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a b s t r a c t

This paper reports the results of an extensive series of finite element calculations to provide normalised
T-stress solutions for through-wall cracked pipes under bending for a range of crack sizes and pipe radius
to wall thickness ratios. Comparisons with the limited solutions in the literature are used to give con-
fidence in the numerical solutions obtained, which are shown to be sensitive to mesh refinement. The
results are provided in a form that is suitable for use in practical constraint based defect assessment
approaches.

© 2017 Elsevier Ltd. All rights reserved.
1. Introduction

The fracture toughness of a material generally depends on the
structural thickness, nature of the loading, relative crack size and
crack-tip constraint [1]. However, these dependencies are dis-
regarded for many engineering purposes and the plane strain
fracture toughness, measured using deeply cracked standard bend
specimens, is often used as a material property because it leads to
the most conservative fracture assessments. Where cracks are
small, for instance in pipes in the oil and gas industry and in nuclear
power plant, this approach can be overly conservative because the
constraint levels at the crack-tip are lower than those in standard
cracked bend specimens. While full-scale pipe tests could be used
to avoid introduction of this conservatism, this would require
custom testing facilities and high testing costs. A more attractive
option is to find a small-scale cracked specimen geometry which
has a crack-tip constraint level similar to that in a large-scale
cracked pipe. For example, low constraint levels and correspond-
ing higher toughness values can be obtained by testing Single Edge
Notch Bend (SENB) specimens with shallow cracks [2].

New designs of fracture toughness test specimen, such as curved
compact tension specimens and compact pipe tension specimens
[3,4], which would ensure similar or even the same constraint level
at the crack-tip as cracked pipes, have been investigated. This has
led to the application of Single Edge Notch Tension (SENT) speci-
mens in the offshore industry, as this type of specimen has been
shown to adequately reproduce the stress and strain fields in a pipe
for a range of loadings [2,5]. In particular, it was found that the
crack-tip constraint of a SENT specimen is close to that of an axially
cracked pipe [6,7]. Additionally, it has been found that the fracture
toughness obtained from low constraint SENTand shallow-notched
SENB specimens is appropriate for the assessment of circumfer-
ential flaws in pipes [8]. Analysis based on SENT and SENB speci-
mens showed that an approach based on quantifying constraint
using the elastic T-stress could be used not only to estimate initi-
ation fracture toughness but also to develop constraint-corrected
resistance curves [8]. In fact, T-stress has been considered suc-
cessfully for resistance curve modelling by Nyhus et al. [9]. It has
been shown that the ductile crack resistance curves can be nor-
malised not only by Q but also by the T stress. This finding implies
that the T stress influences ductile fracture.

To apply elastic constraint based failure assessment methods to
cracked structural analysis, the stress intensity factor, KI, may be
paired with the T-stress. Such two parameter approaches may be
used to apply material fracture toughness from small-scale labo-
ratory specimens to fracture in large-scale components [10]. A
constraint-based fracture mechanics methodology based on a two-
parameter KI e T characterization of the crack-tip fields has been
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employed for constraint assessments in specimens and pipes [7].
To apply KI e T approaches, solutions for KI and T for practical

cracked geometries are required. While solutions for KI are widely
available, T-stress solutions are limited although compendia of
these limited solutions are contained in failure assessment codes
such as R6 [10]. Huh [11], Jayadevan et al. [12], Qian [13] and Lewis
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and Wang [14] have performed T-stress analysis in pipes with
circumferential cracks. However, most of these solutions are for
part-through-wall defects and only the work of Lewis and Wang
[14] deals with circumferential through-wall cracks in pipes.

