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Abstract 

This study aims to improve the understanding of fatigue damage in welded joints under variable 

amplitude (VA) loading spectra and provide recommendations for future revision of fatigue 

design standard BS 7608 with respect to the guidance on the assessment of fatigue damage 

under VA loading. 

Fatigue tests and analyses were conducted in the present study, aiming to address concerns 

about the fatigue performance of welded joints under VA loading. Welded joints with 

transverse fillet welded attachments, manufactured using S355 steel plates with three 

thicknesses, were tested under cycling down (CD) loading sequences with various constant 

maximum stresses under either uniaxial or bending loading. In addition to as-welded joints, 

life-improved welded joints treated by ultrasonic impact treatment (UIT), were also fabricated, 

and tested. Test results suggest that the CD sequence with a high maximum stress can 

significantly degrade the fatigue performance of welded joints, with the Miner’s sum 𝐷 being 

only of around 0.5 at fatigue failure. However, the severity of such a loading sequence 

decreases when the maximum stress is below a certain level, with a 𝐷 value much higher than 

unity when fatigue failure occurs. Besides, the 𝐷 value is also found to be dependent on the 

plate thickness proportionally. UIT can improve the fatigue life of the welded joints under VA 

loading, and the extent of the improvement depends on the maximum stress applied under CD 

loading sequence.   

Residual stresses at the weld toes of several specimens with different thicknesses were 

measured using either the X-ray diffraction or the Centre-hole drilling method in both as-

welded and fatigue-tested conditions. Measurement results show the magnitudes of the residual 

stress in the as-welded specimens are in proportion to the plate thickness. residual stress 

relaxation occurs in both tensile and compressive loading conditions. The residual stress 

decreases significantly within the first two loading cycles and then becomes almost constant – 

only minor reductions were seen in further loading cycles.  

The effect of the applied mean stress on the fatigue performance of welded joints was 

investigated by considering the actual maximum stress, which is the combination of the applied 

maximum stress and the residual stress, and new mean stress correction models were developed 
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accordingly on the basis of the conventional correction models. In addition to the mean stress 

effect, the models developed also can consider the effect of different VA loading sequences 

through a newly introduced factor. Experimental data obtained from the present study and 

reported in the published literature were adopted for validation. Results show that the proposed 

new models can more accurately predict the fatigue life of welded joints under given VA 

loading spectra, with the Miner’s sum 𝐷 at fatigue failures mainly being in the range between 

0.5 and 1.5. 

The fatigue crack growth (FCG) under VA loading was also studied. A new sequence factor 

which can take into account the effect of a VA loading sequence was introduced by considering 

the local residual mean stress as the primary mechanism for the interaction between stresses in 

a VA loading sequence. FCG predicted by the new model shows a good agreement with the 

experimental data. Fatigue lives can also be predicted reasonably well using the model 

developed, with the values of 𝐷 at fatigue failures ranging between 1 and 2.
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Nomenclature and Definitions  

Nomenclature Definition Units 

𝑎 Crack depth mm 

𝑎𝑐 Final crack depth mm 

𝑎𝑖 Initial crack depth mm 

𝐴 Material constant in cyclic crack growth relationship - 

ACPD 
Alternating current potential drop (a crack depth 

measurement method) 
- 

𝑏 
Shape factor of a loading spectrum in Gassner 

distribution 
- 

𝑏′  The thickness and bending exponent - 

Block 
The stress history between successive applications of the 

peak stress in the spectrum 
- 

Block length NL 
Total number of cycles in a variable amplitude loading 

block 
cycles 

𝑐 Half of crack length  mm 

𝐶 Material constant for S-N curve  - 

CA Constant amplitude  - 

CD Cycling down from a constant maximum stress - 
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CD sequence 
A loading sequence with all stresses cycling down from 

a constant maximum stress 
- 

CHD 
Centre-hole drilling (a residual stress measurement 

method) 
- 

CM Cycling about a constant mean stress - 

CM sequence 
A loading sequence with all stresses cycling about a 

constant mean stress 
- 

CU Cycling up from a constant minimum stress - 

CU sequence 
A loading sequence with all stresses cycling up from a 

constant minimum stress 
- 

𝐷 

𝐷 represents fatigue damage according to the linear 

damage accumulation rule. It is expressed as D = ∑
ni

Ni

k
1  , 

where ni is the number of cycles at applied stress range 

∆σi  and Ni  is the corresponding number of cycles to 

failure under constant amplitude loading at stress range 

∆σi. k is the number of stress range levels 

-  

𝐷𝑚 Fatigue damage estimated after mean stress correction - 

𝐷𝑚𝑠 

Fatigue damage estimated using the model developed in 

the present study where both the mean stress and VA 

loading sequence effects are considered 

- 

𝐸 Young’s modulus GPa 

FCG Fatigue crack growth - 

FCGR 𝑑𝑎/𝑑𝑁 Fatigue crack growth rate mm/cycle 

HSS Hot spot stress MPa 
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𝑘𝑝 Stress concentration factor - 

𝐾′ Material constant - 

𝐾𝑏 Bending factor - 

𝐿 A best fit parameter - 

𝑚 The slope of S-N curve - 

𝑀𝑘  Stress intensity magnification factor - 

𝑛𝑖 
The number of cycles of the 𝑖th stress range in a 

spectrum 
cycles 

𝑛′ Material constant - 

NE Exceedence corresponding to a particular 𝑃𝑖    cycles 

Nmax Aimed block length  cycles 

𝑃𝑖  Relative stress range in a spectrum (=∆σi/∆σmax) - 

𝑅 Stress ratio (= σmin/σmax) - 

𝑅𝑒𝑓𝑓 Effective stress ratio (= (σmin + RS)/(σmax + RS)) - 

Relative fatigue damage 𝐷𝑟𝑖  
The ratio of the fatigue damage at a particular stress level 

∆σi against that at the maximum stress range ∆σmax 
- 

𝑅𝑃𝑖 Overload ratio - 

RS  Residual stress MPa 
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S-N curve 
The relation between applied stress range and fatigue 

life in cycles to failure under constant amplitude loading 
- 

SIF ∆𝐾 Stress intensity factor 𝑁/𝑚𝑚3/2   

SMYS Specified minimum yield stress MPa 

Spectrum 
A representation of stress range(s) distribution with time 

or number of cycles 
- 

Stress histogram 
Table or plot showing number of cycles at each stress 

range level 
- 

𝑇 Plate thickness mm 

UIT Ultrasonic impact treatment  - 

VA Variable amplitude - 

XRD 
X-ray diffraction (a residual stress measurement 

method) 
- 

𝑌 Stress intensity correction factor - 

𝑍 Specimen length mm 

𝑍𝑎 Attachment height mm 

𝑍𝑤 Width of attachment and welds mm 

𝑍𝑡 Weld width mm 

𝜎𝑓 Fracture stress MPa 
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σm Mean stress MPa 

σmax Maximum stress in a loading cycle MPa 

σmin Minimum stress in a loading cycle MPa 

σmax,L Maximum local stress in a loading cycle MPa 

σmin,L Minimum local stress in a loading cycle MPa 

σm,L Local residual mean stress MPa 

σ𝑝 Material parameter, such as 𝜎𝑈𝑇𝑆 and σ𝑡𝑓 etc. MPa 

σ𝑅,𝑚 The mean stress of the equivalent stress range ∆σ𝑅  MPa 

σ𝑡𝑓 True fracture stress MPa 

𝜎𝑈𝑇𝑆 Ultimate tensile strength MPa 

𝜎𝑦 Yield stress MPa 

𝛺 Degree of bending (=∆σ𝑏/(∆σ𝑏 + ∆σm)) - 

∆𝐾𝑒𝑓𝑓  Effective stress intensity factor 𝑁/𝑚𝑚3/2 

∆σ Stress range MPa 

∆σ𝑏 Bending stress range MPa 

∆σCA,equ 

Equivalent (constant amplitude) stress range - the CA 

stress range which, according to Miner’s rule, is 

equivalent in terms of fatigue damage to the VA loading 

spectrum 

MPa 
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ΔσFL Fatigue limit MPa 

ΔσFL,R=−1  Fatigue limit under fully reversed loading, i.e., 𝑅 = −1 MPa 

∆𝜎𝐿 Local stress range MPa 

∆σ𝑖 The 𝑖th stress range in a loading spectrum MPa 

∆σmax Maximum stress range in a loading spectrum MPa 

∆σ𝑂𝐿  Overload MPa 

ΔσR 
Equivalent stress range with the stress ratio at which the 

S-N curve is produced 
MPa 

ΔσR=−1 
Equivalent stress range, which is fully reversed, i.e., 𝑅 =

−1 
MPa 

∆σ𝑈𝐿 Underload MPa 

∆𝜀𝐿 Local strain range - 
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1. Chapter 1   Introduction 

1.1 Research background 

The majority of load-bearing components and structures in service are subjected to variable 

amplitude (VA) loading. To conduct fatigue assessment on the welded joints in such structures, 

the fatigue design standards such as BS 7608 [1], in conjunction with Miner’s cumulative 

damage rule, are used to estimate the fatigue damage, 𝐷, introduced by the loading cycles of 

various amplitudes in the VA loading history.  

In general, the required fatigue life under CA loading is achieved if 𝐷 ≥ 1.0 [1]. However, it 

has been extensively reported that under certain VA loading sequences, such as those involving 

fully-tensile cycling stress and each stress cycling down (CD) from an almost constant 

maximum applied tensile stress, fatigue failure can occur when 𝐷 < 1  [2–5], typically when 

𝐷 is about 0.5 [2,5]. Therefore, the current fatigue design standard advises limiting 𝐷 to 0.5 if 

there is any uncertainty about the nature of the service stress spectrum, and no relevant test 

data is available [1]. However, 𝐷 = 0.5 only corresponds to the CD loading sequences with 

high tensile maximum stresses [5,6]. It is not clear whether 𝐷 will still be about 0.5 when the 

maximum stress is further reduced so some or even all stresses are under compression loading 

in a CD sequence, as shown in Figure 1.1. In addition, there is also a lack of guidance for 

choosing a proper 𝐷  value for other type of VA loading sequences. Therefore, further 

clarifications and guidance regarding the fatigue damage under VA loading is required. 

 

Figure 1.1 Schematic showing three cycling down VA loading sequences with different constant maximum stresses.  
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Since the fatigue life of welded joints is mainly taken up by fatigue crack growths [7], it can 

also be estimated using the knowledge of Fracture Mechanics (FM). FM is a mathematical 

technique to predict fatigue crack growth (FCG) under cyclic loading. Generally, a good 

agreement can be observed between experiments and FM predictions under CA loading [5]. 

When welded joints are subjected to VA loading, however, FM predictions can be either 

conservative or non-conservative due to the stress interactions that can cause either faster or 

slower crack growth than that obtained under CA loading [8,9].  

The effect of stress interactions under VA loading on FCG has been studied intensively [10–

13]. Results shows that the crack growth rate could be retreated or even arrested after an 

overload. On the opposite, the underload may accelerate the FCGR. Moreover, if the VA 

loading contains stress ranges that are below the fatigue limit, the underload(s) could make 

them become damaging. In terms of the mechanism accounting for such effects, much of the 

work focuses on the FCG retardation under the VA sequence containing tensile overloads 

[10,11]. The study on the mechanism responsible for the FCG acceleration caused by 

underloads in VA loading is still limited [12,13]. Several alternative mechanisms have been 

proposed to explain such an acceleration phenomenon, including crack blunting, strain 

hardening and the tensile mean stress, and they may operate simultaneously [12]. Doré [13] 

conducted fatigue testing and Finite Element Analysis (FEA) to bridge the gap. The results 

indicated that the local tensile mean stress ahead of the crack tip was the primary reason for 

the observed FCG acceleration under VA sequence containing periodic underloads. However, 

the analytical model corresponding to this mechanism has not been well established. 

1.2 Research aim, objective and approach 

In view of the situations described above, this research aims to investigate the effect of VA 

loading sequences on the fatigue life of welded joints, aiming to provide guidance for the future 

revision of BS 7608 regarding the fatigue damage under VA loading. To this end, the objectives 

of the study and the approaches adopted include: 

 To investigate the effect of the maximum stress level in the CD loading sequence on 

the fatigue performance of welded joints. 
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 To evaluate the applicability of 𝐷 = 0.5 when the maximum stress decreases under CD 

loading sequences.  

 To evaluate the effect of plate thickness of the specimen on the fatigue performance of 

welded joints under VA loading sequences.  

 To investigate the effect of mean stress on the fatigue performance of welded joints 

under VA loading and develop analytical models to improve fatigue damage prediction. 

 To study the fatigue performance of life-improved welded joints under VA loading 

spectra. 

 To conduct residual stress measurements before and after fatigue testing in order to 

study the residual stress and its relaxation under VA loading. 

 To investigate the mechanism associated with the effect of VA loading sequence on the 

FCG and develop an analytical model to improve the prediction of FCG under VA 

loading. 

 To discuss the implication of the results on current fatigue designs and to provide 

recommendations for future revision of BS 7608 when appropriate.  

To achieve these objectives, an extensive experimental programme was carried out in the 

present study. Two VA loading spectra, Spectrum I and II, were designed, with Spectrum I 

following the typical Gassner distribution, and the latter produced by adjusting the number of 

cycles for each stress range in Spectrum I manually. Based on these spectra, CD loading 

sequences with various constant maximum stresses were produced. Welded joints containing 

transverse fillet welded attachments were tested under these sequences under either axial or 

bending loading. The specimens were manufactured from plates with three different 

thicknesses. A novel test jig was designed to apply a constant tensile axial stress on specimens 

under bending loading. In addition to testing the as-welded specimens, some life-improved 

welded joints where the weld toes were peened using Ultrasonic Impact Treatment (UIT) 

technique were also tested. The crack growth at the weld toe was monitored using the 

Alternating current potential drop (ACPD) technique, in conjunction with the soap solution 

method. 
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Residual stress measurements were conducted using either the centre-hole drilling (CHD) 

technique at TWI Ltd or the X-ray diffraction (XRD) technique at Coventry University. The 

residual stress measurements were conducted before fatigue testing to investigate the initial 

residual stress presented in both as-welded and UIT welded joints. The residual stress was also 

measured after loading the welded for a few cycles to study the residual stress relaxation.  

Based on the residual stress measurements results, the fatigue test data was interpreted using 

the effective mean stress in order to consider the effect of the applied mean stress on the fatigue 

life of welded joints. New analytical models were then developed correspondingly on the basis 

of the conventional mean stress correction models.  

The mechanism that leads to FCG acceleration under CD loading sequences was determined 

by reviewing existing published literature. An analytical model was developed accordingly to 

improve the prediction of FCG. 

Figure 1.2 provides a general description of the research framework employed in the present 

study. 

 

Figure 1.2 The research framework employed to investigate the fatigue performance of welded joints under VA 

loading spectra.  
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1.3 Structure of the thesis 

The thesis is composed of the following chapters: 

Chapter 2 presents a review on the fatigue performance of welded joints under VA loading 

sequences, especially on the evaluation of the Miner’s rule. The influence of residual stress and 

plate thickness was examined. Additionally, the mechanism associated with the retardation and 

acceleration of fatigue crack growth under VA loading was also reviewed.  

Chapter 3 presents an extensive fatigue testing program to investigate the fatigue performance 

of welded joints under VA loading sequences with various mean stresses under either axial or 

bending loading. It describes the effects of loading sequences, the mean stress and the plate 

thickness on Miner’s sum and the fatigue performance of welded plates. This chapter also 

describes the examination of the fracture surfaces and the production of fatigue crack growth 

(FCG) data. 

Chapter 4 presents the results of residual stress measurements obtained from both CHD and 

XRD methods. The magnitudes of residual stress in the as-welded condition for each plate 

thickness of specimen were compared, and the relaxation of residual stress due to fatigue 

loading was described and discussed. 

Chapter 5 discusses the effect of mean stress and presents new models for VA loading based 

on conventional mean stress correction models. These models can convert each stress range in 

the given VA loading sequence to an equivalent stress range with a specific maximum stress 

where the S-N curve was produced. The damage of the applied stress range was then estimated 

using the equivalent stress range. These models also include a new sequence factor that was 

developed to consider the sequence effect on the fatigue performance of welded joints. 

Chapter 6 presents a new analytical model to predict the FCG under given VA loading 

sequences. The residual tensile mean stress was considered as the dominant mechanism that 

accounts for acceleration or retardation in FCGR. The model was validated by the experimental 

data obtained from the current study and those from the open literature. Moreover, the fatigue 

lives of welded joints under various VA loading sequences were also estimated using this 

model. 
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Chapter 7 concludes this study and provides recommendations for fatigue design and future 

research.  
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2. Chapter 2   Literature review 

2.1 Introduction 

This chapter provides necessary background information and an indication of the current status 

of research with respect to the fatigue performance of welded joints under VA loading. A 

review on published work conducted in this area is presented, including methods of fatigue 

assessment, the effect of the nature of the loading sequence on the fatigue life, the influence of 

residual stress. The mechanism associated with the retardation and acceleration in fatigue crack 

growth under VA loading is examined as well. 

2.2 Fatigue damage 

It is well known that structures subjected to repeated or fluctuating loads may fail in service, 

even though the loads applied are well within the material's static strength capacity. The most 

likely (up to 80% [13]) mechanism behind such failures is material fatigue. Regarding a 

material’s fatigue performance, the magnitude of the range of cyclic stress and the 

corresponding number of cycles that the structure can endure are termed the fatigue strength 

and fatigue life of the material, respectively. For metals, fatigue generally involves the 

initiation and propagation of a crack driven by the application of repeated stresses [14].  One 

of the dangers of the fatigue failure is that it can occur without any prior indication in the form 

of visible deformation in the fracture region, even the material is ductile. Similarly, crack 

initiation and propagation may be undetectable until it reaches a critical size. 

The fatigue damage can be measured through three different ways, as proposed by Chaboche 

[15], which are remaining life, microstructure, and physical parameters. 

The remaining life concept is a natural way for an engineer to define fatigue damage as it allows 

predictions of the lifetime of a structure. The most conventional definition for such a damage 

parameter is the life ratio which is the ratio of the present number of cycles already applied to 

the total number of cycles to crack initiation (or failure) [15]. In this case, it corresponds to the 

linear damage rule, Miner’s rule, which has been widely used in the current fatigue design 

codes, such as, BS7608 [1], IIW [16], to estimate fatigue damage or remaining lifetime of the 



8 

 

welded structure. It should be noted that this remaining life concept does not necessarily lead 

to the linear rule, a number of non-linear cumulative rules are also available.  

The second nature way is through microstructure. It is clear that mechanisms of cyclic 

microplasticity, based on the glide of dislocations, are responsible for the fatigue damage [17]. 

One of the most pertinent microstructural parameter used is the cyclic slip irreversibility, which 

is the ratio of microstructurally irreversible cyclic plastic strain to the total cyclic plastic strain 

[18,19]. It was reported that an explicit power-law relation exists between the cyclic slip 

irreversibility and the number of cycles for crack initiation [19,20]. This parameter can be 

deduced from the surface measurement results using advanced microscopy techniques, e.g., 

scanning electron microscopy (SEM) [17], transmission electron microscopy (TEM) [18] and 

atomic force microscopy (AFM) [21,22]. The irreversible and total cyclic plastic strain can be 

estimated based on the measured grain size, average extrusions height, and inter-band spacing 

[21,22]. In addition, the number of cycles required for crack initiation could also be correlated 

with a critical value of the average extrusion height [21,23]. 

Thirdly, the damage also can be correlated with the changes in material physical parameters. 

Sun etl. [24] reported the damage evolution in 45C steel could be effectively represented by 

the electric resistance changes, follow a nonlinear relationship. It was also reported that the 

ultrasonic velocity in the sample was sensitive to the change of fatigue damage and the inverse 

function of the logistic equation could be used to describe the evolution curve of fatigue 

damage [25,26]. The fatigue damage was found to be dependent on the changes in the magnetic 

properties, especially the variations in coercivity and remanence and impending failure can be 

well predicted from the rapid decrease in these two parameters [27].  

The present research aims to study the fatigue damage in welded joints in line with the fatigue 

design codes; therefore, the remaining life concept is employed, and more relevant details are 

given in the following sections. 

2.3 Fatigue of welded joints 

Welding is the most common joining method to integrate components into a metallic structure. 

In a structure containing welded joints, fatigue failure is more likely to happen at the weld toe, 

rather than in the parent metal [6,28]. This can be attributed to three main reasons: firstly, the 
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welding process introduces large tensile residual stress in welds, so the weld toe experiences a 

higher stress level than other locations. Secondly, stress concentration may arise at the weld 

toe due to surface geometry discontinuity and the local notch, which increase the rate of damage 

by fatigue. Thirdly, and most importantly, welding may introduce crack-like flaws at the weld 

toe, which can significantly shorten the fatigue life. In view of these, it is essential to assess 

fatigue performance of welded joints to avoid the premature failure of the structure, typically 

using fatigue design standards such as BS 7608 [1], DNV-RP-C203 [29], IIW [16] and BS 

7910 [30]. 

To estimate the fatigue live of components, there are two main methods - the stress-life (S-N 

curve) approach [1,16] and the crack growth analysis [30]. The stress-life method considers the 

total life to failure as a function of cyclic stress or strain range and ignores the existing flaws. 

Thus, the fatigue life calculated includes the number of cycles to initiate and propagate the 

fatigue crack. This method has a particular drawback which is the fatigue lives calculated may 

show a wide scatter. Such scatter can be attributed to the inconsistent nature of the crack 

initiation phase in different materials, as the initiation phase depends on the material 

microstructure and manufacturing process [13]. The crack growth analysis, which is also 

known as tolerance design, latter, damage tolerant design, is based on the use of fracture 

mechanics (FM) principles to describe fatigue crack growth from an initial flaw size to a critical 

crack size [30]. In this case, the crack initiation phase is ignored, leading to a reduction in the 

scatter of fatigue lives predictions. However, the consistency between the calculated and the 

actual fatigue life is highly dependent on the accuracy of the initial flaw size measured or 

assumed [13].  

For welded joints, the crack initiation phase occupies a much smaller proportion of life than 

that for a case such as a plain plate, where most of the fatigue life may spend initiating a crack. 

