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Abstract
The known solutions for:
(1) A plane wave incident on two rigid semi-infinite parallel plane distance 2b apart,

(i1)  The radiation of an arbitrary mode from two parallel rigid semi-infinite plates 2b

apart,

are used to construct the solution of the problem of the diffraction of a plane wave by
a semi-infinite thick half plane (thickness 2b), whose sides are rigid and whose end face
is absorbent. The method used is simple superposition of the solutions (i) and (ii). The
problem solved has applications in noise barrier design. Analogously by using the known
solutions for the diffraction of a plane wave by, and the radiation of an arbitrary mode
from, a rigid hollow cylindrical semi-infinite duct, the solution for the diffraction of a

plane wave by a thick semi-infinite rigid rod with an absorbent end face can be obtained.



1. Introduction

The diffraction of a plane wave by a thick half plane by an E or H polarized
electromagnetic wave has been considered by Jones (1953). This resulted in an infinite
system of equations which were approximately solved for the situation where the
thickness of the half plane was small compared with the wave-length. In the rest of this
paper we shall couch our language in acoustical terms. Thus the problem solved by
Jones (1953) corresponded to the diffraction of a plane wave by a rigid (Neumann
boundary condition on all surfaces) and a soft (Dirichlet boundary condition on all
surfaces) thick half plane. Crighton and Leppington (1973), improved the approximate
results obtained by Jones (1953) by an application of the powerful method of matched

asymptotic expansions.

The problem we shall consider in detail here is that of the diffraction of a plane
wave by a rigid thick half plane with an absorbent (Robin boundary condition) end face.
This problem could no doubt be solved by Jones' approach, and possibly by the method
of Crighton and Leppington. However the approach we use here is much simpler given
that the solutions for the diffraction of a plane wave by, and the radiation of an arbitrary
mode from, a rigid semi-infinite duct are already well worked out in the literature, see
Noble (1958). The present method could be used directly on the problems considered
by Jones and Crighton and Leppington. The crux of the idea of this note in a
generalization of an idea of Jones (1953) who used the concept of the cancellation of the
fundamental mode propagating in and out of the duct, Jones (1953) §5, see also

Crighton and Leppington (1973) p325.

Jones (1954) also considered the problem of the diffraction of a plane wave by
a soft and by a rigid semi-infinite thick rod. This problem could not be carried out by

the method used by Crighton and Leppington unless the inner problem could be solved
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without the use of conformal mapping. The more general problem of the diffraction of
a plane wave by a rigid (soft) cylindrical rod with an absorbent end face can be solved
by the present method of superposition. Since the corresponding solutions for the
diffraction of a plane wave by, and the radiation of an arbitrary mode from a rigid (soft)

cylindrical duct is well known and fully worked out, Noble (1958).

In the present work we will deal in detail with the rigid thick half plane with an
absorbent end. This is a model for a noise barrier where the top of the barrier is treated
with absorbent material. We shall briefly outline the solution of the corresponding
cylindrical rod problem. The usefulness of the present technique obviously requires
companison with numerical and experimental results. It is envisaged that a later
publication will address this aspect of the problem in more detail.

In section 2 we shall set out the known solution for the diffraction of a plane
wave by a semi-infinite rigid duct. In section 3 the solution to the problem of the
radiation of an arbitrary mode from the same rigid duct system will be given. In section
4 a superposition of the solutions given in sections 2 and 3 will be constructed. The
requirement that the boundary condition on the end face be satisfied will yield an
infinite system of equations. The solution of this infinite system gives the solution of the
problem of diffraction of a plane wave by rigid half plane with an absorbent end face.

The cylindrical rod problems that can be solved by the present method will be

outlined briefly at the end of the paper.



2. Diffraction by a semi-infinite duct

Consider the problem of the diffraction of a plane wave ¢, by a semi-infinite rigid
duct The solution has been fully worked out, Noble (1958).

N
4’0 = eikroms(e-e“)
3 /3y = 0 b
X
a¢/3y =0 b
(V2 +K*)p, =0
The solution is given for an incident plane wave
¢, = exp[—ikrcos(0—0,)Je™
by
b= e @.1)

where ¢, stands for the geometric acoustic terms at infinity and ¢ represents the
diffracted field outside the duct, and the mode structure inside the duct (where ¢, =0).

The time harmonic factor ¢ will be dropped in future calculations.

Specifically
o= ZTme—ikacosE—g(y—b)} y < b, x<0 22)
m=0
eikr
=1(0,0,)— >b, r— o0 23
(6,8,) N 1yl (23)
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where the known quantities Ty, and f(8,6,) are given by
To = sin(kbsin6))
0~ KbsindgL_(K)L (ksinfg)

(2.4)

kbsin6 gcos(kbsind )(1+ iym/k)l/2 1--™m K (ym)
mm(l + cosOy )1/2 (cosB —1 Amk)K ; (kcosO ) {kK(iym )}

Tm =

sin6sin(kbsin6,)(1+ (-)™)L, (iy,,)

+ : (2.5)
2kb(1+cos0,)(1-1y,./k)(cosO, -1y, /k)L, (kcosb,){KL (iy,,)}

m=>1

~in/4 . _
f(e,eo):{ e _21s1n(90/2)sm(6/2)} .

\/(2nk) (cosB, +cos0)

) cos(kbsinf)cos(kbsinf)
K, (kcost,)K, (kcos0)

B isin(kbsin® ) )sin(kbsin0)
2kbcos(0,/2)cos(02))L, (kcos, )L, (kcosOk

cosf, +cos0#0,—n<O<m; (2.6)

Where

2 1/2

K' (oa)diaK(a ), L (oa)diaL(oc) .

