:

_ [/ 9f of

Then a basis for the versal unfolding of f is given by the quotient, known as the local algebra

of f:

R(x1,. .., %)
SR Rk L7A 4.26
7 (1.26)
The dimension of the local algebra is called the Milnor number of f. The minimum number of

unfolding parameters for a versal unfolding is equal to the Milnor number.

4.3.1 Versal Unfolding of a DDE

Buono et al. study the versal unfolding of linear RFDEs, considering the projection of such families
onto finite dimensional invariant manifolds and address the versality of the resulting parameterised
family of linear ODEs. The approach extends the versal unfoldings of matrices to the situation of

parameterised linear RFDESs.
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Beginning with the RFDE
z(t) = Lo(zy) (4.27)

whose semiflow (i.e. with ¢ > 0), is restricted to a finite dimensional subspace defined by the
matrix B, construct a parameterised family £(«) with semiflow defined by a versal unfolding B(«)
of the matrix B. If B be a ¢ x ¢ matrix with complex entries, then a p-parameter unfolding of B
is a p-parameter analytic family of matrices B(«) such that B(ag) = B for some ag € CP.

A center manifold reduction the FDE &(t) = F(x, ) yields 2(t) = Bz + G(z,a). We apply a
change of coordinate transformation z = Cy + h(y) to obtain Cy+ h,y = B(Cy+ h(y)) + G(Cy +
h(y), ). Extracting the linear parts, we obtain Cy = BCy that is y = C~'BCy from which yields
the similarity class of B, and a versal unfolding is transverse to the similarity class manifold. It
therefore follows that B(«a) is a versal unfolding of B if for all g-parameter unfoldings A(/5) with
A(By) = B, there exists an analytic mapping ¢ : C¢ — CP and an analytic family of invertible

matrices C(f) satisfying the conditions

AB) =CBBeBNCHB) . d(fo) =0,  C(Bo) =1, (4.28)

providing an orbit, 3, for B under similarity, which implies a one-to-one correspondence between

the solutions. A sufficient condition of versality is
Mat .y . = TEB(QO) + DQB(OzO) - CP (4.29)

summing the tangent space T'¥pg(q,) and normal components to X at B(ap). Versal unfolding
describes all perturbations near to the orbit of B that break the dynamical behaviour of the

system.

4.3.2 Bogdanov-Takens Bifurcation

Consider the NMFDE system
d

with a unique solution given by z(.,¢) with initial function ¢ at zero, then (4.30) determines a
Co—semigroup of bounded linear operators given by T'(t)¢ = x:(¢), for ¢t > 0, where z(¢) is the

solution of (4.30) with z¢(¢) = ¢. Recall the infinitesimal generator A of {T(t)}+>0
d¢ dg

D(A) = {(b € Cn : @ c Cn, H@ = £0<Oé)¢} y Agb

_ %

= (4.31)

Let C,, = C(|—7,0],C") be the Banach space of continuous functions from the interval [—7, 0]

into C™. Let Ay be the infinitesimal generator of the semiflow generated by (4.27) and let A € C

a non-empty finite set of the eigenvalues of Ag and P the corresponding c-dimensional generalised
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eigenspace. Using adjoint theory, we may split C,, as
Ch,=P&Q (4.32)

where @ is invariant under (4.27). Define C} = C([—7,0], C™), where C™* is the n-dimensional
space of row vectors. Furthermore, we let ® = (1, -+ , ) be a basis for P and ¥ = col(¥'1, - - - ,1,)
be a basis for the dual space P* in C}, chosen such that < ¥, ® >, = I. is the c X ¢ identity matrix.
This means that Q = {¢ € C,, : < ¥, p >,= 0}. If we denote by B the ¢ X ¢ constant matrix such
that ® = ®B, then the spectrum of B coincides with A. Furthermore, we choose the bases ® and
¥ such that ¥ = —BW. Using the decomposition (4.32), any z € C,, can be written as z = dx +vy
where z € C° and y € Q is a C! function.

The conditions for Bogdanov-Takens (BT) bifurcation are

(BT 1): XA = 0 is a characteristic value of Ay with algebraic multiplicity 2 and geometric
multiplicity 1, when a = 0;

(BT 2): all other eigenvalues of Ay have non-zero real parts.

When (BT 1) - (BT 2) hold, we call (z,«a) = (0,0) a Bogdanov-Takens (BT) point of the
system.

We obtain the generalised eigenspace as follows:

By (BT 1), there exist linearly independent functions ¢q, ¢o € C,, such that

Agpr =0, Aoy = ¢y (4.33)

and the following equation

Ao = ¢2 (4.34)

has no solution ¢ € C,,.
We note that Agp; = 0 is equivalent to

Q.sl (9) = 07 emzn < 0 < Hma:t

Hor = Logn, 0=0 (4.35)
and Agps = ¢1 is equivalent to
¢2(9) = (1)7 emm < 0 < emax
Hpy = Lops, 0=0. (4.36)

Hence, to obtain explicit expressions for ® and ¥ we use

b = [¢1, (ﬁz] = [Ul, Vo + v19] (437)
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and

() _ [+ we
o= (8)= () i

A(O)Ul = 0, D)\A<O)U1 -+ A(O)UQ =0 (439)

where vy, vy, wy, wy € R? satisfy

and

The Orbit X of the matrix B

01
We now study the orbit ¥ of B(0) = [() O] , the Jordan matrix associated with the double zero

eigenvalue with geometric multiplicity 1, defined in (4.28) and (4.29) where ¥ : R* — R*, and we
let

1 _
C= [C“ C”] . with Cl=— [ 2 T (4.41)
Co1  C22 C11C22 — C12C21 | —C12 (11
We have up to similarity,
_1 1 —C11C21 C%l
¥»=CBC"7" = ———— (4.42)
C11C22 — C12€21 —Cgl C11C21
To determine the tangent space T'¥3(q,) for B(0), we require C' = I. We define the components
of X(ci11,c12, 21, C22) by the maps ¥ = =942 3y = _ﬁl, Yy = _251, and X, = 42 where
D = ci1c92 — c12091.
Evaluating the Jacobian [g?} | B(0), We obtain
ij
0 0 -1 0 C11 —Co1
1 0 0 =1{ |co C11 — C22
T¥B(ag) = = (4.43)
0 0 0 0 Co1 0
0 0 1 0 Co9 C21
0 -1
1 0
= Span , 4.44
P 0 0 (4.44)
0

The tangent space TXp(q,), Where we recall that a; € CP, is two-dimensional hence the normal

space
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D.B(ag) - CP = Span : (4.45)

0 0 0 0
is two-dimensional, yielding the following matrices L O] , corresponding to «y, and [O 1] ,

corresponding to ap. We therefore have

Bla) = [0 1] . (4.46)

Q1 Qo

We note that (4.46) has a double zero eigenvalue when oy = ay = 0. We have Ap)(A) =
—Aas + A? — oy and DyApe)(A) = —az + 2X. Applying the double zero conditions, we find that
A= % and a; = —%%

4.3.3 Unfolding a Neutral Mixed Functional Differential Equation

We now study the versal unfolding of the following Neutral MFDE with Bogdanov-Takens bifur-

cation (double zero eigenvalue with geometric multiplicity one):

Loty + 204 1) = o= 21+ 1) (1~ 1) (447)

We determine the Bogdanov-Takens singularity and the generalised eigenspace associated with
the zero eigenvalue by using a center manifold reduction and normal form theory. If B is a
versal unfolding which depends on the least number of parameters, then B is called a mini-versal
unfolding. Thus, one may view a versal unfolding of B as the most general C'*° perturbation of B

up to similarity and change of parameters.

Lemma 4.12. The characteristic equation of (4.47) has a double zero eigenvalue, with a two

dimensional center eigenspace P and a real A-mini-versal unfolding of (4.47) is given by

%[x(t) +z(t+ 1)) =H@)ry=at+1) —x(t—1)+ ozt + 1) + agz(t — 1). (4.48)

where aq, as € R.

Proof. We construct the proof of the lemma using aspects of normal form theory and numerous

applicable theorems.

In order to test the multiplicity of A; as a root of det A(A) = 0, we need to evaluate at A;.
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The characteristic equation of (4.47) is given by
det AN) = —A—Ae* +et —e? =0, (4.49)

giving A\; = 0 as an eigenvalue. The derivatives are given by

d
aA(A) =N\ =-1-e*-det+et+e?

and the second derivative
A"(\) = —e* =Xt —et + et — e

We obtain A’(0) = =1 —€® — 0+ €° 4+ ¢” = 0 but that A”(0) # 0. This means that )\, is a double
cigenvalue by the Bogdanov-Takens conditions (BT 1) and (BT 2).

Let I C R and for each 6 € I, define ®.(0) = (¢1(0),--- , ¢.(0)). Note that from (4.47), we have
Lod = ¢(1) — p(—1) — ¢(0) — ¢(1) giving Lo(1) =1 —1—0— 0 = 0. For the condition Ly¢p; = 1,

we obtain ¢, thus:

,Cogf)l = 0=v=1
Lops = ¢o1=1= ¢y =10 (4.50)

We obtain the basis ® = (1,0) for P from ®(1) = {¢1(1),¢2(1)} = {1,1} and P(—1) =
{$1(—1),¢02(—1)} = {1,—1} , hence
1 1
¢ = [ ] (4.51)
1 -1

with rank ¢ = 2. This satisfies lemma 6.6 of Buono et al. in [11], thus ¢;(0) = 1 and ¢2(0) = —1,

neither of which equals 0 and

©2(0)A(N;) =0 (4.52)

i.e. (1,—1)0 = 0 since in this 1-D case, A();) = 0.
Consider the smoothly parameterised family of linear RFDEs

5(t) = L(a)(=0) (4.53)

which can be rewritten as

A(t) = Lo(z) + [L(a) — Lo](z)
a(t) = 0. (4.54)
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It can be shown that the dynamics of (4.53) near the equilibrium solution (z, ) reduces to the

c-dimensional parameterised linear system

& = B(a)z, (4.55)
where
B(a) = B(0) + T(0)[L(cr) — Lo](® + h(ev)) (4.56)
with B(0) = B and h(0) = 0, we have
DaB(0) = W(0) Da[L()(P)]]a=o- (4.57)

The parameterised family (4.53) is said to be a A-versal unfolding for (4.27) if the matrix B(«)

is a versal unfolding for B.

Theorem 4.13 (Buono et al.). Let L(«) be a 0-parameter family of bounded linear operators from
C([—7,0],C™) into C™ defined by

§
a)=Lo+ Y Ly (4.58)
m=1

where the ., are complex parameters, Ly is as in (4.27) and Ly, is given by

= Z AT (1)) (4.59)

where AT are n x n matrices. Then (4.53) is a A-mini-versal unfolding of (4.27).

Although the theory has been carried out in complex spaces, £y and L(«) are usually real
i.e. bounded operators from C([—,0],R™) into R™, real versal unfoldings can be constructed by

decomplexification.

Theorem 4.14 (Buono et al.). Suppose that A = {Ag, A, A} where Ag is the subset of the real
eigenvalues and Ay, the subset of non-real eigenvalues, then a real A-mini versal unfolding of (4.27)

15 given by
5=00+0p,

£0+Z%L + Z (BsR(Ls) + Boys, S(Ls)) (4.60)

s= 50+1

where a, € R forp=1,--- 80, and Bs, Bsss, € R for s =0g+1,---, 00+ whilst L, is a bounded
linear operator from C(|—7,0],R™) into R™ and Ly is a bounded linear operator from C([—7, 0], R™)
into C".

Corollary 4.15. If A = Ay, then a real A-versal unfolding of (4.27) is given by (4.60) with
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By = Bays, =0 forall s = 6o+ 1,--+ 8 + 0.

93



Chapter 5

Hopft Bifurcation via

Lyapounov-Schmidt Reduction

Bifurcation theory studies the qualitative changes in the behaviour or solutions of a dynamical
system when the system’s parameter (bifurcation parameters) values are varied. Local bifurcations
occur in the neighbourhood of an equilibrium point, where solutions are constant in time. Hopf
bifurcation theorems are used to prove the existence of periodic solutions of a non-linear system
near an equilibrium point when a conjugate pair of distinct eigenvalues of the linearised system

crosses the imaginary axes. As an example, if we consider the equation

B(t) = flze A), (5.1)

where f: C — R", and where C = C([fmin, Omax), R™) is the Banach space of continuous functions
from the interval [Oin, Omax] to R™, then the point (z*, A*) which satisfies f(z*, A\*) = 0, is an
equilibrium point. Here z € R™, A € R™ and the bifurcation is determined by the linearisation
of the vector field L = D,f(x*, A\*). Hopf showed when the linearised operator L has simple
eigenvalues +i and has no other eigenvalues on the imaginary axis, a one-parameter family of
periodic solutions to (5.1) could be found. The Hopf bifurcation starts with the formation of a
limit cycle ( an isolated closed trajectory), from a stable focus which is analogous to a fixed point.
A stable limit cycle (supercritical Hopf bifurcation) attracts trajectories from both its inside and
outside whilst an unstable limit cycle (subcritical Hopf bifurcation) repels trajectories on both
sides. The bifurcation occurs as a pair of complex conjugate eigenvalues crosses the imaginary
axis thereby switching from a stationary state of the system at an equilibrium to oscillatory
behaviour on a limit cycle.

The presence of symmetry may cause purely imaginary eigenvalues to arise with higher mul-
tiplicities which cause the bifurcation problem to become more complicated. The most common
approach to study bifurcation problems in FDEs involves the computation of (normal forms of)

reduced bifurcation equations on centre manifolds. However, as stated before, major difficulties
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that need to be overcome in the construction of centre manifolds for MFDE are the absence of
a semi-flow and the ill-posedness of the natural initial value problem. This precludes the direct
application of the ideas developed by Faria and Magalhaes [21] for retarded (delay) differential
equations (RFDEs).

Rustichini [56, 55] applied the Hopf bifurcation theorems to MFDESs using the center manifold
theorem of chapter 4 and the Lyapunov-Schmidt (L-S) reduction, see appendix C. Here, the proof
of the Hopf bifurcation theorem does not involve a solution operator since a semigroup cannot
be easily obtained, but utilises functional analytic arguments, setting the problem in the space
of periodic functions of fixed period. The linearisation of the MFDE defines a linear operator
acting on this space, and in fact, it can be identified by an operator of the delay type, for which a
continuous semigroup (solution operator) can be defined. The task is then reduced to the study of
the zeros of the bifurcation problem. To utilise the centre manifold theorem for (5.1), we identify
(by using the Riesz representation theorem) its Frechet derivative at zero by f’(0), with the regular

measure induced by a function of bounded variation 7, by

o= [ anoen)  veec 52

We write Lo = f/(0)¢ and associate with this linear operator the characteristic matrix A(a) =
al — | Z:il:" e®?dn(0). The strategy involved here is to work with functions defined on the entire real
line, the space of exponentially bounded functions defined in (4.3) of chapter 4 and construct the
centre manifold using the implicit function theorem. The spectrum of the characteristic equation
can be divided into the disjoint union of the stable spectrum o, the unstable spectrum o,, and
the centre spectrum o..

Guo and Lamb [30] study equivariant Hopf bifurcation by applying a Lyapunov-Schmidt (LS)
reduction to neutral functional differential equations (NFDEs) and Guo [29] applies the LS re-
duction to MFDEs. To deal with the problem caused by the presence of eigenvalues with high
multiplicities resulting from the action of a symmetry group I', Golubitsky et al. in [28] describe a
procedure that reduces the dimension of ker L in the Lyapunov-Schmidt reduction. Solutions are

sought which lie in a fixed point subspace of a subgroup ¥ of I' defined by
Fix(¥)={y € ker L : oy =y, Yo € ¥}.

The system is then shown to have a bifurcation of periodic solutions whose spatio-temporal sym-
metry can be completely characterised by .
An alternative approach is in [58] where Sieber finds periodic orbits in state dependent delay

differential equations as roots of algebraic equations. The caricature example is

2(t) = A —x(t —x(t) = f(a, N,
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with the maximal delay limited to a value 7, and furthermore, the function f is only as smooth as
its argument x. Sieber constructs the algebraic system for periodic orbits of functional differential
equations (FDEs) using the notion of periodic boundary-value problems for FDEs on the interval
[—7, 7] with periodic boundary conditions identified with the unit circle i.e. such that functions
on the interval satisfy #()(—m) = 2\ (r) for some integer j > 0. The functions x can then be
extended to arguments in R by defining x(t) = x(t — 2kw) where k is an integer chosen such that

—m <t —2km < . The norm in the space is given by

l2lly = max {jz(@)], 2@, |29}

te[—m,m

5.1 Setting up the Scene

We present a treatment of Hopf bifurcation for equivariant MFDEs on the basis of equivariant
Lyapunov-Schmidt reduction. In the process, we obtain explicit expressions in terms of the original
system that determine the monotonicity of the period and Hopf bifurcation direction of branches
of bifurcating symmetric periodic solutions. With these expressions at our disposal, the study of
equivariant Hopf bifurcation in explicit examples can be performed without having to resort to
lengthy computations associated to centre manifold reduction.