This paper presents elastic finite element studies for T-stress
and stress intensity factor solutions for circumferentially through-
wall cracked pipes using three-dimensional solid elements.
Firstly, Section 2 provides some background to the T-stress and the
normalisation used in the paper. Then, Section 3 presents the pipe
geometry and loading considered. It was found that the results
obtained were sensitive to mesh refinement using solid elements
and therefore Section 4 describes a detailed mesh refinement study
for a SENB specimen, for which well-established solutions are
available for comparison. Section 5 presents the pipe solutions
using refined shell and solid element meshes and compares these
with the solutions obtained by Lewis and Wang [14] using shell
elements. Finally, the discussion of the results and the conclusions
are reported in Sections 6 and 7 respectively.
2. The elastic T-stress

The stress intensity factor, KI, and the T-stress characterize the
elastic crack-tip stress and strain fields. Both KI and T are directly
proportional to the load applied to a cracked geometry and the
crack-tip stress field is defined by
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wheresxx, syy, txy are the normal and shear stress components, KI is
the opening mode stress intensity factor, r is distance from the
crack-tip and 4 is the polar angle measurd from the x-axis. Then,
T ¼ �
sxx � syy

�
r/0;4¼0 (2)

is the constant stress acting parallel to the crack flank in the near-
tip elastic stress field.

From Eq. (1), the in-plane principal stresses, s1,s2, and in plane
strain, the third principal stress, s3, are [15]
where n is Poisson's ratio. The effect of the T-stress on the hydro-
static stress, sm, is then:

sm ¼ s1 þ s2 þ s3
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Eq. (4) shows that a negative T-stress decreases the hydrostatic
stress level and positive T values increases the hydrostatic stress.
This is referred to as positive T-stress increasing the level of crack-
tip stress triaxiality and leading to high crack-tip constraint, whilst
negative T-stress reduces the level of crack-tip stress triaxiality and
leads to low crack-tip constraint [16]. A loss of constraint in spec-
imens leads to an increase in the measured fracture toughness. This
can be explained by increased hydrostatic stress reducing the
driving force for dislocation emission and plasticity generation, as
demonstrated via continuum predictions and atomistic simula-
tions, and therefore the material behaving in a more brittle manner
[17] under high constraint conditions. The T-stress may also influ-
ence the crack growth path and in general, if T < 0, the crack
propagation path follows a straight line and for T > 0 it follows a
curve [1,18,19]. The T-stress can also be used to characterise
constraint levels in 3D cracked bodies [20] and also used to predict
the potential propagation path of longitudinal and circumferential
defects in pressure vessels [21].

When performing fracture mechanics assessments, elastic
analysis is often not adequate and allowance needs to be made for
plasticity. In defect assessment procedures such as R6 [10], plas-
ticity is accounted for using a plastic collapse parameter Lr, which is
the ratio of the applied load to the plastic collapse load, defined
using the yield stress sy. The ratio of the T-stress to the yield stress
sy of the material is also important and since both T and Lr are
directly proportional to load, the R6 procedure [10] quantifies
constraint using a normalised constraint parameter bT:

bTLr ¼ T
�
sy (5)

which is independent of both load magnitude and material prop-
erties. Results for T-stress in this paper are presented in terms of
this non-dimensional parameter and low constraint geometries/



Fig. 1. a) pipe under pure bending moment M, b) pipe cross-section.
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loadings correspond to negative values of bT.
3. Geometry and loading of cracked pipe

The pipe analysed in this study is shown in Fig. 1. A range of
ratios of wall thickness, t, to mean radius, Rm, is considered as well
as a range of crack circumferential crack length 2a¼ 2Rmq. The pipe
is of total length, 2 L, and is subjected to a pure bendingmoment, M,
which induces a complex stress state in a cracked pipe.

For the cases considered, there are solutions available in the
literature for plastic collapse moment, stress intensity factor and T-
stress, as summarised here. The R6 compendium [10] contains
collapse load solutions for cracked pipes subjected to combined
bending moment, internal pressure and end-force which were
derived from the work of Lei et al. [22]. For pure bending the so-
lution simplifies to:

Mpipe
L ¼ 4R2

mtsy½cosðq=2Þ � ð1=2Þsinq�
h
1þ ð1=12Þðt=RmÞ2

i
(6)