K(a) = Ki(0)K_(a) = e*°cosxb = e coshyb

L(a) = Li(a)L_(a) = o1kb Slliﬂgb _ b sinhyb

k=(k>-a?)"2 =iy =i(a® —k*)"2.

(2.7)

The properties of the split functions (2.7) have been fully worked out, Noble (1958).



3. Radiation from a semi-infinite duct

Consider the problem of the radiation of an arbitrary plane wave mode out of a

semi-infinite duct The solution has been fully worked out, Noble (1958).

/<

9¢,/3y = 0

B Anelx.x "H > > X

3,/oy = 0 ———————— b

(V3+k3) 9, = 0
The solution for an arbitrary incident mode
by, = A", A,arbitrary , (3.1)

is given by ¢, where

nmn kx Opn mmn ik, x
=A <{cos|—(y=b)le™ + > Rlcos|—(y—b) le"™
P, n{ {m#y )} z%nl {mjw ﬂ }

ly|<b, x<0 (3.2)

ikr
=A,2000,) = |y|>b, r>w (3.3)
T

T

where the known quantities R and g(6,0)) are given by



R" —c {(H(—)m)_(1+iYm/k)(1+iYn)/k)L+(iYm)L+ (1y,,)
b 2 (7, + ¥ K)(¥,/K)

L= iy, K (+iy, )" K+<ivn>K+(Wm)}, (34)

2 b((V, + 7 )RV, /K)

e, =l for m=0, =2 for m=>1

e—irr/4 e—lkb‘sme‘
0,0,)= : *
8(0,9) J@2nk) (cos®—iy, /k)

* [kb(1+iy, /k)(cos — )L, (iy, )L_(kcos6)

—isgn(sin0s(1+iy, /k)"2 (1 - cosd) (1-cosB)> K _ (iy, K. (kcosek]

- <0 <m

4. Diffraction by a thick half plane with an absorbent end

(3.5)

Consider the diffraction of a plane wave ¢, by a semi-infinite thick half plane

which has rigid sides, but whose end face has an absorbent material lining.

y
A
b = o ~kroos(0.99)
61/)/6y =0 b | <
ooy = 0 \b Pk = 0
N,y -
oL+ ¥ =0

The solution to the above problem can be constructed by simple superposition of the

solutions obtained in sections 2 and 3. We only require that the addition of the

solutions is such that the boundary condition
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G%V+k\|1=0 on x=0, |y|<b 4.1)

should be satisfied. To achieve this we choose for i the form

V=0+2 0, (4.2)
n=0
such that
Ga\VJrMp:O on x=0 , |y|<b

ox

Note each ¢, has an arbitrary magnitude A, which will no longer be arbitrary on the

imposition of the boundary condition (1). Thus the requirement (4.1) gives

Gai[¢+ §¢HJ+k[¢+ Eq)nJ:o on x=0

X n=0 n=0

and on substituting the expression for ¢ and ¢, given by (1.2) and (2.2) respectively

gives:
c{mzz ) Ty (—ik )cos[;’—g (y— b)} + nEO Aq {(ikn )cos{% (y— b)}
Ly (=ik )R nmcos[ﬂ (y— b)}
o0 2b
@ mm ®© nmn
+7{m220 Tm COS|:E (y- b)} + rEo Aq {cos[g (y- b)}
® mn
+ > Ry cos{—(y—b)}}}zo, ly| <b.
m=0 2b
o0 0 mit
Y |(A—icky )Ty + Ay (M +icky )+ S(A—ickym)AnRm cos{—(y - b)} =0, |y|<b,
m=0 n=0 2b

where we have assumed we can interchange orders of summation. This last result

implies that

(A —ick g )T + A (A +icky )+
n

(A —icky JApRN =0, m=0,1,2,...(4.3)
0

M8
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The solution of this infinite set of equations (4.3) determines the A,, and hence the ¢, ,

uniquely, in the solution y (4.2). The exact solutions for the duct problems are for

arbitrary kb so, unless the solution of the infinite system is in some way restrictive, the
solution for the thick half plane problem should be for any kb. Approximate solutions
of the infinite system (4.3) can be achieved by the method of truncation. That is, if A,

is the solution of the finite system

N
(A—ickmy )T + Ay (A—ickm)+ ¥ (h—icky)ApN Ry™ =0
n=0

m=0,1,....N

then

lim

A,=N->wAl .

In the application of this procedure it is hoped that Ag tends rapidly to A, for

sufficiently low values of N. It will simplify the actual numerical calculations

considerably by using asymptotic estimates for Ty, and R* for kb >> 1 or for kb << 1.

We note that special cases of the problem we have considered are

(a) for a rigid thick half plane =0, A=0. This problem was considered by Jones
(1953) and Crighton and Leppington (1973)

(b) for a thick half plane with rigid sides and a soft end 6 =0, A #0. This problem
has been considered by Mclver and Rawlins (1993).

(c) For a rigid half-plane with an acoustically absorbent end ¢ =1,A =1k3, Ref3 > 0.

We note that the present method can also be used for a cylindrical rod with an
absorbent end. The solutions for a semi-infinite rigid cylindrical duct with an incident

plane wave, or an arbitrary mode excitation are known, Noble (1958).
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This cylindrical problem cannot be solved by the method of Crighton and Leppington
because there is no conformal mapping technique to obtain the inner problem. Jones
(1953) has considered the situation where the end face is rigid. Finally problems in
electromagnetism can also be solved where E polarized waves are diffracted by a thick
half plane and a thick semi-infinite cylindrical rod with an absorbent end face. These
problems would use the known solutions for the acoustically soft duct and an acoustically

soft cylindrical duct respectively.
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