We consider a general system of the following parameterized MFDE, considering a structural

form, that is, using matrices and vectors. A general parameterized MFDE is given by
i(t) = LAz + f(A, 21), (5.3)

where A € R* and 2; € X = C([fmin, Omax), C") is a continuous for any ¢t € R. Furthermore, we
assume that L(\) : X — R"™ is a linear operator and f : X — R™ is a smooth enough nonlinear
operator satisfying f(0,0) = 0 and D, f(0,0) = 0. Those last conditions imply that the origin is
a steady state of (5.3). We assume that (5.3) is [Fequivariant where I" is a compact group. The

linearisation of (5.3) around the equilibrium 0 is
(t) = L(\)xy. (5.4)

In some sense, X is indeed a state space for the homogeneous equation (5.4), even though one
cannot view this equation as an initial value problem.

The parameterised system of Neutral MFDE is of the form

d

Eh()th) = f<)\7 xt)? (55)

where h, f : R X C([0min, Omax), R") — R™ are two continuously differentiable mappings which
satisfy f(0,0) = 0 for all A € R. We consider the generalised Neutral MFDE system in the
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operator form (5.5) and note that linear operators in the system of equations can help identify
symmetries. Furthermore, we seek conditions that may be imposed on the operators to obtain
reversibility and symmetry.

Let D(A), L(A) : C([fmins Omax), R") — R™ be the linearised operators of h(A,.) and f(A,.)
respectively and further, assuming that D()) is atomic at 0, then by the Riesz representation
theorem there exists n X n matrix-valued functions g, 7 : [fmin, Omax] — R™ whose components
each are of bounded variation, such that for ¢ € C([0win, Omax], R™)

DWo=00)~ [ dur0)a®).  LWo= [ dure)e(o)

Qmin emin
For each A the linear system of equations, under suitable conditions,

d
ED(A):Q =L(\)xy (5.6)

generates a strongly continuous semigroup of linear operators with infinitesimal generator A,

defined as follows:
Let X! = CY([0win, Omax], C"), define the following operator Ay : dom(A,) C X — X, via

dom(Ay) ={ ¢ € X' : Lp(0) = L(\)o },

d
Axgp = @¢. (5.7)
The following result summarises information about A,.

Lemma 5.1. 1. The operator Ay defined in (5.7)is closed and densely defined and I-equivariant.

The domain dom(Ay) is invariant under \* whilst Ay and N anti-commute when \ is a

Teversing symmetry.

2. The spectrum of Ay is the point spectrum with « € o(A)) if and only if « satisfies
Ay, (a) =0, (5.8)
where the holomorphic characteristic matriz A4, : C*1 — M(n, C) is given by

Ay, (a) = ol — L(\) exp(a(-)). (5.9)
Moreover, ¢ € X is an eigenfunction of A, associated with the eigenvalue & if and only if
#(0) = e*®a for 0 € [Omin, Omax] and some vector a € C" such that A, (@)a = 0.

Proof. The operator A, is closed because differentiation is a closed operation and L(\) is bounded.

The density of the domain dom(A,) follows from the density of C'-functions in X together with
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the fact that for any € > 0 and any neighbourhood of zero, one can modify an arbitrary C'-function
¢ in such a way that £¢(0) can be set at will, while ¢(0) remains unchanged and ||¢|| changes by
at most €.

We now explore the equivariance of

el

Ay = —.

For equivariance we require Ayy = vA,, and we have

A19(8) = 5 (16)(6) = 7 556(6) = 74,60 (5.10)

provided the domain is y—invariant. Furthermore, y¢ € dom(A,) if

(79)(0) = L(N) (79)- (5.11)

Note that 4¢(0) = L(A)¢ and therefore
d
1956(0) =1L(A)6 = L(X)70, (5.12)

since L is y—equivariant.
To explore the reversibility of the operator Ay, we recall some basic definitions and requirements

for reversibility.

Definition 5.2. The action of v* is defined by (v*x)(0) = yx(x(7)0), VO € [Ouin,Omax] where
v x(0) = x(=0) and py(v) = x(V)p(y) and for the autonomous case we require that F(vfz) =

px(V)F ().
We show that dom(A,) is y*invariant. Recall that y¢ € dom(A,) if %(v¢)(0) = L(A)(v¢).
By the reversibility of L(\)¢, we have

LAY 9(0) = vx () L(A\)(0) (5.13)

L) [yox(0)] = vx(v)L(A)o(0)
= X(7) 559(0). (5.14)

Define 1(6) = y6(x(8)) = 16(0) so that L1(8) = yLé(x(8)), then

LO)B(O) = 6(0) (5.15)
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showing that ¢ € dom(A,).

For the reversibility of A, , we require

A o(8) = x(7)7Axe(6) (5.16)

We have

AFo0) = (Vo))

= X))
= X(V7 A (x(7)0). (5.17)
Therefore (by the v* action),
VFANG(0) = yAre(x(7)0). (5.18)
Hence
Afo(0) = x(7)7F A (0). (5.19)

Definition 5.3. A scalar « is called an eigenvalue of the operator A if there is a nontrivial solution
v of Av = av. Such an v is called an eigenvector corresponding to the eigenvalue «. The set of

eigenvalues of Ay is also called the point spectrum of Ay, denoted by o(Ay).

Let a be an eigenvalue of Ay. Then
Av=0=av

giving v = ae®. It follows that

0(0) = L(A\)v
ag = aL(N\)e
a(al — L(\)e*) = 0 (5.20)
and
Ay, (a) = al — L(\) exp(a(-)). (5.21)

]

Suppose that a pair of roots of the characteristic equation (5.8) crosses the imaginary axis
at ap = Ziag for a certain parameter value g, say A\g = 0. Under suitable conditions, the
Hopf bifurcation theorem can be lifted to the infinite dimensional setting of (5.3) and, hence, one
may conclude the existence of a branch of periodic solutions to (5.3) bifurcating from the trivial

equilibrium x = 0 for A & \g. The symmetry group I' often causes purely imaginary roots to be
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multiple. When a compact Lie group I' acts on a vector space V , the space can be decomposed
into a finite number m of T-irreducible subspaces @7" U;, an isotypic decomposition in which T
acts absolutely irreducibly, and distinctly, on each of the U;. Note that a subspace U C V is
[-irreducible if it is [-invariant (i.e y-u € U, Vv € I, w € U) with the only I'-invariant subspaces

being {0y} and U. So, we always assume that:

(H1): The characteristic equation (5.8) has a pair of purely imaginary roots at +iag, each of

multiplicity m, and no other root belongs to iayZ.

In studying the bifurcation problem we wish to consider how the eigenvalues of A, cross the
imaginary axis and to describe the structure of the associated eigenspace €, («). We consider

the following nontrivial restrictions on the corresponding imaginary eigenspace of Ay.
(H2): & (Liay) is I*simple. This means that

o the eigenspace & = & @&, where &;, for j = 1,2 is absolutely irreducible for T’
by which the only linear mappings that commute with I' on the eigenspace are scalar
multiples of the identity, which may occur in problems involving orthogonal groups or

their subgroups which contain reflections

or

e the eigenspace & is irreducible but not absolutely irreducible for I', which may arise

when the group I' contains only rotations, for example I' = SO(2).

Thus, the linear structure around (0, +icy) is given by the following:

Proposition 5.4. Under conditions (H1, H2), for sufficiently small \, the infinitesimal generator
Ay has one pair of complex conjugate eigenvalues G (N) = 7(A) £ is(\), each of multiplicity
m. Moreover, r and s are smooth functions of A and satisfy that r(0) = 0 and s(0) = ayp.
The corresponding right and left eigenvectors are smooth functions a(X), respectively b(\), of A

satisfying

Au(@(N)a(r) = 0, (5.22)
A, (@N)b(N) = 0. (5.23)

Proof. We make use of the IFT and Lemma 1.5 in Page 265 of [28] (matrices with real entries)
refer to Hale et al. [32] and Wu [67] (FDEs) to obtain the following results about the multiplicity
of this eigenvalue and its associated eigenvectors of A,.

Consider the characteristic matrix
AN, a)a(N) = ol — L(A)(e™1). (5.24)

100



For Hopf bifurcation, the relevant action is that of I' x S*, where v € S* acts by multiplication
by €”. A subgroup X C I is called axial if it is an isotropy subgroup having a one-dimensional
fixed-point subspace. We call a subgroup ¥ C I' x S' C-axial if it is an isotropy subgroup that
has a two-dimensional fixed-point subspace.

If T acts absolutely irreducibly, then the Jacobian will be a real-valued multiple of the identity
(and diagonal) i.e. L(A) = ¢(A)I and L(\) will possess only real eigenvalues. In this case I' &
SO(2), possesses only rotations. Therefore, for Hopf bifurcation to occur, we require one or other
of the conditions of proposition (5.4) should hold.

We note that A(\, ) is a matrix with nonlinear entries and we employ the Lyapunov-Schmidt
reduction, reducing the problem to mappings of the kernel of the linearisation. In the first step of
the reduction, we consider the linear part A(\g, iwp)a(N) with ker A(\g, iwp) being the generalised
eigenspace with eigenvalues of the form +iw.

In the second step, we consider the splittings
Cy. = ker A(Xg, iwp) @ (kerA(Ng,iwg))™ and  Cor = (ranA (Ao, iwg))™ @ ranA (N, iwg). (5.25)
We therefore decompose C™ into
C" = ker A(Ao, iwp) @ ranA(Ag, iwp) (5.26)

with associated projection operators P and (I — P) onto the kernel and range, which commute
with the action of I' since ker A(\g, iwp) is I-invariant. We rewrite A4, (&(N)) a(X) =0 as

A(Ngyiwg)v = (I — P)[A(No,iwo) — A, N)](ag + v)
P[A(No, iwo) — Ao, N)](ag +v) = 0 (5.27)

with a(A\g) = Fiwy, a(Ng) = ag and where a = ag + v is the unique decomposition such that

ap € ker A(Ng,iwp), v € ranA(Ag,iwp).
Note that iw has multiplicity m where 2m = dimker A(a, \) since the eigenvalues come in pairs.
Also, A(a, A)ag = 0 whilst A(a, A)v # 0.

From the first equation of (5.27), we see that

AN, iwg)v = (I — P)[A(No,iwo) — A, N)](ag + v)
= (I = P)[A(Xo,iwo)(ao + )] = (I = P)[A(a, A)(ao + V)] (5.28)
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is true if and only if
(I — P)[A(a, A)(ag +v)] = 0. (5.29)

Similarly, the second equation of (5.27) is true if and only if
P[A(a, N)(ag +v)] = 0. (5.30)
We seek solutions for all A close to Ag. We define
O(a, N\, ag, v) := A(Ng, iwg)v — (I — P)[A(Ng, iwg) — A, N)](ag +v) = 0. (5.31)

Applying the Implicit Function Theorem, we obtain

0P

5 AN, iwo) — (I — P)[A(Ng,iwg) — Ala, \)],  evaluated at (Ao, iwp)

= A()\o, iwo), (532)
which is non-singular on the range, hence we can solve for v by
gla, A\ ag) = Gla, N)ag = v (5.33)

where G(a, A) is a continuously differentiable n x n matrix which commutes with the action of I'
on ker A(Ag, iwg) and is such that G(\g,iwy) = 0. The existence of an eigenvalue « near iwy for

the parameter A near )\ is equivalent to the existence of a solution to the following equation

U(a, Nag := P[A(Ng,iwg) — A, N)][I, + G(a, N)]ag (5.34)

which is obtained by substituting G(«, A) into the second equation of (5.27). By appropriately

choosing a basis for C", we may write

Ala, \) = (5.35)

AH(Oé,/\) A12(Oé,>\)
Agi(a, ) Agy(a, \)

where Ajj(a, \) is an n X n matrix, Ag(a, A) of order (n —m) x (n —m) with

0 0

A(Ag, iwy) =
( 0 0) O A22()\O,iw0)

] s with det AQQ()\(), ’iWO) # 0.

We also have the projection matrix on the kernel as
I, 0
0 0
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It follows that

W(a, \) I, O 0 0
a, A)a =
0 0 0 0 AQQ()\(), iWo)

AH(OC, )\) Alg(Oé, )\) Qo
0 0 G(a, Nag
= —AH (Oé, )\)CL(] - An(O&, /\)G(Oé, /\)CL(). (536)

AH (Oé, )\) A12<Oé, )\)
A21 (Oé, )\) AQQ(O&, )\)

G(a, N)ag ]

Furthermore, we substitute v by G(a, A)ag in the first equation of (5.27) to obtain

A(Ag, iwo)Glar, N)ag = (I — P)[A(Ao, iwo) — Ala, M)][In + G, A)]ao,

that is,
A A) A A
d ) e = a-p||) 0 Rt Qe
0 AQQ()\(), Z(Uo) 0 AQQ()\O, Zu}()) Agl (O{, )\) AQQ(CY, )\) G(a, /\)ao
- _O 0 0 0 _ An(a, )\) A12(CK, )\) Qo
B _0 I 0 AQQ()\O, Z'(JJ()) Agl (O{, )\) AQQ(O[, )\) G(a, )\)ao
o 0 0 0 a
i 0 AQQ()\O, iu}o) A21 (Oz, )\) AQQ(CM, )\) G(CY, )\)CLQ
[ 0
_ 0 | o (5.37)
_—Agl(a, )\) AQQ()\Q, ZWO) — AQQ(OK, )\) G(Oé, )\)ao
which upon simplifying gives
0
) 0 = } (5.38)
AQQ(/\(), ZC«)O)G(OZ, )\)CLO —A21 (Oé, )\)CL() + (AQQ(/\(), ZCUO) - AQQ(Oé, )\))G(Oé, )\)(10

yielding
A21<Oé,)\) = —A22<CY,)\)G<OC,)\) (539)

and upon substituting into A(«, A), we have

Ay (a, ) ANPICPY)
_—AQQ(&, )\)G(CY, )\) Agg(&, )\)

[ A, \) Agfa, A)]

Ala,\) =

(5.40)

1, 0
i 0 AQQ(O(, )\) —G(Oé, )\) Im
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Therefore, from (7.9) it follows that
det A(a, A) = (—1)™ det Aga(cr, \) det ¥(a, N). (5.41)

We recall that that dim £ = 2m. We also have that

3% det A(a, Ao)|amiwy, = 0 for 0<k<m-—1 (5.42)
Dam det A(O./, /\0)|a:iwo 7é 0
Since det Aga (Ao, iwp) # 0, we see from (5.42) that
ok _
y det ¥(a,\) = 0 for 0<k<m-—1 (5.43)
Do det \IJ(OC, )\) 7é 0

Further, under the assumption (H3) on the existence of an m-dimensional absolutely irreducible

[-representation, we can assume that

(e, \) = (5.44)

Yula,A) ia(a, )\)]
2/121(047 >\) 1/122(04, )\)

for some 2 x 2 matrices with real entries. The I'-equivariance of G(«, \) implies that W(a, \)
commutes with the diagonal action of I' on £ @ £ and hence 1);; commutes with the action of I

on £. By the absolute irreducibility of £, we have

Yii(a, N) = Wy (a, Ny, (5.45)

for some scalar functions ¥;;(c, A). Hence

det U(a, \) = p"(a, A)
where
p(Oé, )\) = \:[111(047 )\)\1122(04, >\) - ‘1112(04, /\)\1121(06, )\) (546)
By (5.43) we obtain

PN =0, and p(h,0)]ciy # 0. (5.47)

Therefore, by the implicit function theorem it follows that there exists a continuous function a(\)

such that a(\g) = iwy and p(a, A) = 0. Hence () is an eigenvalue of A, with multiplicity 2m
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and corresponding eigenvector
a(A) =[I + G(a(N),A))]a, a € ker A(N, iwp). (5.48)
Furthermore, if T' is a reversing symmetry, then

Ao, Mo = x(7)7A(a, A)g (5.49)

Again, we may write

Ala, ) =

AH(Oé,/\) A12(Oé,>\)
Agi(a,A) Agy(a, \)

in which each block is an (n x n) matrix. We take the reversor to be the Zy representation,

=)

Thus (5.57) implies that

AH(Oé, )\) Alg(Oz, )\) I 0 _ I 0 AH(OZ, )\) Alg(oz, )\) (5 50)
Agl(Oé, )\) AQQ(Oé, )\) 0 —1 0 —1 Agl (Oé, )\) AQQ(O[, )\) .
Hence
Anfa, A) —Ana(a, A) _ —An(a, ) —Agp(a,A)
Agl (a, )\) —A22<Oé, )\) AQl (Oé, )\) AQQ(O{, /\)
which yields for reversibility, the matrix representation
0 A A
Ala, \) = 12(2 A) (5.51)
Agl(a, )\) O

Therefore, the system (5.3) with infinitesimal generator A, possessing complex eigenvalues with
high multiplicity satisfying the characteristic equations (5.22) and (5.22) has a bifurcation of peri-
odic solutions whose spatio-temporal symmetry can be characterised by the group I'. Furthermore,

we see that the system is Zy reversible when the representation (5.51) is obtained. [

5.2 Hopf Bifurcation on Loop Spaces

The purely imaginary eigenvalues of Ay have high multiplicity, so the standard Hopf bifurcation

theorem cannot be applied directly. So, we first develop the equivariant Lyapunov-Schmidt reduc-
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tion for (5.3) to consider the existence of periodic solutions. Let wy = 27/ag and C,,, (respectively,
C’io) be the set of continuous (respectively, differentiable) n-dimensional wy-periodic mappings with

range in K" If we denote
| t]|oo,0 = max{ |u;(#)] : 1 <i<mn, 0€l0,w) }

for u = (uq,...,u,) € Cyy and ||ulloc; = max{||u||s0, |||/} for u € CL , then C,, and C. are
Banach spaces when they are endowed with the norms || || and || [|oo,1, respectively. It is easy

to see that they are Banach representations of the group I'x S* with the action given by

(v, &) u(t) = yu(t + £/ag), (7,0) € Tx S

We introduce the inner product for u,v € C,,

(1, v) = i/owom-v(t)dt.