The normalized stress intensity factor, Fb ¼ KI/(sb(pa)0.5), where
the nominal bending stress is sb ¼ M/(pt(Rm)2), is used for com-
parison purposes later in the paper and the reference solution is
taken from Lacire et al. [23] and is:
Fb ¼ ½1þ ðt=2RmÞ�
h
Ab þ Bbðq=pÞ þ Cbðq=pÞ2 þ Dbðq=pÞ3 þ Ebðq=pÞ4

i
Ab¼ 0:65133� 0:5774h� 0:3427h2�0:0681h3 Bb¼ 1:879þ 4:795hþ 2:343h2�0:6197h3

Cb¼ �9:779� 38:14h� 6:611h2þ3:972h3 Db¼ 34:56þ 129:9hþ 50:55h2þ3:374h3

Eb¼ �30:82� 147:6h� 78:38h2�15:54h3 h ¼ logðt=RmÞ

(7)
A normalized T-stress solution for circumferential through-wall
cracked pipes has been derived by Lewis and Wang [14] using re-
sults finite element models using shell elements:
Table 1
Coefficients in Eq. (9) from Lewis and Wang [14].

i Constraint Coefficient

Ci0 Ci1 Ci2

1 �0.934 �0.01 0.0005
2 4.3575 1.2671 �0.0451
3 74.273 �35.312 0.9889
4 �680.39 266.98 �6.3389
5 2688.6 �957.82 20.135
6 �3852.8 1325 �25.744
T=sb ¼ C1 þ C2ðq=pÞ2 þ C3ðq=pÞ4 þ C4ðq=pÞ6 þ C5ðq=pÞ8

þ C6ðq=pÞ10 (8)

The coefficients Ci(i ¼ 1e6) in Eq. (8) are functions of the mean
radius to thickness ratio Rm/t:

Ci ¼ Ci0 þ Ci1ðRm=tÞ þ Ci2ðRm=tÞ2 (9)

where the coefficients Cij from [14] are given in Table 1.
This solution is used with Eq. (6) to give the normalised T-stress

of Eq. (5) for comparison with the solutions presented from the
current analyses using solid 3D finite element modelling.
4. Analysis of mesh refinement in the SENB specimen

Preliminary analyses of the cracked pipe geometry of Section 3
indicated that the results were sensitive to mesh refinement us-
ing solid elements. Therefore, a detailed mesh refinement study
was undertaken for a SENB specimen, for which there are well-
established solutions for the limit load, stress intensity factor and
T-stress. The geometry and loading for the SENB specimen are
shown in Fig. 2.
The limit load, PL, for the SENB specimen is expressed as [10]:

PL ¼
�
W2Bsy

.
S
�
pL (10)

where W, B and S are the specimen width, thickness and span and
pL for the plane strain von Mises yield criterion is:

pL ¼
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where a is the relative crack depth, a/W. The stress intensity factor
is [10]:



Fig. 2. SENB specimen loaded under three-point bending.
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KI ¼
3FS

2BW1:5Fb (12)

where P is the applied load and the function Fb for S=W ¼ 4 is:

Fb ¼ ffiffiffi
a

p 1:99� ðaÞð1� aÞ�2:15� 3:93aþ 2:7a2


ð1þ 2aÞð1� aÞ1:5
(13)

The accuracy of Eq. (13) is quoted in the source reference [10] as
within 0.5% for any a.

Values of the constraint parameter bT of Eq. (5) with Lr]P/PL
were calculated using the solutions above and the T-stress in [10].
The plane strain value of bT for S/W ¼ 4, valid for 0�a � 0.8, is:

bT¼ �0:9893þ 4:8784ðaÞ�9:6956ðaÞ2þ11:434ðaÞ3�5:9061ðaÞ4
(14)

The remainder of this section reports 3D elastic finite element
studies to determine the mesh refinement necessary to accurately
reproduce the elastic solutions of Eq. (12) and (14).
4.1. Mesh refinement

The SENB specimenwas modelled using ABAQUS 6.14 [24], with
a focussed mesh consisting of 20 rings of elements surrounding the
crack-tip and a more coarse mesh elsewhere. A typical mesh is
shown in Fig. 3. The crack-tip was enclosed by a ring of full inte-
gration wedge type C3D15 (9 integration points) elements. For the
remainder of themodel, eight node full integration elements, C3D8,
were found to be adequate for stress intensity factor calculations
but not for T-stress analysis, while reduced, C3D20R integration
elements led to oscillation in the stress results. The highest element
Fig. 3. Typical SENB mesh showing a) overall ge
order element, C3D20 (27 integration points), available through the
ABAQUS graphical user interface, was therefore used for all 3D
analyses. Only half of the specimen subjected to P ¼ 1000 N was
modelled due to symmetry conditions. Stress intensity factor and T
stress values were also extracted at P¼ 1000 N.Within ABAQUS the
T-stress extraction based on an interaction integral technique
[24,25] is included in the graphical user interface.