Gurney [6] suggested that the initiation stage is very often almost non-existent in the case of 

welded joints as fatigue cracks in nearly all welded joints start at pre-existing flaws, the 

presence of which can be taken as the equivalent of an initiated crack. In this case, current 

standards [1,30] assumes the of fatigue life of welded joints is dominated by crack growth 

propagation. 

It should be noted, the welded joints mentioned here represents the joints in the case of as-

welded. For those welded joints which are carefully fabricated or applied to life improvement 
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techniques, such as post weld heat treatment (PWHT) or ultrasonic impact treatment (UIT), 

crack initiation life is also should be expected.  

2.4 S-N curve  

The S-N curve, also known as Wohler curve, was first established by a Germany engineer 

August Wohler in 1870 [31]. Based on the results obtained from the rotating bending fatigue 

test on railroad axles, Wohler revealed that the cyclic stress range was more important than the 

peak stress. S-N curves were then established by plotting the results in terms of the stress range 

against the number of cycles to failure. Nowadays, the development of technology in fatigue 

testing allows establishing the S-N curves for a specific component or structure under other 

loading modes, such as axial and bending loading.  

The S-N curve is widely used in current fatigue design codes, such as BS 7608 [1], IIW [32], 

as the primary method to predict the fatigue life of welded joints under any type of fatigue 

loading. The S-N curves are primarily based on the fatigue test data obtained from constant 

amplitude(CA) loading [1]. They are typically plotted in log-log scales, which produces a 

reverse proportional linear relationship between the stress range and the fatigue life, following: 

∆𝜎𝑚𝑁 = 𝐶                                                                     (2.1) 

where ∆𝜎 is the stress range applied, 𝑁 is the number of cycles to fatigue failure, 𝑚 and 𝐶 are 

material constants that can be calculated using a linear regression analysis based on 

experimental results. Parameter 𝑚 is the slope of the S-N curve. For steel welded joints, it is 

usual to consider 𝑚 = 3.0, which is a reasonable average value and generally used in fatigue 

designs [1]. For safety concerns, an S-N design curve related to the lower bound of the test data 

is used. Such a design curve is established by setting two standard deviations (2SD) of 𝑙𝑜𝑔𝑁 

below the mean curve in order to ascertain 97.7% of survival, see Figure 2.1. 
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Figure 2.1 Typical mean and design (mean-2SD) S-N curve for steel welded joints. 

S-N curve has a knee point below which the S-N curve is turned to horizontal, suggesting the 

welded joints can sustain the stress range below this point infinitely. Under CA loading, this 

specific stress range is known as the constant amplitude fatigue limit (CAFL) and is defined as 

the value corresponding to the fatigue life at 107 cycles in standards [1,32]. However, under 

VA loading, it is found that ignoring the minor stress range that below CAFL can be unsafe 

[5,6]. Therefore, the S-N curves are advised [33] to extrapolate beyond the knee point with a 

shallower slope at 𝑚 + 2 (i.e. 5 when m=3) at the 5 × 107 cycles [1] or at 107 cycles [29]. 

Some studies also suggest that the damage of the minor stress range can be as much as that 

estimated with the S-N curve extrapolated with non-slope change [5,13,34]. 

It should be noted that Figure 2.1 is typical for welded joints where fatigue life is dominated 

by fatigue crack propagation. For plain materials where crack initiation dominates, the slope 

of the S-N curve generally has a much shallower gradient with no identifiable knee point [35]. 

The S-N curves can be established based not only on the nominal stress but also on the hot-

spot stress (HSS) or the linear-elastic notch stress. The nominal stress is calculated by 

conventional engineering methods, which excludes the effects of structural discontinuities (e.g. 

welds, openings, thickness changes) and the effects of the local shape of the detail [1,36]. This 

stress is easily calculated in the case of simple axially loaded members or simple beams in 
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bending. However, for some complicated structures, such as tubular nodal welded joints, HSS 

is generally used as the reference stress as it includes the stress concentration caused by the 

structural discontinuities and the presence of attachments [1,36,37]. Another reference stress 

which is increasingly gaining industrial acceptance is the notch stress, which considers the 

effect of weld profile and is calculated using finite element modelling with a reference radius 

[37,38].  

In the current standards, various S-N curves are advised depending on the weld class detail. In 

BS 7608 [1] the classification system uses letters to refer to different weld details. And IIW 

[32] employs numbers to differ weld details. These numbers are the nominal stress range 

intersected at the fatigue life of 2 × 106 cycles. 

2.5 Variable amplitude loading spectrum 

In service, the great majority of structures and components generally experience complex stress 

loading cycles of variable amplitude (VA) [39,40]. Some representative examples are shown 

in Figure 2.2. VA loading can arise due to the variation of loads, different loading modes, or 

as a result of structural discontinuity. Therefore, it is essential to establish the actual VA loading 

spectrum in service to estimate the fatigue endurance of the welded structure for design purpose. 

The electrical resistance strain gauge is currently the most common method used to measure 

the strain at the point of interest, and so the working stress can be calculated accordingly. 

A loading history established directly using strain gauges is usually complicated. It needs to be 

broken down into a corresponded loading stress spectrum before conducting either fatigue 

testing in the lab or fatigue assessment. The spectrum is a representation of stress range(s) and 

the corresponding number of cycles, which can be set up using some counting methods, such 

as the Rainflow or the Range pair methods [6,28]. In BS 7608 [1], the Rainflow method is 

recommended. 

The Rainflow counting method is illustrated in Figure 2.3. First, the loading history is clock 

wisely rotated by 90 °  (after rotation, the time axial is vertical, while the stress axial is 

horizontal). Second, imaging a raindrop starts flowing from each successive extremum point 

of the loading history and stops when a) it falls opposite a larger maximum or minimum point 

or b) it meets a previous flow falling above or c) it falls below the sequence. A positive or 

https://www.sciencedirect.com/topics/earth-and-planetary-sciences/discontinuity
https://www.sciencedirect.com/topics/engineering/extremum-point
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negative loading cycle can be identified between each pair of start and stop points. Finally, the 

loading spectrum is determined by pairing up the same counted positive and negative loading 

cycles. 

 

 

 

Figure 2.2 Typical variable amplitude loading histories in service [40]:(a) pressure variation in a pipeline; 

(b)pressure variation in the condensation chamber of a reactor; (c) acceleration in the gravity of a transport 

plane. 

 

Figure 2.3 Illustration of rain flow counting method. 
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2.6 Cumulative damage under variable amplitude loading 

2.6.1 Cumulative damage rule 

2.6.1.1 Overview 

A wide range of cumulate damage models for high cycle fatigue of metal were developed in 

the last four decades and they can generally be categorized as either linear or non-linear damage 

models [41,42]. The most widely used linear cumulative damage rule is Palmgren–Miner linear 

damage rule or as simply as Miner’s rule. It has become the industry standard for fatigue design 

of metal structures due to its intrinsic simplicity and been adopted in leading design standards 

such as BS 7608 [1], DNVGL-RP-C203:2016 [29], EN 1999-1-3:2007 [43], IIW:2016 [16]. 

Although its wide usage, however, Miner’s rule is known to give inaccuracy prediction under 

VA loading as it cannot take into account the effect of the loading sequence and interaction 

[42,44,45]. Hence, in order to overcome this drawback, a wide range of non-linear cumulative 

damage and life prediction models has also been developed and widely used, which may 

provide a more satisfying results than the liner rule [46]. Nevertheless, these non-linear models 

have their own drawbacks. Patil et al. [47] and Kris et al. [48] pointed out a significant number 

of non-linear cumulative fatigue damage models were developed and validated based on 

relatively small experimental datasets, so their generic performance cannot be judged. 

Moreover, predictions based on non-linear models sometime also show a significant deviation 

from the experimental data [46]. So linear cumulative damage rule still remains the most widely 

used for fatigue design under variable amplitude loading [48].  

As the present study aims to provide guidance for the future revision of BS 7608, it only focuses 

on Miner’s rule. However, a brief review on the non-liner cumulative models has also been 

made which is given later in Section 2.15. The review conducted in this section (Section 2.6) 

is just based on Miner’s rule. 

2.6.1.2 Linear cumulative damage rule 

Miner’s rule is the most widely used method in the industry to estimate fatigue damage 𝐷 for 

metal under a VA loading spectrum: 
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𝐷 =
𝑛1
𝑁1
+
𝑛2
𝑁2
+
𝑛3
𝑁3
+⋯ =∑

𝑛𝑖
𝑁𝑖
                                             (2.2) 

where 𝑛1, 𝑛2, etc., are the numbers of cycles corresponding to applied stress ranges ∆𝜎1, ∆𝜎2, 

etc., involved in the VA loading spectrum, and 𝑁1, 𝑁2, etc., are the numbers of cycles to fatigue 

failure under constant amplitude (CA) loading at those stress ranges, which can be calculated 

according to S-N curve (Equation 2.1). 𝑖 is the number of stress ranges.   

Current fatigue design standards, such as BS 7608 [1], EN 1999-1-3:2007 [43], IIW:2016 [16] 

advise that any structure with Miner’s sum 𝐷 < 1 is safe for operation. Otherwise, fatigue 

failure will occur. An implicit assumption in the Miner’s rule is that the fatigue damage 

introduced by a certain stress range under the VA loading is identical to that due to the same 

stress range under CA loading. However, there is extensive evidence suggesting the stress 

range under VA loading could be either more [3–6,40,49] or less [3–5,50–52] damaging than 

the identical stress range applied under CA loading, depending on the nature of the VA loading 

sequence; hence, the 𝐷 value calculated using Equation 2.2 at fatigue failure can be lower (non-

conservative) or higher (unduly conservative) than unity, respectively.  

2.6.2 The fatigue damage of variable amplitude loading  

The nature of a VA loading sequence, such as shape, small stress range and length etc., can 

strongly influence the 𝐷 value when fatigue failure occurs. Extensive studies have investigated 

the fatigue performance of welded joints under VA sequences with three typical shapes, as 

defined by Zhang and Maddox [5]: Sequence A where all loading cycles are cycling down (CD) 

from a constant maximum stress; Sequence B where all loading cycles are about a constant 

mean stress (CM), and Sequence C which involves all loading cycles being cycling up (CU) 

from a constant minimum stress, see Figure 2.4. These three sequences are also referred to CD, 

CM and CU sequence, respectively. 

It was found that the fatigue life of welded joints could be significantly degraded under the CD 

loading sequence, with the 𝐷 value much lower than unity at failure [3–6,13,49,53], typically 

being about 0.5 [5,6,13] or even lower [49,53]. Although such VA loading sequence was 

chosen for the purpose of simulating the severe conditions that are expected to exist in welded 

joints containing high tensile residual stresses, it may actually arise in some engineering 

structures, such as gas storage vessels, gas turbine blades, railway lines and aircraft wings [12]. 
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Furthermore, a wide band spectrum, where the mean stress of individual cycles included varies 

widely and generally involves a stress history with irregularity significantly less than 1.0, as 

shown in Figure 2.5, may also exhibit similar behaviour with the CD sequence, although it does 

not involve cycling down from a constant maximum stress.  

 

Figure 2.4 Schematic illustration showing the three sequences used in the VA tests [5] : (a) cycling down from a 

constant maximum stress; (b) cycling at a constant mean stress and (c) cycling up from a constant minimum 

stress. 
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Figure 2.5 An example of wideband loading history [6]. 

For CM loading sequence, which is also known as a narrow band sequence [6], the 𝐷 value at 

failure reported in [5] was about 0.8, while fell into the range between 0.25 and 1.6 according 

to [6]. In terms of CU loading sequences, the 𝐷 value is generally higher than unity[3,5,52,54]. 

For example, the 𝐷 value was reported >1.3 by Zhang and Maddox [5] and even higher to eight 

[34]. However, some test results implied that the 𝐷 value depended on the overstress ratio of a 

CU loading sequence, which is the ratio of the largest stress range to the lowest stress range 

and could be lower than unity at failure, being about 0.6 [34].  

Another problem associated with the application of Miner's rule under VA loading is the 

method of treating the small stresses that are below the CAFL. The high-stress ranges in the 

spectrum may lead the fatigue crack to propagate to such an extent that those small stresses 

below the CAFL become damaging [13]. To deal with this, instead of modifying Miner’s rule, 

it is easier to change the slope of the S-N curve below the fatigue limit [33]. The most widely 

used assumption is that the slope of an S-N curve obtained under CA loading can be 

extrapolated beyond the CAFL, at a shallower slope, typically 𝑚 = 5 instead of 3. The number 

of cycles corresponding to the CAFL is different in design guidelines. For example, in 

DNVGL-RP-C203:2016 [29] it is 𝑁 = 107 cycles, while in BS 7608:2014 it suggests that a 

slope change from 𝑚 to 𝑚 + 2 at 𝑁 = 5 × 107  cycles seems to be more suitable. A more 

extreme recommendation is made by the US AASHTO bridge rules [55] where the S-N curve 

is suggested to be extrapolated with no slope change. 

Gurney [6] further investigated this problem and found that a linear and a bi-linear S-N curve 

only made little difference for a convex upwards spectrum, but the latter may be unsafe for a 

concave upwards spectrum. This was further supported by Zhang and Maddox [5], who 

conducted fatigue testing under a concave up spectrum as well. The results revealed that the 
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small stress ranges in the spectrum were just as damaging as implied by the CA S-N curve 

extrapolated beyond the CAFL. 

Another factor that affects the value of 𝐷 under VA loading that involves repeatedly applied 

blocks of a VA sequence is the block length (i.e. the number of cycles of the repeated VA 

sequence) [6]. It is proportional to 𝐷 value at failure. Therefore, a method known as the area 

rule was derived to describe such relationship, following: 

ln (
𝑁𝐵
𝑁𝐶
) = − (𝑎𝑟𝑒𝑎 𝑢𝑛𝑑𝑒𝑟 𝑐𝑢𝑟𝑣𝑒 𝑝𝑖 𝑣. 𝐿𝑛 𝑁𝐸𝑖;  𝑒𝑥𝑐𝑒𝑒𝑑𝑒𝑛𝑐𝑒 𝑑𝑖𝑎𝑔𝑟𝑎𝑚)           (2.3) 

where 𝑁𝐵  is the number of blocks to failure, 𝑁𝐶  is the fatigue life under CA loading 

corresponding to the top limit stress in the spectrum, 𝑃𝑖 the relative stress range in a spectrum 

and 𝑁𝐸𝑖 the number of cycles per block equal to or exceeding 𝑃𝑖 times the top limit stress. 

2.6.3 Fatigue design under variable amplitude loading  

As mentioned, there is extensive evidence [3–6,40,56] suggesting that the stress range under 

VA loading could be more damaging than the same stress range applied under CA loading in 

some circumstances. For example, under some stress spectra, including those involving fully-

tensile stress cycling about a high tensile mean stress (CD loading sequence) or where there is 

little variation in the maximum applied tensile stress [3,5,6,13], fatigue tests have shown that 

fatigue failure can occur when 𝐷 < 1, typically being about 0.5.  

Therefore, BS 7608 advises limiting 𝐷 to 0.5 if there is any uncertainty about the nature of the 

service stress spectrum, or for particularly critical cases. Alternatively, 𝐷 can be established 

for the particular stress spectrum and welded joint type concerned by reference to relevant 

published data or special testing. The reduction in Miner’s rule has also been applied in IIW 

[16]. It recommends that Miner's rule should be applied, assuming 𝐷 = 0.5 at fatigue failure. 

The advised 𝐷 value under VA loading is also related to the mean stress according to Sonsino 

[40] where 𝐷 is recommended to be assumed at 0.5 under constant mean stress conditions, 

whilst even lower at 0.2 for varying mean stress conditions such as under wideband loading 

[40].  



19 

 

However, 𝐷 = 0.5 is only corresponding to the CD loading sequence with a high maximum 

stress, at about 80% specified minimum yield stress of the material [5,6]. Although similar 

results were obtained when the maximum stress was halved from 280 to 147MPa [5], it is still 

unclear whether 𝐷 = 0.5 is proper under the CD sequence with lower maximum stresses, as 

shown in Figure 1.2. Moreover, in the current standard there is still no guidance on how to 

decide a proper 𝐷 value for either CM or CU loading sequence to not only ascertain safety but 

also to avoid waste of the remaining fatigue life.  

2.7 Residual stress in welded joints  

2.7.1 Formation of residual stress in welded joints 

Residual stresses are those stresses that remain in a welded joint even in the absence of external 

loading or thermal gradients. They affect susceptibility to fracture and fatigue performance. 

Figure 2.6 illustrates the formation of residual stress in welded joints. It is mainly as a 

consequence of the expansion or contraction in the welding area heated by the welding source 

being restrained by the adjacent material at low temperature [6,28]. The resulting idealised 

residual stress distribution, where a uniform through-thickness stress distribution is assumed, 

are shown in Figure 2.7 in the longitudinal direction (parallel to the weld) and transverse 

direction (normal to the weld). 

Residual stress is independent of external loading, but it is self-balanced or in equilibrium 

within the material. Residual stress occurs at each welded joints and influences the fatigue 

behaviour of the joints [28]. Therefore, the actual load applied to the welded joints is the 

combination of the external load and the residual stress. 
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Figure 2.6 Formation of residual stress in welds: (a) before welding and (b) after welding [28]. 

The magnitude of the tensile residual stress near weld toe depends on the yield tensile strengths 

of the material, i.e., the weld and parent metal. In steel welded joint, where the two are closely 

matched, the residual stress may be as high as the yield strength of the parent metal [28].   

 

Figure 2.7 Typical residual stress distributions due to a butt weld between two plates: (a) longitudinal and (b) 

transverse [6]. 

For the T-butt welds, i.e. plate filleted welded one transverse attachment on one side, as shown 

in Figure 2.8 (a), standard BS 7910 [30] and R6 [57] provide the residual stress profiles for as-

welded joints. The profiles are expressed in terms of the normalized depth through the plate 

thickness and the normalized residual stress in the longitudinal and transverse directions. The 

transverse residual stress distribution is illustrated as the solid line in Figure 2.8 (b). 
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Figure 2.8 Transverse residual distribution in T welded joins: (a) sketch of T welded joints; (b) transfers 

residual stress profile.. 

To calculate the transverse residual stress (RS), the follow equation applies [30,57] : 

𝑅𝑆

𝜎𝑦
= 1 −

𝑡

𝑇
                                                                  (2.4) 

where 𝑡 is the depth below the plate surface. And this profile is appropriate for assessing flaws 

that lie within a distance of 𝑍𝑡 from the weld toe, where 𝑍𝑡 is the weld width. 

If consider welding another attachment on the other side of the T welded joint, then it becomes 

a cruciform welded joint, as the one used in the present study. The residual stress profile 

introduced by the new attachment should be similar as that for the original attachment. So, by 

superposing these two profiles, the transverse residual stress distribution in the cruciform 

welded joints should be constant through the plate thickness, as indicated by the dash line in 

Figure 2.8 (b). 

It should be noted that the profiles provided is only suitable for the plate which is thicker than 

25mm and corresponding to the upper boundary of the experimental results. For more accurate 

assessment residual stress distribution may be determined by conducting residual measurement 

on mock-up weldments [30]. Indeed, the residual stress value was reported to be dependent on 

the specimen size - smaller dimensions [58] or thinner plates [59,60] yield in lower residual 

stress. For the cruciform welded joints with a thinner plate thickness, the residual stress was 

about 60% [61–63] and even 20% [64–66] of the yield strength of the steels investigated. 
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The type of welded joints also affects the residual stress. The welded joints with longitudinal 

and edge attachments usually contain tensile residual stress that can reach to the yield stress of 

the material [6,28].  

2.7.2 Effect of residual stresses 

Residual stress can influence the fatigue endurance of welded joints significantly. This is 

because that the externally applied stress is superimposed onto the residual stress, resulting in 

a higher effective mean stress than that of the applied stress. Typically, welds and the adjacent 

material may experience the actual stress range cycling down from the yield stress of parent 

metal [6], as shown in Figure 2.9. 

Considering a welded joint, where the residual stress of tensile yield magnitude is presented 

(line 1), subjected to nominal tensile stress, 𝜎, as the weld metal is already at the yield tensile 

strength of the material, the further application of 𝜎 leads to local plastic straining, and the 

actual stress in the weld remains at 𝜎𝑦 , while the surrounding stress field changes to 

accommodate the applied load. The stress distribution on the application of 𝜎 is illustrated as 

line 2. After removing 𝜎, the residual stress in weld reduces to (𝜎𝑦 − 𝜎), and the new residual 

stress system is indicated as line 3. Therefore, if the stress rang 𝜎, ranging between zero and 𝜎, 

is repeatedly applied, the actual stress range in the weld will cycle between a maximum stress 

of 𝜎𝑦 and a minimum stress of (𝜎𝑦 − 𝜎), i.e., a range equal to the stress range applied, but with 

a mean stress of 
𝜎𝑦+𝜎

2
, rather than that calculated by 

𝜎

2
 . 

 

Figure 2.9 Superposition of applied stress and residual stress of tensile yield magnitude. 
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Similarly, if a compressive stress, −𝜎, is repeatedly applied, no local plastic straining occurs, 

and the actual stress also cycles between 𝜎𝑦 − 𝜎 and 𝜎𝑦, line 4. Thus, for the same stress range 

of applied stress, the weld experiences the same stress condition under tensile and compressive 

loading. 

Since it is difficult to predict or measure the residual stress in any particular welded structure, 

current fatigue design standards, such as BS 7608 [1], BS 7910 [30], IIW [32] and DNV [29], 

all assume a high tensile residual stress presents in welds with a magnitude of the tensile yield 

strength of the material to ensure their guidance are conservative. Thus, the fatigue endurance 

of welded joints depends only on the stress range and is independent of the type of welded 

joints as well as the mean stress or the stress ratio, 𝑅 - the ratio of the minimum to the maximum 

stress of the externally applied load.   

Indeed, fatigue tests on the welded joints with longitudinal attachments did not show any 

significant difference in the fatigue strength when the specimens were loaded with various 

stress ratios, ranging from -4 to 0.5 [6,28]. Similar results were also reported in [67,68] where 

the stress ratio ranged between 0.67 and completely compressive load.  