Wo

Let 8 € (—1,1), define u(t) = z(t/(1+f3)). By varying the newly introduced small variable 3, one
keeps track not only of solutions of (5.3) with period wy but also of solutions with nearby period

because z is of period wy/(1 + ).

Lemma 5.5. Forue C,, and B € (—1,1), let
up(0) =u(t+ (1+5)0) 0 € [Omin, Omax]-
1. The equation (5.3) can be rewritten as
F(u,\,p) = —(1+ B)u(t) + Laurg + f(A\ urp) =0 (5.52)

where F : CL xR — G, . As a matter of fact, solutions of (5.52) correspond to wy/(143)-
periodic solutions of (5.3).

2. The function F is TxSY-equivariant (and reversible if necessary) with its linear part D, F (0, ), 3)
written as L(X, 3).

3. (a) The adjoint L*(N)us of L(N)uy with respect to the scalar product (-,-) is given by

_emin

Omax
L*(A)Ut:/e- dn()\,Q)Tut(—Q):/ dn(\, —0) ", (6). (5.53)

emax

(b) As a corollary, the adjoint L* of L with respect to the scalar product (-,-) is given by
LN, Blu=—(1+ B)a+ L*(N)uyp. (5.54)
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4. There exist an R > 0 such that, for any v € C}

wo?
0

LN Byu = —(1+ B+ / 0ii(\, 6) g 5(6),

-R

where

[ dioyu@) = [ dnon0) o)+ (10,0%) = 50 07)) (o)

R emin

+/ dn(\, R+ 0) u.(0)
“R

5. ([29]) The operator Lou = —u + L(0)uy g is the linearisation of F at the origin. The spaces
kerLy, ranLy and D = (kerLy)t N C}JO are T' x Sl-equivariant subspaces of C.,,. Moreover,
Cyy = kerLy @ ranly and C’}uo =kerLy & D.

Proof. 1. Note that if u(t) = z(t/(1+0)), then (14 8)u(t) = @(t/(1+3)). Then, if ¢ =t/(1+7),
fOI' 9 € [emina 9max]7

t+ (14 B)0

t
ze(0) =2(E+0) =v(——F +0) =2 55

1+ B8) ) = u(t + (1+ B)0) = w,((1+ B)9).

To check that wy-periodic functions are sent to wy-periodic functions by F'. In particular, for
6 € [eminu emax]a

Ut 8(0) = ult +wo + (14 5)0) = u(t + (1 + 5)0) = u; 5(6).

Moreover,

Omax
O +e) = [ a0 wir(6)

_ / T 0) u(8) = (L) (D).

emin
Therefore, Lu is wy-periodic if u € C, .
2. Equivariance and Reversibility:

Define -
L\ B) = / dn(X, 0)u(0) (5.55)

9min

For v-equivariance, we require that

dn(A, 0)y = vdn(X, 0) (5.56)
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We need to show that
LN)yu =~vL(AN)u

LA)yu = /mxdn(%@)(ww

amin

- / " dn(r, 0)yu(9)

amin

Omax
=5 [ 0o

emin

= yL(M\u

For reversibility, we require that

dn(X, x(7)0)y = x(7)vdn(A, 0)

We need to show that

From (5.60)

Also, (5.60) gives

Since (5.60) is satisfied, reversibility follows.

108

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)



3. (a) Given u,v in C}, we would like to show that (v, Lu) = (£L*v,u). And so,

wo(v, Lug) = / woﬂ Luydt

/ /W (205) - dn(x, 0) w(0)) ds, s +0=t,

/ /m (an A,@)Tv(t——e)-u(t)) di

:/ (/j OO 0 (6’)>-u(t)dt
/=
(L'

t)dt

Ut7 >

(b) We need to deal with the % part of £. We have

(v,—10) = /Owo —o(t) - u(t) dt

= (dv,u).
4. Let K =min{ k € N : kwg > (fmax — Omin) }, and define R = Kwy. then,

LBl = —(1—}—5)11—}-/maxdn()\,g)utﬁ(g)

= 1+ﬁu+/

dn(\, 0) ug 5(0) + / dn(A, 0) u5(0)

+( L0 =00 >)utﬂ<o>

>

\

emln

R+9max

_l’_
\

n(A\, R+ 0)u,s(R+0)
OR
_ (144 u+/ dn(X0) wss(0) + (X 0%) — n(X,07)) ue5(0)

emln

R+9max
+ / dn(\, R+ 60) uy 5(6)
—R
0

= —(1+6)u+/ dn(A, 0) ug5(6).

-R

5. Obviously, the elements of kerL, correspond to solutions of the linear system @ = L(0)u,
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satisfying u(t) = u(t+). Let L£§ be the adjoint operator of Ly, satisfying
(v, Lou) = (Liv,u), Vu,v e Cl.

It follows from (H1) that kerLy = kerA4,(+iag) and kerL§ = ker A% (+iag), both of which
are 2m-dimensional.

]

5.3 Lyapounov-Schmidt Reduction

Let P and I — P denote the projection operators defined by P : C,, — ranly and I — P : C,, —
kerLy. Obviously, P and I — P are T x Stequivariant. Thus F(u, \,3) = 0 is equivalent to the

following system:

PF(v+w\fB) = 0, (5.63)
(I -P)Flv+w,\,B) = 0. (5.64)

Here we have written u € C,, in the form v = v 4+ w, with v = (I — P)u € kerly and w =
Pu € D. Near the critical point (u, A, 8) = (0,0,0), the IF'T implies that (5.63) can be solved for
w = W (v, \, B), where W : kerLy x R — D is a continuously differentiable S*—equivariant map
satisfying W (0,0,0) = 0. Substituting w = W (v, A, 8) into (5.64), we have

B(v,\,B) = - P)F(v+W(v,\ B),\B)=0. (5.65)

Thus, we reduce our Hopf bifurcation problem to the problem of finding zeros of the map
B : kerLy x R — kerLy. We refer to B as the bifurcation map of the system (5.3). It follows
from the I'x Stequivariance of F and W that the bifurcation map B is also I' x Stequivariant.
Moreover, B(0,0,0) = 0 and B,(0,0,0) = 0. Finding periodic solutions to (5.3) rests on prescribing
in advance the symmetry of the solution we seek. This can often be used to select a subspace on
which the eigenvalues are simple. In addition, we should take temporal phase-shift symmetries in
terms of the circle group S! into account as well as spatial symmetries. Here, we place emphasis

on two-dimensional fixed-point subspaces and assume that
(H3): dimFix(%, Eticg) = 2 for some subgroup ¥ C I'x S

(H4): £(0) # 0, where 7(0) is the real part of the eigenvalue with the differentiation done with

respect to the bifurcation parameter.

Assumption (H4) is the transversality condition analogous to those of the standard Hopf bi-

furcation theorem. Now, we can present our main results about equivariant Hopf bifurcation.
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Theorem 5.6. Under conditions (H1 —4), in every neighbourhood of the origin, the system (5.63)
has a bifurcation of periodic solutions whose spatio-temporal symmetry can be completely charac-
terized by 3.

Proof. We consider the restriction mapping B Fix (3, ker Lo) x R*™! — ker Lo of B : ker Lo xR? —
ker Ly on Fix(X, ker £y) x R?, that is,

B(w,\,B) = (I —P)F(v+W(u,\ B),\f)

for v € Fix(3,ker £y), A € R and 8 € R. Clearly, B is also I' x Stequivariant, and satisfies
that B(0,0,0) = 0 and D,B(0,0,0) = 0. Moreover, it is easy to see that ranB C Fix(Z, ker Lo).
Namely, B maps Fix(%, ker £y) x R? to Fix(X, ker Ly). Therefore, we only need to consider the
existence of nontrivial zeroes of B. Without loss of generality, assume that Fix(X,ker £y) =
span{e, ¢} where ¢(0) = €% (0). As stated in Proposition 5.4, for sufficiently small \, there is
a C'-function a(\) € C" satisfying A, (@)a(\) = 0. We differentiate it with respect to A at A =0

and obtain

4(0) DA ay) (i00) | a(0) + A (icre) -

Da(By) (i) + o

d
0) =0. 5.66

< al0) = (5.66)

In addition, there exists b € C" such that ETAAO(Z'&O) = 0 and ¢(0) = % € Fix(¥, ker L) =

Fix(X, ker £y)* Thus, multiplying both sides of (5.66) by ET gives us

d

6 (00" Da(Aay)(ig)al0) = 0. (5.67)

L' Da(Aay)(ic)a(0) + o

In fact, we can normalize BT such that I_JTD (Aa,)(icg)a(0) = 1. Thus, it follows from (5.67) that
4a(0) = b Do (A4,)(icg)a(0). For each @ € Fix(X, ker Lo), ® = 2¢ + 2¢ where z = (1, ®) € C.

Let
9(z, A\, B) = (¥, B(2¢ + 26, AB)) (5.68)

This inner product is taken since PB is orthogonal to 1. Thus, we only need to consider the
existence of nontrivial solutions to g(z, A, 8) = 0. It follows that ¢,(0,0,0) = ¢g-(0,0,0) = 0.

Proposition 5.7. g is Sl-equivariant.

Proof. Let p € S', the circle group of phase shifts. We let p € St act via multiplication by e for
v € [0,2x] or alternatively by (v.x)(t) = z(t — v). Given that B : Fix(Z, ker £5) x R — ker £,
where Fix(X, ker £y) = span{¢, ¢} and where ¢(0) = €**%q(0).
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We have

glp- 2,7 B) = (b, Blp- 26+ p-20,AB))
= (1, "2, (0) 4 " ze"*%a,(0))
= (¥, 2¢"2%q, (0) + ze 7TV a,(0))
= ¢ <¢azemoeg1(0) +567m0022(0)>
= pg(z, A B), (5.69)

which follows from a change of variable, s = v + ag#f. [

Using similar arguments to that in [28], we can find two functions p, ¢ : R® — R such that

9(z, A, B) = p(|2[S A, B) 2 + q(|2[ A, B) iz (5.70)

It follows from g¢,(0,0,0) = 0 that p(0,0,0) = ¢(0,0,0) = 0. Then solving g = 0 is equivalent
to either z = 0 or solving p(r%2 \, ) = q(r A, 3) = 0. In view of the implicitly defined function
W (v, A, B), which vanishes through first order in v = z¢ + zZ¢, we have

F(v+W(v,X B),A B) = —(L+ B)it) + L(Nws + O(|z).
Therefore, with v = ®,

o) +O0(l2*)
0z +O(|2)
) = 2d/(0) + O(|2]*).

92(2,0,0) = <w,FA<<1>oo>> < <>
= sz(O)(emoe (0) + <r 2

In addition,

95(2,0,0) = (3, F(®,0,0)) = (), =(t) +icgL(0)(624(6))) + O(|=[*)
= (1, —iaod(t) +icnL(0)(06:(0)))z + (1, —icnd(t) + icn L(0)(06:(9)))Z + O(|2[*)
= —iapz +iagL(0)(0e%a(0))z + O(|z|*) = —iapz + O(|z]?).

Therefore, G(0,0,0) = 4.4(0) and G4(0,0,0) = —ao. So, the Jacobian determinant of the real

and imaginary part of function g with respect to A and ( is

re(g,(0,0,0)) re(gs(0,0,0)) N d—d . d—r
m(2(0.0,0)) im(gs(0,0,0)) | = O gx 0D = —eogzr(0).

Thus, under condition (H4), the above Jacobian determinant is nonzero. The IFT implies that
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there exists a unique function A = \(r2) and = B(r?) satisfying A(0) = 3(0) = 0 such that

p(r A(r?), B(r?)) = q(r’ A(r?), B(r*)) = 0 (5.71)
for all sufficient small r. Therefore, g(z, A(|z[%),B(|z|?)) = 0 for z sufficiently near 0, and so

the system (5.3) has a bifurcation of periodic solutions whose spatio-temporal symmetry can be

completely characterized by . ]

Theorem 5.6 implies that a Hopf bifurcation for (5.3) occurs at A = 0. In every neighbourhood
of the origin there is a branch of ¥-symmetric periodic solutions z(t, A) with z(¢,\) — 0 as A — 0.
The period wy, of z(t, \) satisfies that limy_,owy = wp. Moreover, Y-equivariance implies that there

are |T'x S1/¥]| different periodic solutions, which have isotopy subgroups conjugate to ¥ in I'x S*.

5.4 Bifurcation Direction

We recall the following basic notions in bifurcation theory:

Consider #(t) = f(X, z;). Assume that when A = X there is an equilibrium # for which

L. 8fgf — 0, then f(), z;) has a stationary point with respect to z at (\, 2).

2. & g%z # 0, then f(\, x;) is an extremum.

3. af ’\ of(r2) # 0, then f(\, ;) has no stationary point with respect to A at (5\, T).

4. 2 8’;5\ =) = (), then varying A shifts the phase curve.

The direction of bifurcation is determined by the sign of the second order derivatives.

In what follows, we consider the bifurcation direction.

Theorem 5.8. In addition to conditions (H1 —4), assume that L(«) and f(«,-) are sufficiently
smooth. Then there exists a branch of Y-symmetric periodic solutions, parameterized by o, bifur-

cating from the trivial solution x =0 of (5.3). Moreover,

1. %(;—/\d(O))%(ggl) determines the direction of the bifurcation: the bifurcation is supercritical
(respectively, subcritical), i.e. the bifurcating periodic solutions exist for A > 0 (respectively,

A <0), if R(LA(0)R(g21) < 0 (respectively, > 0), and

2. R(La(0))I(La(0)ga1) determines the period of the bifurcating periodic solutions along the
branch: the period is greater than (respectively, smaller than) wy if it is positive (respectively,

negative).
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Proof. Assuming sufficient smoothness of f, we write
1 1 ,
f(ovv>:§A(U7U)+EB(U7U7U)+O(||U” )7

where A = D,, f(0,0) and B = D, f(0,0). Write W(zq + 2g,0,0) and ¢(z,0,0) as
=4 1 szl 1 szl
W(z¢ +2¢,0,0) = Z ﬁWle’ Z, ¢(2,0,0) = Z LG
s+1>2 s+1>2

It follows from (5.70) that gs1 = p,(0,0,0) + ig,(0,0,0). From (5.71), we can calculate the

derivatives of A(r?) and §(r?) and evaluate at r = 0:

d < R (g21) d - S(5(0)g21)

The bifurcation direction is determined by the sign of 4A(0), and the monotonicity of the
period of bifurcating closed invariant curve depends on the sign 3(0).

Using a similar argument as that in [27], we have

921 = (V. B(6, 0, 9)) + 2(4, A(d, W) + (¥, A(¢, Wap)).

We still need to compute Wi and Wsyy. In fact, it follows that
Wao = _EEIPA(¢7¢>7 Wi = —ﬁalpA(sb, (;3)
In order to evaluate function Wy, we must solve the following differential equations
Wao — L(0)Woy = PA(9, ¢). (5.72)

Note that A(¢, ) = A(e*Va(0), e 0a(0))e? 0!, So, gog = (1, A(d,¢)) = 0. Namely,
A(¢,¢) € ranLy. Hence, the projection P acts on A(¢,¢) as the identity, and (5.72) is an in-
homogeneous differential equation with constant coefficients. Thus, there is a particular solution
of (5.72) of the form Wi, = Dye? % Substituting W, into (5.72) and comparing the coefficients,

we obtain

Dy = A0, 2iag) A(Ae™0 Vg (0), €00 g (0)). (5.73)

In addition, W3, is orthogonal to 1, so it belongs to ranLy. Thus Wa(0,0,0) is equal to Wy,
with Dy determined by (5.73). Similarly, we have Wy, = Dye~20t and Wy, = Dy where

Dy = A;‘é (0)A(e™ 0 q(0), e g(0)).
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Therefore,

go1 = l_)TB(ew‘O(')Q(O), @00 g(0), e 00 g(0)) + QETA(emO(')Q(O), Do) + ETA(e_iO‘O(')Q(O), Ds).