The mesh was refined by varying the number of elements in the
rings surrounding the crack-tip and the size of the focussed mesh
region, Fig. 3(b), the element densities outside the focussed mesh,
NW-a and NS/2, along the specimen remaining ligament of lengthW-
a and semi-span of length S/2, respectively, Fig. 3(a), and the
number of elements through the section thickness. Unless, speci-
fied otherwise, results presented below are those at the specimen
mid-plane; variations through the thickness are discussed in Sec-
tion 4.2.

Mesh independence for Fb and bT was achieved when there
were 16 elements in each ring surrounding the crack-tip, although
the T-stress was found to be more sensitive to mesh refinement
than the stress intensity factor, for which convergence could be
obtained with a smaller number of elements. Rings of 16 elements
were therefore used in subsequent mesh refinement studies.

The influence of the element densities, NW-a and NS/2, along the
specimen remaining ligament of length W-a and semi-span of
length S/2, respectively, was also examined. The mesh in Fig. 3 has
NW-a ¼ 7 and NS/2 ¼ 19. The dependencies on mesh numbers are
summarised in Figs. 4 and 5, where the stress intensity factor and T-
stress have been evaluated on the contours surrounding the 20
rings of elements at the crack-tip. The far field mesh has little effect
on the stress intensity factor solution unless themesh is very coarse
but does affect the T-stress solution. Convergence was achieved at
NW-a ¼ 7 and NS/2 ¼ 19, which leads to elements with square in-
plane dimensions.
4.2. Comparisons with handbook solutions and effect of thickness

It has been shown above that converged solutions can be ob-
tained with increasing mesh refinement but it is also necessary to
demonstrate that the solutions converge to the correct values.
Therefore, Fig. 5 includes solutions from R6 [10] for Fb, Fig. 5(a), and
bT, Fig. 5(b). As the R6 solutions are for plane strain, this condition
has been simulated by applying boundary conditions on the spec-
imen side surfaces which suppress movement along the thickness
direction.

It can be seen from Fig. 5 that the finite element results from the
ometry and b) section around the crack-tip.



Fig. 4. Influence of element number NW-a along remaining ligament, with number of elements along semi-span fixed at NS/2 ¼ 3, on a) the normalised stress intensity Fb and b) the
normalised T-stress, bT.

Fig. 5. Influence of element number NS/2 along semi-span, with number of elements along remaining ligament fixed at NW-a ¼ 7 on a) the normalised stress intensity Fb and b) the
normalised T-stress, bT. Comparisons with R6 solutions [10] are also shown.

Fig. 6. Through thickness variations of a) the normalised stress intensity Fb and b) the normalised T-stress, bT for a range of B/W.
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plane strain model are very close to the R6 solutions. However, the
results from the 3D model, without imposing constraints on the
side surfaces, show that there is an influence of specimen thickness
on both Fb and bT compared with the idealised plane strain case,
and this is examined next.

In order to examine the influence of specimen thickness,
simulations were performed with B/W ¼ 0.5, 0.75, 1.0, 1.25 and 1.5,
initially with the number of elements through the thickness, NB,
fixed at NB ¼ 11 for all values of B/W. The geometry in Fig. 3 is B/
W ¼ 0.5. Fig. 6 shows a significant effect of B/W on bT at the mid-
plane, z ¼ B/2, whereas Fb at the mid-plane only varies by about
3% between all the cases considered. This demonstrates that the



Table 2
Normalised mid-plane T-stress for three-point-bend specimens from [26] and current study.

a/W B/W Normalisation Ref.

0.1 0.25 0.5 1 1.5 2 40

0.2 �0.158 �0.182 �0.188 �0.22 �0.236 �0.240 �0.244 T(pa)1/2/KI [26]
�0.211 �0.243 �0.251 �0.294 �0.315 e e Eq. (5) [26]
�0.213 �0.246 �0.254 �0.302 �0.325 e e Eq. (5) Current study
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normalised stress intensity factor is less sensitive to geometry than
the normalised constraint parameter.