However, for the other type or relatively small size welded joints where the residual stress is 

lower, as mentioned in 2.6.1, the mean stress or the stress ratio matters. For example, butt-

welded joints made of different steels were tested with various stress ratios by the National 

Research Institute For Metals (NRIM) [69,70]. Specimens made of SB42 carbon steel plates 

with a butt weld in the middle were tested under the stress ratio at -1, 0 and 0.5 [69]. An 

apparent decrease in the fatigue strength at 107 cycles was seen (from 198 to 132MPa) when 

the stress ratio increases. The same type of specimen was used in [69,70], but the material was 

changed to SPV50 of which the tensile stress is higher. Familiar results were obtained that the 

fatigue strength at 107  cycles decreased by 30%, from 370 to 265MPa as the stress ratio 

increase to 0.5. 

The transverse fillet welded joints with the plate thickness ranging from 9 to 160 mm were 

tested under CA loading sequences where either the minimum stress equals to zero (R=0) or 

the maximum stress equals to yield stress of the material [58]. The average residual stress 

measured in the 9mm-thick specimen was 60MPa, whereas in thicker ones (plate 

thickness >40mm) was approximately 180MPa. The result showed that fatigue strength at 
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2 × 106 were almost the same under these stress ratios, whereas both the strengths at 107 and 

108 were seen a decrease when the stress ratio was increased. This result implied that due to 

the low residual stress, the mean stress could influence fatigue performance when the applied 

stress range is small.  

Few works have been seen for the effect of the mean stress on the fatigue performance of 

welded joints under a VA loading spectrum [3,5]. When the maximum stress was reduced from 

280 to 147MPa, the Miner’s sum 𝐷 was only increased slightly from 0.53 to 0.60, which 

probably could be explained by data scatter [5]. Tilly carried out fatigue testing of two types 

of welded joints: edge attachments and fillet welded longitudinal attachments [3]. The limited 

data indicated that the fatigue performance of the joints under pulsating compression was only 

slightly better than that under pulsating tension. This result might not be surprising since these 

two types of welded joints are expected to contain high tensile residual stress. It is not clear 

whether a similar result would be observed in other types of welded joints where lower residual 

stress presents. 

In view of this, the mean stress correction is recommended when assessing the fatigue 

performance of small-size welded joints where the residual stress may be relatively small, or 

even not exist [58].  

2.7.3 Residual stress relaxation 

The initial residual stress induced by welding may not sustain during cyclic loading. As the 

superposition of the high residual stress, plastic deformation may occur even though the applied 

stress is lower than the material yield, leading to relaxation of the residual stress [71]. 

There is abundant evidence suggesting that under cyclic loading, significant relaxation of 

residual stress occurs under the first application of the loading cycle, followed by minimal 

further relaxation in subsequent cycles [72]. This is supported by the results obtained from 

notched specimen [73] and smooth butt welds [74] under the application of single loading 

cycles with stress ratios R = 0 and −1, where residual stress was significantly reduced.  

The residual stress relaxation was investigated in welded joints with transverse fillet 

attachments using the X-ray diffraction method [50]. Results showed that more than 50% of 

residual stress was relaxed within only 8% of the fatigue life. The residual stress presented in 
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longitudinal fillet attachments was found to be reduced by 73% in less than one percent of the 

fatigue life [5], which was in line with the results reported in [71,75]. The extent of residual 

stress relaxation depends on the magnitude of the cyclic stress range and the yield stress of the 

material [76].  

2.7.4 Residual stress measurement methods 

Current residual stress measurement techniques mainly fall into two categories: destructive and 

non-destructive. The destructive technique includes Centre-hole drilling method and Counter 

method, etc.. The widely used non-destructive technique are X-ray diffraction, Neutron 

diffraction and Ultrasonic technique, etc. [77]. 

X-ray diffraction(XRD) depends on measuring the changes in the spacing of between the lattice 

planes in a polycrystalline material when a stress is applied [78]. The residual stress is 

calculated based on the strain measured using 𝑠𝑖𝑛2𝜑 method. More details on the principle of 

XRD the method can be found in [79]. 

Centre-hole drilling is one of the most widely used methods for measuring surface residual 

stress in isotropic linearly elastic materials [80,81]. The principle of this method involves 

drilling a hole into the specimen containing residual stress and measuring the subsequent local 

surface strains which are caused by the residual stress relief and redistribution in the 

surrounding material [78]. The strains recorded allows for the back-calculation of the pre-

existing residual stress based on the theory of elasticity. More details could be found in [80].   

2.8 Mean stress correction 

Although the effect of mean stress applied is generally ignored when assessing the fatigue life 

of welded joints, it can significantly affect the weld-free steel component [82–84]. The fatigue 

life obtained under a specific constant stress range with zero mean stress was higher than that 

under the same stress range but with a tensile stress range [82,83] or be lower than that with a 

compressive mean stress [83]. The mechanism lays behind the trends is that the tensile mean 

stress can decrease the crack initiation time due to the stress concentration at defects and also 

impede the happen of crack closure [84].  
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In this case, some equations have been proposed to consider the effect of applied mean stress 

on the fatigue limit of materials, such as: 

Soderberg [85]: Δσ𝐹𝐿 = ΔσFL,R=−1(1 −
σm

σy
) (2.5) 

Goodman [86]: Δσ𝐹𝐿 = ΔσFL,R=−1(1 −
σm

σUTS
) (2.6) 

Morrow [87]: Δσ𝐹𝐿 = ΔσFL,R=−1(1 −
σm

σtf
) (2.7) 

Gerber [88]: Δσ𝐹𝐿 = ΔσFL,R=−1(1 − (
σm

σUTS
) 2)       (2.8) 

Smith-Watson-Topper (SWT) [89]: ΔσFL,R=−1 = √𝜎𝑚𝑎𝑥Δσ𝐹𝐿 (2.9) 

Walker equation [90]: ΔσFL,R=−1 = 𝜎𝑚𝑎𝑥
1−𝛾

Δ𝜎𝐹𝐿
𝛾

 (2.10) 

where ΔσFL,R=−1 refers to the fatigue limit at fully reversed loading, i.e., 𝑅 = −1. ΔσFL is the 

corrected value at a given mean stress, σm. σy,  σUTS and σtf are the yield stress, the ultimate 

tensile stress, and the true fracture stress, respectively. 𝜎𝑚𝑎𝑥 is the maximum stress applied, 

and 𝛾 a material constant, ranging between 0 and 1. The first four methods are illustrated in 

Figure 2.10. 

Comparison of these models has been carried out [88,91,92]. Results showed that most of the 

predictions by the models usually scatter between the results predicted by Goodman and Gerber 

model [91]. When the applied mean stress was close to the reference mean stress, the Goodman 

model could make a better prediction; but as the gap increased, the results predicted by Gerber 

model were better, and Goodman method became conservative [88]. This trend was further 

confirmed by the results obtained at a low stress ratio, i.e. R<0.1, that a good agreement was 

achieved by Goodman method as well [91,92]. SWT model is well-known for its simplicity as 

only the maximum stress and the stress range are involved, with no material constant required. 
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However, while providing a proper correction for the high cycle fatigue tests, it becomes 

conservative in low cycles fatigue tests [92]. Walker model may give a better result, but an 

additional parameter confirmed by experiments is needed [88].  

 

Figure 2.10 Mean stress correction methods. 

In addition to the fatigue limit, these equations also can correlate a given stress range, ∆𝜎, with 

a mean tress, 𝜎𝑚, to an equivalent fully reversed stress range, ∆𝜎𝑅=−1, that is able to produce 

the same fatigue damage with the ∆𝜎 − 𝜎𝑚 combination [90], which is discussed in Chapter 5. 

2.9 Effect of plate thickness on the fatigue life of welded joints 

It is well-known that the relevant dimension of a specimen influences the fatigue endurance of 

welded joints, by decreasing the fatigue strength as the dimensions increase. This phenomenon 

is well explained by the model established by Berge [93]. By assuming the geometries of the 

same type of welded joints in various thickness being similar, as long as the depth of the initial 

flaw is independent of plate thickness, Berge showed that the stress distribution across the plate 

in the plane are geometrically similar, resulting in a steeper stress gradient in the thinner plate. 

Therefore, the initial flaw with specific depth in a thinner plate experiences smaller stress than 

in a thicker plate, leading to a smaller FCGR. Hence, the thinner weld joint has a better fatigue 

life.  
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The detrimental effect of larger plate thickness also can be partly attributed to the high residual 

stress [94]. The magnitude of residual stress may increase as the plate thickness increase, 

resulting in a higher effective mean stress (the combination of the applied mean stress and the 

residual stress), especially when the applied mean stress is low.   

BS 7608 [1] provides guidance on accounting for such thickness effect. The reference thickness, 

𝑇𝑟𝑒𝑓, for the basic S-N curve in BS 7608 is 25mm for non-nodal welded joints and 16mm for 

tubular nodal joints. It suggests that the fatigue strength of welded joints also depends on the 

degree of through-thickness bending. The fatigue strength increases with increasing bending 

component for a decreasing stress range gradient through the thickness. However, the design 

S-N curves are established under the conditions that predominantly produce membrane stresses. 

The potentially detrimental effect of increased thickness but the beneficial effect for bending 

is combined with the application of the correction factor 𝑘𝑡𝑏 on stress ranges obtained from the 

relevant S-N curve, such that: 

∆𝜎𝐹𝐿 = 𝑘𝑡𝑏∆𝜎𝐹𝐿,𝐵                                                    (2.11) 

where ∆𝜎𝐹𝐿  is the fatigue strength including the thickness size correction and ∆𝜎𝐹𝐿,𝐵  the 

fatigue strength from the basic S-N curve. 𝑘𝑡𝑏 is estimated as following: 

For T >25mm 𝑘𝑡𝑏 = (
𝑇𝑟𝑒𝑓

𝑇𝑒𝑓𝑓
)

𝑏′

(1 + 0.18Ω1.4) (2.12) 

For 4mm≤ 𝑇 ≤ 25mm 𝑘𝑡𝑏 = {1 + 𝛺 [(
𝑇𝑟𝑒𝑓

𝑇
)𝑏
′
− 1]} (1 + 0.18Ω1.4) (2.13) 

where 𝑇𝑟𝑒𝑓  is the thickness related to the basic S-N curve for the weld detail, 𝑇𝑒𝑓𝑓  is the 

effective plate thickness, 𝑇 is the actual thickness of the component under consideration. 𝑏′ is 

the thickness and bending exponent and depends on joints class. For Class F curve, 𝑏′ = 0.25 

[2,93]. Ω is the degree of bending (∆𝜎𝑏/(∆𝜎𝑚 + ∆𝜎𝑏)).  

The effect of thickness is also illustrated by calculating the fatigue life as a function of thickness 

and 𝑏′, following [95]: 
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𝑙𝑜𝑔𝑁 = 𝑙𝑜𝑔�̅� − 𝑚𝑙𝑜𝑔[∆𝜎(
𝑇

𝑇𝑟𝑒𝑓
)𝑏
′
]                                           (2.14) 

where m is the negative inverse slope of the S–N curve, 𝑙𝑜𝑔�̅� is the intercept of the horizontal 

axis. The fatigue life is in reverse proportion to T and 𝑏′. 

Moreover, the plate thickness effect depends on the value of the stress range applied [2]. It was 

found that under both axial and bending loading, the thickness effect was minor when the stress 

range is high (in the short life region, about 105 cycles) and will become more apparent as the 

stress range decreases (in the relatively long-life region, > 2 × 105 cycles). 

2.10 Fatigue life improvement 

2.10.1 Overview of fatigue life improvement techniques 

In order to overcome fatigue problems and to extend the service life of welded structures, 

various life improvement techniques have been developed and implemented during the last few 

decades [96]. These methods can be categorised into either residual stress-based approaches or 

weld geometry improvement-based approaches [97]. The former introduces compressive 

stresses near the surface of the weld toe where the crack is likely to initiate and propagate, and 

the latter removes flaws at the weld toe and reduce stress concentration. In each category, there 

are various alternative techniques. The most widely used and their benefits are summarised in 

Table 2.1. 

Table 2.1 The primary benefits of the widely used improvement techniques. 

Category Technique 
Remove or reduce 

crack-like flaws 

Reduce local stress 

concentration 

Introduce compressive 

residual stress 

Weld geometry 

improvement-

based 

Burr grinding √ √ - 

TIG dressing √ √ - 

Residual stress-

based 

Shot blasting - - √ 

Needle peening - √ √ 

Hammer peening - √ √ 

Ultrasonic impact 

treatment (UIT) 
- √ √ 
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2.10.2 Ultrasonic impact treatment 

The residual stress-based method, including conventional peening techniques and high-

frequency mechanical impact (HFMI) treatments, are attracting increasing attention and had 

been significantly developed as a reliable, effective, and user-friendly technique to achieve 

fatigue strength improvement [96,98]. 

Compared with the conventional peening method, the HFMI treatment can produce a uniform 

treatment region with excellent repeatability, and without noises as well as operator fatigue 

problems [97]. The technique involves applying accelerations of cylindrical indenters at a high 

frequency (>90 Hz) against the weld toe region. Therefore, the material impacted is highly 

deformed plastically, causing compressive residual stresses in the area of impact. Also, HFMI 

can refine the weld profile to reduce local stress concentration. 

Ultrasonic impact treatment (UIT) is one of the HFMI techniques. It has been utilized in a wide 

range of industrial areas, including aerospace, mining, offshore drilling, shipbuilding, etc. The 

effectiveness of UIT has been verified in numerous laboratory testing and analytical fatigue 

studies [99–101]. It was reported that UIT could improve the fatigue strength in the order of 

50-200% for butt and overlap joints [99], about 120% for joints with filleted longitudinal 

attachment [100], and 65%-70% for joints with filleted transverse attachment [101].  

2.10.3 Fatigue design for life improved welded joints 

BS 7608 suggests that UIT may lead to the benefit in increasing the fatigue strength of untreated 

welds at 107 cycles by a factor up to 1.5 and changing the slop of S-N to 3.5 depending on the 

stress ratio and the maximum stress applied. More details are given in Table 2.2.  

It is worth to note that most of the studies and guidance discussed above only demonstrate the 

improvement in fatigue performance under CA loading, and limited relevant work has been 

done under VA loading [96,102]. The improvement in fatigue strength of the welded joints 

containing longitudinal attachments due to UIT was investigated under the CM loading 

sequence with a stress ratio R~0.1 [103]. Results showed that the fatigue strength 

corresponding to 𝑁 = 2 × 106 cycles was increased by about 80%, with an increase in the 

fatigue life for about 3 to 17 times.  
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Table 2.2 Improvement in fatigue strength due to weld toe peening suggested in BS 7608. 

Loading conditions Improvement 
Slope before 107 

cycles 

𝑅 ≤ 0, including fully 

compressive loading 

Increase fatigue strength at 107 cycles by a factor of 1.5 

and the stress range are the sum of the tensile component 

and 60% of the compressive component 
3.5 

0 < 𝑅 ≤ 0.28 

and 𝜎𝑚𝑎𝑥 ≤ 0.8𝜎𝑦 
Increase fatigue strength at 107 cycles by a factor of 1.5 

0.28 < 𝑅 ≤ 0.4 

and 𝜎𝑚𝑎𝑥 ≤ 0.8𝜎𝑦 
Increase fatigue strength at 107 cycles by a factor of 1.15 

3 

𝑅 > 0.4 

or 𝜎𝑚𝑎𝑥 > 0.8𝜎𝑦 
No benefit unless proved by fatigue testing 

2.11 Linear elastic fracture mechanics  

As mentioned previously, fatigue life associated with as-welded joints is almost spent in fatigue 

crack growth [6]. So it can be estimated by linear elastic fracture mechanics (LEFM) which is 

an analytical tool that offers a mathematical technique to describe fatigue cracking progress 

[54,104].  

In LEFM theory, the crack growth is determined by the stress state near the tip of a 

crack caused by a remote load or residual stresses, and the stress state can be characterized 

using a stress intensity factor (SIF) range, ∆𝐾 [105]. In the consideration of a fatigue crack 

presented at the weld toe, the ∆𝐾 is estimated [30]:  

∆𝐾 = 𝑀𝑘𝑌∆𝜎√𝜋𝛼                                                            (2.15) 

where 𝑌 is a dimensionless factor accounting for the geometry of the component and the crack. 

𝑎 is the crack size and 𝑀𝑘 a function of the stress concentration effect caused by weld details, 

which will be discussed in Chapter 6. 

Fatigue crack growth can generally be defined in terms of three stages, as shown in Figure 2.11 

[30].  Stage I is the transition from no propagation below a threshold value of ∆𝐾0 to a finite 

crack growth rate. The threshold is typically below 63𝑁/𝑚𝑚3/2  for steel (in terms of FCGR at 

https://en.wikipedia.org/wiki/Stress_(mechanics)
https://en.wikipedia.org/wiki/Structural_load
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𝑑𝑎/𝑑𝑁 = 10−7𝑚𝑚/𝑐𝑦𝑐𝑙𝑒) and 21𝑁/𝑚𝑚3/2 for aluminium alloys at a stress ratio >0.5 in air or 

other non-aggressive environments [30]. 

Stage II, referred to as macro-cracking, involves the propagation of a fatigue crack through the 

majority of the cross-section. Generally, it takes up the majority of the crack growth stage, and 

a number of empirical laws were proposed to characterise the rate of crack growth in this stage. 

Paris’ Law is the most used method to relate the fatigue crack growth rate (FCGR), 𝑑𝑎/𝑑𝑁, to 

∆𝐾, giving:  

𝑑𝑎

𝑑𝑁
= 𝐶(∆𝐾)𝑚                                                          (2.16)  

where 𝐶 and 𝑚 are material constants which can be estimated experimentally. 𝑚 is typically 

about 3.0 for a variety of metals. 

Stage III defines the final moments of fatigue crack growth when the remaining cross-section 

is unable to sustain the applied load, and brittle fracture or ductile collapse occurs. 

 

Figure 2.11 Simple Paris law crack growth relationship. 

The Paris’ Law also can be integrated to estimate the number of cycles for a crack to grows 

from an initial size, 𝑎𝑖, to the final size, 𝑎𝑐, in accordance with the BS 7910 [30]:  
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∫
𝑑𝑎

(𝑀𝑘𝑌√𝜋𝛼 )𝑚
= 𝐶∆𝜎𝑚𝑁

𝑎𝑐

𝑎𝑖

                                             (2.17) 

As mentioned, the fatigue life of welded joints generally involves crack growth due to the initial 

crack-like flaws at the weld toe. If the geometry and size of flaws are similar in each weld, and 

the final crack size at fatigue failure is considerably larger than the initial size, the integral 

component in the equation 2.17 is constant; thus, it can be re-written as: 

∆𝜎𝑚𝑁 =
1

𝐶
 ∫

𝑑𝑎

(𝑀𝑘𝑌√𝜋𝛼 )𝑚
= 𝐶′

𝑎𝑐

𝑎𝑖

                                  (2.18) 

where 𝐶′ is a constant. 

It is interesting to note that this is the form of the S-N curve obtained from fatigue tests. There 

is no doubt that the integral component in Equation 2.18 is not constant in reality because the 

geometry of the initial flaws varies from welds to welds. Such variation is the main reason for 

the scatter obtained from fatigue tests [28]. Besides, Equation 2.18 also suggests the slope of 

the S-N curve, m, is identical to that for the crack growth data. As noted above, the value of m 

is usually about 3, and this the reason for the choice of m=3 for the slopes of the design curves 

provided in BS 7608. 

In view of the fatigue crack growth under VA loading sequences, Equation 2.18 can be re-

written as: 

∫
𝑑𝑎

(𝑀𝑘𝑌√𝜋𝛼 )𝑚
=∑𝐶∆𝜎𝑖

𝑚𝑛𝑖

𝑎𝑐

𝑎𝑖

                                     (2.19) 

where 𝜎𝑖 and 𝑛𝑖 are the stress ranges and the corresponding number of cycles in the loading 

history. Therefore, fatigue life, ∑𝑛𝑖 can be estimated when the 𝑎𝑖, 𝑎𝑐 and ∆𝜎𝑖 are given. 

Although the LEFM is widely used, it has some major limitations. First, it can only take into 

account single crack growth. However, a stressed welded joints can develop cracks at multiple 

locations. Fatigue cracks that are present in close vicinity can interact under the load, leading 

to amplification or reduction in stress levels near the crack-tips [106,107]. Second, it may 

underestimate the growth of small crack. The crack growth curve near the threshold part is 

generally produced based on a large crack using a decreasing ∆𝐾 approach. However, in many 
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loading bearing structures, fatigue crack growth from a small initial flaw is a major portion of 

the fatigue life and it has been found that at low crack growth rate, near the threshold range, 

the small crack may grow much faster than the large crack at the same ∆𝐾 level, even they also 

grows at ∆𝐾 levels below threshold [108]. Thirdly, LEFM is of limited practical use on the 

crack growth from pre-existing flaws in linear elastic material. One basic assumption for LEFM 

is small scale-yielding, i.e., the non-linear deformation is small compared to the size of crack 

[35]. Therefore, it is not suitable for cases of steels which are not perfectly elastic but undergo 

significant plastic deformation at the tip of a crack [35,105], or when the crack initiate at the 

stress concentrators, in particular crack-like defects, the plastic zone can be commensurable 

with the defect size or the typical linear size of the deformed body [109]. 

Efforts have been made to overcome these limitations. For the multiple cracks, new SIF can be 

calculated to considering the interaction effect between fatigue cracks using superposition 

principle [110], weight function method [111] or photoelasticity [107]. In order to predict small 

crack growth near the threshold range, some non-linear fracture mechanics models have been 

proposed accordingly [108,109]. When the crack component is in the cases of non-small-

yielding, elastic plastic fracture mechanics (EPFM) would be a better choice [112]. 