5.5 One Dimensional Lyapounov-Schmidt Reduction for
Neutral MFDEs

At a point where the linear equation has m eigenvalues with zero real parts and all other eigen-
values having negative real parts, we split the state space thus: X = Xy ® X & X, where X
is an m—dimensional subspace spanned by solutions corresponding to the m purely imaginary
eigenvalues, the stable subspace X, and the unstable subspace X,,.

The Hopf bifurcation requires at least a 2—dimensional system and an MFDE is infinite di-

mensional. Recall the general parameterised autonomous NMFDE

d
Eh()\’ x) = f(N, ), (5.74)

where h, f : R x C([-7,0],R") — R"™ are two continuously differentiable mappings which satisfy
f(\,0) = 0 for all A € R. Recall that when a zero set (equilibrium) (), %) varies, we have a
bifurcation. Introducing a perturbation (A 4 &, & + z) of (A, #) which we may take to equal (0,0),
and substituting into (5.74), we obtain

d < .

If & is a steady state, we obtain an autonomous equation of the form (5.74) otherwise we obtain a
non-autonomous equation. Therefore, depending on the properties of z, we may have a problem
that is autonomous, non-autonomous or periodic.

Let D(A), L(A) : C([fmins Omax), R") — R™ be the linearised operators of h(A,.) and f(A,.)
respectively and further, assuming that D()\) is atomic at 0, then by the Riesz representation
theorem there exist n x n matrix-valued functions g, n : [fmin, Omax] — R"* whose components each
are of bounded variation, such that for ¢ € C([—,0], R™)

DO =00) = [ aun0)o0), L= [ dnr.0)000)

To investigate the behaviour of (5.75) we cast it in the linear operator form

ANz = % [xt(O) _ /0 :m du(A,@)xt(Q)} _ / " (0 0)a(0), (5.76)

emin
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If & is not constant (i.e. not an equilibrium), then the matrix-valued function becomes dn(A, 6,t).
On ker A()), we seek values of A that yield solutions of A(A). Let a be the eigenvalue(s) of A(X).
When o = +iw, Hopf bifurcation follows.

5.5.1 Lyapounov-Schmidt Reduction of 1-D NMFDEs

We consider a general linear autonomous NMFDE of the form

%[m(t) +b(pz(t +1r)+nx(t —r))] = alex(t +r) + ox(t —r)), (5.77)

where a,b : U — R represent the bifurcation parameters and with u,n,¢,0 € R being perturba-
tions.

We analyse the spectrum of (5.77).

Lemma 5.9. Given a,b, u,n,€,6 € R¥, the spectrum of (5.77) is given by the following.

1. The purely imaginary roots iy are given by the solutions of

cos(2ry) = Pcos(ry —0) — 1 (5.78)
where
L 2R
Qb+ )+ 0)
R = [(ab(s = n)(e = 8))* + (ale + )],
and
0 tap-1 2 =M€= 0)

€e+9

2. The neutral equation has an infinite number of purely imaginary roots when P > 2 whilst

the non- neutral equation has at most a finite number of imaginary roots.

3. There is a unique pair of real roots £z given by

a(ee™ + de~ ")
r = .
1 + b(uerx +ne—rx)

(5.79)
The number of real roots is finite.

4. In general, roots come as quadruples g, g, —ag and —ayg.

Proof. The characteristic equation of (5.77) is given by

Ay, () = a+ buae™ + bnae™ " — aee™ — ade™ ™"
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and corresponding eigenfunctions e® where A4 (&) = 0. Letting o = x + iy and substituting into

the characteristic equation and separating the imaginary and real parts we find

by sin(ry) (1" — o) + acos(ry)(ee’® + 5e) 550
€T = 5 .
1+ beos(ry)(uer + ne=r)

y = —bxsin(ry)(pe"™ — ne™ ") + asin(ry)(ee"™ — de~"7) (5.81)
1+ beos(ry)(ue™ + ne=r) . |

1. To find imaginary roots, we set x = 0 in (5.80,5.81), yielding imaginary roots are given by

+iy where y’s are roots of the following equations

_—a cos(ry)(e + 9) (5.82)
b(p =)
e inrg)(c — )
asin(ry)(e —
= 5.83
1+ beos(ry)(u+n) (5.83)
Equating, re-arranging and using, (acosf + bsinf = Rcos(d — a), cos?(ry) = (1 +
cos(2ry))) , we obtain
—a(e+ 8) cos(ry) — ab(e + &) (u + 1) cos?(ry) = ab(u — n)(e — &) sin(ry) (5.84)
from which
ab(e + 0)(pu + n) cos(2ry) = —2Rcos(ry — ) — ab(u + n)(e + 9)
where R = [(ab(s — n)(c — 6))? + (ae + 6))7]}
and after some simplification, we have
cos(2ry) = Pcos(ry —0) — 1 (5.85)
where R
pP=- ,
ab(p+n)(e +6)
and ) 5
0 — tap-1 2B =M€ —9)

We note that,

Lemma 5.10. The graphs of the of (5.85) intersect for P > 0 if and only if P > 2.
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Proof. The graphs will not intersect if max P cos(ry — 6) — 1 < max cos(2ry) i.e.
P—-1<1

hence if
P < 2.

]

2. To find real roots, we set y = 0 in (5.90,5.91). Real roots are solutions of (5.89). We obtain

the single equation

a(ee™ + 0e~"7)

= 5.86
X 1 + b(luemc + ne—rw) ( )

5.5.2 Some Degenerate Cases of the 1-D NMFDE

We now examine some degenerate cases that may arise from setting some of the parameters and/or
perturbations in (5.77) equal to zero or to unity and obtain various simpler forms of (5.82, 5.83)
or alternatively (5.85) and (5.86), as follows:

1. Mixed equation

Settingb=pu=n=0and e =1, 0 = —1, we obtain the 1 — D, linear MFDE with one delay

are of the form

(t) = alx(t+7r) —z(t —1)), (5.87)
where a : U — R represent the parameters.

We analyse the spectrum of (5.87)as follows:

Lemma 5.11. Given a € R¥, the spectrum of (5.87) is the following.

(a) When a € [—3n/4r,0] or a > 1/2r, there is a finite number of imaginary roots +iy
given by
y = 2asin(ry). (5.88)

(b) When a € (0,1/2r|, there is a unique pair of real roots +x given by

x = 2asinh(rx) (5.89)
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Proof. Substituting the values b=y =n=0and e =1, § = —1, into (5.82, 5.83) and (5.86),

we find that

r = 2acos(ry) sinh(rz),

y = 2asin(ry) cosh(rx).

(5.90)
(5.91)

(a) To find imaginary roots, we set x = 0 in (5.90,5.91). Then we find that imaginary

roots are given by +iy where y’s are roots of (5.88). Describing h;, we see that it

is even and has zeroes on kr/r, k € Z* we describe it on R,. Its limit as y — 0

is 7. It is monotonically decreasing to 0 on [0,7/r]. The function h; is negative on
((2k — U)m/r,2kn/r), k € N, with minimum at y = (4k—1)7/2r of value —2r/(4k—1)m.
It is positive on (2k7/r, (2k + 1)7/r) with maximum at y = (4k + 1)7/2r of value

2r/(4k + 1)7.

(b) To find real roots, we set y = 0 in (5.90,5.91). Real roots are solutions of (5.89). The

function hs is even and monotonically increasing from r to 4o00.

]

Because of the symmetries of the spectrum, it is enough to look at roots in the closed positive

quadrant of C. For the general case, (5.91) can be solved for x if

Ly
u=—
2a sin(ry)

> 1.

This means that solutions exists if and only if asin(ry) > 0. There are roots when hy(y) <

1/2a, a > 0, and when 1/2a < hq(y), a < 0. They are given by

1
x:—ln<u+\/u2—1>.

r

And so,

VT = VY2 — 4a?sin®(ry) |

2asin(ry)

Therefore, we need to solve

In (y + VY2 — 4a? sin®(ry)

2asin(ry)

The equation (5.92) may be solved graphically or numerically.
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2. Delay equation
Here we set b=10, e =0 and 6 = £1

&(t) = fax(t —r) (5.93)
and obtain purely imaginary roots from the solution of (5.82, 5.83) and (5.86)
y = +asin(ry) (5.94)

and real roots from
xr=tae " (5.95)

3. Neutral delay equation
In this case, we let =€ =0, n= =1 and § = 1 giving

[z(t) £ bx(t — r)] = Ladz(t — 1) (5.96)

which yields a slight modification to (5.85) as

cos(2ry) = Qcos(ry —6) — 1 (5.97)
whilst (5.86) takes the form
ae—TfL’
r=-——
1+ be

4. Simple advanced equation
Setting b = 6 = 0 and € = +1, we obtain

(t) = tax(t + 1) (5.98)

and (5.82, 5.83) and (5.86)yield
y = fasin(ry)

and

r = Fae™.

5. Neutral advanced equation

Here, we let n =0 =0, p = +1 and € = £1 giving

[(t) £ bx(t + 7)) = *ax(t + 1) (5.99)
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which also yields a slight modification to (5.85) as
cos(2ry) = Qcos(ry — 6) — 1

whilst (5.86) takes the from

ae’l‘il?

T 1+ ber=

The five cases analysed above are of the general one-dimensional neutral mixed functional

differential equation (5.77) obtained by setting some of its parameters to zero or unity.
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Chapter 6

Bifurcation of Neutral MFDE in a Ring
Network

In this chapter, we study the Hopf bifurcation of a cell network with maximum coupling. The dy-
namics of coupled cell networks (symmetric networks of coupled identical oscillators) with nearest-
neighbour coupling have been studied by authors such as Buono et al. in [9], Campbell et al. in
[12] and Benoit et al. in [8]. The equations used by these authors contain some delay terms and

are generally of the form
&) = fla;(8) + Y cjuh(a;(t) — zi(t — 7)),
k=1

where f is the internal dynamics function and h the coupling function and j = 1,--- ,n. Wu [67]

studies the delayed Hopfield-Cohen-Grossberg model of neural networks given by

Wi(t) = —wi(t) + Y Jyf(u(t—7)), 1<i<n,

j=1

where f is a sigmoidal function normalized so that f(0) =0 and J = J;; is a symmetric circulant
matrix with all the diagonal elements identical to zero. Most systems considered hitherto are
those with nearest neighbour coupling. If each pair of cells is coupled, we have a complete graph
(clique). We extend and generalise these to a neutral MFDE network with (maximum) all-to-all

coupling given by the general equation

[Hi(ug)d = fi(To(u)e) + > Fian(Tiug)e, To(ur)e) (6.1)
k=1,k+£j
with 1 < j < n, where the states of the cells are characterised by a vector u = (uy,...,u,), each

with possibly multiple components.
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The linear operators T; : X — RY i = 0, 1,2, represent how the distributed time effects enter
the internal dynamics of a particular cell, for f;, and the dynamics of the connection or interaction

for f; . We define the operators explicitly by the following :

Tyw, = 2(t); Too = 6(0) (6.2)
Tyw, = a(t +6); T = 6(0) (6.3)
Tya, = a(t — 0); Tos = 6(—0) (6.4)

The dynamics of a cell network with (maximum) all-to-all coupling can be written by the

general equation

[Hj(u;)e) = f3(To(uy) Z Fin(Ta(ug)e, To(ug):) (6.5)
k=1,k#j
with 1 < j < n, where the states of the cells are characterised by a vector u = (uy,...,u,), each

with possibly multiple components. The linearisation of the neutral MFDE (6.5) at 0 is given by

[H'(0)(u;)e) = f5(0)(To(uy)e +Zf]k )T (), To(un)e)- (6.6)
In vector form, we may write this equation as

[H'(0)(wy)e)" = FiO)I(To(uy)e) + M(Th(uy)e, To(ur):) (6.7)

where I is the n x n identity matrix and M the n X n matrix

miy M2 M1z ... Mip
Moy M2 Moz ... Map

M= |mg m3 M3z ... May (6.8)
Mp1 Mp2 Mp3 ... Mpg

in which my, = f7,(0).

Definition 6.1. Let Z = (0,1,...,n — 1). The matriz M is circulant if there exists a function
M : T — C such that

mw- = mi,j( mod n),0 = M(Z — j( mod n)) VZ,j € I
M is a circulant matrix, in which each row is generated from a vector by a cyclic shift of the
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row above it. Here the entries of M are vectors v € C" and we denoteM by
M = circ{m} = circ{mg,m1,...,mp_1}.
Note that m;; = m;_j( mod n). We define the shift operator R : C* — C", a rotation, by
R(mgo,my,...,mpu_1) = (Mp_1, Mg, ..., Mpy_2).

To obtain the characteristic matrix equation, we substitute the ansatz u = ¢*' into (6.6)and

obtain
HOS) = [0+ 3 0, 00
k=1
MO = O + 3 a0, X0)
k=1
AH"(0)eM = f1(0) + i Fix(0)(eM, e72) (6.9)
k=1
since H'(0) is a linear operator. The last line follows from dividing by e*.

6.0.1 Examples of Networks with Nearest-neighbour Coupling

The following are examples in the literature, of networks with n identical elements and nearest-

neighbour coupling, which are derivations of this form.

1. An example of a network with nearest-neighbour coupling is the neutral DDE studied by
Lamb and Guo [30]:

%[uj () = cu;(t = 1)] = =3g(u;(t = 1)) + g(uja(t = 1) + g(uja (¢ = 1)). (6.10)

The adjacency matrix for nearest-neighbour coupling is

0 1 0 |
1 0 10 -

B=1l0o 1 01 ---0 0]. (6.11)
1 0 00 -~ 10

We linearise (6.10) and rewrite it in vector form as

%[u(t) —eu(t —1)] = —3I4(0)u(t — 1) + B(O)u(t — 1). (6.12)
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The matrices p(0) and 7() are therefore given by

(8o — c6_1)1 = —3§(0)6_11 + §(0)6_1 B. (6.13)

. A particular practical example is the symmetric ring of delay-coupled lasers investigated by
numerous researchers including Buono and Collera [18]. The equations are symmetric with
respect to rotations of the electric fields, the symmetry groups are Z" x S and D" x SL
Typically, the system links the electric field £ and the inversion N. The DDE system with

bi-directional coupling is

Ej(t) = (L+ia)(N;(0)E;(8) + ke " (Byy(t = 7) + Epa(t = 7)),
1

Ni(t) = =(P = N;(t) = (1 +2N;()) B (D)), (6.14)
for j =1,...,n ( mod n), with five parameters «, &, C,, P and T

We take H;(t) = [E;(t), N;(t)]" € Cx R for j =1,2,--- ,n cast the DDE (6.14) in the form
(3.70) as follows:

Ey0)] _ [ (L +ia)PE,(1) . ne‘iCp(Ej—l(t—T)+Ej+1(t_7))] (6.15)
N [ EEERE P 0

We linearise and write (6.15) in vector form making use of the nearest neighbour coupling

matrix B, as

[é«n] _| o G rieu0) Lo e o] (6.16)
¥(0) 7(P = ¥(0) = (14 2¢(0))|¢(0)[*)
giving the matrix
| (I +ia)Pdg ke ey,
R FIEATE [ o |” o

6.1 A Ring Network Example

We now apply the results to a system of neutral equations with mixed arguments by considering a

ring of n identical elements with forwards and backwards nearest neighbour coupling. We assign

to each individual element a linear decay term, a nonlinear forwards-backwards self-connection

(feedback) term and nonlinear element to element mixed connection terms. This is an example

of (6.5) which includes aspects of the general form not considered in the examples given in the

literature; combining the neutral term and mixed terms. Since it considers nearest-neighbour

coupling, there would be many zero terms ie. fjp=0fork>j+1lork <j—1.
The example NMFDEs takes the form
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d
%[HUJ] = OéoTon + (1/1f1 <T1Uj — TQUZ) +

as fo(Thujs — Touivr) + aafo(Tiuj—q — Thu,_q) (6.18)

The equation for the system is given in component form by

%[ul(t) +ui(t+75) —wi(t —75)] = —wi(t) + off(wi(t + 75) — wi(t — 75))]

+ Blg(uiza(t +7) — uiga (t — 7))]
+ Blg(wi1(t+7) —uiq(t —7))]. i( mod n) (6.19)

Lemma 6.2. The linearisation of (6.19) around the equilibrium point x* is

U] = —ult) + afO)((t+7) — ut — 7)
+ Bg0)(wip1(t +7) — uipa(t — 7))
+ Bg0)(uq(t+7) —uiq(t — 7)), i( mod n) (6.20)

Note that the subscripts 0, +, — on 71" denote the instantaneous, advanced and delayed terms

respectively. If we define

T0¢i = (_¢z(0)7 Qbi(Ts) - ¢i(_Ts>>
Ti¢iy1 = (0ira(7) — diga(—7))
T ¢iy = (¢i—1(7) - ¢i—1(—7')), (6-21)

then equation (6.20) can be written in vector form as

d : )
where [ is the n x n identity matrix, Hp = ¢(0) + ¢(75) — ¢(—75) and T'¢ = M (p(1) — ¢(—7))
with M given by the n x n adjacency matrix,

0 pBg(0) 0 .. By(0)
Bg(0) 0 Bg(0) ... 0
M=| 0 pg0) 0 0 (6.23)
Bg(0) 0 pg0) 0
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and ¢(7) = [¢1(7), ¢2(7), ..., du(7)]".
The matrix M in (6.23) can be decomposed into

M = Bg(0)(C +C7T) (6.24)
where _ .
010 .0
0 01 .0
C=1000 ...0 (6.25)
: 1
1 00 .0

C' = circ,(0,1,0,...,0).