The trends in Fig. 6 are similar to those from the literature [26]
where 3D T-stress solutions were obtained by running finite
element analyses for three-point-bend specimens with wide
ranges of crack depth to specimenwidth ratio (a/W ¼ 0.2e0.8) and
specimen thickness to width ratio (B/W¼ 0.1e40). The results from
[26] for a/W ¼ 0.2, normalised as T(pa)1/2/KI, are presented in
Table 2 and show reducing constraint with increasing B/W,
approaching a limiting value for large B/W. The current results in
Fig. 6 show the same trends. With increase of B/W, the stress state
at themid-plane approaches plane strain and hence the normalised
T-stress in Fig. 6 approaches the plane strain solution shown in
Fig. 5(b).

The influence of the number of elements through the specimen
thickness (NB ¼ 11, 22, 33) was also examined. Although the mesh
density was found to affect the T-stress solution in the most outer
element layers, where due to free surface effects it is difficult to
judge the reliability of values obtained, the results for different
values of NB were found to be indistinguishable in the central part
of the specimen (0.14 < z/B < 0.86). Stress intensity factor solutions
were found to be independent of NB over thewhole of the specimen
thickness.

5. Solutions for through-wall cracked pipes

5.1. Finite element model of cracked pipe using shell elements

Stress distributions in pipes can be simulated using shell ele-
ments [14,23], which require significantly less computational po-
wer compared to 3D solid elements. Therefore, the use of shell
elements is an attractive option for parametric studies to obtain T-
stress solutions in pipes. A cracked pipe finite element model was
created using shell elements for a quarter pipe with Rm/t ¼ 5 and q/
p in the range 0.05e0.5. Themodel was subjected to a pure bending
moment of 5$104 Nmm at which T and K values were extracted. The
meshing experience obtained with the SENB study was applied to
Fig. 7. Shell element mesh for circumferential t
the cracked pipe. A focusedmesh at the crack-tip identical to that in
the SENB specimen in terms of configuration and element shape
was used in the cracked pipe study.

The pipe length, L, was chosen equal to 100 mm and the radius
Rm ¼ 11 mm for all cases analysed. Around the semi-circumference
of the cylinder, the mesh contained 34 elements resulting in an
element size of edge ¼ 1 mm, consistent with the element size
along the ligament from the SENB study when NW-a ¼ 7. The
number of elements along the pipe length was chosen as 100,
leading to square elements in the far field, again in agreement with
the SENB experience. A typical mesh is shown in Fig. 7.

The stress intensity factor and T-stress results from the current
FE study are compared with the solutions of Lacire et al. [23] and
Lewis and Wang [14], respectively, in Fig. 8.

It can be seen that the current shell element study using the
meshing technique developed for the SENB specimen replicates the
normalized stress intensity factor results of Lacire et al. [23] and the
T-stress solutions of Lewis and Wang [14].

5.2. Finite element model of cracked pipe using 3D solid elements

The meshing technique developed in Section 4 was also used to
model the cracked pipe model with 3D solid elements. Again, the
focused mesh area at the crack-tip was identical to that in the
converged SENB model in terms of configuration and elements
shape. As in Section 5.1, a quarter pipe model was subjected to a
pure bending moment of 5$104 Nmm a at which T and K values
were extracted.

The finite element models contained 11 elements through the
thickness. This gives 12 layers of nodes located on an element edge
plane and 11 layers of nodes located on element mid-planes.
Therefore, there are 23 layers of nodes through the thickness.
Since T-stress estimation is inaccurate in regions close to where a
crack intersects a free surface [18], only results from node layers
numbered from 5 to 19 were used and these correspond to nor-
malised positions z/t ¼ 0.18 and z/t ¼ 0.82, respectively, through
the pipe thickness (Fig. 1).
hrough-wall cracked pipe with q/p ¼ 0.25.



Fig. 8. Comparison of current and literature normalised solutions for a) stress intensity factor with [23] and b) T-stress with [14].

Fig. 10. Typical normalized stress intensity factor Fb distribution for pipes.