2.12 Crack tip plasticity 

It is well known that plastic deformation presents at the crack tip as a result of the stress 

concentration [14]. There are two types of plastic zone ahead of the crack tip under cyclic 

loading: monotonic plastic zone and reverse or cyclic plastic zone [35,105]. The former is 

defined as the plastic zone corresponding to the maximum load in a loading cycle, and its 

dimension is related to the maximum stress intensity factor, 𝐾𝑚𝑎𝑥. The reverse plastic zone, 

which is a smaller plastic zone within the monotonic zone, is induced by the reserved plastic 

flow upon unloading in the cycle; its size is determined by the stress intensity factor range, ∆𝐾, 

the stress state and the material property. 

The plastic zone size, 𝑟𝑝
∗, was estimated firstly by Irwin in 1958 [113]: 

𝑟𝑝
∗  =

1

𝑚𝜋
(
𝐾𝑚𝑎𝑥
𝜎𝑦

)2,       𝑚 = {
6          𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛
2          𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠

                             (2.20) 

https://www.sciencedirect.com/topics/engineering/superposition-principle
https://www.sciencedirect.com/topics/engineering/superposition-principle
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In subsequent research, it was noticed that Equation 2.20 underestimates the actual size of the 

plastic zone as the plastic deformation leads to re-distribution of stresses in the vicinity of the 

crack tip. Therefore, Irwin [114] gave a correction in accordance with von Mises yield criterion 

to calculated the monotonic plastic zone size:   

𝑟𝑝 = 2𝑟𝑝
∗                                                             (2.21) 

In terms of the reversed plastic zone, it has been long recognised since the 1960s [115] that as 

the tensile stress decreases, the monotonic zone is compressed by the surrounding elastic body, 

and this leads to the redistribution of stresses and the formation of the reversed plastic zone at 

the crack tip. The reversed plastic zone locates within the monotonic zone, and its size is 

estimated as: 

𝑟𝑐  =
1

𝜋
(
∆𝐾

2𝜎𝑦
)2                                                       (2.22) 

Both monotonic and reversed zone has a significant influence on the fatigue propagation 

because they can determine the extent of crack opening as well as the effective stress intensity 

factor, which will be discussed later. 

2.13 Fatigue crack growth under variable amplitude loading 

2.13.1 Effect of overload on crack growth 

2.13.1.1 Single overload  

Fatigue crack growth (FCG) under the simplest case of a CU loading sequence which contains 

only a single overload, as illustrated in Figure 2.12(a), have been studied extensively [8,9,116–

120] in various materials, such as stainless steels [116,117], steels [8,118], Aluminium alloys 

[9,119]. Such a loading sequence can lead to significant fatigue crack growth rate (FCGR) 

retardation [119]. As shown in Figure 2.12(b) and (c), the FCGR increases instantaneously at 

the application of the overload, then decreases sharply until a minimum value is reached. 

Afterwards, it gradually returns to the baseline.  

The extent of the retardation effect depends on the overload ratio, which is the overload stress 

range to the minor stress range [8,118,120]: The higher overload ratio, the more retardation. 
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When the overstress ratio was increased from 1.3 to 1.9, the FCGR in central cracked 

specimens manufactured by 18G2A structural steel decreased from the twice time lower than 

the baseline to five times lower [118]. Additionally, the retardation can be weakened when the 

plate thickness increases [120].  

 

Figure 2.12  Fatigue crack growth under VA loading sequence: (a) CU loading sequence. (b) change in FCGR 

after an overload. (c) change in crack size after an overload. (d) CD loading sequence. (e) change in FCGR 

after an underload. (f) change in crack size after an underload. 

2.13.1.2 Periodical overloads 

Retardation in FCGR was also studied under the loading sequence where the overload was 

applied periodically [118,120–122]. The extend of retardation can be either enhanced or 

reduced depending on the interval, referred as 𝑛 in Figure 2.12 (a), which is the number of 

minor cycles between neighbouring overloads [121,122], as shown in Figure 2.12 (a). An 

obvious enhanced retardation was obtained when the number of minor cycles increases from 

100 to 10,000 [118]. Similar results were also reported in [120].  
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Such a retardation effect has been widely observed and applied in actual load-bearing structures 

in the industry [123]. For instance, an aircraft that occasionally operated through high gusty 

winds in bad weather has a longer service time than that with a steadier flight weather history. 

An example of the industry takes advantage of the retardation is that the service life of a bridge 

can be extended by applying heavy weight vehicles which causes overload. FCGR retardation 

was also observed under a block loading [5], where a CU loading sequence containing some 

different stress range levels is applied repeatedly until fatigue failure. 

If the interval is further reduced, the retardation phenomenon can be significantly weakened, 

even resulting in acceleration [12,119]. L.P. Borrego et al. [119] used a centre-crack specimen 

made of AlMgSi1 (6082) aluminium alloy to study the effect of the interval between multiple 

overloads on FCGR. Four intervals: 10,100,1000 and 10000 were adopted. Results suggested 

that the retardation effect was reduced with the decreasing interval. If the interval was 10, the 

number of cycles for the crack to increase by 10mm was decreased by 20% in comparison of 

that under a CA loading. Similar results were seen in [12], where compact tensile (CT) 

specimens made of steel BS4360 50B and BS1510 32A were loaded under CU loading 

sequences with various intervals ranging from 1 to 1000. Results showed that when the interval 

was less than 3, FCGR was accelerated and the highest acceleration factor was obtained when 

the intervals equal to 1, being at 1.11 and 1.24 respectively in these two materials, respectively. 

The acceleration factor illustrates the extent of acceleration effect and can be expressed as [12]: 

𝛾 =
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝐹𝐶𝐺𝑅 𝑝𝑒𝑟 𝑏𝑙𝑜𝑐𝑘

 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 𝐹𝐶𝐺𝑅 𝑝𝑒𝑟 𝑏𝑙𝑜𝑐𝑘 
                                                 (2.23) 

where the predicted FCGR per block is calculated by a linear summation of the FCGR response 

under CA condition. 

2.13.2 Effect of underload on crack growth  

The fatigue crack growth under the CD loading sequences containing either one single 

underload [8,124] or periodic underloads [12,13,120,125,126], see Figure 2.12 (d), was 

extensively studied. Results suggested the underload cycle could not only cause crack 

advancement by itself, but also accelerate the FCGR in the subsequent minor cycles, as shown 

in Figure 2.12 (e) and (f). The FCGR jumps to a maximum value whereupon the application of 

the underload, then gradually return to the baseline.  
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Similar to the retardation effect under a CU loading, the acceleration factor also depends on 

the interval, 𝑛. A peak value of 𝛾 could be achieved by taken 𝑛 at 10 [12,126]. When 𝑛 is either 

higher or lower than ten, the value of 𝛾 usually reduces [12]. Moreover, the maximum 𝛾 can 

be achieved depends on the material, it ranges between 1.0 and 2.0 [12] for steel and could 

reach up to 8 for aluminium [126].  

The effect of the underload ratio, which is the underload stress range to the minor stress range, 

was discussed in [12,13,123]. It shows that for both steel and aluminium, when the underload 

ratio is at about 2, 𝛾 is generally at the highest, being at 1.5-2.0.  

For welded joints, FCGR acceleration was also observed under CD loading sequence [5,6,13]. 

The crack length measured was much longer than that calculated by linear summation of the 

CA crack growth responses [5,13].  

2.13.3 Effect of other variable amplitude loading sequences  

In addition to CD and CU loading sequence, other types of VA loading sequences, such as the 

multiple peak overload sequence, the overload-underload sequence, the step-change sequence 

etc. (Figure 2.13), also can cause either crack acceleration or retardation, but the extent is 

weaker than that under the purely CD or CU sequences. As fatigue propagation under such 

loading sequences is beyond the scope of the present study, the relevant information is not 

included here. Comprehensive reviews on this subject can be found in [12,13,120]. 

2.14 Mechanisms for load interaction under variable amplitude loading 

2.14.1 Fatigue crack growth rate retardation due to overload 

Various mechanisms have been established to explain the FCGR retardation due to overloading. 

Examples of some of them are crack closure [127–129], strain hardening [12,123], crack tip 

bunting [115,130] or compressive mean stress [12]. These mechanisms are not totally 

independent of each other, and some of them may active simultaneously [12]. However, crack 

closure is generally considered as the most important FCGR retardation mechanisms [126].  
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Figure 2.13 Various variable amplitude loading sequences. 

Elber [129] first observed that fatigue cracks could close even under tension-tension CA 

loading. It is a phenomenon that the opposing faces of a crack remain in contact until the driving 

force, ∆𝐾 , has achieved a critical value, ∆𝐾𝑜𝑝  [129]. So that only a reduced part of ∆𝐾 

contributes to crack propagation. 

Some mechanisms have been proposed for the crack closure phenomenon, such as roughness 

induced-closure [14], oxide induced-closure [14,131] and plasticity induced-closure [129]. It 

was argued that the plasticity induced-closure might be the predominant one [13,129]. During 

cyclic loading, each loading cycle produces monotonic and reverse plastic zones ahead of the 

crack tip. During loading from the minimum to the maximum far-field load, the crack advances 

through the residual tensile strains. As a result, a zone of residual tensile deformation is left in 

the wake of a fatigue crack tip, resulting in that the crack surfaces can still be in contact even 

if the specimen is loaded under a tensile stress. 

Under a VA loading sequence where overloads are involved, overloads may enhance crack 

closure. This is because overloads can produce a larger plastic zone ahead of a crack tip than 
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minor cycles do, which produces higher compressive stresses, resulting in an increase of  ∆𝐾𝑜𝑝. 

As the fatigue crack grows, ∆𝐾𝑜𝑝 gradually decreases and finally back to the initial level when 

the plastic zone caused by subsequent minor cycle reaches to the edge of the larger plastic zone 

[127].  

2.14.2 Effective stress intensity factor 

As a fatigue crack only propagates after the crack is fully open, its growth is dominated by an 

effective stress intensity factor, ∆𝐾𝑒𝑓𝑓 [129]: 

∆𝐾𝑒𝑓𝑓 = ∆𝐾 − ∆𝐾𝑜𝑝 = 𝑈∆𝐾                                                       (2.24) 

where 𝑈 is a parameter in relation to the stress ratio, 𝑅.  

Under a CA loading sequence, U can be estimated by [129]: 

𝑈 = 0.5 + 0.4𝑅,−1 < 𝑅 < 0.7                                                 (2.25) 

Another form of 𝑈 was developed by Booth G, Maddox S [7]: 

𝑈 = {
1

1.5 − 𝑅
    − 2 < 𝑅 < 0.5

1                   𝑅 > 0.5 

                                                     (2.26) 

Under a VA loading sequence where an overload is involved, Wheeler model [127] is one of 

the least complicated and most commonly used crack growth models, where 𝑈 was proposed 

to be a function of the current crack size, 𝑎, the size before the overload, 𝑎𝑂𝐿, the plastic zone 

size for minor cycles, 𝑟𝐶𝐴, and that for the overload, 𝑟𝑂𝐿, giving: 

𝑈 = {
(

𝑟𝐶𝐴
𝑎𝑂𝐿 + 𝑟𝑂𝐿 − 𝑎

)𝑤 ; 𝑎 + 𝑟𝑝  <  𝑎𝑂𝐿 + 𝑟𝑝𝑂𝐿

   1                               ; 𝑎 + 𝑟𝑝  ≥  𝑎𝑂𝐿 + 𝑟𝑝𝑂𝐿 
                       (2.27) 

where 𝑤 is an empirical parameter based on the material and the loading sequence. 𝑟𝑝 is the 

plastic zone size.  
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2.14.3 Fatigue crack growth rate acceleration due to underload 

The mechanism for FCGR acceleration under CD loading sequences has not been well 

established [5]. One possible mechanism for the acceleration was suggested to be related to 

strain hardening where the underload is thought to cause reduction of material ductility ahead 

of the crack tip [12,132]. Crack tip blunting is known to take place after an overload, while 

sharpening is expected after an underload. However, the opposite trend was also found: cracks 

were blunted after underloads as well [12], though the magnitude was much less than that under 

an overload.  

In contrast to an overload, it is believed that an underload could cause flatting of asperities in 

fatigue crack wake, which can weaken the crack closure, resulting in a higher effective intensity 

factor and an acceleration in FCGR [126,133]. For example, the crack open stress was found 

to be dropped immediately after the application of an underload, and then gradually return to 

the initial level with a rate, ∆𝜎𝑜𝑝, [134], which follows: 

∆𝜎𝑜𝑝 = 𝑚(𝜎𝑐𝑜𝑝 − 𝜎𝑜𝑝)                                                (2.28) 

where 𝜎𝑐𝑜𝑝  and 𝜎𝑜𝑝  are the current and the initial opening stresses, respectively. 𝑚  is a 

parameter determined experimentally. In [133], when 𝑚 = 0.002, the crack closure stress 

could be well calculated. 

It should be noted that, when the stress ratio is relatively high (more than 0.5-0.6 in steels [123]), 

crack closure usually cannot be observed in minor cycles due to the high magnitude of the 

applied mean stress. However, in such a condition, the acceleration in FCGR was still observed 

[13,135], implying that crack closure may not be the predominant mechanism for the 

acceleration.  

The strain softening could be a possible mechanism accounting for the FCGR acceleration 

caused by underload. Although the increase in strain during the minor stress cycle, where R= 

0.7, after an underload with R=0.1 was predicted by a finite element analysis in the Ti-17 alloy, 

experimental validation was not provided [123]. 

The influence of the local residual mean stress within the reverse plastic zone ahead of the 

crack tip on the fatigue crack growth under CD loading spectra was discussed in [9]. In the 
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reverse plastic zone, due to the mean stress relaxation, fully reversed loading takes place even 

under purely tensile fatigue loading. After an underload, a tensile mean stress could occur in 

the following small loading cycles, resulting in an acceleration in the crack growth rate. 

Furthermore, a finite element analysis [13] deduced that the acceleration in FCGR after 

underloads could be attributed to changes in the local residual mean stress.  On the contrary, if 

a CU loading sequence is applied, a compressive local residual means tress will be introduced, 

resulting in lower FCGR. The model according to this mechanism has not been well established 

yet. 

2.15 Non-linear cumulative rule and prediction models for metal under VA 

loading 

2.15.1 Category 

As mentioned previously, many non-linear cumulative damage rules and fatigue life prediction 

models have been developed. Depending on the development method and the fundamental 

theory, the non-linear damage models can be categorised in different ways [48,136]. Damage 

models developed before 1970s were generally phenomenological, while those after 1970s 

have gradually become semi-analytical or analytical [137]. Peng [46] characterised those 

models into three groups, i.e. phenomenological theories, continuum damage mechanics (CDM) 

and fracture mechanics (FM). Moreover, more detailed categories were also reported in 

[44,48,136], including damage curve models, life curve modification model, energy-based 

models, physical properties degradation of materials, thermodynamic entropy based damage 

models etc. It should be noted that there is no clear boundary between these categories and 

other categorizations also exist [48]. 

A brief review of the non-linear models is given below following the categorization of damage 

curve models, life curve modification model, CDM and Energy based method. Some typical 

models in each category were introduced. 

2.15.2. Damage curve models 

Richart and Newmark [138] first proposed the damage curve concept to correlate damage to 

the cycle ratio. They speculated that the 𝐷-cycle ratio (= ∑(
𝑛𝑖

𝑁𝑖
) ) curve should be dependent on 
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the stress level. The damage curve concept is illustrated in Figure 2.14. Based on this concept, 

a nonlinear damage rule was then proposed by Marco and Starkey [139]: 

𝐷 =∑(
𝑛𝑖
𝑁𝑖
)𝑥(∆𝜎𝑖)                                                        (2.29) 

where the cumulative damage is expressed as a power function which is load-dependent. 

𝑥(∆𝜎𝑖) is a function of the stress range, ∆𝜎𝑖, and this function was not developed in their work.  

Manson and Halford [140] further developed an analytical formulation for the damage curve 

based on an empirically formulated effective crack growth model to estimate the cumulative 

damage under a VA loading sequence containing multiple load levels: 

((((
𝑛1
𝑁1
)𝑎1,2 +

𝑛2
𝑁2
)𝑎2,3 +

𝑛3
𝑁3
)𝑎3,4 +⋯+

𝑛𝑖−1
𝑁𝑖−1

)𝑎𝑖−1,𝑖 +
𝑛𝑖
𝑁𝑖
= 1                    (2.30) 

where 𝑎𝑖−1,𝑖 is the life ratio characteristic exponent 

𝑎𝑖−1,𝑖 = (
𝑁𝑖−1
𝑁𝑖
)0.4                                                      (2.31) 

 

Figure 2.14 Comparison between linear and non-linear cumulative damage rule under a high-low VA loading sequence. 

Under VA loading, the load sequences and interaction effects are two important issues in the 

fatigue damage accumulation [141].  Load interaction effect is the change in fatigue life due to 

the inclusion or elimination of one or a relatively few cycles of a spectrum, while sequence 

effect is the changes in fatigue life due to a reordering of a spectrum [142]. Manson and Halford 



44 

 

model can explains the influence of load sequences very well, but the load interactions is 

ignored. Therefore, some researchers, such as Gao et al. [41,141] and Yuan et al. [143], 

amended 𝑎𝑖−1,𝑖 to consider the load interaction effect. 

Kwofie and Rahbar [144] proposed a nonlinear damage accumulative concept based on 

Basquin equation, named fatigue driving stress (FDS), and consider it as the driver of fatigue 

damage. In conjunction with the conventional S-N curve, FDS can be used to predict the 

residual fatigue life of a structure under VA loading. The FDS, 𝜎𝐷𝑖, due to an applied cyclic 

stress ∆𝜎𝑖 can be expressed as 

𝜎𝐷𝑖 = ∆𝜎𝑖𝑁
−𝜗𝑛𝑖
𝑁𝑖                                                           (2.32) 

where 𝜗 is the fatigue strength exponent,  𝑛𝑖 and 𝑁𝑖 have their usual meaning. And the damage 

under the given VA loading is estimated by 

𝐷 =∑
𝑛𝑖
𝑁𝑖

ln (𝑁𝑖)

ln (𝑁1)
                                                    (2.33) 

It should be noted the 𝑁1 represents the fatigue life for the first applied load that initiates fatigue 

damage, and the load sequence and interaction effects were consider by the ratio 
ln (𝑁𝑖)

ln (𝑁1)
. 

 2.15.3. Life curve modification models 

The life curve modification models were developed by modifying the S-N curve to consider 

the various under VA loading [48,137]. They were developed based on either Corten-Dolan 

[145] and Freudenthal-Heller [146] models or the concept of isodamage lines [45,147]. Among 

these models, the Corten–Dolan’s model have been widely used in industry [136]. 

Corten-Dolan [145] model is one of the earliest theories to consider the load interaction effects 

by rotating the S-N curve around a reference point, which is the highest stress level in the VA 

loading. Thus, fatigue damage 𝐷 can be estimated according to: 

𝐷 =
𝑛1
𝑁1
+ (
𝑛2
𝑁1
)(
∆𝜎2
∆𝜎1

)𝑑 +⋯+ (
𝑛𝑖
𝑁𝑖−1

)(
∆𝜎𝑖
∆𝜎1

)𝑑                            (2.34) 
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where ∆𝜎1 is assumed to be the maximum stress range in the VA loading and 𝑑 is a material 

parameter.  

Corten-Dolan model is suitable for a wide range of applications with good precision [53], 

however, the results are found to be strongly dependent on the 𝑑 value and it is difficult to 

determine a consistent value [148]. For steels, the value of 𝑑 was reported to be ranging from 

6.2 to 6.9 with a mean value of 6.57 [136,149]. Peng et al. [150] recommended values of 4.8 

for high strength steels and 5.8 for other materials. Some analytical models were also developed 

to calculate 𝑑 [136]. 

2.15.4 Continuum damage mechanics models 

Continuum damage mechanics (CDM) deals with the mechanical behaviour of a deteriorating 

medium at the continuum scale, by assuming that diffuse damage accumulates in a 

material[151]. This approach was developed based on the research carried out by Kachanov 

[152] and Rabotnov [153]. Then, Chaboche [154] proposed that fatigue damage accumulation 

every cycle can be generalized by a function of the load and damage state, and first to apply 

CDM to predict fatigue damage by introducing a nonlinear continuum damage model: 

𝐷 = 1 − [1 − (
𝑛

𝑁
)
1
1−𝛼]

1
1+𝛽

                                             (2.35) 

where 𝑎 is a function of the stress state and 𝛽 is a material constant. This model has four major 

advantages [48,137]: First, it can account for damage growth due to the stress range below the 

CAFL if the material is damaged. Second, strain hardening can be considered in order to take 

into account the load interaction effect. Third, the mean stress effect is also included. Finally, 

the material parameters can easily be determined from S-N curves. Based on the Chaboche 

model, some models were developed by introducing different numbers of variables, damage 

rate equations or boundary conditions [137]. 

In addition to the Chaboche model, several other type CDM models were also developed based 

on different concepts, such as thermodynamic mechanical[155], damage stress[156] and 

material degradation[157], and under each concept, various models also exist [44,48,137].   
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The CDM models also can be combined with other methods. For example, Peng [46] combined 

the material degradation concept to model the changes of the residual S-N curve. This model 

was found to be better than Miner’s rule, the FDS [144] and Corten-Dolan model [145]. 

2.15.5 Energy based method 

Generally, a strain energy density parameter is used the energy based models for fatigue 

analysis [137,158,159]. Golos et al. [160] proposed the fatigue life can be regarded as a 

function of strain energy density, ∆𝑊𝑡, which a is the combination of damaging plastic strain 

energy density ∆𝑊𝑝 and the elastic strain energy associated with the tensile mode ∆𝑊𝑒
+ that 

facilitates crack growth: 

∆𝑊𝑡 = ∆𝑊𝑝 + ∆𝑊𝑒
+ = ℶ𝑁𝛼 + 𝐶′                                        (2.36) 

where ℶ, 𝛼 and 𝐶′ are material constants. This model was further developed to determine the 

fatigue life in a multi-block loading [161] and to analysis the fatigue performance of 

magnesium alloy [162]. 