Equivariance and Reversibility

We deduced the necessary conditions for D, — equivariance and reversibility for the general equa-
tion (6.5) and since (6.18) is a derivation of that form, its I, —equinariance and reversibility follow

as corollaries.

6.2 Equivariant Hopf Bifurcation

We recall that a bifurcation from a steady-state can be caused by the loss of the stability of the
trivial solution A = Ag of the characteristic equation. The loss of stability occurs when a pair
of complex conjugate eigenvalues leaving the left complex half-plane through complex conjugate
points on the imaginary axis at the critical value ag. If 0 is not an eigenvalue of the characteristic
equation, then the Implicit Function Theorem implies that stationary solutions of (6.19) cannot

bifurcate from the trivial solution at (0, \y).

Proposition 6.3. The system (6.19) has a unique and uniform steady state whose components
are given by
" = af(0) +269(0) (6.26)

Proof. At an equilibrium, x*, a steady state, the right hand side of (6.19) equals 0, we have ' = 0
implying that u;(t + 7) = u;(t — 7), hence u = k, a constant. Hence the right hand side gives

k+af(0)+289(0) =0

Let w = uj(t 4+ 7) — u;j(t — 7), then w = 0. O
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Lemma 6.4. The characteristic equation of the linearised equation (6.19) obtained using the ansatz

u(t) = eMv is found to be

AeM(1+ e —e Ml = —eMy+ af’(O)(e’\(HTS) — e)‘(t_“))v]
+ ﬁg'(O) (e)\(t+‘r) . e)\(tfr)>cv
+ Bd(0)(H) — A= O Ty, (6.27)

Upon dividing through by e*v we have,

AL+ =™ = [1+af (0)(e™ —e ™)1
+ By (0)(e" —e)C
+ B¢ (0)( — e )CT.

Therefore the characteristic matrix of the linearisation about the trivial solution is

MnO\) — [)\(1 + 6)\7-5 _ 67)‘7-5)][ _ [_1 —l—Oéf/(O)(e)‘Ts o e*)\TS)]I
= B 0)(e = e )C = Bg'(0)(eM — )T (6.28)

The matrices on the right, I, C and C7 together have the structure of the matrix M in equation
(6.23), i.e.

mi1 M2 0 mia
myi2 M1 My 0

M = 0 mi M1 ... 0 (629)
mi2 0 oo M2 M1

where my = M1+ e — %) + 14+ af'(0)(e ™ — ™) and

mig = Bg'(0)(e™" — 7).
By theorem (B.3), and using p; = 1, we have the first eigenvalue

Moo= M1+ —e™) £ 1 +af/(0) (e — ™)
+ 28¢'(0)(e™ = &M) (6.30)

Recalling that the determinant of a matrix equals the product of its eigenvalues (counting

multiplicities), it can be shown that
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Lemma 6.5. The characteristic equation 1s given by

.
det M(0,0) = JTAL+e™ —e) + 1+ af (0)(e > — ) + 28¢/(0) (e — €) cos %
7=0
n—1
= Aj(A)
j=0
n—1
= AN []AM
j=1
n—1 9
= (a+2b)H(a+2bcos Tj) =0 (6.31)
j=1

where a = A(1 + e — ™) + 1+ af'(0)(e ™ — e’™), and b= B¢'(0)(e " — 7).

6.2.1 Hopf Bifurcation

We now examine conditions which lead to the Hopf bifurcation theorem for the system (6.18). We

denote the characteristic polynomial by E()) (6.31) i.e.
n—1

E(N) =AM [T A0 (6.32)

Jj=1

From (6.31) for each A;(\) we have
. 2
A;A) = M1+ €™ — ™) + 1+ af(0)(e ™ — &) + 284(0)(e > — €) cos % (6.33)

Let A\ = u + iw, p,w € Rand A;(N) = R;(p,w) + (i, w), then upon substituting
A = u +iw into (6.33) we obtain

Ri(p,w) = p+p(e"™ —e ™) coswry —w(e'™ + e ™) sinwry + 1

: 2
+ af(0)(e ™ —e!™) coswTs +26¢(0)(e T — ') coswT - cos ﬂ, (6.34)
n

and

S5(p,w) = wAw(e™ —e ™) coswr, — af(0)(e ™ + ™) sinwr,
o
— 2B¢(0)(e™" + €'") sinwT - cos ity (6.35)
n

It is clear that the characteristic equation has a simple pair of pure imaginary roots A = +iw

for parameters such that Ag(+iw) = 0, when, upon substituting iw into (6.31),
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iw(1 + 2isin(wry)) 4+ 1 4 af(0)(—2isin(wry)) + 28§(0)(—2i sin(w)) cos 2%‘7 =0

giving

) 1

sin(wy) = %
Taking | sin(wr,)| < 1, gives |5-| < 1 and hence w > 3.
We find that .

1
— lsin (=) + 2%
Ts Cu[sm (2w)+ 7]

with =F <wTts < 3.
Also, we have .
w — 2af(0) sin(ws)

43¢(0) cos 222
Upon substituting (6.37) into (6.38), we obtain

sin(wr) =

w? — af(0)
4wB§(0) cos 222

o
T= l sin~? d af(()g - | + 2k,
w 4wfBg(0) cos =2

w? — af(0)
4wB§(0) cos 2

sin(wr) =

yielding

with

(6.36)

(6.37)

(6.38)

(6.39)

(6.40)

Fixing the parameters o, 3, w, f (0) and ¢(0), we can determine 7 and 7 such that Hopf bifur-

cation occurs.

Lemma 6.6 (The eigenvalue conditions). Let a, 8,75, T be such that there is a solution of (6.37)

and (6.38)for some j € 1,2,.... Then

e The characteristic matriz M,,(\) is continuously differentiable with respect to .

e The infinitesimal generator, A(B), of the linear operator (6.22) has a repeated pair of eigen-

values tiw.
e The generalised eigenspace, P, of A(B) for iw is spanned by the eigenvectors

iwb iwh — —iwb —iwb —
{e“%v;, e v;, e v, e 0, }
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Proof. The proof is organised in parts.

e Differentiability
The differentiability of M,,(\) follows from its definition, (6.28).

e Eigenvalues

The eigenvalues of A(S) correspond to the roots of the characteristic equation. From (6.31),

A(5) has a repeated pair of eigenvalues.
e Figenspace

From the properties of v; in (B.3), we have

MyNv; = A1+ —e ™)+ 1
+ af(0) (e — )Ly + [B(0) (e — e)](C + CT o

[

The transversality condition requires that the eigenvalue should cross the imaginary axis with

non-vanishing speed Ro/ (7).

Lemma 6.7 (Transversality condition). Let a, s, T,w, f(O) and §(0), be fized such that there is a
solution (7., Tsc) of (6.38) and (6.37). If g(0) # 0, then

%(%)\A:W £ 0. (6.41)

Proof. To check that the roots of the characteristic equation are simple, it is enough to verify that

00y (iw)
T‘)\:zw # 0.
Upon substituting A = iw into
Ag(N) = M1+ M — ™) 4 1+ af(0) (e — &™) +2Bg(0) (e — ), (6.42)
we obtain the following conditions,
0N\ (iw ,
% = ]{Zl + Z/{ZQ (643)

where
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ki = 1—2ar,f(0)cos(wts) — 487G(0) cos(wT) # 0

ke = 2sin(wTy) + 2w, cos(wTy) # 0 (6.44)
We also find that
A (i
0 ;)gw) = —4¢(0)i sin(wr) (6.45)

By the implicit function theorem,

oN " dp B 0
giving
ap ap O\
O
Using (6.43), (6.44), (6.45) and (6.46), we obtain
d\ 4ig(0) sin(wT)
R(—|rziw) = R—F—"—""" 6.47
(@gh=) ky + iky (6.47)
and upon multiplying the numerator and denominator by k; — iks yields
dA\ 4koq(0) sin(wT)
) = A4
Hence the transversality condition is
8¢(0) sin(wT)[sin(wTs) + wTs cos(wTs)] # 0 (6.49)

and ki, ky cannot simultaneously be zero.
From lemmas (6.6) and (6.7), conditions (H1), (H2), (H4) of the Hopf bifurcation theorem are

satisfied. We now arrive at the following theorem.

Theorem 6.8 (Equivariant Hopf bifurcation). Let T, Ts,a,a,ﬁ,f(O) and §(0) be fized and such
that there is a solution (w.,B.) of (6.37) and (6.38). If condition (6.47) holds, then the system
(6.19) undergoes an equivariant Hopf bifurcation as B varies through . i.e. there exists a periodic

orbit of frequency w bifurcating from the steady state ™ = af(0) + 28¢(0).
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Chapter 7

REN Optimisation with Delays

One of the main historical motivation for the study of MFDEs comes from the Euler-Lagrange
equations for optimisation problems with delays. In this chapter we extend the theory to our
reversible/symmetric framework. Kolesnikova et al. [39] determine the necessary and sufficient
conditions for a given ODE or PDE to admit a variational formulation .

We consider symmetric functionals with delayed argument extending the work of [33] and the
series [3, 1, 2]. The study is mainly concerned with the necessary conditions on a function z to be

a critical point of the functional

J(z) = / g(t, Ly(t)z,, Lo(t)d) dt, (7.1)

where a < b —r < b where r is the maximum delay and ¢ is called the Lagrangian. The phase

spaces for the problem are
X~ =PWS([-r,0],R") C Y~ = PWC([—r, 0], R").

We recall that a function is said to be piecewise continuous (PWC) on an interval if it is of class C°
on the interval except possibly for a finite set of simple (jump) discontinuities. Piecewise smooth
(PWS) refers to the equivalent case where a function is of class C*°. The function x € X~ intervene

in J via two delayed linear operators

0
Litlab x Y™ 2R L= [ dn(t.6)90),
for some k; € N, i = 1,2, and then via the continuous nonlinearity
g:la,b] x Rtz 5 R

with continuous partial derivatives of the first two orders with respect to the last two variables.
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Moreover, we assume that there is a compact group I' acting on R” and R¥, i = 1,2, and that

the linear operators L;’s, ¢« = 1, 2, are [~equivariant, that is,
dni(t,0) v¢ = vdmi(t,0) ¢, =12,
for all v € I" and ¢ € Y~ and the function g is [*invariant, that is,
g(t,yu,yv) = g(t, u,v)

for all u,v € R*. Therefore J : PWS([a — 7,b], R") — R is a smooth invariant functional.

7.0.1 Examples

1. The classical functional

b
J(ﬁ):/ flt,x(t),x(t —r),z(t),z(t —r))dt

is written in the form (7.1) with ky = ko =2, using Ly = Ly =L: X~ - R% Ly: Y~ — R?
and g : R® — R defined as

Lo = (6(0), (=7)),  g(t,u,v) = f(t, w1, uz, v1,0).

2. If we have many discrete delays r;, 1 <7 < k, on the state variable, the functional

J(x):/ flt,x(t),z(t —r),...,x(t —rg), (t)) dt

is written in the form (7.1) with r = max;<;<x{r;}, k1 =k +1and ks =1, using L, : Y~ —
R Ly : Y~ — R and g : R+ — R defined as

Lig = (6(0),6(=71),....8(=x)), L2p=0(0), g(t,u,v) = f(t,u, ..., us1,v).

3. If we have a distributed delay on the state variable, for instance

J(z) = / F(t, (L) (), #(2)) .

where
(Lx)(t) = C(t) /t e x(s)ds

t

‘ T the functional J is written in the form (7.1)
e’ —

with the normalisation constant C'(t) =
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with kj = ks =1 using L; : X~ — R*L Ly : Y~ = R and g : R****1 5 R defined as

0
Lip = er1_1/ e ?p(0) db

-

and Lop = ¢(0) and g(t,u,v) = f(t,u,v). The shape of L; follows from the following

calculations

(L)) = —° / =52 (s) ds

T
€ 1 t—r
t

¢ [0 L
— /e_(t+9)x(t+9)d9— /e—"xt(e)de_let.

er—1 er —1

-r -r

4. We can also deal with variable delays. Take dn(t,6) = _q) (), then

L(t)y, = y(t — (t)).

7.0.2 Critical Points

To discuss critical points of the functional J we set boundary conditions for the admissible func-

tions. Classically, there are many boundary conditions possible :
1. asymmetric conditions, where z,(6) = ¢(0), 0 € [—r,0] and x(b) is fixed,;
2. symmetric conditions, where z,(0) = ¢(0), 0 € [—r,0], and z,(8) = ¥(0), 0 € [—r,0];
3. periodic conditions where we choose ¢ = v in the symmetric conditions.

To calculate necessary conditions for critical points, we need to define admissible variations that
correspond to the differences between two admissible functions. In each of the previous case they

correspond to the following PWS functions & : [a — r,b] — R satisfying
1. for asymmetric conditions, {(a 4+ 0) = 0, V8 € [—r,0] and £(b) = 0;
2. for symmetric conditions, &(a + 0) = &(b+ 0) =0, VO € [—r,0];
3. for periodic conditions, &, = &.

To be able to determine the Euler-Lagrange equations for the critical points of J, we need the

following result.

Theorem 7.1. If x is a critical point of J, then there exists a constant ¢ such that

O(t) + ¢ = / 0 Golt — 0, Ly (t — 0)2,_g, Lo(t — 0)irr_g) dnp(t — 0,0), (7.2)

-
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fora<t<b-—r, and

U(t) +c= / 0 Golt — 0, Ly(t — 0)ze_g, Lo(t — 0)icy_g) dipa(t — 0., 0), (7.3)

forb—r <t <b, where ® and V are defined later in equations (7.8) and (7.9), respectively.

Proof. If x is a critical point of J, the directional derivative of J at x in the direction of all
admissible variations £ must be 0. Explicitly, for small € € R, let F(e) = J(x + €), then, taking

the derivative at € = 0, we see that

d

%F(O):ij(x)g = /agu(t7L1(t)$t7L2(t)ft)L1(t)§tdt (7.4)

b .
4 / gu(t, La(#)0, Lo(t)d1) Lo(t)é dt. (7.5)

We need now to introduce the explicit form of the linear operators in (7.4,7.5). We get

DJ(x) = / / Gu(t, La(£), L(£)i) i (1, 0) £(t + 0) dit
b 0
N / /_ au(ts Lo ()22, La(8)y) dins (£, 0) E(t + 0) d.

Interchanging the integrals in ¢ and 6, we can change co-ordinates to s = ¢+ 0, keeping 6 € [—r, 0].
We get
b+-0

D, J(z)¢ = /_ gu(s — 0, L1(s — 0)xs_g, La(s — 0)is_g) dni(s — 0,0)&(s) ds

a+6

0 b+6 .
+ / / Go(5 — 0, Ly (5 — 0)s_g, La(s — O)irs_g) dials — 6,0 £(s) ds.
—r Ja+0

Recalling that in general

b+6 b—r b+0

fdt= [ fyde+ [,

a a b—r

we can use the properties of the admissible variations, ¢ and & are 0 on l[a — r,a], to say that

0 bt
D, J(z)§ = / / gu(s —0,L1(s — 0)xs_g, Lo(s — 0)Ts_g) dni(s — 6,0)&(s) ds (7.6)
—1—/_ / go(s — 0, Ly (s — 0)y_g, Lo(s — 0)is_g) dia(s — 0,0) E(s)ds. (7.7)

To apply the Fundamental Lemma of the Calculus of Variations (du Bois-Reymond), we need
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to express (7.6) in term of € using the integration by part formula,

| roewa= ot - [ Poée

where %F = f with F'(b—r) = 0. We also need to interchange the range of integration between 6
and s, from 6 € [—r,0], s € [a,b+0] to s € [a,b—7r], 0 € [-r,0] and s € [b—7r,b], 0 € [s—b,0]. The
first part (7.6) of D,J(x){ becomes (we introduce g,(...) to simplify notations, the dots replace
the arguments of (7.6)) or (7.7), respectively)

/_i /ab+9 gu(-- ) dmi(s —0,0)¢(s)ds = /ab"“ [/0 gu(-. ) dmi(s — 6,0)] £(s) ds

-

+/bbr [/Sobgu(. ) dm(s — 979)] £(s) ds.