Fig. 11. Comparison of normalised stress intensity factor solutions from the 3D solid
finite element model with the solutions from [23].
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In order to induce pure in-plane bending, rotation was applied
to the end of a pipe using the MPC (multi-point constraint)
constraint type option within ABAQUS. The end surface of the pipe
was constrained by one master node located in the middle of the
cross section. Then bending was applied to the master node. This
constraint type allows rotation to be transferred from the master
node via constrained slave surfaces to the pipe. The MPC option
ensures that the rotated end surface remains straight during
bending.

Path independence of the extracted values of T does not prove
mesh convergence as shown for the SENB specimen in Fig. 4(b).
Therefore, mesh convergence studies were performed for pipe
models with radius to thickness ratios Rm/t ¼ 5, 10 and 20, by
varying the element length along the pipe length, L. The length, L,
was fixed as 100 mm and the mean radius as Rm ¼ 11 mm for all
cases. It is noted that L ¼ 100 mm was found to be a sufficient
length by analyses performed with 150 and 200 mm lengths. Re-
sults did not show variation when varying L. Around the semi-
circumference of the cylinder, the mesh contained 34 elements
resulting in an element size of edge ¼ 1 mm. This number of 34
elements around the semi-circumference was kept constant for all
cases. Five steps of mesh refinement were performed for each value
of Rm/t with element size in the length direction in the far-field
varying from 10 mm to 1 mm, corresponding to the number of
elements varying from 10,000 to 48,000. The number of elements
at the focused crack-tip area remained constant (about 5200) for all
refinement steps. The finest mesh is shown in Fig. 9.

5.3. Stress intensity factor results

A typical normalized stress intensity factor distribution through
the pipe thickness is shown in Fig. 10. A strong reduction in the
stress intensity factor is noticeable close to the free surfaces, as was
also observed for the SENB geometry, Fig. 5(a).
Fig. 9. Mesh for Rmt ¼ 5, q/p ¼ 0.5 with the finest mesh with 1 mm element size in the length.
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The stress intensity factor distribution along the front of a
through-the-thickness crack is significantly influenced by the
presence of the 3D vertex singularities. He et al. [27] investigated
this phenomenon in cracked plates in mode I loading and
concluded that in mode I, the stress intensity factor decreases
rapidly near the free surface.

The current study using shell elements has been compared with
the stress intensity factor solutions of Lacire et al. [23] in Section 5.1.
Similar comparisons with the results from the 3D solid element
models are shown in Fig. 11 which contains values of the normal-
ized stress intensity factor, Fb, at the mean radius, R12. Solutions for
the most refined mesh are given in Fig. 11 but the results were
found to be independent of themesh refinement. It can be seen that
higher values of Rm/t result in higher values of Fb, while an increase
in crack angle q results in higher values of Fb for all Rm/t.

A closed form solution has been developed by fitting the finite
element results for Fb at the mean radius by:
Fb ¼ f0 þ ðq=pÞ
�
f1 þ f2ðRm=tÞ þ f3ðRm=tÞ2 þ f4ðRm=tÞ3 þ f5ðRm=tÞ4

�
þ

þðq=pÞ2
�
f6 þ f7ðRm=tÞ þ f8ðRm=tÞ2 þ f9ðRm=tÞ3

�
þ

þðRm=tÞ
�
f10 þ f11ðRm=tÞ þ f12ðRm=tÞ2 þ f13ðRm=tÞ3 þ f14ðRm=tÞ4

� (15)
where the coefficients f0 to f14 are given in Table 3. This reproduces
the finite element results with high accuracy and is applicable for
5�Rm/t � 20 and q/p � 0.5.

The value of Fb at the mean radius does not provide information
on the stress intensity factor distribution through the pipe wall.
Therefore, Fig. 12 gives values of Fb at the positions R5 and R19,
which are close to the internal and external surfaces of the pipes,
respectively. For small cracks, the maximum Fb values are at R5 but
with increase in crack angle, the location of the maximum Fb
T=sb ¼ t0 þ ðq=pÞ
�
t1 þ t2ðRm=tÞ þ t3ðRm=tÞ2 þ t4ðRm=tÞ3 þ t5ðRm=tÞ4