Peng [159] proposed a new fatigue driving energy (FDE) method by combing the strain energy 

density with the FDS concept developed in [144], to predict the residual fatigue life under VA 

loading: 

(
𝑛𝑖
𝑁𝑖
)
𝑝𝑝

= 1 −
1

−2𝛹 𝑙𝑛𝑁𝑖
𝑙𝑛

(

 
 
 
 (𝑁𝑖

−2𝛹 − 1)(𝑁
𝑖−1

−2𝛹[
𝑛𝑖−1
𝑁𝑖−1

+1−(
𝑛𝑖−1
𝑁𝑖−1

)
𝑝𝑝
]

− 1)

𝑁𝑖−1
−2𝛹 − 1

+ 1

)

 
 
 
 

      (2.37) 

where 𝛹  is a material constant and 𝑝𝑝  represents the fatigue life predicted by the model. 

Compared to Miner’s rule, the proposed model provided more accurate fatigue life estimations 

[159]. 

2.16 Fatigue life under variable amplitude multiaxial loading 

The literature review performed so far focuses on fatigue issues under VA uniaxial fatigue 

loading. With the advent of multiaxial fatigue testing facilities in the last four decades, 
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extensive research also has been carried out to investigate the issues of multiaxial fatigue, and 

how to estimate fatigue life under VA multiaxial loading is one of the most critical issues. 

However, the present study only focuses on fatigue problems under VA uniaxial loading, hence 

just a brief introduction on the fatigue under VA multiaxial loading is given here. 

Similar to uniaxial loading, to assess fatigue life under VA multiaxial loading, there are three 

essential factors – the selection of a suitable multiaxial fatigue damage model that can estimate 

damage of each loading cycle identified, a cumulative damage rule to sum damage for the VA 

loading spectrum, and a proper cycle counting method to identify the VA loading spectrum in 

the given loading history [163]. 

Currently, critical plane approaches are the most reliable and robust approaches to conducting 

multiaxial fatigue life estimations [163,164]. They were developed on the basis of on either 

maximum shear failure plane or the maximum principal strain or stress failure plane and can 

be categorized as stress-based, strain-based, and stress-strain based models. The stress-strain 

models are the most appropriate one as they are applicable for both low and high cycle fatigue 

and can capture the material constitutive response [165]. Under such a category, a widely used 

model is Fatemi-Socie (FS) model [166], where the maximum shear strain amplitude is a 

function of the maximum normal stress acting on the maximum shear strain plane over the 

cycle. 

In addition to the multiaxial fatigue damage model, proper cumulative damage rule that can 

estimate damage of the given loading cycles is another critical factor. Although some nonlinear 

cumulative damage rules have been proposed, linear cumulative damage rule is still the 

simplest and most often used one [137]. The accuracy of the damage predicted based on linear 

cumulative rule also heavily relies on the selection of the damage model [163].  

In terms of the cycle counting method, only a few counting methods have been proposed based 

on the critical plane concept [163]. In these methods, the VA loading spectrum can be 

determined by performing the Rainflow counting on a specific strain loading history, such as 

the shear strain history in the shear failure mode, the normal strain history in the tensile failure 

mode or an equivalent strain history. Despite relative success, it is still a challenging issue to 

develop reliable counting methods for VA multiaxial loading due to the lack of understanding 
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of the possible interaction between the components involved in the damage model selected 

[163]. 

Under biaxial loading, the crack growth becomes more complicated to be characterised as it 

depends on some additional factors such as phases differences, biaxiality stress ratio which is 

the ratio of horizontal stress to the vertical one (when it equals to zero, it is the case of uniaxial 

loading, while equals to 1, it is equiaxial loading) [167]. The variation in these factors can lead 

to changes in both crack growth path and rate [167–170]. In addition, widely conflicting trends 

of the effect of load biaxiality on growth rate have been reposted that is increasing load 

biaxiality caused increased [171], decreased [172] or negligible [173] effects on the fatigue 

crack growth rates.   

However, the model I stress intensity factor, ∆𝐾, was reported to be independent of the load 

biaxiality [170,172] and it is identical to that under uniaxial loading, provided the two stresses 

applied in the two orthogonal directions [174]. In this case, the LEFM (Equation 2.16) cannot 

take into capture the effect of biaxial loading on crack growth, leading to an over- or under-

estimation of fatigue life. 

2.17 Summary of the background and literature review  

The literature review discussed in this Chapter has clearly identified the need for better 

understanding of the fatigue performance of welded joints under VA loading spectra and the 

guidance on how to estimate fatigue damage of a given VA loading history.  

The combination of S-N curve with Miner’s rule is the most widely used method to estimate 

the fatigue life of welded joints under a given loading history. However, the problem is that 

while 𝐷 = 1 is an appropriate fatigue failure criterion under CA loading spectra, there is a lack 

of guidance on how to set a proper 𝐷 value for the fatigue assessment when welded joints 

subjecting to VA loading spectra. As discussed in 2.5.3, current design codes suggest limiting 

Miner’s sum 𝐷 to 0.5 when the effect of the nature of the given VA stress spectrum is uncertain 

or for particularly critical cases. However, 0.5 is only corresponding to the welded joints 

containing high residual stress under the CD loading sequence with a high maximum stress 

which is about 80% SMYS. It is still unclear whether 𝐷 = 0.5 is proper for the welded joints 

with low residual stress under the CD sequence with reduced maximum stresses. In addition, 
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Miner’s sum 𝐷 estimated under CU loading sequence could exhibit a large scatter, ranging 

from 0.5 to 8 [52], and there is still no guidance on how to determine a proper 𝐷 value for 

welded joints under such sequences to not only ascertain safety but also to avoid waste of the 

remaining fatigue life.  

Fracture Mechanics is another widely used technique to predict the fatigue life of welded joints, 

by which the FCG process under a given loading history can be estimated. The FCGR at an 

indicated stress range can be calculated according to the FCGR curves given in the design code 

BS 7910 [30]. However, these curves are established based on the experimental data produced 

under CA loading sequences, and it has been discussed (Section 2.13) that under VA loading 

sequences, the prediction of the FCGR based on BS 7910 could be either under- or over-

estimate depending on the nature of sequences, resulting in an unsafe and unduly conservative 

prediction of the fatigue life, respectively. Therefore, this method needs to be improved in order 

to capture the interaction effect between stress ranges in VA loading sequences. Some 

mechanisms for the FCGR transit effect has been proposed, and the local residual mean stress 

may be the predominant one [12,13] in some circumstance, but the relevant analytical model 

has not been well established yet. 

It is these problems that form the basis of the present study, which aims to provide a better 

understanding of the fatigue performance of welded joints under VA loading spectra and 

improve the prediction of fatigue endurance for fatigue design.  
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3. Chapter 3   Fatigue testing under variable 

amplitude loading spectra 

3.1 Introduction 

Fatigue tests were performed in the present study to investigate the effect of VA loading on the 

fatigue life of fillet welded plate specimens. The tests aim to address the identified gap in the 

existing data and to improve understanding of the fatigue performance of welded joints under 

VA loading.   

This chapter provides detailed information on the fatigue tests carried out under VA loading. 

In total of two VA loading spectra were designed and CD loading sequences with four different 

maximum stresses were produced accordingly. Welded joints with non-load-carrying 

transverse fillet-welded attachments, fabricated using steel plates with three thicknesses, were 

tested under both axial and bending loading mode. A novel fatigue testing jig was developed 

allowing the application of a constant axial stress during the bending test. In addition to the as-

welded joints, four life-improved welded joints, which were treated by ultrasonic impact 

treatment (UIT), were fabricated, and tested. The fatigue crack growth (FCG) data was 

collected for the subsequent fracture mechanics analysis. 

The results are expressed in terms of Miner’s cumulative damage summation and the maximum 

(minimum) stress of the CD (CU) loading sequences. Based on the test results, the effects of 

the mean stress, loading mode, plate thickness and post-weld treatment on the fatigue 

endurance of the welded joints under VA loading are discussed.  

3.2 Test specimens  

3.2.1 As-welded specimens  

The specimens tested in the present study were steel plate specimens containing two transverse 

non-load-carrying fillet welded attachments, as shown in Figure 3.1. The attachments were in 

the longitudinal centre and one on each surface of a plate, opposite to each other, as shown in 

Figure 3.1 (a). The thickness of the attachment was identical to the plate thickness. After 

welding, the specimens were cut off from the plates in the direction perpendicular to the welds 

with a specimen width of 100mm, as shown in Figure 3.1 (b).  
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Figure 3.1 Fatigue test specimens: (a) the fabrication process and (b) sketch of the welded specimen (not to scale). 

The material of the plate and attachment was S355 which is a structural steel with a good 

combination of strength and weldability. The monotonic engineering stress-strain data was 

extracted from [175] and re-plotted in Figure 3.2. In addition, the true stress-strain were also 

calculated and plotted for comparison. The mechanical properties of S355 are given in Table 

3.1. 

Table 3.1 Material properties of S355 structure steel. 

Young’s 

modulus, E 

Minimum specified 

yield stress, 𝜎𝑦 
Tensile strength 

𝜎𝑈𝑇𝑆 

Fracture stress 

𝜎𝑓 
Reduction rate 

True fracture 

stress, 𝜎𝑡𝑓
1 

Cyclic strain hardening 

exponent, 𝑛,2 

207GPa 355MPa 550MPa [175] 350MPa  [175] 51%-59% [13] 900MPa 0.16 

Note: 1: 𝜎𝑡𝑓 was estimated using 𝜎𝑡𝑓 = 𝜎𝑈𝑇𝑆 + 345𝑀𝑃𝑎 [8].   

         2: 𝑛, was calculated based on 𝑛′ = 𝑧/𝑐,where  𝑧 = −0.1667𝑙𝑜𝑔(2.1 + 917/𝜎𝑈𝑇𝑆) and 𝑣 = −0.6 [176]. 
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To investigate the effect of plate thickness on fatigue performance of welded joints, three 

different thickness plates were selected: 6, 12.5 and 25mm. The relevant dimensions of the 

specimens are given in Table 3.2.  

 

Figure 3.2 Typical engineering and true stress-strain curve for S355 structural steel [175]. 

The geometry of the fillet welds was characterised using Wiki_Scan welding inspection system 

manufactured by Servo-Robot. Three specimens, one from each thickness, were randomly 

selected and inspected. In each specimen, two measurements were carried out on two welds at 

the mid-width. The results show that the parameters of the two welds in each specimen are 

almost identical, and the depth of under-cut ranges between 0.1 and 0.3mm in all three plate 

thicknesses. More details of the inspection system and measurement outcomes are given in 

Appendix A. 

Table 3.2 Dimensions of the test specimens (in mm). 

Thickness, 𝑇 Length, 𝑍 
Width, 

𝑊 

Attachment 

height, 𝑍𝑎 

Width of attachment 

and welds, 𝑍𝑤 

6 

800 100 40 

14.0 

12.5 28.5 

25 51.0 
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3.2.2 Ultrasonic impact treated specimens 

In order to investigate the effect of VA loading on fatigue performance of the life-improved 

specimens, four as-welded specimens, of which three were 12.5mm-thick and one 25mm-thick, 

were randomly selected and treated using the widely used ultrasonic impact treatment (UIT) 

technique. The equipment used was Stressonic® NOMAD portable ultrasonic peening 

equipment (reference NO. 2017-9101) manufactured by SONATS Europe Technologies group 

as shown in Figure 3.3. All treatments were conducted manually along the weld toe using 

multiple passes with a 3 mm diameter impactor. The number of passes of treatment depended 

on the condition of the weld details to ensure a smooth uniform profile of the weld toe. The 

impact frequency and air pressure were respectively at around 20,000Hz and 0.5 MPa (70Psi). 

  

 

Figure 3.3 Ultrasonic Impact Treatment (UIT) on welded joints: (a) the Stressonic® NOMAD portable 

Ultrasonic Peening Equipment; (b) an example of the UIT process on 12.5mm-thick welded joint; (c) the groove 

after treatment along weld toe. 

 

(b) (a) 
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The quality of the treatment was evaluated by visual inspection in accordance with the guidance 

[177]. The groove radius created by the impact was about 3mm. The resulting grooves were 

smooth and continuous along the weld toe without any visible interruption. The welds were 

thus regarded as appropriately treated. 

3.3 Fatigue tests  

3.3.1 Constant amplitude S-N curves for the as-welded specimens  

Fatigue tests on the as-welded specimens, manufactured from the same batch, had been carried 

out under constant amplitude (CA) loading in a previous study and the mean S-N curve for 

each plate thickness was determined and reported [178]. These S-N curves were adopted in the 

present study as benchmarks to estimate the cumulative fatigue damage, 𝐷, under VA loading. 

The CA tests were conducted under either axial or bending loading, at a constant maximum 

stress of 300MPa for axial loading and 330MPa for bending loading, with the stress ratio 

ranging between 0.03-0.7 (ratio of minimum to maximum stress in a cycle). In each loading 

mode, seven specimens were tested. Based on the test results, the mean S-N curves established 

with a forced slope of 3 (𝑚 = 3,  the slope for Class F curve in BS 7608) [178] are re-plotted 

in Figure 3.4. 

BS 7608 [1] specifies Class F curve for this type of weld detail. However, it can be seen from 

Figure 3.4 that the Class F can be either conservative or non-conservative, depending on the 

plate thickness and loading mode. Except for the curve for the 25mm-thick plates tested under 

axial loading, the S-N curves for the other five data sets are above the BS 7608 Class F mean 

curve. The test results suggest the beneficial effects of thinner specimens under bending 

loading on fatigue strength which are in line with expectation based on the fatigue design 

guidance given in BS 7608. In addition, for each thickness specimen, the S-N curve obtained 

under bending is above that for tensile. This is because fatigue strength depends on the degree 

of through-thickness bending. The fatigue strength increases with increasing bending 

component for a decreasing stress range gradient through the plate thickness [1]. 

It should be noted that the S-N curves mentioned here, including the Class F curve and the 

curves for the current welded joints, are all for as-welded condition. However, when estimating 
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fatigue lives for those specimens treated by UIT, those S-N curves were modified according to 

the guidance provided in standard BS7608 (Table 2.2). 

 

Figure 3.4 The mean S-N curves determined under constant amplitude loading with a forced slope 𝑚 = 3 [178]: 

(a) under axial loading and (b) under bending loading. The BS 7608 Class F mean curve is included for 

comparison. 

3.3.2 Variable amplitude loading spectra 

3.3.2.1 Spectrum I 

The VA loading spectrum used in the present study was designed following the typical Gassner 

distribution [179]: 

𝑃𝑖 = (1 −
log(𝑁𝐸)

log(𝑁𝑚𝑎𝑥)
)

1
𝑏

                                                                (3.2) 

where 𝑃𝑖 is the relative stress range ratio which is defined as the ratio of each stress range, ∆𝜎𝑖 , 

to the maximum stress range, ∆𝜎𝑚𝑎𝑥, following:  

𝑃𝑖 =
∆𝜎𝑖
∆𝜎𝑚𝑎𝑥

                                                                          (3.3) 
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𝑁𝐸 is the exceedence corresponding to a specific 𝑃𝑖 . 𝑁𝑚𝑎𝑥 is the maximum exceedence, i.e., 

for 𝑃𝑖 = 0. 𝑏 is the shape exponent.  

The  ∆𝜎𝑚𝑎𝑥 was set at 250MPa that is approximatively 70% of the minimum specified yield 

stress (SMYS) of the material, and the shape factor 𝑏 in Equation 3.2 was set as 1.0 (linear 

distribution). To ensure all stress ranges can lead to fatigue damages, the minimum 𝑃𝑖  was 

taken as 0.35 which corresponded to a minimum stress range of 87.5MPa. This value is higher 

than the constant amplitude fatigue limit (CAFL) defined in BS 7608 for Class F mean curve 

which is 55MPa at 107 cycles. The 𝑁𝑚𝑎𝑥 was taken as 1.5 × 105cycles, and the exceedence 

for 𝑃𝑖 = 0.35  was calculated to be 2,316 cycles which was the block length, 𝑁𝐿 . The 𝑃𝑖 

distribution is shown in Figure 3.5, and the stress histogram of the VA spectrum is given in 

Table 3.3.  

 

Figure 3.5 𝑃𝑖  distribution of the Spectrum I and II adopted in the present study. 

The damage caused by the VA loading spectrum was evaluated using an equivalent CA stress 

range, ∆𝜎𝐶𝐴,𝑒𝑞𝑢. This is the CA stress range which, according to Miner’s rule, is equivalent in 

terms of fatigue damage to the VA stress spectrum: 

∆𝜎𝐶𝐴,𝑒𝑞𝑢 = (
∑∆𝜎𝑖

𝑚𝑛𝑖
𝑁𝐿

)
1
𝑚                                                        (3.4) 
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The ∆𝜎𝐶𝐴,𝑒𝑞𝑢 for the above loading spectrum was calculated to be 107MPa. 

Table 3.3 Stress histograms of VA Spectrum I and II. 

Relative stress 

range, 𝑃𝑖 
Stress range, 

∆𝜎𝑖 (MPa) 

Spectrum I 

 
Spectrum II 

Cycles Exceedence, 𝑛𝐸 Cycles Exceedence, 𝑛𝐸 

1 250 1 1 1 1 

0.9 225 2 3 15 16 

0.85 212.5 3 6 22 38 

0.8 200 5 11 30 68 

0.75 187.5 9 20 40 108 

0.7 175 16 36 52 160 

0.65 162.5 29 65 68 228 

0.6 150 53 118 90 318 

0.55 137.5 96 214 120 438 

0.5 125 174 388 161 599 

0.45 112.5 316 704 221 820 

0.4 100 573 1,277 315 1,135 

0.35 87.5 1,039 2,316 470 1,605 

To evaluate the fatigue damage level at each stress range, the relative fatigue damage, 𝐷𝑟𝑖, 

defined as the ratio of the fatigue damage at a particular stress level ∆𝜎𝑖 against that at the 

maximum stress range ∆𝜎𝑚𝑎𝑥, is calculated: 

𝐷𝑟𝑖  =
𝑃𝑖
𝑚𝑛𝑖

𝑃𝑚𝑎𝑥
𝑚 𝑛1

                                                                    (3.5) 

where 𝑛1is the number of cycles at the maximum relative stress range ratio 𝑃𝑚𝑎𝑥. The result is 

plotted in Figure 3.6. It can be seen that fatigue damage increases with decreasing 𝑃𝑖 and most 

fatigue damage occurs at stress ranges 𝑃𝑖 < 0.6. This can result in an unpractical test duration 

for the UIT welded joints. Therefore, a different spectrum, Spectrum II, was developed based 

on Spectrum I. 

3.3.2.2 Spectrum II 

In this spectrum, the number of cycles for each stress range in Spectrum I were manually 

adjusted to increase the number of cycles at higher stress ranges but decrease the number of 

cycles at lower stress ranges. The distribution of 𝑃𝑖 , relative fatigue damage and stress 

histogram for Spectrum II is shown in Fatigue 3.5, Figure 3.6 and Table 3.3, respectively. In 

this case, the fatigue damage at each relative stress level after 𝑃𝑖 ≤ 0.6 is almost constant and 
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the total fatigue damage at relative stress ranges 𝑃𝑖 < 0.6 is reduced to about 47% of the total 

damage (compared to 80% in Spectrum I). The block length for Spectrum II is 1,605 cycles. 

 

Figure 3.6 Relative fatigue damage, 𝐷𝑖 , distributions of Spectrum I and II adopted in the present study. 

3.3.3 Loading sequences 

Based on these two VA spectra, various CD loading sequences with different maximum 

stresses were produced to investigate the effect of applied maximum stresses on Miner’s sum. 

There were four maximum stresses: 0, 87.5, 150 and 300MPa. The cyclic stresses in a loading 

block were arranged in a random order. When the whole of the first block had been applied, 

the process was repeated, and subsequent blocks were applied in the same random order. This 

process was continued until the specimen failed. A typical CD loading sequence (part of a 

loading block) is shown in Figure 3.7 (a).  

3.3.4 Loading modes 

In the present study, fatigue tests were carried out under either an axial or a bending loading 

mode, depending on the maximum stresses applied. When the maximum stress in the CD 

loading sequence was reduced in steps from 300MPa to 0, high compressive loading was 

introduced, which may cause specimen buckling if the tests were performed under an axial 
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loading mode, especially for the thin plates. Therefore, some tests involving the maximum 

stresses less than 150MPa were conducted under bending loading.  

 

Figure 3.7 Examples of the two loading sequences: (a) cycling down from a constant maximum stress; (b) 

cycling up from a constant minimum stress. 

A novel test jig was designed and manufactured in the present study to apply a constant axial 

stress for fatigue testing under a bending mode, as shown in Figure 3.8. The specimen was 

fixed in the frame in a horizontal position by pins, and the specimen was applied with a static 

axial stress through two parallel jacks connected to the frame. Each specimen was installed 

with strain gauges to check the stress level achieved. The arrangement of strain gauges is given 

in the following section. The VA loading was applied by the actuator in a three-point bending 

set-up. The load was applied through the attachment on the top surface of the plate, in the 

direction perpendicular to the specimen. A sketch of the jig design is given in Appendix B.  

When the maximum stress was zero, tests were conducted under four-point bending mode with 

an inner span of 200mm while the outer was 400mm. 
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Figure 3.8  The bending test jig. 

It is interesting to note that, in the bending mode, when the top welds (e.g., welds A and B in 

Figure 3.8) are subjected to a CD loading sequence, the bottom welds (e.g., welds C and D) are 

tested under a cycling up (CU) loading sequence where all cycles have the same minimum 

stress, Figure 3.7 (b). When the top welds are subject to cyclic loading from a constant zero 

stress to various levels of compression stresses (CD), the bottom welds are subject to cyclic 

loading from a constant zero stress to different levels of tension stresses (CU). Therefore, the 

fatigue damages of these two different loading sequences can be studied in a single specimen. 

It should also be noted that as the stress histograms (number of cycles at each stress range level) 

for the two loading sequences are identical, the welds on both the top and bottom sides of each 

specimen are expected to have the same fatigue life according to BS 7608.  