We can now integrate by parts to get

-r

[ ot —00)] s = e - [ o i

where
B(s) = /b _ /_ 0 9u(z —0,L1(2 — 0)3,_g, Lo(z — 0)i,_g) di (2 — 0,0) dz, (7.8)
and
/b: {/:b Gu(...)dm(s—0, 9)] £(s)ds = [¥(s) 5(3)]Z—r — /b: U(s)£(s) ds
where

U(s) = /b S /  gu(z = 0, Li(z = )220, Lo(2 = 0)i=g) A (2 = 0,0) dz. (7.9)

We need to split (7.7) to compare the integrals. Because ®(b—r) = ¥(b—1r) = £(a) = £(b) = 0,
we get the following

pawe = [ o+ [ ot dine-00] i

T

[ e [ atdnts-00] doas

-
Using the fundamental lemma, we can conclude because the integrands must vanish. O

We can then deduce the following corollary.
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Corollary 7.2. If x is a critical point of J, then x must satisfy the following MFDE

0
/ Gu(t — 0, Li(t — 0)xs_g, Lo(t — 0)ir—p) dmi(t — 0,0) =

% U_ 9ot — 0, Li(t — 0)x—9, Lot — 0)d1—g) dna(t — 0, 9)] , (7.10)

fora<t<b-—r, and
0
/ gu(t — ‘9, L1<t — Q)ZL’t_Q, Lg(t — e)i't_g) dTh(t — 9, 9) =
t—r
d 0
7 [/ Gu(t — 0, Ly(t — 0)xy_g, Lo(t — 0)E1_g) dno(t — 0, 0)} , (7.11)
t—b

forb—17 <t <b.

Proof. The result follows from differentiating (7.2) and (7.3). O

7.0.3 Example

When we have a single delay, we basically recover the results of Hughes ([33]). Let

b

Iw) = [ttt = )90 90 - ). 9(0) d, (r.12)
be a nonlinear functional. We shall examine quadratic forms, that is homogeneous quadratic
polynomials f in the variables z,y, ¢, where x(t) = y(t — 7), q(t) = & = y(t — 7) and r(t) = §(¢t).

Corollary 7.3. If y is a critical point of J, then y must satisfy the following MFDFEs

Dy f(t, ye(=7),9:(0), 4u(=7), 9:(0)) + D2 f (t + 7,5:(0), we(7), 9:(0), 9u(7)) =

% [Ds f(t, ye(—=7),4:(0), 9:(=7), 9:(0)) + Daf(t + 7,9:(0),5:(7), 5:(0), % (7))] , (7.13)

fora<t<b-—rT, and

Dy f(t, yi(—7), y(0), 9e(—7), 9:(0)) = % (Ds f(t,y:(=7),4:(0), 9:(=7), 9:(0))), (7.14)

forb—17 <t <b.

If y minimises J on the set of admissible functions, then the following relation holds att = b—r:

Dsf(b—7,y6(=27), uo(=7), 9o(—=277), Up(—=77)) + Daf (b, yo(—7), 46(0), 4(—77),9(07)) =
Dsf(b—7,ys(=27), yo(—7), 96(=27"), o(—=77)). (7.15)
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Proof. We cast (7.12) in the form (7.1) by defining v = (z,y) € R* and v = (¢,7) € R r = 7, s0
that
g(t, U, U) = f(tv L, Y,4, 7”)

and the operators L1 = Ly = L : Y~ — R? by

AN
qu—( o )— | an®oc0

where dn(0) is a two dimensional vector (§_,(0),do(0)) of measures of mass 1 at § = —7 and 6 = 0.
We can now use Corollary 7.2. The derivatives g, and g, are vectors in R? given by (Do f, D3 f)
and (Dy4f, Dsf), respectively. The integrals in # means that the only non zero term is for § = —7

in the first component and for § = 0 in the second. The values of the operators are

Lyrir = (y(t),y(t+7)), 0=—7;
)

Li(t —0)y—g = { Ly, = (y(t — 1), y(t)), 0=0,

with similar results for Ly(t — 6)y,_g, replacing y by ¢. Therefore the first component of the term

in g,, for 8 = —7, becomes

Dof (t+7,y(@), y(t +7),5(), 9t + 7))

and the second, for 6§ = 0,

For the term in g,, we exchange D for Dy and D3 for Ds.

At t = b — 7 we have compatibility conditions between (7.6) and (7.7). The function y is
continuous, but its derivative is not. So we need to take limits on the left and on the right at
t = b— 7: the left limit of (7.6) must be equal to the right limit of (7.7). Note that the integral
terms vanish because the boundaries are identical and the integrand are continuous, therefore we
get (7.15). O

7.0.4 Quadratic Objective Functions

Now consider the general constant coefficient quadratic form
ft 2, y,q,7) = a12® + aswy + aszq + agar + biy® + byyq + bsyr + c1¢” + coqr + dar?, - (7.16)

where the coefficients are constant of time ¢t. We get the following result.
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Lemma 7.4. Given 7 > 0, let L™, L™ and L° be the following operators from (C|—7,7],R) to R:

LT¢=¢(r) +¢(=7), L ¢=¢(r) —d(-7), L% =¢(0).

Let p(t) = y(t) and x = (y,p), then the Euler-Lagrange equation (7.13) can be written as a neutral

MFDE
d

Eh(xt) = g(zy), (7.17)

Lo 0 Y
ha) = + 0
0 CQL + 2(61 + dl)L Dt

where

and

g(w) =

0 LY Yt
a2L+ + 2(&1 + bl)LO (CL4 — bg)Li Dt ‘

Proof. The Euler-Lagrange equation (7.13) is given by

s + 2b1y + boq + b3r + 2a1y + aoz + azy + ayz =

d
7 [a4x 4 b3y + coq + 2d17 + azx + boy + 2¢1q + cor] (7.18)

that is

azy(t —7) + 2(ar + b1)y(t) + bay(t — 7) + agy(t +7) + auy(t +7) =
agy(t — 1) + c(t — 7) + 2dq4(t) + bay(t + 7) 4+ 2c19(t — 7) + c28(t + 7). (7.19)

Revisiting the second order equation (7.19), we reduce it to a system of first order equations

by letting p = v, and so p = 4. Then,

agy(t — 1) + 2(ay + b1)y(t) + bap(t — 7) + agy(t + 7) + asp(t + 7)
= ayp(t — 7) + cop(t — 7) 4+ 2d1p(t) + bap(t + 7) + 2¢1p(t) + cop(t + 7),

simplifies in operator form as
C2L+pt + 2(61 + dl)p(t) = (a4 — bg)Lipt + CLQLert + 2(@1 + bl)y<t>

which may wholly be written in operator form as (7.17). O]

In order to obtain a first order MFDE from (7.19) we require ¢; = ¢o = dy = 0, giving the

simplified form
(ag — b))yt +7) — 9t — 7)) = =2(a1 + by)y(t) — asly(t — 7) + y(t + 7)]. (7.20)
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Equation (7.19) rearranges to a neutral MFDE.

7.0.5 Optimising One Dimensional DDEs with Harvesting

Here we shall concentrate on optimal harvesting problems. Consider the harvesting model with
delay represented by the DDE

%N = ¢(t, N;) — h(t,N) (7.21)

where N(t) is the population density vector, g represents the dynamics of the populations without
the harvesting strategy h and 7 is a delay. The goal is to maximise the exploitation of resource
across a period of time [tg,?;]. This can be interpreted in many different ways; for example,
maximising catches in fisheries or income under some initial and final conditions (such as periodic
orbits).

Here we shall consider simple cases corresponding to a Bolza problem. The goal is to maximise
catches H over [to, t1] assuming that N is known over [ty — 7,to] and at ¢t = t;. Re-writing (7.21),
we have

h(t, N) = g(t, Ny) — %N(t).
Considering the interval from ¢ to t + dt,

AH =H(t+ At,N)— H(t,N) ~ h(t,N) dt.

The amount harvested from ¢y to t; is thus given by

t1 t1
V) = [ hieNyde = [ lgfe M) - Kot (7.22)
to to

which is the functional we wish to maximise.

In general, as in Theorem 1.2 of [33], we have then

t1 . d
HV) = [ (N = 1N, N 7). G ) e (7.23)
to

A selection of Predator-Prey models with delay and harvesting is provided in [53] and include
the following examples. In one dimension, let r be the intrinsic birth rate of a population and K
the carrying capacity of its environment (both depending on time), the delayed Verhulst logistic
versions of (7.21) are, either,

N(t)

g(t,Ny) =r(t —71)N; {1 - m} , (7.24)
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if there is competition at the current time between the young and the adult population, or

g(t, Ny) = r(t) Ny [1 - %} , (7.25)

if there is competition between adults at reproduction time t — 7.

The critical points satisfy the following condition.

Corollary 7.5 (Hughes, [33]). If x is a minimum of J, then x must satisfy the following MFDE

Dsf(t,(—7),24(0), 2,(—7),,(0)) + Do f(t + 7,2,(0), 2(7), 7,(0), 2y (7)) =

% [D5f(8, ‘Is(_T)? ZL’S(O), 1'75<_T)7 xs(0)> + D4f(8 + 7, x8(0>7 ZES(T), j}s(O), xS(T))] ) (726)

fora<t<b-—rT, and

Dy f(t, w(=7), 2:(0), &:(=7), 2:(0)) = % (Ds f(t, 20(=7), 2:(0), &4(=7), 2:(0))), (7.27)

forb—17 <t <b.

If x minimises J on the set of admissible functions, then the following relation holds att = b—r:

D5f(b - T, xb(_27—)7 mb(_T)v is(_ZT_)a :ts(_T_)) + D4f<b7 xb(_7)7 xb(0)7 ib(_T_)7 ZL‘b(O_))
= Dsf(b—7,25(=27), 2(—7), 5 (=27T), 2s(—77)). (7.28)
7.0.6 The Logistic Equation

Proposition 7.6. When the Lagrangian g is given by (7.24), then the equations (7.13,7.14) can
be applied to yield the difference equation

N+ =k — W Ny, (7.29)

Proof. From (7.22) and (7.14), the right-hand side of the Euler-Lagrange equation for (7.23) is
equal to £(—1+0) = 0. The two derivatives in (7.13) give

—r(t)N(tK_ ) 4 1) [1 _ W} o, (7.30)

which may be rewritten as (7.29). O

Note that for equation (7.25), we find directly the solutions of fy¢—r) = 0, that corresponds

to the classical constant coefficient result N(t) = 5 ([17]). Finally, we can state a few results

following from Proposition 7.6.
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Theorem 7.7. Suppose thatr € C*(R). Then the solution N : R — R of equation (7.29) satisfying
N(t) = ¢(t) fort € [—27,0], exists, is continuous and differentiable if and only if ¢ € C*°[—27,0]

and

o(0)+ "= g(—om) = K. (7.31)

Proof. Note that equation (7.29) yields N(t) which can be differentiated and substituted to give
the harvesting strategy, H = f — %N . For example, in the case of proportional harvesting,
H(t,N) = eN, the effort e required would be given by e = # To check for continuity of the
solution, let ¢ € [0,2x] be the history function, then ¢(0) must equal N(0). Stepping forward,

(7.29) can be rewritten as

r(t—7)

N =K ==

o(t —27), for 0<t<2T. (7.32)

Hence for continuity,

which gives condition (7.31).

For the next interval 27 <t < 47, we have

N(t) = K-

r(t)
r(t—rT) {K (=37

r(t) r(t —27)
on substitution from (7.32). For continuity at ¢t = 27, we require the following

r(7) B r(—7)
r(27) {K r(0)

ot~ ar)

N(271)=K —

o-20)|.

But,

Rearranging, we have
) ) o e

r(27)  r(27) r(27)r(0)

which is the same as (7.31). Note that N (t) is differentiable if both ¢(¢) and r(t) are differentiable.
[

7.0.7 Periodic Solutions

For a solution to be 27—periodic, we require N(t) = N(t — 27). We obtain the following result
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Lemma 7.8. For the equation

N(t) = K — T(Z(Z)T)N(t —2r)
to have a periodic solution, we need
_ r(r)] r(0)
o=k 1] K
Proof. For 0 <t <27, : )
r(t—T
N(t) = ) ot —271) = o(t — 27).
This gives
oy = r(t—7) -1
ot —21)=K {1 + ) 1 (7.33)
Hence,
o r(t=7) (t-n]" _ r(t
MO ok [
From equation (7.33)
B r(r) 17 r(27)
o(0) =K {1 + 7"(27)] N KT(T) + r(27)
. We also require r to be 2r—periodic, which therefore yields
_ rm)] g 0
o0 = [1+ 58]~y
O]
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Chapter 8
Conclusions and Future Work

The use of functional differential equations and by extension, MFDEs, has become prevalent in
recent years. They are applied to control, biological and economic systems. Some of the systems
have an inherent symmetric nature, such as the cyclical arrangement of coupled cells in a network.
It is necessary to study the existence and stability of periodic solutions of such systems. The effects
of symmetries on such systems lead to many interesting patterns of oscillation. In this work, our
focus has been on the question of existence and uniqueness of solutions, the reversibility and
equivariance of NMFDEs and bifurcation, using the center manifold and equivariant Lyapunov-

Schmidt reduction techniques.

8.1 Results

In this chapter, we give a brief summary of some of the results that we have obtained thus far:

We have proven the existence and uniqueness of solution of an MFDEs with asymmetrical
constant deviating arguments, as an initial value problem. We used and extended the analysis to
the challenging case of distributed delayed and advanced arguments, showing that the method can
be applied if the history function has compact support. We also study the infinitesimal generator
of the semi-group associated to the generalised autonomous MFDE and its spectral analysis.

Our other main contribution was the develop a reversible-equivariant theory for NMFDEs,
laying emphasis on D, —reversible-equivariant systems. We obtained the matricial structures and
conditions that are necessary for an NMFDE system to be D,,, Z, and Z, reversible-equivariant.
We applied the results to a system of ring networks of cyclically arranged identical cells with
forward and backward coupling.

For bifurcation, we explored the occurrence of Hopf bifurcation resulting from the actions of
Dy, Z, and Zs. The Hopf bifurcation of NMFDEs was analysed using the centre manifold and
Lyapunov-Schmidt reduction processes. We explored the symmetries and reversing symmetries of

the MFDE and developed the equivariant Lyapunov-Schmidt reduction to explore the existence of
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periodic solutions. Furthermore, we carried out a unfolding of an NMFDE under the Bogdanov-
Takens bifurcation using the center manifold reduction.

Optimal control systems amongst others in economics motivated the studies of variational
problems with delayed arguments. We studied the problem of determining the necessary and
sufficient conditions for optimality in variational problems with delayed arguments. We obtained
the critical points of symmetric functionals with distributed delays from which the resulting Euler-
Lagrange equations yield MFDEs, and thereby extend the work of Hughes. The Euler-Lagrange

equations ensuing from the optimisation of the logistic equation yielded a difference equation.

8.2 Future Work

We now list a number of possible extensions to the work undertaken in this thesis:

1. The existence and uniqueness of solutions of the equation (2.12) of Chapter 2 was shown. A
possible extension would be to study the effects of imposing symmetries and reversibilities

on the matrices A and B and on bifurcation analyses thereof.

2. Buono et al. in [11] establish a general theory for the equivariant versal unfolding of DDEs.
We studied the versal unfolding of an NMFDE with Bogdanov-Takens bifurcation. Further
work needs to be done to establish the theory for the equivariant versal unfolding of MFDEs.

3. Lattice differential equations (LDEs) are systems of ordinary differential equations with
a discrete spatial structure and have inherent symmetry properties. LDEs naturally lead
to MFDEs. Georgi [26] studies bifurcations from homoclinic orbits in reversible lattice
differential equations whilst Chow et al. [14] study propagation failure and lattice induced
anisotropy for traveling wave on LDEs. The reversibility , equivariance and bifurcation

analyses of such system would be an important area to explore.

4. The effects of reversibility and symmetries on the Euler-Lagrange equations resulting from

the optimisation of functionals with delayed arguments is an area that needs further studying.
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Appendix A
Functions of Bounded Variation

This text is adapted from Verduyn Lunel [65].

In line with general usage in the study of delay equations we shall work with kernels of bounded
variation. A partition o(z) (of length n) of [0, x] is a finite ordered set (oy, . ..,0,) € R" such that
0=o09 <01 <...<o0,=x The width of the partition is pu(o(z)) = maxi<;<,(0; — 0j_1). Given
x, P(x) is the set of all partitions of any length of [0, z].