�
þ

þðq=pÞ2
�
t6 þ t7ðRm=tÞ þ t8ðRm=tÞ2 þ t9ðRm=tÞ3

�
þ

þðRm=tÞ
�
t10 þ t11ðRm=tÞ þ t12ðRm=tÞ2 þ t13ðRm=tÞ3 þ t14ðRm=tÞ4

� (16)
changes from R5 to R19.
For cleavage fracture, knowledge of the maximum stress in-

tensity factor and its location may be important to accurately
predict crack initiation load. For ductile fracture, the average values,
which are close to the mid-plane values may be more important.
For constraint based failure assessment, the through-wall
Table 3
Coefficients defining normalised stress intensity factor in Eq. (15).

f0 f1 f2 f3

1.053 �0.00239 0.1919 0.325

f8 f9 f10 f11

�0.01185 0.01642 �0.8847 12.33
distribution of stress intensity factor needs to be combinedwith the
through-wall variation of T-stress, and this is addressed in the next
section.
5.4. T-stress results

Results for the normalized T-stress at the mean radius for Rm/
t ¼ 5 from the 3D stress element models are shown in Fig. 13. The
mesh convergence studies, where the key gives the axial element
length in the far field, are included and indicate a strong mesh
sensitivity except for small cracks. The results for the two finest
meshes are indistinguishable from each other and little different
from the solutions with the next finest mesh. Similar mesh sensi-
tivities were found for other Rm/t. The results from the finest mesh,
where axial element length is 1 mm, are therefore taken as
converged solutions and presented in Fig. 14. These are normalised
by sb and compared with the solutions of Lewis and Wang [14] in
Fig. 14(a) and normalised as bT in Fig. 14(b). To provide information
between Rm/t ¼ 10 and 20, an additional analysis was performed
for Rm/t ¼ 16.0 and the results are included in Fig. 14(b).

Unlike the stress intensity factor, it can be seen from Fig. 13 that
the T-stress estimate is sensitive to mesh density along the pipe
length and this is discussed further in Section 6. The results
demonstrate that shell elements are not suitable for T-stress anal-
ysis in cracked pipes, although they can estimate the stress in-
tensity factor with reasonable accuracy. Fitting the solid element
solutions, including the additional analysis for Rm/t ¼ 16.0 leads to
where the coefficients t0 to t14 are given in Table 4. Eq. (16) re-
produces the finite element results with high accuracy and is
applicable for 5�Rm/t � 20 and q/p � 0.5.Results from Fig. 14(b)
obtained using Eqs. (5) and (6) have been fitted by:where the co-
efficients b0 to b14 are given in Table 5. This reproduces the finite
f4 f5 f6 f7

�1.13 1.037 �1.86E-05 �0.00141

f12 f13 f14

�34.18 54.61 �19.95



Fig. 13. T/sb for various axial element lengths in the far field at z/t ¼ 0.5 for Rm/t ¼ 5.

Fig. 12. Normalized stress intensity factor Fb at z/t ¼ 0.18 (R5), 0.5 (R12) and 0.82 (R19)
for a) Rm/t ¼ 5, b) Rm/t ¼ 10 and c) Rm/t ¼ 20.
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element results with high accuracy and is applicable for 5�Rm/
t � 20 and q/p � 0.5.
bT ¼ b0 þ ðq=pÞ
�
b1 þ b2ðRm=tÞ þ b3ðRm=tÞ2 þ b4ðRm=tÞ3 þ b5ðRm=t

þðq=pÞ2
�
b6 þ b7ðRm=tÞ þ b8ðRm=tÞ2 þ b9ðRm=tÞ3

�
þ

þðRm=tÞ
�
b10 þ b11ðRm=tÞ þ b12ðRm=tÞ2 þ b13ðRm=tÞ3 þ b14ðRm=tÞ4

�

Similar to the stress intensity factor, the T-stress has a strong
variation through the thickness. This is shown in Fig. 15. The use of
the T-stress distribution through the thickness with the stress in-
tensity factor distribution from Fig. 12 is discussed in Section 6.
6. Discussion

It has been found from the studies of both the SENB specimen
and the through-wall cracked pipe using 3D solid elements that the
mesh required to obtain converged T-stress solutions needs to be
more refined than that required to obtain converged stress in-
tensity factor results. This has been illustrated by the results in
Sections 4 and 5 and is further shown in Fig. 16 where convergence
with increasing number of finite elements, N, is plotted. The nor-
malised stress intensity factor, Fig. 16(a), shows rapid convergence
compared to that for T-stress, Fig. 16(b).