3.3.5 Arrangement of strain gauges 

Three strain gauges were used for the tests under axial loading mode. As shown in Fatigue 3.8 

(a), a pair of strain gauges, gauge 1 and 2, were mounted in the centreline of specimen width, 

at distances of 0.4𝑇 and 𝑇 to the weld toe, respectively, aiming to determine the hot-spot stress 

in accordance with BS 7608. The third strain gauge was installed on the other side of the 

specimen, directly opposite to the gauge 2 to estimate the secondary bending stress due to 

angular misalignment following: 

𝜎𝑏 = 𝐸 × (
𝜀2 − 𝜀3
2

)                                                                    (3.6) 
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where 𝜎𝑏 is the bending stress, 𝜀2 and 𝜀3 are the readings recorded from the strain gauges and 

𝐸 is the Young’s module of the material. 

 

Figure 3.9 The arrangement of strain gauges on the specimens tested in a) axial loading and b) bending loading 

(gauge 3 opposite to gauge 2). 

In the tests in bending mode, one more strain gauge, gauge 4, was applied beside gauge 2, 

30mm apart, to check whether the stresses across the specimen width were uniform, as 

illustrated in Figure 3.9 (b).   

The type of strain gauges used in the fatigue tests is FLA-1-11, produced by Tokyo Sokki 

Kenkyujo Co., Ltd, with the gauge factor ranging from 2.11 to 2.14 and the resistance at 120𝛺. 

Gauges were bonded to the polished surface at the specified locations and connected using a 

three-wire quarter bridge configuration to a computer-controlled data logger. 

3.3.6 Fatigue crack growth monitoring  

For the subsequent fracture mechanics analyses, the crack initiation and propagation from the 

weld toes were monitored in all fatigue tests. The crack depth, 𝑎, and the surface crack length, 

2𝑐 , were measured using a combination of visual inspection and the alternating current 

potential drop (ACPD) method. 

Visual inspections of the weld toe were performed regularly during a fatigue test, aided by a 

magnifier and soap solution. This technique can detect a crack of about 2mm in length. When 
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a crack has initiated, small bubbles can be observed as the crack open and close under cyclic 

loading. Another benefit of this method is to produce beach marks on the fracture surface. 

Therefore, the crack depth at a known endurance can be estimated from the measured crack 

depth after a fatigue test is completed, and the fracture surface is revealed. 

Once a crack had been found, a crack depth meter (reference NO. RMG 4015) produced by 

Karl Deutsch, as shown in Figure 3.10, was used to monitor the crack growth in the depth 

direction. The crack depth was measured by placing the four spring-loaded pin probes directly 

across the crack. A constant alternating current is passed through two of the four pins into the 

specimen, while the other two pins detect the voltage drop across the crack, where the crack 

depth is estimated from. The ACPD check was performed regularly, at the equal intervals as 

the application of the soap solution.  

3.3.7 Fatigue testing  

3.3.7.1 As-welded specimens  

A total of twelve as-welded specimens were tested. The specimen numbering system comprises 

three parts: ‘A or B + thickness_ series number’. Letter A or B represents axial or bending 

loading, respectively, and the series number is the sequential number for a particular specimen 

thickness. For instance, specimen B12.5_2 means the second test for the 12.5mm-thick 

specimen tested in bending mode. 

 

Figure 3.10 The alternating current potential drop (ACPD) device used for crack depth monitoring. 
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Of the twelve as-welded specimens tested, eleven were tested under spectrum I and one 

12.5mm-thick specimen was tested under spectrum II. For convenience, the following CD or 

CU loading sequences refer to those produced from Spectrum I, except as otherwise specified. 

Eight specimens were tested under axial loading and four specimens under bending loading. 

When the maximum stresses in the CD loading sequences were set at 300 and 150MPa, one 

specimen from each plate thickness were tested under axial loading, making a total of six tests. 

When the maximum stress was reduced to 87.5MPa, two specimens, one 25mm- and the other 

12.5mm-thick, were tested under axial loading mode and two other specimens, one 12.5mm- 

and 6mm-thick, were tested under bending mode. When the maximum stress was reduced to 

zero, two specimens were tested under bending mode: one 25mm-thick specimen tested under 

Spectrum I while another 12.5mm-thick specimen was tested under Spectrum II. The specimen 

identification numbers (ID), and the corresponded loading conditions are summarised in Table 

3.4 for axial loading and Table 3.5 for bending loading. 

All fatigue tests were carried out under load control, using four calibrated servo-hydraulic 

testing machines with load capacities of 25kN, 350kN, 500kN and 1000kN, respectively. The 

VA loading sequences were applied using an in-house software programmed using LabVIEW. 

All tests were performed in air at ambient temperature, with a loading frequency ranging 

between 3 and 6Hz.  

Table 3.4 Specimen ID for the tests performed under axial loading.                 

                  Maximum stress 

                                    (MPa)  

Plate thickness  

(mm) 

300 150 87.5 

6  A6_1 A6_2 - 

12.5  A12.5_1 A12.5_2 A12.5_3 

25  A25_1 A25_2 A25_3 
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Table 3.5 Specimen ID for the tests performed under bending loading. 

                           Axial static stress 

                                 (MPa)  

Plate thickness 

(mm) 

87.5 0 

6  B6_1 - 

12.5  B12.5_1 B12.5_2* 

25  - B25_1 

                           Note: * the VA loading sequence was produced from Spectrum II. 

3.3.7.2 Ultrasonic impact treated specimens  

The numbering system for the UIT specimens is similar to that for the as-welded specimens 

except that they are prefixed with ‘UIT’. For example, specimen UIT_B12.5_2 means the 

second UIT 12.5mm-thick specimen tested in bending mode.  

A total of four UIT welded specimens were tested, of which three were 12.5mm-thick, and one 

was 25mm-thick. While two 12.5mm-thick specimens were tested in bending mode, the other 

one and the 25mm-thick specimen were tested under axial loading.  

Under the axial loading, the maximum stress of 12.5mm thick specimen tested under the CD 

loading sequence was 150MPa. In this case, the maximum applied load ratio (corresponding to 

the minimum stress range in the spectrum) was about 0.4, which is the upper limit advised in 

the standard [1] to claim the benefit from UIT. The magnitude of fatigue life improvement for 

UIT depends on the stress ratio applied. To investigate this, two other specimens, with the same 

plate thickness (12.5mm), were tested at lower maximum stresses, 87.5MPa and 0, respectively. 

These two specimens were tested under bending loading.  

The axial fatigue test for the 25mm-thick specimen was performed with the maximum stress at 

300MPa. At such a maximum stress level, the load ratios for most of the stress cycles were 

higher than 0.4. This test was aimed to study whether there is any life improvement when the 

stress ratios are greater than the maximum limit set in BS 7608. Details of the fatigue tests 

under axial and bending modes are given in Tables 3.6 and 3.7, respectively. 

The testing machines, loading frequency and test temperature are the same as those used in the 

tests on the as-welded specimens. 
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Table 3.6  Specimen ID for the tests performed under axial loading. 

                         Maximum stress 

                                             (MPa)  

Plate Thickness  

(mm) 

300 150 

12.5  - UIT_A12.5_1 

25  UIT_A25_1* - 

Table 3.7 Specimen ID for the tests performed under bending loading. 

              Axial static stress  

                               (MPa)  

Plate Thickness 

(mm) 

87.5 0 

12.5  UIT_B12.5_1 UIT_B12.5_2* 

Note (for both Table 3.6 and 3.7): * the VA loading sequence was produced from Spectrum II. 

3.4 Results for as-welded specimens and discussion 

3.4.1 Fatigue lives and Miner’s sum 

Of the twelve specimens tested, eleven specimens failed and one specimen, B6_1, was declared 

run-out after it ran 1.4 × 107 cycles without any indication of fatigue cracking at the weld toes. 

All failures occurred at the weld toes. For the three failed specimens tested in the bending 

mode, fatigue failures took place at the bottom welds that were subjected to CU loading 

sequence.  

In all specimens, the readings from strain gauges 1, 2 and 3 are almost identical, suggesting 

that the secondary bending stress due to angular misalignment is negligible and the hot-spot 

stress is the same as the nominal stress. Thus, the subsequent stress analyses are based on the 

nominal stress only. Under the bending mode, the reading of gauge 4 is close to gauge 2, 

indicating that the stresses across the plate thickness are almost uniform.  

The predicted fatigue life and Miner’s sum, 𝐷, for each VA test were calculated based on the 

CA S-N curves derived in [178] and presented in Table 3.8 for axial loading and Table 3.9 for 

bending loading.  
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Table 3.8 Results of the specimens tested under axial loading. 

Plate 

thickness 

(mm) 

Specimen ID 
Maximum 

stress (MPa) 

Predicted fatigue 

life (Blocks) 

Experimental 

fatigue life  (Blocks) 
Miner’s Sum, 𝐷 

6 
A6_1 300 

1,550 
851 0.54 

A6_2 150 778 0.51 

12.5 

A12.5_1 300 

958 

409 0.43 

A12.5_2 150 1,128 1.18 

A12.5_3 87.5 1,863 1.94 

25 

A25_1 300 

413 

253 0.61 

A25_2 150 315 0.76 

A25_3 87.5 416 1.00 

Table 3.9 Results of the specimens tested under bending loading (cycling down for the top welds and cycling up 

for the bottom welds). 

Plate 

thickness 

(mm) 

Specimen 

ID 

Predicted 

fatigue life 

(Blocks) 

Bottom welds Top welds 

Minimum 

stress 

(MPa) 

Experimental 

fatigue life 

(Blocks) 

Miner’s 

Sum, 𝐷 

Maximum 

stress 

(MPa) 

Experimental 

fatigue life 

(Blocks) 

Miner’s 

Sum, 𝐷 

6 B6_1 4,270 87.5 12,996a >3.04 87.5 

runout 

>3.04 b 

12.5 

 

B12.5_1 2,170 87.5 1,903 0.88 87.5 >0.88 b 

B12.5_2 1,850 0 3,376 1.82 0 >1.82 b 

25 B25_1 859 0 1,787 2.08 0 >2.08 b 

Notes: a: There was no indication of cracking after running 2,326 blocks (30 days, 𝐷 = 0.55). To speed up the 

test, the loading spectrum was modified to exclude all the stress ranges less than 125MPa. The test was resumed 

using the modified loading spectrum for another 23,738 blocks (equivalent to 10,670 blocks in the original 

spectrum in terms of fatigue damage). b: These welds ran out. There was no indication of cracking found in the 

top welds experiencing the CD loading sequence. The 12.5mm- and 25mm-thick specimens failed from the bottom 

welds experiencing the CU loading sequence. 

The implications of the test results and the effects of several variables on fatigue lives of the 

welds are discussed in the following several sections. 

3.4.2 Effect of the maximum stress in cycling down loading sequence 

Figure 3.11 shows the results of all the welds tested under CD loading sequences. Some results  

reported in [5] were also included for comparison. The welded joints tested were also in Class 
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F, but with longitudinal attachments, rather than transverse ones. As discussed in Section 2.7, 

this type joints generally have a higher residual stress (281MPa [5])  than those tested in the 

present study (128 MPa and more details are given in Chapter 4). The maximum stresses of the 

CD sequences applied in [5] were of 280 and 147MPa. 

 

Figure 3.11 Miner’s sums, 𝐷, obtained from welds subjected to CD loading sequences with different maximum 

stresses (arrow indicates runout). 

It can be seen from Figure 3.11:  

 When the maximum stress is 300MPa, about 80% SMYS of the material, the 𝐷 values 

for all three specimens are about 0.5, similar to the results reported by other researchers 

[3,5,6,13].  

 The Miner’s sums increase with decreasing maximum stress. When the maximum stress 

is reduced to 150MPa, the results of both 25mm- and 12.5mm-thick specimens show 

an increase in fatigue life - the 𝐷 increases from 0.61 to 0.76 for the former and from 

0.43 to 1.18 (more than doubled) for the latter. 

 The results reported in [5] also shows an increase with decreasing maximum stress, but 

much smaller - from 0.53 at 280MPa to 0.60 at 147 MPa. 
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 For the 6mm-thick specimen, there is no significant change in 𝐷, although an increase 

would be expected based on the trend suggested by the results of the thicker specimens. 

However, the result appears to be in agreement with that reported in [5]. 

 However, when the maximum stress is further reduced, a significant increase in 𝐷 

values is obtained for the specimens of all three thicknesses. For the four welds tested 

at a maximum stress of 87.5MPa and subjected to CD loading sequence, two specimen 

tested in axial loading failed with 𝐷 = 1.00 and 𝐷 = 1.94, respectively. The other two 

welds tested under bending loading ran out respectively at 𝐷 > 0.88 and 𝐷 > 3.08: the 

former is a 12.5mm thick specimen which failed from the bottom weld subjected to CU 

loading sequence and the latter is a 6mm thick specimen which does not fail from either 

the top or bottom welds.   

 One of each 12.5mm and 25mm-thick specimen were tested at a maximum stress of 0. 

These specimens both failed from the bottom weld with 𝐷 = 2.08 for the 25mm-thick 

specimen and D = 1.82 for the 12.5mm-thick specimen. The top weld subjected to the 

CD loading sequence ran out at 𝐷 > 2.08 and 𝐷 > 1.82 for the 25mm- and 12.5mm-

thick specimen, respectively. 

The present test results suggest that, although a CD loading sequence can result in low 𝐷 values 

[3,5,6,13], limiting 𝐷 to 0.5 would be unduly conservative when the maximum stress in a CD 

loading sequence is below a certain value. The over-conservatism increases with decreasing 

plate thickness – 𝐷 is higher than 3.08 for the 6mm-thick specimen subjected to a constant 

maximum stress of 87.5MPa. This phenomenon can properly be attributed to the ressidual 

stress presented in the specimens not high enough to maintain a high local stress level at the 

weld toe; therefore, the fatigue life of welded joints is seen to increase as the applied mean 

stress is reduced. Based on this, residual stress measurements were carried out in the present 

study and presented in Chapter 4.  

3.4.3 Effect of the minimum stress in cycling up loading sequence 

Figure 3.12 shows the Miner’s sums of the welds tested under CU loading (i.e., the bottom 

welds of the specimens tested under bending loading). The results reported in [5] for 
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longitudinal fillet welds under two CU loading sequences with a minimum stress of 70MPa are 

included for comparison.  

 

Figure 3.12 Miner’s sum, 𝐷, obtained from welds subjected to CU loading sequences with different minimum 

stresses (arrow indicates runout). 

The following can be seen from Figure 3.12: 

 When the minimum stress is 87.5MPa, the welds in the 6mm-thick specimen run out at 

𝐷 = 3.08, whereas for the 12.5mm-thick specimen, the Miner’s sum is only 0.88 at 

fatigue failure.  

 When the minimum stress is reduced to 0, the 𝐷  values of the two specimens are 

significantly greater than unity. The 𝐷 value for the 12.5mm-thick specimen is more 

than doubled to 1.82, while the 𝐷 value for the 25mm-thick specimen is 2.08. 

The test results suggest that the fatigue damage parameter 𝐷 for the CU loading sequence 

depends on the minimum stress applied – it increases with decreasing minimum stress level. 

This is in agreement with the results obtained under the CD loading sequences where the test 

results suggest a dependence of 𝐷 on the magnitude of the maximum stress applied. Therefore, 

it would be inappropriate to use a constant upper limit 𝐷 value to assess the fatigue life of 
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welded joints under CU loading, which would be unduly-conservative for sequences with low 

minimum stresses. More relevant tests would be required to verify this observation. 

3.4.4 Effect of type of loading sequence 

The damage sum 𝐷 values for the welds experiencing the CD and CU loading sequences are 

compared in Table 3.9. Generally, the CD loading sequence is more damaging: 𝐷 < 1 was 

reported for CD loading sequence while 𝐷 > 1  for CU loading sequence [3–5,50,51]. 

Therefore, the top welds had been expected to have shorter fatigue lives than the bottom ones 

for the specimens tested under bending loading. However, the test results showed the opposite: 

all fatigue failure took place from the bottom welds experiencing CU loading sequence, and 

not from the top welds experiencing the CD loading sequence. The results from both the CD 

and CU loading sequences suggest a strong dependence of fatigue damage on the static axial 

stress level. When the mean stress is reduced through the decrease of either the maximum stress 

in the CD sequence or the minimum stress in the CU sequence beyond a certain level, a 

significant increase in 𝐷 values are obtained. These results would not be expected according to 

the current fatigue design guidance (e.g., BS 7608, IIW) where the calculation of fatigue 

damage only considers stress range, not mean stress.  

To investigate whether a fatigue crack had initiated in the welds which ran out under bending 

loading, macro-sectioning of three welds was performed: B12_1, B12_2 and B25_1. Each weld 

was sectioned at two different positions, as shown in Figure 3.13(a): one at the mid-width of 

the plate (position A) and another one 25mm apart (position B). The samples were mounted, 

ground and polished to 1𝜇𝑚  using lapping paste. After etching, the area of interest was 

observed using an optical microscope. An example of a macro-section sample is shown in 

Figure 3.13 (b).  
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Figure 3.13 Macro-sectioning of run-out welds: (a) sectioning positions; (b) example of a macro-sections of the 

welds of specimen B12.5_1. 

Among these macro-sections, only one small crack of 0.2mm in depth was observed in the top 

weld of specimen B12.5_1, Figure 3.14. The specimen was loaded with a static axial stress of 

87.5MPa. No indication of fatigue cracking was observed in the top welds of specimens 

B12.5_2 and B25_1 where the static axial stress was 0. Hence, the 𝐷 values can be significantly 

greater for the top welds under CD loading sequence than that for the bottom welds under CU 

loading sequence when the static axial stress is low. 

 

Figure 3.14 Crack observed in the top weld of specimen B12.5_1 where fatigue failure occurred from the 

bottom weld. 
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3.4.5 Effect of plate thickness  

By comparing the test results shown in Figure 3.11 and 3.12, it can be seen that, although not 

conclusive, there is a general trend that thinner specimens' fatigue performance is better than 

that of thicker ones under both CD and CU loading sequences.  

Under the CD loading sequence with a maximum stress of 300MPa, plate thickness does not 

significantly affect Miner’s sum which is 0.5 for the specimens of three different plate 

thicknesses.  

However, when the maximum stress is reduced to 150MPa, the 𝐷 value for the 12.5mm-thick 

specimen is about 1.5 times higher than that for the 25mm-thick specimen, suggesting that a 

thinner plate has a better fatigue life. For the 6mm-thick specimen, however, the 𝐷 value does 

not change, still at about 0.5. The possible reason for this unexpected is discussed in section 

3.4.8. 

When the maximum stress is further reduced to 87.5MPa, the 𝐷 value for the 12.5mm-thick is 

about two times higher than that for the 25mm-thick specimen, and the 𝐷 value for the 6mm-

thick is the highest, at least 50% higher than that for the 12.5mm-thick specimen. It should be 

noted that, according to BS 7608, the beneficial effect of thinner specimens (less than 25mm) 

can only be claimed in bending mode. However, the present results show that the plate 

thickness effect is also significant under axial loading mode. This effect agrees with the results 

obtained under CA loading [178] where tests were conducted under axial loading. 

These results suggest that 𝐷 value depends on plate thickness and 𝐷 increases with decreasing 

plate thickness when the maximum stress in a CD sequence below a certain level.  

Based on the limited data obtained under CU sequences, it can be seen from Figure 3.12 that 

when the minimum stress in the CU sequence is 87.5MPa, the 𝐷 value for the 6mm-thick 

specimen is more than three times higher than that for the 12.5mm-thick specimen. This again 

suggests a better fatigue performance from thinner specimens. However, the two experimental 

results from the 12.5mm- and 25mm-thick specimens tested with a minimum stress of zero are 

similar. This suggests that, in addition to thickness effect, there might be other factors, such as 

weld profile and variations of welding-induced residual stresses, which also affect fatigue 

performance and cause data scatter. 
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3.4.6 Effect of type of welds 

Fatigue performance of longitudinal fillet welds under VA loading were studied in [5], while 

in the present study transverse fillet welds were tested. In Figure 3.11 it can be seen that the 

fatigue lives of the transverse fillet welds increase significantly when the maximum stress is 

reduced from 300 to 150MPa. However, no apparent change in fatigue life is observed for the 

longitudinal fillet welds when almost the same amount of the maximum stress is reduced. As 

the thickness of these two types of welded joitns are identical, being at 12.5mm, this difference 

may be only related to the difference in welding-induced residual stresses. It is well known that 

higher tensile residual stresses are present in the welds ahead of longitudinal attachment than 

that in transverse fillet welds. The residual stress ahead of a longitudinal attachment is about 

the magnitude of the yield strength of material [5,28], while the residual stress for a transverse 

fillet welds is much smaller as will be presented in Chapter 4. When the maximum stress is 

reduced to about 150MPa, the weld toe would still be subject to tension-tension loading for 

specimens with a longitudinal attachment while partly compressive loading for specimens with 

a transverse attachment. The test results suggest that the fatigue results of transverse fillet welds 

are more sensitive to the maximum stress applied in the CD loading sequence than the 

longitudinal fillet welds does. 

3.4.7 Comparison of fatigue lives between experiments and predictions based on BS 7608 

To demonstrate the effect of VA loading sequence on the fatigue life, experimental fatigue 

lives obtained under both CD and CU sequences with different mean stresses, as well as the 

results predicted using the experimentally determined mean S-N curves [178], in conjunction 

with the fatigue failure criteria  𝐷 = 1.0, are presented in Figure 3.15. Experimental results for 

the longitudinal fillet welds under CD, CU and constant mean (CM) sequences [5] are also 

included for comparison. To indicate the data scatter, two lines with 𝐷 = 0.5 and 2.0 are also 

included in the plot. 
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Figure 3.15 Comparison of the experimental fatigue lives with that predicted by Miner’s rule. (arrows indicate 

runout) 

It can be seen from Figure 3.15 that, although some data fall along the line with 𝐷 = 1.0 

according to BS 7608, the test data exhibit a large scatter, with most data falling between 𝐷 =

0.5 − 2.0. The test results suggest a strong dependence of fatigue damage on loading sequences. 

BS 7608 recommends using 𝐷 ≤ 1.0 in fatigue design in general application. In recognition of 

the non-conservatism of this method for some VA loading spectra, including those involving 

little variation in the maximum applied tensile stress, it also advises to set the upper limit of 𝐷 

to 0.5 if the effect of the VA loading spectrum is uncertain. However, the present test results 

suggest that it can be unduly conservative to set 𝐷 = 0.5 for CD loading sequences since some 

results obtained under this loading sequence are even greater than 2.0.  