Let f;R, — R be a given function. The total variation function V(f) is defined by

n

V(f)(x)= sup > [f(o;) = foj-1)|-

aeP(e) =y

In general, for 0 <z <y < o0,
0 <V(f)(z) <V(f)y) < oo (A.1)

If V(f) is a bounded function, then (A.1) implies that

T(f) = lim V(f)(z)

T—r00

exists and is finite. In that case we say that f is of bounded variation, in short f € BV, and we
call T(f) the total variation of f. A complex function f is called of bounded variation if and only
if its real and complex parts are in BV. A vector-valued function f is called of bounded variation
if and only if all components of f are of bounded variation. If both g and h are non-decreasing
bounded functions then f = g — h is of bounded variation. Actually the following result shows

that this property can be used to give an equivalent definition.

Theorem A.1 (Titchmarsh [61]). If f : Ry — R" is of bounded variation, then f can be expressed

in the form
f =4g—- ha
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where both g and h are non-decreasing bounded functions.

The next theorem explains the importance of the class NBV[R, ] and makes it possible to apply
abstract integration theory. To formulate the result, recall the definition of a Borel measure. A
Borel measure is a measure p defined on the o-ring generated by the compact subsets of R and

such that p(K) < oo for every compact subset K of R.
Theorem A.2. If f,g € NBV[R,] and if iy denotes the Borel measure corresponding to f. Then,

1. Suppose {¢p; 321 1s a sequence of complex measurable functions on Ry such that

o) = lim g,(x)

Jj—o0
exists for every x € Ry. If there exists a function x € L'(uys) such that for every j
|0(2)] < x(2), ae.

with respect to g, then ¢ € L'(uy) and
lim [ |o—oldf = 0.
j—o Jr,
2. Let ¢ be a Borel measurable function on R, x R,. Suppose that

/R )] [ o)l dolo) < .

then

/R @) [ o) da(y) = / do(e) [ o) ().

3. If ¢ is a continuous bounded function on Ry. Then, for all finite intervals [a,b],

b b
[ odr =t~ [t sa.
Moreover, ,
¢df < sup, [¢(@)| (V() () = V(f)(a)).

Define the subclass NBV[a, b] of NBV[R,] by

NBV]a,b]={ f € NBVIR,] : f(t)=0, t<a, f(t)=f(b), t>b}
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and use for f € NBV|a,b] the following convention

b
[ odr=[ odu.
a Ry

Because of Theorem A.23, for every f € NBV|a,b|, the mapping

¢lew

defines a continuous linear functional on Cfa, b].

A.1 The Riesz Representation Theorem

Theorem A.3 (Riesz Representation Theorem, [54], 6.19). Let L be a continuous linear functional
on Cla,b]. There ezists a unique f € NBV[R,] such that, for all ¢ € Cla,b],

L@) = o) = [ odr (A2)

and || LI = T(f).

In order to to be able apply this to delay equations note the following conventions. Write [ df ¢
instead of [ ¢df, and if ¢ is a C"-valued function with values as column-vectors and those of f as

row vectors, then take [ df¢ to denote

Z::/dfj% = ZZ:/Qﬁjdfj- (A.3)

Also every continuous linear mapping from C([a,b], C") into C™ can be uniquely represented
by

b
¢H/d®, (A4)

where ( is a n X n-matrix whose elements belong to NBV[a, b].

A.2 Examples

Next consider a linear system of autonomous retarded (delay) REDEs:

ﬂQ:/WMWMU—ﬁ,tEO, (A.5)

0
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satisfying the initial condition
z(t) = o(t), —h<t<0, (A.6)

where the matrix-valued function ¢ belongs to NBV[0, k| and the initial condition ¢ is a given
continuous function, in short ¢ € C[—h,0]. In the study of the behaviour of the solution of the
above system of RFDESs, it turns out to be useful to rewrite the problem as a Volterra convolution
integral equation (or, as it is frequently called, a renewal equation). We split up the integral to

separate the part involving the known ¢ from the part involving the unknown z:

i(t) = /OtdCx(t—O)+/t d¢(0) (t = 0)
_ —/Otdeg(t—e)x(e)—/hdeC(t—e)Cb(@)

(recall that ¢ is defined to be constant on [h, 00)). Next we integrate from 0 to ¢ and obtain

o) =00 = [ [Tausto-0ys0ar- [ [ 4o (o — 6) 6(8) do.

So, because of Theorem A.22

£(t) - 6(0) = - / do / (o — ) dox(0) - / S / C(o — 6) doo(0)
- - (- 6)x(6) db + [ -0~ c-opom i

—h

We summarize the end result of our manipulations as follows. The solution z of (A.5) satisfies the

renewal equation
r—Cxx=f,
where by definition ;
16 =60+ [ (6l =0) = c(-0)) 6(6)ds. (A7)

—h
A.2.1 Remarks on the Example
1. The function f defined in equation (A.7) is constant for ¢ > h.

2. The function f defined by (A.7) is absolutely continuous. Actually, for ¢ € C[—h, 0],

h
f(t) = / ac(6) é(t — 0) (A8)

t

is well-defined and even of bounded variation.
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3. The formula (A.7) makes perfect sense if ¢(0) is given as an element of R"™ while ¢(6)
for & € [—h,0] is given as an integrable function. Moreover, in [20] it is proved that
the mapping defined by equation (A.8) has a continuous extension to a mapping from
LY=h,0] — L'[—h,0]. So f is still absolutely continuous, although there is no explicit

formula for f anymore.

4. Partial integration shows that the derivative of the solution of the linear autonomous RFDE

(A.5) also satisfies a renewal equation of the form
Tt —(xd=h,

where h is defined on [0,1) and is constant on the interval [k, 1). See Chapter 12 of [65] for

detailed results about the close connection between delay and renewal equations.
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Appendix B

Circulant Diagonalisation

The action of Z, on K" is a typical symmetry for a ring network. In this section we state and

show known results about such action of Z,, on K"

B.1 Shift and Fourier Matrices

The shift to the right p is defined as the permutation on K"

p(x1, .. xn) = (Tp, X1y ooy Tpot). (B.1)

It generates an action of Z, on K" It acts as the matrix of coefficients p;; = 61;—;) where ¢ is the
Kronecker symbol and (i — 7) is calculated modulo n..

To analyse the spectral and diagonalisation properties of p, we denote by p, = exp 2% the

n

primary n'-root of unity. We define the Fourier matrix F, (of order n), the matrix with entries

1 ..
Fo)ij = —=pd.
( )] \/ﬁpn

Lemma B.1. The matrix p is orthogonal of eigenvalues
)\k:psz, 1<k <n,
with corresponding eigenvectors
vk = ((F)we o (Fu)ue), 1<k <m.
The matriz F,, realises the diagonalisation of p,

F*pF = diag(pz_la pn—2’ T 1)

n

152



Proof. To show that p is orthogonal, we need to check that pp? = I,,. We can calculate that

= Z pik(pT)kj = Z Pik * Pjk = Z O1(i—k) * 51(j—k) = 0jj = (I)ij
k=1 k=1 k=1

To analyse the eigenvalues and eigenvectors of p, we note first that when  is a n'root of unity
such that p # 1,

Second, F;! = F* because

n

(FyF)m = > _(F3 ) == Z 't o = Zp‘“m D = G,

k=1

because p™ ! is a root of unity when [ # m.

Next, for 1 <1, m < n, we calculate

n

(FnpE)im = Z(F* )i (F)jm = Y (F )i (Fu) jm

J,k=1

n 7l n
- _Z 51k j :%jzlp l(j—H)pn - n <Zp](m l) :,O_nl(;lma

J,k=1 j=1

therefore
F*pF = diag(p, ™', pp 7%+, 1).

Let e; be a unit vector in K" the eigenvector corresponding to Ay is

v = Fher = (Fo)iks - (F)nk), 1<k <n.

B.2 Circulant Matrices

A matrix M is circulant if each row is generated from a vector by a cyclic shift of the row above

it. Let m € K" we denote by M = circ(m) the circulant matrix whose first row is m.

Lemma B.2. A circulant matriz is p-equivariant. Moreover, M 1is circulant if and only if

M= Myp™" (B.2)
=1

PT’OOf. Note that Mz’j = m(j_i+1).
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Given 1 <14, 5 < n, the p-equivariance of M follows from
(Mp)ij = ZMMP@ ka i+1 51(k —j) = —(i—1)+1)
k=1

= D Oinm-ken) = ZpikM’fj = (pM)sg.
k=1 k=1

Clearly M given by the equation (B.2) is p-equivariant and so it is circulant. Note that, if N

is any matrix,

(PN)je =Y pitNuw =Y 01—y Nix = Ny

i=1 i=1
and so, by induction, modulo n,

(P)jk = PGtk (B.3)

Now, if M is circulant, modulo n, and using (B.3),
My, = mg—jr1) = Migr—j) ZMM(SI (j+i—k) ZMhP (j+i—k)k

Z Muip(j—(n+1—i)+1k = Z Muipvi-rye = Z My pi(—(nt1—i)+ 1)k

=1 =1

ZMM n+1— z (Z Mlz n+1— z) 7

ik
and the conclusion follows. O

We now state a standard result on circulant matrices.

Theorem B.3 (The Circulant Diagonalisation Theorem). Let m € K" M = circ(m). The

eigenvalues of M are
)\k =mq + Pﬁmg +...+ p%"_l)kmn, 1< k < n,

of eigenvector
— (pfl,pik,...,pfl(” 1),1), 1<k <n.

Proof. From (B.2), M =" | My;p"*1~". We know that F, diagonalise p, and so, it diagonalises

any power p' and they have the same eigenvectors v;, 1 < k < n. Therefore

V*MF, —Zmz L) TR, = diag(Ag -, M),
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where the eigenvalues are
N = my + phma + .+ pf]

with the corresponding eigenvectors vy.

B.2.1 Commutativity of M and D,

Consider now the following action on K™:

S(x1,.. . xn) = (Tp, Ty, - - .

(n—1)k

7£U1),

that is, S acts as the matrix of coefficients Sj; = dj(n—j1+1), 1 < 2,7 < n.

Lemma B.4. pS = Sp’.

Proof. Calculate (modulo n), for 1 < j,k < n,

(PS)jk =D pisSik = D 01=0itn—t1) = O1(j—nk+1) = O1(j+k-1).

i=1 i=1
Similarly,

n

(SPT)jk = Z Sji(pT)ik = Z sz’pki = Z 5j(n—i+1)51(k—i) = 51(k—(n—j+1)) = 51(j+k—1),
i=1 i=1

i=1

and the conclusion.

O

As a consequence, we can characterise any ID,,-equivariant matrix using the previous notation.

Theorem B.5 (M — D,, Equivariance). The matriz

M = i mipnfl#l

=1

is Dy -equivariant if and only if (ma, ..., my) = (M, ...

Proof. We already know that such M in (B.4) is Z,-equivariant. It remains to impose that

MS = SM. And so,

Hence, the conclusion.
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Appendix C

The Implicit Function Theorem and the
Lyapounov-Schmidt Reduction

C.1 Implicit Function Theorem (IFT)

One can use the Contraction Mapping Theorem (CMT) to prove the following general version of
the IFT in higher dimensions. Let (V.|| ||) be a normed space, we denote by B,,(r) the closed ball

of centre vy and radius r, that is, B,,(r) ={v eV : |lv—v| <7 }.

Theorem C.1 (Implicit Function Theorem; [15]). Let XY, A be open subsets of Banach spaces
and let F': X XA =Y be a k-times continuously differentiable map on X x A such that

1. F(LC(), )\0) = O,
2. D,F(x9,\) is invertible.

Then, there exist neighbourhoods \g € L C A, xo € U C X and T : L — X such that
F(z(M\),\) =0, VAelL,

and Z(xg) = yo. Moreover,
1. all the solutions of F' = 0 inside UX L belong to the curve parametrised by A: X\ — (Z(\), A),

2. the reqularity of F' determines the reqularity of T, more precisely, T has as many derivatives
as F has.

Actually, we can be much more precise when F has locally Lipschitz derivatives (like when F

is twice continuously differentiable). Suppose, in addition to 1. and 2., that

1. Ly > 0 is a constant 0 < Ly such that | D, F(xg, X\g) || < Lo,
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2. there exist Lipschitz constants for F' and D, F, say Ly, La, on some neighbourhoods xy € B,,
and \g € By, that s,

[ (u, A) = F (v, p) La(fu = vl + 1A = ul]),
|1De F'(u, A) = Do F (v, || < Lo(flu = f| + 1A = pl]),

IA

for all u,v € By, and \,u € B,,.

Then, for all 0 € (0,1), there exist r1(0),72(0) > 0 and T : By,(r1(0)) — Ba,(r2(0)) such that
F(z(A),\) =0, VA& By(r(6)),

with Z(xg) = yo and
Lol

20 = a2 < 72

A = pll. (C.1)

C.2 Bifurcation and Lyapunov-Schmidt (L-S) Reduction

The L-S reduction applies easily to the class of Fredholm maps. We are going to describe first

linear Fredholm operators.

Definition C.2. Given two Banach spaces X, Y and a linear operator L : X — Y, we say that
L is Fredholm if it is bounded with finite-dimensional kernel ker L and cokernel cokerL =Y /im/L.
It follows, in particular, that imL is a closed linear subspace of Y. With each Fredholm operator,

we associate its Fredholm index as
indL = dim ker £ — dimcokerL. (C.2)

We can now define general Fredholm maps.

Definition C.3. We say that a nonlinear map F : U C X — Y of class C", r > 1, is a Fredholm
map if D.F(x) is a Fredholm linear operator at every point x € U. Note that, in that case,
ind(D,F(x)) is constant on open component of U (see [59]).

The notion of a germ (of a function, set etc.) is useful in our context when we are not concerned
with the exact neighbourhood of definition of maps, but want to analyse the qualitative properties

of maps and their perturbations.

Definition C.4. Two functions F,G defined on two neighbourhoods of a point xo are (germ)
equivalent if they coincide in a neighbourhood of xo. A germ (of function) is an equivalent class

under germ equivalence.
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Given two topological spaces V, W, we denote a germ F' : V. — Wat xg € V by F : (V,x¢) = W,
even F' : (V,z9) — (W, f(xp)) if we want also to look at the germ structure in the target space
near f(zp). We define in a similar manner the germs of set, varieties at a point (or even at a
set S) as equivalence classes by the filtration of neighbourhood of the point (or the set S). Note
that the zero-set of a germ is a germ of set. In an abstract way, germs at xy are equivalence
classes of mathematical objects under the filtration by the neighbourhoods of zy. They identify
the properties that remain true whatever close we are from x for every representative of the class.
We can now state the L-S reduction.

When the operator D, F' is invertible, using the IFT,

F(z,\) =0

has locally unique branches of solutions parametrised by A\. When D, F' is singular, the solution
set of F'(x,\) = 0 can be more complicated. To analyse such situation, we can use the Lyapounov-
Schmidt (L-S) procedure to reduce the dimension of the problem by ‘factoring out’ the invertible
part of D, F'. We collect here information on the L-S reduction technique to get a finite dimensional
bifurcation equation whose solution set is in 1 — 1 correspondence with the original bifurcation
equation. Typically this technique is used on nonlinear equations in function spaces to obtain
a finite dimensional reduced bifurcation equation. The method is basically a consequence of
the IFT. As such, the Taylor series expansion of the reduced bifurcation equation is available
and singularity theory helps to study it systematically. There are numerous exposition of the
technique in the literature. We mention a recent one due to Kielhéfer [38] and classic references
due to Vanderbauwhede [62], particularly when the problem is equivariant, and Chow and Hale
[15] for a comprehensive use in various cases, using the language of classical nonlinear analysis.
Those books have extensive discussions of the issues and references to other important work we

are not mentioning here.

Theorem C.5 (Lyapounov-Schmidt Reduction; [15, 38, 62]). Let X, X and A be real Banach
spaces such that X — X is a continuous imbedding. We assume that F : (X x A, (0,0)) — (X, 0)
is a C*-Fredholm map, 2 < k < oo, of finite index. Let P be a projector X - ker(DSF).

1. There ezists a unique C*-function @ : (ker(D2F)x A, (0,0)) — (im(D°F),0) such that

(I = P)F(v+w(v,\),\) =0. (C.3)
2. Define the reduced bifurcation function f: (ker DOF xA,0) — (ker DOF,0) by

f(o,\) = PF(v+ w(v,\), A). (C.4)

Then the germ at (0,0) of the solution set of F(x,\) = 0 is diffeomorphic to the germ at
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(0,0) of the solution set of f(v,\) = 0. More precisely, (x,\) = (v+w(v, A), \) is a solution
of F(xz,\) =0 if and only if (v, \) is a solution of f(v,\) = 0.
Proof. 1. Let L = DJF. Because F' is Fredholm of finite index,

(a) 0 < dim(ker £) = codim(imL) < oo,
(b) X = ker £ & imL.

Introduce the splitting * = v + w in X where v € ker £ and w € imL, and define H :
(X% A,(0,0)) = (X,0) by

H(v,w,\) = (I = P)F(v+w(v,\),\). (C.5)

The derivative D,,H(0,0,0) = (I — P)L is a bijection. Using the IFT, all the solutions of
H(v,w, \) = 0 near the origin are described by a unique C*function w : (ker LxA, (0,0)) —
(imL),0) such that H(v,w(v,A),\) = 0, that is (C.3).