One possible reason for the difference in convergence is that it
was found that the stresses sxx and syy converged from above and
below, respectively; therefore, the error in T-stress was essentially
twice the error in either stress component, see Eq. (2), and in stress
intensity factor. A second reason is that errors in the far field stress
distribution parallel to the crack may have little effect on stress
intensity factor but have a greater effect on the T-stress, in the same
way that biaxial stress affects T-stress directly but not stress in-
tensity factor, for example [28]. Therefore, far field mesh refine-
ment is more important for T-stress calculations than for stress
intensity factor calculations. This finding suggests that it is neces-
sary to be cautious in using T-stress solutions in the literature, if
these solutions were obtained with a mesh refinement that only
guaranteed convergence of the stress intensity factor solutions and
no further convergence checks were made.

For selected cases, independent finite element analyses have
been performed by the authors and a range of methods for evalu-
ating T-stress have been used to give confidence in the results. In
conjunction with the convergence checks and the comparisons
with the established plane strain SENB solutions, this gives confi-
dence that the solutions generated and fitted by Eqs. (16) and (17)
Þ4
�
þ

(17)



Fig. 14. Normalised T-stress at z/t ¼ 0.5 as a function of crack size: a) normalised by sb and compared with the solutions of [14]; b) normalised as bT.

Table 4
Coefficients defining normalised constraint T/sb in Eq. (16).

t0 t1 t2 t3 t4 t5 t6 t7

�0.8399 �0.02319 0.6591 �3.084 4.94 �2.599 0.000654 �0.01403

t8 t9 t10 t11 t12 t13 t14

0.05401 �0.05076 �3.389 38.22 �114.4 161.2 �77.29

Table 5
Coefficients defining normalised constraint bT in Eq. (17).

b0 b1 b2 b3 b4 b5 b6 b7

�1.168 �0.01795 0.6099 �3.155 5.642 �3.294 0.000498 �0.01187

b8 b9 b10 b11 b12 b13 b14

0.04901 �0.05297 0.08717 30.89 �110.4 163.8 �93.84

Fig. 15. Normalized T-stress, T/sb at z/t ¼ 0.18 (R5), 0.5 (R12) and 0.82 (R19) for a) Rm/
are accurate and suitable for practical use.
It can be seen from Fig. 15 that the greatest loss of constraint is

near the outside surface of the pipe and for small cracks. For larger
cracks, the T-stress is positive and therefore the conventional high
constraint fracture toughness will be relevant to fracturemechanics
assessments. The highest stress intensity factor for small through-
wall cracks also tends to be at the outside of the pipe, Fig. 12.
Therefore, for small cracks the greatest benefit of loss of constraint
coincides with the highest stress intensity factor through the
thickness. For ductile crack initiation, which is little affected by
constraint, this may not be important. However, for cleavage frac-
ture which is more constraint sensitive, this suggests that it may be
overly conservative to base fracture assessments simply on the
maximum stress intensity factor through the thickness.

7. Conclusions

It has been found that the mesh required to obtain converged T-
stress solutions when using 3D solid elements needs to be more
refined than that required to obtain converged stress intensity
factor results. It has also been found that shell elements are not
suitable for T-stress analysis in through-wall cracked pipes,
although they can estimate the stress intensity factor with
reasonable accuracy.

Using refined 3D meshes of solid elements, parametric studies
have been performed to generate accuratemid-wall stress intensity
factor and T-stress solutions for pipes with through-wall cracks
under bending. These have been fitted by polynomial equations
t ¼ 5, b) Rm/t ¼ 10 and c) Rm/t ¼ 20.



Fig. 16. Convergence of results with increasing number of finite elements for pipe with Rm/t ¼ 5 and a through-wall crack of size q/p ¼ 0.25: a) normalised stress intensity factor; b)
normalised T-stress.
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enabling their use for practical assessments for a range of crack
sizes and pipe radius to thickness ratio.

In addition to mid-wall values, solutions have also been given
for stress intensity factor and T-stress near the inner and outer pipe
surfaces to enable more refined constraint based assessments to
determine the location of crack initiation.
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