Based on the test results, it appears that the fatigue life of welded joints depends on the means 

stress in a VA loading spectrum. Therefore, an analytical model has been developed to predict 

the fatigue life of weld joints under VA loading spectra by incorporating mean stress, which 

will be introduced in Chapter 5. 

3.4.8 Post-test examination  

The fracture surfaces of the two 6mm-thick specimens were examined in an optical microscope 

to explain why the 𝐷 value was lower than expected when the maximum stress was reduced to 

150MPa. Figure 3.16 shows the fracture surfaces of the two 6mm specimens: specimen A6_1 
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was tested at a maximum stress of 300MPa while specimen A6_2 at 150MPa. Both specimens 

exhibit multiple crack initiations. There is no indication of welding defects on the fracture 

surfaces of these two specimens. The reason for the lower 𝐷 value is unclear. The scatter of 

the 𝐷 values at maximum stresses 150MPa for these specimens might indicate that, when the 

maximum stress is reduced to this magnitude, the 𝐷 value begin to depend on the maximum 

stress level under the CD loading sequence – the influence is clearly seen when the maximum 

stress is reduced further. Typical scatter of fatigue data can be another factor for the low 𝐷 

value seen in specimen A6_2. 

 

Figure 3.16 Fatigue crack initiation sites (indicated by red arrows) on the fracture surface: (a) specimen A6_1 

and (b) specimen A6_2. The maximum stresses were 300 and 150MPa, respectively. 

3.5 Results for ultrasonic impact treated specimens and discussion 

3.5.1 Fatigue lives and Miner’s sum 

A total of four UIT specimens were tested under either Spectrum I or II. Specimen 

UIT_A12.5_1 was tested under axial loading. It was initially tested under Spectrum I with a 

constant maximum stress of 150MPa. After application of 10,567 blocks, there was still no 

indication of fatigue cracking. To speed up the test, the loading spectrum was changed to 

Spectrum II with the same maximum stress of 150MPa. However, after further 7,172 blocks, 

there was still no indication of fatigue cracking. Afterwards, the maximum stress of Spectrum 

II was increased to 276MPa. After another 2,731 blocks, the specimen failed from the gripping 

area. The post-test examination did not find any indication of cracking at the weld toes. 
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While specimen UIT_B12.5_1 was tested under bending loading under Spectrum I with an 

axial static stress 87.5MPa, specimen UIT_B12.5_2 was tested under Spectrum II, and the axial 

static stress was 0. The former failed from the edge of the hole for pin loading after 5,641 

blocks and the latter was declared run-out after 2 × 107 cycles (90 days) without any indication 

of fatigue cracking at the weld toes. Specimen UIT_A25_1 was tested under Spectrum II under 

axial loading, with a constant maximum stress of 300MPa. The ratio of the maximum stress to 

yield strength of the material was 85%. According to BS 7608, no benefit of UIT can be 

claimed at such high stress. This specimen failed at the weld toe after 3,645 blocks. 

The improvement of UIT depends on maximum stress, 𝜎𝑚𝑎𝑥, and stress ratio, 𝑅, and the benefit 

decreases with increase in either. Therefore, the 𝑅 for each stress range in the VA loading 

sequences involved in the fatigue tests were calculated. Afterwards, the fatigue strength for 

UIT treated specimen at each stress level was calculated by modifying the S-N curve for 

untreated welds, in accordance with the guidance given in BS 7608 (Table 2.2). 

After doing this, both the predicted fatigue lives and the Miner’s sums for the UIT specimens 

under the VA loading sequences were estimated, as shown in Tables 3.10 for axial loading and 

3.11 for bending loading.  

Table 3.10 Results of UIT specimens tested under axial loading. 

Plate 

thickness 

(mm) 

Specimen ID 

Maximum 

stress 

(MPa) 

Experimental results (blocks) Predicted 

fatigue life 

(Blocks) 

Miner’s sum 
Failure 

location CD sequence 

from Spectrum I 

CD sequence 

from Spectrum II 

12.5 UIT_A12.5_1* 

150 10,567 - 1,711 6.18 

>12.58 
Gripping 

region 
150 - 7,179 1,956 3.61 

276 - 2,731 978 2.79 

25 UIT_A25_1 300 - 3,645 392 9.29 Weld toe 

Note: *: The specimen ran out and the loading condition was changed twice, and the Miner’s sum was calculated 

for all three loading conditions, respectively.  

For UIT specimens tested under axial loading, it can be seen from Table 3.10 that: 
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For specimen UIT_A12.5_1 tested at the maximum stress 150MPa, the 𝐷 values calculated 

under these two CD loading sequences are much greater than unity, being at 6.18 and 3.61, 

respectively. When the maximum stress is increased to 276MPa, which is about 78% of the 

SMYS of the material (355MPa), the 𝐷 is about 2.8. This test resulted in a total of Miner’s sum 

12.58. 

For specimen UIT_A25_1, the maximum stress in the CD sequence is 300MPa, which is about 

85% of the SMYS. According to BS 7608, it exceeds the upper limit of the maximum stress, 

which is 0.8𝜎𝑦 (284MPa), to claim the benefit of UIT. Thus, the Miner’s sum for this UIT 

specimen would be expected to be similar to that of the as-welded specimen tested under the 

CD sequence with the identical maximum stress, i.e., about 0.6 (Specimen A25_1). However, 

the Miner’s sum of this specimen is significantly greater, about 9.3. This result indicates that 

the maximum stress limit specified, and the associated guidance given in BS 7608 are 

conservative.  

Table 3.11 Results of UIT specimens tested under bending mode. 

Plate 

thickness 

(mm) 

Specimen ID 
Axial static 

stress (MPa) 

Experimental 

fatigue life 

(Blocks) 

Bottom welds Top welds 

Failure 

location 

Predicted 

fatigue life 

(Blocks) 

Miner’s 

Sum, 𝐷 

Predicted 

fatigue life 

(Blocks) 

Miner’s 

Sum, 𝐷 

12.5 

UIT_B12.5_1 87.5 5,641 2,402 >2.35 10,635 >0.53 
Gripping 

region 

UIT_B12.5_2 0 13,064 5,825 >2.24 34,761 >0.38 Runout 

Table 3.11 summarises the results for the two tests under bending loading. It should be noted 

that under bending loading, the predicted fatigue life for the top weld experiencing CD 

sequence would be expected to be higher than that for the bottom weld experiencing CU 

sequence because the stress ratio for each stress level is lower. Both specimens did not fail 

from the welds. The Miner’s sums for the bottom welds in these two specimens are both greater 

than 2 when the specimens failed either from the parent material (Specimen UIT_B12.5_1) or 

ran-out (Specimen UIT_B12.5_2).  

Table 3.12 compares the Miner’s sums between UIT treated and un-treated specimens which 

were tested under the same loading conditions (similar for specimen UIT12.5_1) in terms of 
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loading sequence, loading mode and maximum stress. It can be seen clearly that, in all four 

cases, the calculated Miner’s sums for the UIT specimens are greater than their counterparts, 

especially for the two axial tests and the bending test at a higher minimum stress. The limited 

Table 3.12 Comparison between the fatigue life of as-welded and UIT specimen 

Loading mode Maximum/Minimum stressb (MPa) Specimen ID UIT Miner sum D 

Axial 

150 A12.5_2 no 1.18 

150 & 276c UIT12.5_1 yes >12.58 

300 
A25_1 no 0.61 

UIT A25_1 yes 9.25 

Bending 

(only for the bottom 

welds) a 

87.5 
B12.5_1 no 0.88 

UIT B12.5_1 yes >2.35 

0 
B12.5_2 no 1.82 

UIT B12.5_2 yes >2.24 

Note: a: Top welds in the bending tests are not shown in the table for comparison since they all ran out. b: 

Maximum stress for axial loading (CD sequence) and minimum stress for bending (CU sequence).  c: the 

maximum stress was increased from 150 to 276MPa during the test. 

test results obtained under the specific loading spectra suggest that the recommendation given 

in BS 7608 on fatigue life improvement by UIT is on the conservative side. 

No particular conclusion can be drawn from the results obtained from the top welds because 

the specimens failed at other locations.  

3.5.2 Failure locations of the ultrasonic impact treated specimens  

Of the three failed UIT specimens, specimen UIT_A25_1 failed at the weld toe, and specimens 

UIT_A12.5_1 and UIT_B12.5_1 failed from the parent metal, either at the gripping region or 

at the edge of the hole for pin loading, as shown in Figure 3.17. It should be noted that no 

fatigue failure occurred in these regions for the untreated specimens - they all occurred at the 

weld toe. This suggests that due to the UIT, the fatigue strength of the weld toe has been 

improved to such an extent that the fatigue life of the welded joints may no longer be governed 

by the welded toe but by other locations with stress concentration.  
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Figure 3.17 UIT specimens failing from the parent material. (a) from the gripping region (UIT_A12.5_1) and 

(b) from the hole for pin loading (UIT_B12.5_1). 

3.5.3 Comparison of fracture surfaces between as-welded and ultrasonic impact treated 

specimens 

The fracture surface of the specimen UIT_A25_1 was examined, as shown in Figure 3.18. The 

fracture surface of the as-welded specimen A25_1, which was tested under the same CD 

sequence, is included for comparison. It can be seen that the as-welded specimen exhibits 

multiple crack initiations (Figure 3.18 a) and a shallow crack shape. On the other hand, for the 

UIT specimen, fatigue cracking initiated at only two discrete locations (Figure 3.18 b) and 

exhibit almost a circle shape. This suggests that the UIT significantly reduces the number of 

crack initiation sites, and the fatigue life is dominated by crack initiation and growth of a single 

crack, rather than crack coalescence as seen in the as-welded joint.  
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Figure 3.18 Comparison of the fracture surfaces between the as-welded and UIT specimens: (a) as-welded 

specimen (A25_1) and (b) UIT specimen (UIT_A25_1). (arrows indicate the crack initiation site.) 

3.6 Conclusions 

VA fatigue tests were carried out on three plate thickness specimens containing transverse non-

load-carrying fillet welded attachments. The tests were performed under two VA loading 

spectra with various sequences, under either axial or bending loading mode. In addition to as-

welded joints, those improved using UIT technique were also tested.  Based on the test results, 

the effects of mean stress and the type of the VA loading sequence on the fatigue performance 

of welded joints were investigated. Also, the effects of plate thickness and UIT treatment were 

discussed. The following conclusions can be drawn:  

 Similar to the results reported for the longitudinal fillet welds, the fatigue life of the 

transverse fillet welds is significantly degraded under a CD loading sequence with a 

high constant maximum stress, with the Miner’s sum 𝐷 being around 0.5.  

 However, 𝐷 value is found to depend on the maximum stress applied in the CD loading 

sequence. When it is reduced below a certain level, between 87.5-150MPa, the 𝐷 value 

increases with decreasing maximum stress. When the maximum stress is reduced to 
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zero, the welds either run-out or the 𝐷  values are significantly greater than 1.0. 

Therefore, it would be unduly conservative to limit 𝐷 to 0.5, as advised in BS 7608 for 

a loading spectrum with an almost constant maximum tensile stress level. 

 The 𝐷 value at fatigue failure under CU loading sequences maybe also less than unity, 

and it depends on the minimum stress applied – it increases significantly when 

decreasing the minimum stress level.  

 A CU sequence can produce more damage than a CD sequence when the applied static 

stress is either zero (the minimum stress in the former equal to the maximum stress in 

the latter) or low in tension. Similar to the CD loading sequence, the fatigue life of a 

specimen tested under CU loading sequence also depends on the mean stress applied – 

longer under lower mean stress. 

 Although not conclusive, the test results appear to indicate a general trend that the 

fatigue performance of thinner specimens is better than that of thicker ones under VA 

loading sequences, even under an axial loading, which is similar to the results reported 

for CA loading. And the change of maximum stress applied in the CD loading sequence 

has a greater impact on the fatigue lives of the thinner specimens. 

 The welded joints with transverse fillet welded attachments are more sensitive to the 

maximum stress applied in the CD loading sequence than those with the longitudinal 

attachments. 

 UIT significantly improves the fatigue life of the welded plates under VA loading. The 

extent of the improvement depends on the maximum stress applied under CD loading 

sequence. UIT can improve the fatigue performance even when the maximum stress in 

the CD sequence exceeded 80% of the SMYS of the material. 

 The number of crack initiation sites are reduced after UIT, and the fatigue life of welded 

joints is dominated by both crack initiation and growth of a single crack, rather than 

crack coalescence as seen in the as-welded joints.  
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4. Chapter 4   Residual stress measurements 

4.1 Introduction 

As reported in the last chapter, the possible reason for the increase of 𝐷 with a decreasing 

maximum stress in the CD loading sequence could be related to the low level of residual stress 

in the specimen tested in the present study. To be certain, and to investigate any residual stress 

relaxation during fatigue loading, residual stress in the direction perpendicular to the weld toe 

were measured in both as-welded and UIT specimens using either the X-ray diffraction (XRD) 

or Centre-hole drilling (CHD) method.  

In total, three sets of residual stress measurement were carried out, as summarised in Table 4.1. 

For Set 1, only the initial residual stress in the as-welded specimens were measured using the 

XRD method. Sets 2 and 3 were measured both before and after fatigue loading using the CHD 

and XRD methods. 

This chapter gives details of the residual stress measurements, including measurement 

locations and the corresponding results. Based on the outcome, the effect of residual stress on 

the fatigue life of the specimens is discussed to better understand the fatigue behaviour of 

welded joints under VA loading. 

Table 4.1 Details on residual stress measurements. 

Set ID Specimen 
Measurement 

method 

Conditions where residual stress was measured 

Initial residual stress 
Residual stress after 

fatigue loading 

1 

As-welded 

XRD √ - 

2 CHD √ √ 

3 UIT XRD √ √ 

 

4.2 Residual stress measurements on the as-welded specimens using the X-ray 

diffraction method 
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4.2.1 Specimen  

A total of eight as-welded specimens were measured using the XRD method, of which one was 

6mm-thick, four were 12.5mm-thick and three 25mm-thick. The numbering system composes 

of four parts: ‘XRD _ AW_ thickness _ series number’. AW represents as-welded, and the 

‘series number’ is the same as that defined in the last chapter. 

4.2.2 Locations of measurement 

Locations of residual stress measurement were mapped in a ‘T-shape’ at each weld, as shown 

in Figure 4.1. A total of seven points, 15mm apart, were arranged along the y-direction (parallel 

to the weld), at a distance (X0) between 1 to 4mm to the weld toe. The value of X0  was 

increased with decreasing plate thickness because of the shorter leg length of the fillet weld in 

thin specimens. This is to prevent the probe being too close to the weld toe as the attachment 

interferes with the probe. The value of X0 was also slightly adjusted at each weld in order to 

avoid the welding spatter on the plate surface. The point located on the transverse centreline 

was referred to P0. 

A total of six points were arranged along the transverse centreline (mid-width of the plates). 

The distance between two adjacent points increased from 2 to 15mm in steps as the points 

being further away from the weld toe. Additional points were measured at some welds in the 

12.5mm-thick specimens. On the other hand, measurements were carried out only at the 

locations along the weld toe (y-direction) at some welds in order to manage the total 

measurements. A summary of the locations of measurement in each weld is given in Appendix 

D Table D.1. 

4.2.3 Measurement facilities 

Residual stress measurements by the XRD were performed using an Xstress Robot facility 

(Stresstech, version 1.7.0) at Coventry University, shown in Figure 4.2. The collimator 

diameter and the radius of the arc are 0.5mm and 50mm, respectively.  
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Figure 4.1 Locations where residual stresses were measured in as-welded specimens using the XRD method (in 

mm). 

 

Figure 4.2 X-ray diffraction robot. 

4.2.4 Measurement results 

Results of the residual stress measurement along the weld toe for all three thicknesses specimen 

are plotted in Figure 4.3. Since the highest tensile residual stresses are expected near the 

transverse centreline of fillet transverse welds [28], the results from point P0 are of the most 

concerns. However, the large scatter of the measured data shows residual stress varying 

between -80 and -20 MPa in 6mm-thick specimens, -350 and 110MPa in 12.5mm-thick 
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specimens and -450 and 150MPa in 25mm-thick specimens, with most of the results being 

compressive.  

Results obtained at other positions are similar – large scatters and compressive. It is concluded 

that the results obtained by XRD cannot determine reasonably the initial residual stress for 

samples of all thicknesses. Similar inconclusive outcomes by XRD are also reported in [66].  

Therefore, these results suggest that the residual stress distribution exhibits a large scatter in 

all samples, and no general trend can be concluded.   

  

 

Figure 4.3 Residual stress distribution along the weld toe: (a) 6mm-thick specimen; (b) 12.5mm- thick 

specimen; (c) 25mm-thick specimen. 

Residual stress distributions along the transverse centreline are plotted in Fatigue 4.4. It can be 

seen that the residual stress distributions in the x-direction at different weld toes also exhibit a 
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large scatter, and a general trend cannot be identified. No conclusion can be drawn from these 

results.  

 

 

Figure 4.4 Residual stress distribution along the transverse centreline: (a) 6mm-thick specimen; (b) 12.5mm- 

thick specimen; (c) 25mm-thick specimen. 

As mentioned in the literature, for this kind of welded joint the residual stress presented at the 

weld was reported to be ranged between 20% to 60% [61,62,64–66] of the yield stress of the 

material. However, only the results measured from few points can achieve such level. In 

addition, the measurement results obtained from 25mm-thick specimen are much lower than 

the value advised in standard BS7910 [30] and R6 [57] where the residual stress is assumed to 

be equal to the yield stress of the material, i.e. 355MPa.  

The large scatter of results may be attributed to the poor condition of the plate surfaces as the 

penetration depth of the X-ray beam is just a few microns [180,181]. In this case, the residual 

stress obtained using XRD cannot be regarded as being reliable. Further measurements were 

thus performed using the CHD method. 
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4.3 Residual stress measurements on the as-welded specimens using the Centre-

hole drilling method 

4.3.1 Specimen 

A total of three specimens, one from each plate thickness, were randomly selected from those 

having been measured using the XRD method. The numbering system is composed of two parts: 

‘CHD_ thickness’, as presented in Table 4.2. The specimen number used in the previous XRD 

measurement is also included. 

Table 4.2 Specimen ID for the residual stress measurements using the CHD method. 

Plate thickness 

(mm) 
Specimen ID  

Specimen ID used in the 

previous XRD measurement 

6 CHD_6 XRD_6_1 

12.5 CHD_12.5 XRD_12.5_2 

25 CHD_25 XRD_25_2 

4.3.2 Measurement conditions 

Residual stress measurement was conducted on each specimen in the as-welded conditions 

initially. Afterwards, in order to study the residual stress relaxation under the VA loading, the 

25mm- and 12.5mm-thick specimens were put into the fatigue testing machine and fatigue 

loaded under CA loading. The CA loading stress range was identical to the maximum stress 

range in the VA loading spectrum used, being at 250MPa.  

The fatigue tests were also performed under both axial and bending loading. For the tests under 

axial loading, the specimen was cyclically loaded between stresses from -100 to +150MPa, 

representing the maximum stress range in the CD loading sequence with a maximum stress of 

150MPa. The axial static stress was zero for the specimens under bending loading, so the top 

welds experienced cyclic compression while the bottom welds experienced cyclic tension. 

For the 25mm-thick specimen, three residual stress measurements were carried out: one in the 

as-welded condition, one after two cycles, and the third one after 100 cycles, both under 

bending loading. Three residual stress measurements were performed for the 12.5 mm-thick 

specimen: as-welded condition, after two cycles under axial loading (from 150MPa to -
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100MPa), additional two cycles under bending loading. For 6mm-thick specimen, residual 

stress was measured in the as-welded condition only. 

4.3.3 Locations of measurement 

All residual stress measurements were made at the locations 10mm from the transverse 

centreline and 3mm to the weld toe, shown in Figure 4.5. It is assumed that, for each specimen 

and under the same loading conditions, the residual stress distributions near each weld are 

similar; therefore, the magnitude of residual stress at the specified locations (a total of eight 

locations) should be similar. In this case, to determine the residual stress corresponding to as-

welded and after any other loading conditions, two residual stress measurements were made at 

the two opposite locations, e.g. A1 and C1. The average value was used in further analysis. 

4.3.4 Measurement facilities 

Measurements were performed in TWI’s Fatigue Laboratory, in accordance with ASTM E837 

[80]. One Vishay CEA-06-062UM-120 type Centre-hole rosette strain gauge was used in each 

measurement. A hole of 1.9mm diameter was drilled to approximately 2mm in depth each time 

using the abrasive technique. Figure 4.6 shows the set-up of the CHD measurement used.  

 

Figure 4.5 Locations where residual stresses were measured on the as-welded specimen: (a) schematic. letters 

in brackets refer to the measurement locations on the opposite side of the plate; (b) one actual test specimen. 
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Figure 4.6 Centre-hole drilling method for residual stress measurement. 

4.3.5 Measurement results 

The residual stress values measured in the x-direction (normal to the welds) are given in Table 

4.3. The results confirm the presence of high tensile residual stress near the weld toe where 

fatigue cracking occurred. The implications of the measurement results and plate thickness 

effects are discussed in the following two sub-sections. 

Table 4.3 Residual stress (RS) measurement results. 

Specimen  

ID 

As welded 

Axial loading 

 (-100MPa~+150MPa) 

Bending loading  

(top weld: 0 ~ -250MPa, bottom weld: 0 ~ +250MPa) 

2 CA cycles 2 CA cycles 100 CA cycles 

Location 
RS 

(MPa) 
Location 

RS  

(MPa) 
Location 

RS  

(MPa) 
Location 

RS  

(MPa) 

CHD_25 

A1 252 - - B1 (top) 183 B2 (top) 161 

C1 213 - - 
D1 

(bottom) 
166 D2 (bottom) 150 

CHD_12.5 

A1 128 A2 108 B1 (top) 97 - - 

C1 116 C2 87 
D1 

(bottom) 
85 - - 

CHD_6 

A1 82 

- C1 7 

A2 84 
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4.3.5.1 Initial residual stress 

The measurement results of the initial residual stress in each plate thickness are plotted in 

Figure 4.7. The averages of two measurements in the 25mm- and 12.5mm-thick specimen are 

230 and 122MPa, respectively. For the 6mm-thick specimen, a significant difference is 

observed in the two measurements (82MPa from location A1 and 7MPa from location C1). 