2. The equation F'(z,\) = 0 splits into

PF(v+w,\) = 0, (C.6)
(I —P)Flv+w,\) = 0. (C.7)

In the first part we solved (C.7) for w as a function of (v, A). Replacing w by w into equation

(C.6), we obtain an equivalent equation f(v,A) =0 where f is given by (C.4).

]
C.2.1 Equivariant L-S Reduction
When F' is equivariant under the action of a compact group I that is
F(yz,\) = AF(x,)\), VYyel, (C.8)

where the actions A and A of I' on X and X are not necessarily the same, one can keep track of
the symmetry on the kernel of £ and have a Irequivariant f for the actions I' induced on ker £
and cokerL (see [62]).

Theorem C.6 (Equivariant Lyapounov-Schmidt Reduction; [62]). In addition to the context of
Theorem C.5, suppose that (C.8) holds for the actions of a compact group I' on X and X. Then,

1. ker L and imL are globally I-invariant and we can choose cokerL to be globally I-invariant,

2. the solution w of (C.3) is I-equivariant, and so
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3. the reduced bifurcation function f defined in (C.4) is I-equivariant with respect to the actions

v and g, resp., of I' on ker L and cokerL, resp..

Proof. Because F' is Iequivariant, £ = DJF' is [requivariant: Lyv = gLlv, Vv € X and v € I

1. If v € ker L, Lyv = gLv = 0 and so ~y(ker £) C ker £ for all v € I Similarly, if w € imL,
there exists v € X such that w = Lv. Then, for any v € I, gw = gLv = Lyv € imL, so imL
is globally [*invariant. Finally, we can [-average the projector P : X — ker £ to obtain an

[*equivariant projector.

2. With the previous choices, the operator H in equation (C.5) is [*equivariant, and so, from

the uniqueness of the solutions of (C.3), w is [*equivariant.

3. Finally, f in (C.4) is the composition of [*equivariant maps, and so is itself [*equivariant

with respect to the actions g and g of I' on ker £ and cokerL.

C.2.2 Bifurcation Equivalence and L-S Reduction

Bifurcation equivalence is the correct notion in dealing with the various choices when calculating
the L-S reduction of bifurcation problems. This is shown in the following theorem that is an
adaptation of the appendix of Vanderbauwhede in [37]. First we need to define what we mean
by ‘equivalence’ of bifurcation maps. Let fi, fo : (R** (0,0)) — (R™ 0) be two finite dimensional
[tequivariant bifurcation maps defined around the origin of R"*. We say that f; and f, are

bifurcation equivalent if there exist
1. a local, orientation preserving, diffeomorphism (X, L) of (R™*! (0,0)), such that

(a) X : (R""(0,0)) = (R"0), L: (R,0) — (R’ 0) such that D,X(0,0) and DyL(0) are in

their respective components of the identity,

(b) X is Irequivariant, that is, X (yz, \) = v X (x, \) for all v € T,
2. a local matrix valued map T : (R, (0,0)) — GL(R, m) such that

(a) T is in the connected component of the identity,

(b) T is Iequivariant, that is, T'(yv,\)g = gT'(v, \) for all vy € T

Two bifurcation equivalent maps have diffeomorphic bifurcation diagrams and behave similarly
under perturbation. Moreover, this equivalence relation is well-adapted to the L-S reduction

because of the following result.

160



Theorem C.7. Let F: (X x A, (0,0)) — ()?, 0) be an equivariant bifurcation function satisfying

the hypotheses of Theorem C.6 (the equivariant L-S reduction). Assume that we define two reduced
bifurcation equations fi and fy by

1. choosing two -invariant complements of ker L in X,
2. choosing two T-invariant complements of ker L in )A(:, and
3. choosing two systems of co-ordinates in ker L.

Then, fi and fy are I-equivariant bifurcation equivalent maps.
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Appendix D

Linear Group Actions

In invariant theory, an important question is whether a mathematical object can be obtained from
another by a group action or transformation. We consider an invariant to be a function or some
mathematical object which takes the same value on the objects on which the group acts. Classical
invariant theory considers the intrinsic properties of functions or polynomials i.e. the properties
that are not affected by some group action or a change of variables. Such properties include
factorisation and the multiplicities of roots. The determinant of a matrix is an invariant under
similarity. Equivariance deals with functions that commute with some group action. A function
f is said to be equivariant to a transformation T if f(Tx) = T f(z) and invariant if f(Tz) = f(x).
An equivariant function is invariant if the group action is trivial. The symmetries of a dynamical
system can simplify the solution process such as in the separation of variables.

The subject is vast and we highlight the parts that are relevant to our work, namely invari-
ant and equivariant theory. For a discussion of equivariant nonlinear mappings, we follow the

exposition presented in the books by Golubitsky et al. [27, 28].

D.1 Representations

Recall that the endomorphism algebra, set of linear maps, of a vector space V' is given by End(V') =
{ L:V — V} under addition and composition of maps. We may regard a group representation,
informally, as a way of writing it as a group of matrices. Let V' be an n-dimensional vector space
over a field K (of characteristic zero e.g. R or C) and I" be a group. Then the general linear group
GL(n,K) is the group of invertible n x n matrices with entries in K under matrix multiplication,
ie.

GL(n,K) = { A € M(n,K) : det A # 0}.

Alternatively, we define the group of invertible linear maps 7 : V' — V i.e Aut(V), then

GL(V) = Aut(V) € M(n,K) 2 K"
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A representation of I over K is a homomorphism p : I' — GL(V'). The vector space V' is called
the representation space of I
If we fix a basis {v1,vq, -+ ,v,} then each p(y) can be written in a matrix form. We define the

trivial representation by p: v+ I,,, Vv € I A representation preserves the linear structure i.e.

p(N(vr+v2) = p(y)vr+p(y)ve, Vor,v2 €V, (D.1)
p(Mkv = kp(y)v, VkeK, YvelV. (D.2)

D.2 Group Actions

Let G be a group and X a non-empty set. G is said to act on X if there is a function a : GXx X — X
normally denoted by (g, ) +— gz, such that ex = z for all € X and that (gh)xr = g(hz) for all
g,h € G. The orbit of z is the subset O(x) = { gz : g € G } of X obtained by applying elements

of G. The stabilizer of x is the subset S(z) ={ g€ G : gr ==z } of G.
Matrices act on polynomials by changing the variables. Given A € G C GL(n,K) and a vector

x € V, then the action or change in variables is A - f. For any matrix A € G C GL(n,K) and a

polynomial function f € K[zy, -+ ,x,], (A- f)(x) is also a polynomial in K[zy,-- -, z,].
Proposition D.1. An action of a group G on a set X is a homomorphism o : G — Aut(X).

Let " be a group acting on a vector space V' via a representation p. The pair (V) p) is called
a [*space. For a given x € V| the set of points vz generated by the action of the group I' on z is

called the group orbit of z (or I'-orbit). Explicitly, the orbit of x is
Olx)=Te={~yzr : yeT }.

Lemma D.2. The action of a group ' induce a partition of V' into orbits.

Proof. 1f y € O(x), then there is a § € T' such that y = gz. Then, vy = vgz = vz and so
O(y) € O(z). Similarly, yz = v§ 'y, and so O(z) C O(y). Therefore, O(x) = O(y), and the

conclusion. ]

D.3 Integration on Compact Groups

Let f: ' — R be a continuous real-valued function. The Haar integral fr f(v)dvy € R is defined

on a compact Lie group to satisfy the following properties:

L. Linearity: [(Af(7) 4+ ug(y))dy =X [ f(v)dy+ i [ g(7) dy for all A\, i € R;

2. Positivity: If f(7) > 0 for all v € ', then [, f dy > 0;
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3. Translation Invariance: [, f(0)dy = [, f(7) dy.

Proposition D.3. Let I' be a compact Lie group acting on a vector space V' and let p() be the
matriz associated with vy € I. Then there exists an inner product on V' such that p(vy) is orthogonal
for all v € T.

Proof. By Proposition D.3, compact Lie groups which are subgroups of GL(n, K) can be identified
with a subgroup of the orthogonal group Q(n). The orthogonal group preserves the inner product

{p(8)v, p(d)w)r = (v, w)r. (D.3)

Let (,)r be any inner product on V' and define

(v, whr = (py, pyw):

By the linearity property of the Haar integral, this is also an inner product on V. Furthermore,

the translation invariance of the integral implies that the inner product satisfies D.3. O

D.4 Irreducibility

Let T' be a Lie group acting on a vector space V. We say that a subspace W C V is called
[-invariant if yw € W, for all v € T, w € W. A representation (p, V') of T" is irreducible if its only
invariant subspaces are 0 and V/, i.e. if it has no proper invariant subspace.

The direct sum of two representations (p1, V1) and (p2, V) of I' is defined as p; @ po : ' —
GL(V1 @ V3) such that

(p1 @ p2)(7)(v1,v2) = (p1(7)(v1), p2(7)(v2))

p(y) 0
E ( 0 P2(7)) '

A representation is completely reducible if it can be written as the direct sum of irreducible

for which in matrix notation is

representations i.e. if V=V, & --- @V, where each V; is a [tinvariant irreducible representation.

Proposition D.4 (Complementary Subspace). Let I' be a compact Lie group acting on a vector
space V and let W C V' be a I'-invariant subspace. Then, there exist a I'-invariant complementary
subspace U such that V =W ¢ U.

Proof. By proposition D.3 there exists a [-invariant inner product on V. Let U = W+~ where

Wr={veV: (wo)r=0 forall weW}.
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Then, from the invariance of the inner product, U is also an invariant subspace. Hence V =
U W. O

Corollary D.5 (Complete Reducibility). Let I' be a compact Lie group acting on a vector space
V. Then there exist I'-irreducible subspaces Vi,--- Vi such that V=V, ®--- D V.

A representation of a group I' on a vector space V is absolutely irreducible if the only linear

mappings on V' that commute with I" are scalar multiples of the identity.

Theorem D.6 (Maschke, [51]). Let I be a finite group, V a G-module and W a G-submodule of
V. Then there is a submodule U of V' such that V =W @ U.

Schur’s lemma concerns the properties of matrices which commute with the matrices of an
irreducible representation. The first lemma states that a non-zero matrix which commutes with

the matrices of an irreducible representation is a constant multiple of the identity matrix.

Theorem D.7 (Schur’s Lemma). Let p : I' = GL(n, C) be an irreducible representation of I, and
suppose that 6 is an n X n matriz such that p(v)o = dp(y) for all v € I. Then, § = A\ for some
A eC.

Proof. Let A be an eigenvalue of §. Since every non-constant polynomial with coefficients in C
has a root in C, the characteristic polynomial of § has at least one root A € C. By definition,
det(d — M) = 0 and the matrix 6 — Al is not invertible. For all v € T,

(0 =A)p(y) = dp(y) — Ap(y) = p(7)d — Ap(v) = p(7)(6 — AI),

since § commutes with every p(v). Therefore, § — AI commutes with every p(7) and, since by the

choice of X it is not invertible, we have 6 = AI. ]

D.4.1 Isotypic Decomposition

When a compact Lie group I' acts on a vector space V', the space can be decomposed into a finite

number m of ['-irreducible subspaces U;, giving
V=UdUs @ - ®Upy.

The decomposition may not be unique and some of the U; could be I'-isomorphic to each other,

meaning that there is an isomorphism g : U; — U; that commutes with the action of I' given by

p(yw;) = y(p(u;)), forall w, eU;,yel
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The sum of each set of I'-isomorphic subspaces gives a subspace W, called the isotypic components

of V. The space V' can then be written as the direct sum of isotypic components
V=mo--- oW, k<m.

This decomposition is unique and the proof can be found in [28].

Examples. 1. A 2 x 2 matrix (a

) can be expressed as the sum of two other matrices in the
c

(o) ()G

which we write as V = V; & V5. If we consider the usual action by matrix multiplication of

following way:

SO(2), it is easy to see that the action is isomorphic to its standard irreducible action on K?
by p1: Vi — K% and po — Vs defined by

a 0) fa 0 b\ (b
i c0) \c¢)’ 2 0d/ \d
and hence V; and V5 are SO(2)-isomorphic and the decomposition is unique, consisting of

a a
the whole space. However, decomposition merely into irreducible subspaces such as )
c c

is not unique.

2. Consider a finite abelian group I If a representation is irreducible, then the only linear

mappings that commute with it are scalar multiples of the the identity, hence
p(v) =c I, Vyel.

Such a representation can only be irreducible when it is one-dimensional.

D.5 Invariant and Equivariant Maps

An equivariant map between [*spaces is a map which commutes with the group actions. If I is a
compact Lie group that acts linearly on the spaces V and W, then a map f: V — W commutes

with I or is [*equivariant, if

fowv) =ywflv), YweV,yel

We consider the case where I' is a matrix subgroup of GL(n,R) acting on the polynomial

algebra K[z, xo,- -+, x,] by the substitution of the variables. By this linear action, for each v € T

166



we have v-x; = 2?21 a;jz; for some a;; € K. When a subalgebra of polynomials is invariant under

the action of a group I, we denote it by K[z, -, z,]%

D.5.1 Equivariant Linear Mappings

Linear maps do commute with non-irreducible representations and the following result which can
be found in [28], follows thereof.

Lemma D.8. Let I be a compact Lie group acting on V', let A .V — V be a linear mapping
that commutes with I', and let W C V' be a I'-irreducible subspace. Then A(W) is I'-invariant and
either A(W') = {0} or the representations of I' on W and A(W') are isomorphic.

Proof. Let z € A(W), so that z = A(w) for w € W. Since A commutes with I', we have

vz =7yA(w) = A(yw)

so vz € A(W). Also, ker A is I'-invariant since A(v) = 0 implies that A(yv) = vA(v) = 70 = 0.
Then, ker A N W is a ['-invariant subspace of W, and irreducibility implies that, either W C
ker ANW = {0}. In the first case, A(W) = {0}. In the second, A(W) is isomorphic to W
as a vector space, the isomorphism being A. Since I' commutes with A, we see that A is a
I-isomorphism between A and A(W). O

D.6 Orbits and Isotropy Subgroups

Let a group I' acts on a vector space V. Then the set of points yx generated by all the actions of
the group I" on the point z € V is called the group orbit of x (or I'-orbit). We denote the orbit of

x by O(z). Certain properties evaluated along its orbit are the same.

Lemma D.9. Let f : V — W be a I-equivariant map. When f vanishes at x, it vanishes on
O(x).

Proof. 1f f(x) =0, then f(yvx) =yw f(x) = yw0 = 0. O

A group action decomposes a set into orbits, and the group acts on each orbit. Orbits are
disjoint with no sub-orbits. The decomposition into orbits may be seen as a factorisation of the
set into irreducible parts for the group action. When there is only one orbit, the action is termed

transitive.
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D.6.1 Isotropy Subgroup

The isotropy subgroup of z is the maximal set of group actions which maps a point to itself. Let

['x V:(v,z) — vz be an action. The isotropy subgroup of = € V is
Y,={v€el: yoz=ua}

That is, ¥, C I' contains the symmetries that fix the point € V. Note that either I'-x =1 -y
or-zNT-y=0.

Lemma D.10. The isotropy subgroup 3, is a subgroup for which f, == { y¥, —yx } : T/¥, -V

1S a bijection.

Proof. Let a, 8 € ¥,. Then

e-r = x,

af-r=a-(f-x

alz=aa-z

)
) —1
So ¥, CT. Let 7,6 € T, since

(va)-z = y-(a-2)=7"1,
i3, — yxel/%,

is a well defined mapping. If v-x = - x, then
(Vlr=y"(02) =" (ya)=ea =1,

i.e. v716 € X,, hence f is injective. Take y € V, then by transitivity, there exists vy € ' : yz = 3.
Thereby, f(vX;) =~ -z =z, ie. f is surjective. O

[sotropy relates to point-wise invariance whilst the stabilizer relates to set-wise invariance.

D.7 Fixed-Point Subspaces

Nonlinear I'-equivariant mappings have invariant subspaces which correspond to certain subgroups

of I Let ¥ C T" be a subgroup. The fixed-point subspace of ¥ is defined by

Fix(X)={zeV:or=2 forall ceX }.
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Fix(X) is a subspace since
Fix(¥) = ﬂ ker(o — Id),

oeX
and each kernel is a subspace. The simplest fixed-point subspaces are Fix(1) = V and Fix(I") =
{0}, by hypothesis.

Lemma D.11. Let f : V — V be I'-equivariant. Let ¥ C ' be a subgroup. Then f(Fix(X)) C
Fix(2).

Proof. Let 0 € ¥, x € Fix(X). Then,

f(x) = flox) = o f(x)

with the first equality following from the definition of Fix(X) and the second from equivariance.
From (D.7) we see that ¢ fixed f(x). Hence f(x) € Fix(¥). O
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