Therefore, one more measurement was carried out at location A2 (Figure 4.5b), and the result 

is 84MPa, which agrees well with that obtained at location A1. Therefore, the average residual 

stress in the 6mm-thick specimen is taken as 83MPa. The measurement of 7MPa is regarded 

as scatter, and the reason is unclear.  

Measured results indicate that the average residual stress in specimens of the present study are 

only about 2/3, 1/3 and a quarter of the SMYS of the material for the 25mm-, 12.5mm- and 

6mm-thick specimens, respectively. Additionally, it can be seen from Figure 4.7 that the initial 

residual stress relates to the plate thickness in a proportional relationship approximately. 

 

Figure 4.7 Results of residual stress measurements in different plate thicknesses. 

4.3.5.2 Residual stress relaxation 

The measurement results after fatigue loading are plotted in Figure 4.8, where relaxation of 

residual stress is observed in both 25mm- and 12.5mm-thick specimens. 
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Figure 4.8 Relaxation of residual stress after fatigue loading: (a) 25mm-thick specimen; (b) 12.5mm-thick 

specimen. 

It can be seen the relaxation of residual stress occurred during cyclic loading in the 25mm-

thick specimen. The residual stress in both top and bottom welds is reduced significantly after 

two CA loading cycles of bending loading, with the average residual stress decreased from the 

original 233MPa to 175MPa (about 25% reduction). However, after another 100 CA loading 

cycles, the average residual stress relaxed only modestly to 156MPa (about a further 10%). For 

the 12.5mm-thick specimen, about 80% of the initial residual stress remained after two CA 

axial loading cycles. Under two further bending loading cycles, the residual stress in both the 

top and bottom welds is only reduced slightly.   

These results indicate that residual stress relaxation mainly takes place in the first two cycles. 

Further cyclic loading only results in moderate reduction. Additionally, compressive loading 

can produce similar residual stress relaxation to tensile loading does. However, this is based 

on limited test data, and further work is required to confirm this observation.  

4.4 Residual stress measurements on the ultrasonic impact treated specimens 

using the X-ray diffraction method  

4.4.1 Specimen  

A total of three 12.5mm-thick UIT specimens were measured using the XRD method. The 

numbering system is composed of three parts ‘XRD_UIT_ series number’.  

(a) (b) 
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The specimen XRD_UIT_1 was measured before fatigue testing to study the initial residual 

stress after UIT. The residual stress presented at weld B and D were measured. 

Specimen XRD_UIT_2 and XRD_UIT_3 had been tested under VA loading and failed in the 

parent metal region. The specimen numbers used in the fatigue testing were UIT_B12.5_1 and 

UIT_A12.5_1, respectively. Specimen XRD_UIT_2 was tested under bending loading with an 

axial static stress of 87.5MPa. In this specimen, two welds were measured: weld A, the top 

weld experiencing CD loading, and weld C, the bottom weld experiencing CU loading. Since 

the maximum stress range in the VA loading was 250MPa, the minimum stress applied on the 

weld A was -162.5MPa (=87.5-250) and the maximum stress applied on the weld C was 

337.5MPa (=87.5+250).  

Specimen XRD_UIT_3 had been tested under axial loading fatigue with the minimum and 

maximum stresses applied were -100 and 276MPa (see Table 3.10), respectively. The residual 

stress presented at weld A was measured.  

Detailed information on the measurements is summarised in Table 4.4.  

Table 4.4 Residual stress measurements on UIT specimens using the XRD method. 

Specimen number 
The number used in the 

previous fatigue test 
Welds ID 

Condition of the weld 

(loading mode and min/max stress 

had been applied) 

XRD_UIT_1 - 

Weld B 

Untested 

Weld D 

XRD_UIT_2 UIT_B12.5_1 

Weld A (top weld) Bending, +87.5 ~ +337.5MPa 

Weld C (Bottom weld) Bending, -162.5 ~ +87.5MPa 

XRD_UIT_3 UIT_A12.5_1 Weld A Axial, -100 ~ +276MPa 

4.4.2 Locations of measurement  

Residual stress were measured at six points for each weld, as shown in Figure 4.9. Points P1 to 

P3, 10mm apart, were at the bottom of the groove introduced by UIT, while points P4 to P6 

are 3mm further away from P1 to P3, respectively. 
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Figure 4.9 Locations where residual stresses were measured on the UIT treated specimen. 

4.4.3 Measurement facilities 

The measurements were also conducted at Coventry University using the XRD facility, as 

described in Section 4.2.3.  

4.4.4 Measurement results 

The residual stress measurements results are plotted in Figure 4.10, and detailed data is given 

in Appendix D Table D.2. 
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Figure 4.10 Residual stress distribution along the weld toe: (a) results obtained at groove; (b) 3mm away from 

the groove. 

Based on the results obtained at P1 to P3 in all three specimens, as shown in Figure 4.10 (a), 

the following can be seen:  

 For the untested specimen, XRD_UIT_1, results at welds B and D exhibit a large scatter 

with the data obtained from P2 ranging between -220 and 120MPa. Thus, a reasonable 

initial residual stress after UIT cannot be determined. A similar large scatter is also 

reported in [96] where the residual stress measured from different points located at the 

bottom of the groove ranges between -509 and -44 MPa. 

 Some of the compressive measured is higher than the yield stress of the material. This 

is because UIT can plastically deforming the material, leading to an increase in the 

number of dislocations. In this case, the material is strengthened; therefore, the 

compressive can be higher than the yield stress of the material. 

 In specimen XRD_UIT_2 subjected to bending loading, measured residual stress at 

either weld A or weld C are all compressive. And for either weld A or C, all residual 

stress at P1 to P3 are almost constant, with an average value about -210 and -120MPa, 

respectively.  

 In specimen XRD_UIT_3 subjected to axial loading, results obtained from the three 

points are similar, being all compressive with an average value at about -100MPa.  



95 

 

From Figure 4.10 (b) for the results from points P4 to P6, it can be seen that: 

 In specimen XRD_UIT_1, results exhibit less scatter than that from points P1 to P3. 

While the average residual stress at P5 is about -220MPa, the average values at P4 and 

P6 are about 100-200MPa lower (more compressive). 

 In specimen XRD_UIT_2, measured residual stress at P4 and P6 do not vary 

significantly compared with the results obtained in untested specimens. However, result 

from point P5 increases to -90MPa in weld A, and reduces to about -400MPa at weld 

C.  

 In specimen XRD_UIT_3, residual stress at each point is almost identical to that 

obtained in XRD_UIT_1, suggesting there is no residual stress relaxation during the 

fatigue loading. 

Based on the measured results, it is difficult to determine a reasonable estimation of residual 

stress after the UIT. However, a certain amount of compressive residual stress can be confirmed 

to be remained at the weld toe after fatigue loading, suggesting that not all the compressive 

residual stresses was relaxed after fatigue testing. In this case, it is not surprising that the fatigue 

lives of these treated welds were enhanced significantly, as reported in Chapter 3.  

In addition, except the measurement results obtained at groove of weld B, all the other residual 

stress profiles were all compressive. This may because these profiles measured were only for 

the residual stress presented on the surface of the area at or close to the weld toe. There must 

be balancing stresses which are in tensile at other region near the area measured. 

4.5 Discussion 

4.5.1 The magnitude of residual stress in as-welded welds  

The initial residual stress in the welded specimens of each plate thickness was measured using 

both the XRD and CHD methods. In comparison with the results obtained by the XRD method, 

CHD measurements are of much less scatter and show tensile stresses, which is in line with the 

expectation that high tensile residual raises near the transverse centreline [54]. CHD measured 

residual stress of 122MPa in 12.5mm-thick specimens is in better agreement with another study 
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[61], compared with neutron diffraction measurement of 150MPa. Therefore, residual stress 

obtained using the CHD method is adopted in further analysis.  

4.5.2 Effect of residual stress on the fatigue life of welded joints under variable amplitude 

loading 

In Chapter 3, it is concluded that low residual stress may be the main reason for the increase of 

D when the maximum stress in the CD sequences decreases. Based on the measured residual 

stress described in this chapter, the effect of residual stress on fatigue life can be discussed 

quantitively. For example, in the 12.5mm-thick specimen, the residual stress after cyclic 

loading is about 97MPa. When the maximum stress in the CD sequences is 150MPa (specimen 

A12.5_2) and 87.5MP (specimen A12.5_3), the actual maximum stress or the combination of 

the maximum applied stress and the residual stress, is about 247 and 185MPa, respectively. 

Therefore, the CD sequence with a low maximum stress would lead to a better fatigue life due 

to the low value of the actual maximum stress. It is thus not surprising to find the Miner’s sum 

𝐷 value is increased. 

Chapter 3 also reported that the 𝐷  values obtained under some CD sequences with low 

maximum stresses are higher than unity when fatigue failure occurs. The 𝐷 value estimated 

under these CD sequences may be overestimated. For instance, 𝐷 was calculated using the S-

N curves produced based on CA tests with a constant maximum stress at 300MPa in axial 

loading and 330MPa in bending loading [178]. Since the actual maximum stress cannot exceed 

the SMYS of the material [6,28] which is 355MPa, it is reasonable to assume the actual 

maximum stresses in all the CA tests were equal to 355MPa after taking residual stress into 

consideration. However, when the maximum stress in the CD sequences is below a certain 

level, the actual stress may be less than 355MPa, the fatigue damage will be smaller than that 

caused by the same stress range with an actual maximum stress of 355MPa. In this case, the 

fatigue life could be underestimated accordingly using the prementioned S-N curves, resulting 

in a higher 𝐷 value. 

It is also reported that in the bending mode, all fatigue failures took place in bottom welds 

experiencing CU loading sequences, instead of top welds experiencing CD loading sequences. 

This result conflicts with the expectation that a CD sequence causes more damages. Based on 

the residual stress measurement result, it can be explained by the low residual stress. For 
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example, in specimen B12.5_2 where the static axial stress is 0 and the residual stress is about 

97MPa. The actual minimum stress for both CU and CD sequences are equal to 97MPa.  Thus, 

the actual mean stress for a particular stress range in the CD sequence is lower than that for the 

same stress range in the CU sequence, resulting in better fatigue life.  

Unlike in a CD sequence, the actual maximum stress of each stress rang in a CU sequence is 

not constant. For a particular stress range, the actual maximum stress is determined by three 

parts: the stress range itself, the minimum stress in the CU sequence and the residual stress. As 

the last two are constant, the actual maximum stress depends on the stress range – the higher 

the stress range, the larger the actual maximum stress.  

Another character of a CU sequence is that only the actual maximum stress of the largest stress 

range in the spectrum can reach the SMYS of the material. Those of small stress ranges are 

always lower than the SMYS because of the relaxation of the residual stress under the peak 

stress. In this case, in addition to the retardation effect of a CU loading sequence, the 

overestimation of the mean stress for small stress ranges should be another reason accounting 

for 𝐷 > 1 at failure. 

Based on the discussion, it suggests that under either CD or CU loading sequences, the mean 

stress can significantly influence the fatigue endurance of the fillet welds tested in the present 

study because of the low residual stress. In this case, the accuracy of the fatigue life assessment 

may be improved by considering the effect of the mean stress. 

4.5.3 Stress ratio correction advised in IIW 

Fatigue standards/codes assume a high constant effective stress ratio, Reff  conservatively, 

based on consideration of both applied stress and residual stress. However, if Reff < 0.5, a 

fatigue enhancement factor f(Reff)  may be considered by multiplying the fatigue class of 

classified details by f(Reff). This factor depends on the level of residual stress. IIW [32] advises 

the following to estimate the enhancement factor f(Reff): 

f(Reff) = {
1.3                 
−0.4Reff + 0.9 
1                   

    Reff < −1 or fully compressive
−1 ≤ Reff ≤ −0.25
Reff > −0.25

                        (4.1) 
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Reff was calculated for each stress range in a CD loading sequence with low maximum stresses. 

And the corresponding test results were corrected based on this criterion. 

After fatigue loading, the magnitude of residual stress is around 80 to 100MPa in the 6mm- 

and 12.5mm-thick specimens, and about 150MPa in the 25mm-thick specimen. When the 

applied maximum stress was decreased from 300 to 150MPa, the minimum Reff in the CD 

sequence (i.e., Reff corresponding to the maximum stress range of 250MPa) is about -0.08 for 

the 6mm- and 12.5mm-thick specimens, and 0.17 for the 25mm-thick specimen, all bigger than 

-0.25. Therefore, there should be no enhancement in fatigue life according to the criteria. 

However, as observed in tests, although the fatigue lives of the 6mm- and 25mm-thick 

specimens are not improved, that for the 12.5mm-thick specimen is more than doubled. 

When the applied maximum stress in the CD sequence was reduced to 87.5MPa, Reff is less 

than -0.25 for those stress ranges which are greater than 212.5MPa. It should be noted that 

these stress ranges only contribute up to 1.5% of the total fatigue damage caused by the 

sequence (Figure 3.5). Hence, the enhancement in the total fatigue life is still negligible. 

However, test results show the opposite: a significant improvement in the fatigue life is 

observed. The circumstance is similar when the maximum stress was reduced to 0.  

Therefore, the results obtained in the present study could not be well corrected using the Reff 

correction method provided in IIW. A new mean stress correction model has been developed 

and will be introduced in the next Chapter. 

4.6 Conclusions 

Residual stress measurements were carried out on specimens of all three plate thicknesses using 

either the CHD or XRD method. The residual stress presented in both as-welded and UIT 

specimen were measured either before or after fatigue loading. Based on the measurement 

results, the following conclusions can be drawn: 

 For both as-welded and UIT specimens, the magnitude of residual stress before or after 

cyclic loading cannot be appropriately determined using the XRD method, as the 

measurement results exhibit a large scatter.  
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 Residual stress measurement obtained using the CHD method are more reliable than 

those by the XRD method, thus are used in further analysis. 

 In each plate thickness tested, the initial residual stress is lower than the SMYS of the 

material and is related to the plate thickness in an approximately proportional 

relationship, with the average value in 6mm-, 12.5mm- and 25mm-thick specimens 

being at 83, 122 and 233MPa, respectively.  

 Residual stress can be reduced by cyclic loading even when the maximum tensile stress 

is as low as 150MPa (less than half of the SMYS). The relaxation mainly occurs in the 

first two cycles, and further cyclic loading only leads to limited residual stress reduction. 

 Compressive loading appears to produce similar residual stress relaxation as by tensile 

loading. However, this is based on limited test data. Further work is required to confirm 

this conclusion. 
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5. Chapter 5   Development of analytical models to 

predict the fatigue life of welded joints under variable 

amplitude loading spectra 

5.1 Introduction 

In fatigue design standards, fatigue performance of welded joints is assumed to be independent 

of the applied mean stress due to the high tensile residual stress in weld toes. However, fatigue 

test results obtained from the present study shows that the fatigue life increased significantly 

when the mean stress is below a certain value. This phenomenon can be well explained 

according to the residual measurements results. It is found that the initial average residual stress 

in specimens tested is no more than the 2/3 of the SMYS of the material (only a quarter for the 

6mm-thick specimens); moreover, residual stress can be further decreased by 40% after only 

two loading cycles. Therefore, when the applied mean stress is reduced below a certain level, 

the actual mean stress decreases as well, leading to a better fatigue performance. 

In order to improve the accuracy of fatigue assessment for the welded joints under VA loading 

sequences, the present study developed new analytical models based on the conventional mean 

stress corrections to consider the effect of the applied mean stress on the fatigue life of welded 

joints under VA loading spectra. In addition, the VA loading sequence effects are also included 

in the models by a new sequence factor. Fatigue lives of welded joints under VA loading 

sequences were estimated using the new models developed, showing a better prediction than 

that given by the existing models. 

This chapter provides detailed information on the development of the new analytical models, 

including improvement to the conventional mean stress corrections and the procedure to 

produce new sequence factors for various types of VA loading sequences.  

5.2 Development of analytical models 

5.2.1 Conventional mean stress correction models 

The new models were developed based on three conventional methods: Goodman [86], Gerber 

[87] and Morrow [88], due to the reason that most actual test data tends to fall between the 

Goodman and Gerber curves [182]. Although Goodman equation is widely used in the 
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industrial area, its accuracy appeared to be lower than that of the Morrow equation, which has 

a similar expression but uses a different material parameter in the equation [90].  

As mentioned in the literature review, apart from the fatigue limit, these three equations also 

can correlate a given stress range, ∆𝜎, with the mean stress, 𝜎𝑚, to an equivalent fully reversed 

(i.e. 𝑅 = −1)  stress range, ∆𝜎𝑅=−1 , that can produce the same fatigue damage with the 

combination of ∆𝜎 − 𝜎𝑚 [90], following: 

Goodman and Morrow:                    
∆𝜎

∆𝜎𝑅=−1
+
𝜎𝑚
𝜎𝑝
= 1                                                     (5.1) 

Gerber:                               
∆𝜎

∆𝜎𝑅=−1
+ (

𝜎𝑚
𝜎𝑈𝑇𝑆

)2 = 1                                                    (5.2) 

where 𝜎𝑝 is the material parameter. For Goodman and Morrow equations, 𝜎𝑈𝑇𝑆 is the ultimate 

tensile strength, and 𝜎𝑡𝑓  is the true fracture stress, respectively. 𝜎𝑡𝑓  was estimated to be 

(𝜎𝑈𝑇𝑆 + 345MPa) as its experimental value is unavailable [90].  

Fatigue damages of the equivalent ∆𝜎𝑅=−1  can be estimated using the S-N curve that is 

produced at 𝑅 = −1 , in conjunction with the Miner’s rule. If the available S-N curve is 

produced with a non-zero mean stress ( 𝑅 ≠ −1), Equation 5.1-5.2 can be further modified, as 

proposed in [183], to covert the given stress range to an equivalent stress range with the known 

mean stress where the S-N curve is produced, following: 

Goodman and Morrow:                          ∆𝜎𝑅 =

1 − (
𝜎𝑅,𝑚
𝜎𝑝
)

1 − (
𝜎𝑚
𝜎𝑝
)
∆𝜎                                              (5.3)  

Gerber:                    ∆𝜎𝑅 =
1 − (

𝜎𝑅,𝑚
𝜎𝑈𝑇𝑆

)
2

1 − (
𝜎𝑚
𝜎𝑈𝑇𝑆

)
2 ∆𝜎                                                  (5.4) 

where ∆𝜎𝑅 is the equivalent stress range at a stress ratio R where the S-N curve is produced, 

and 𝜎𝑅,𝑚 is its mean stress. The nomenclatures used herein are illustrated in Figure 5.1. 
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Figure 5.1 Nomenclatures used in the mean stress correction models. 

5.2.2 Development on the conventional mean stress correction models 

In all Goodman, Morrow and Gerber equations, the mean stress is used as the independent 

variable. In the present study, since all CA or VA data were obtained at constant maximum 

stresses, the reference maximum stress, 𝜎𝑅,𝑚𝑎𝑥 , was proposed to replace 𝜎𝑅,𝑚 . Therefore, 

Equation 5.3 and 5.4 was modified to use the maximum stress as an independent variable. 

Considering: 

𝜎𝑚 = 𝜎𝑚𝑎𝑥 −
1

2
∆σ       

𝜎𝑅,𝑚 = 𝜎𝑅,𝑚𝑎𝑥 −
1

2
∆𝜎𝑅                                                        (5.5) 

Inserting Equation 5.5 into 5.3 and 5.4, respectively, leads to new forms as:  

Modified Goodman and Morrow:          ∆𝜎𝑅 =

1 − (
𝜎𝑅,𝑚𝑎𝑥 −

1
2∆𝜎𝑅 

𝜎𝑝
)

1 − (
𝜎𝑚𝑎𝑥 −

1
2∆σ

𝜎𝑝
)

∆𝜎                         (5.6) 
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Modified Gerber:        ∆𝜎𝑅 =
1 − (

𝜎𝑅,𝑚𝑎𝑥 −
1
2∆𝜎𝑅

𝜎𝑈𝑇𝑆
)2

1 − (
𝜎𝑚𝑎𝑥 −

1
2∆σ

𝜎𝑈𝑇𝑆
)2

∆σ                                          (5.7) 

It should be noted that modified models having been developed so far were for residual stress 

-free components. In welded joints, residual stress is generally present. Thus, the effective 

maximum stress, which is the combination of the applied maximum stress and the residual 

stress, is used to correlate the results obtained in the present study. 

When each stress range in a certain VA loading sequence was correlated with the actual 

maximum stress, a new constant equivalent stress range, ∆σ𝐶𝐴,𝑒𝑞𝑢
′ , can be estimated according 

to Equation 3.4, whereby the fatigue life, 𝑁, was predicted using those known S-N curves: 

𝑁 =
𝐶

(∆𝜎𝐶𝐴,𝑒𝑞𝑢
′ )𝑚

                                                              (5.8) 

where 𝐶 and 𝑚 are material constants.  

5.2.3 Variable amplitude loading sequence factor 

In addition to the mean stress, the fatigue life of welded joints also depends on the type of VA 

loading sequence because fatigue crack propagation rate (FCGR) can be accelerated under the 

CD loading sequences, or retarded under the CU loading sequences [5,6,13]. Therefore, a new 

sequence factor, 𝑀, was proposed in the present study to take the sequence effect of the VA 

loading sequence into account, and Equation 5.8 is further developed to: 

𝑁 = 𝑀
𝐶

(∆𝜎𝐶𝐴,𝑒𝑞𝑢
′ )𝑚

                                                               (5.9) 

The magnitude of the sequence factor for the CD loading sequence can be determined by the 

corresponding experimental results straightforwardly. For example, in the present study, 

fatigue tests were conducted under the CD loading sequences with a constant maximum stress 

of 300MPa. S-N curves used to estimate the fatigue life under such CD loading sequences were 

produced based on the CA loading sequences where the maximum stress was 300MPa as well. 

As the maximum stress in the CD loading sequence and in the CA sequences are identical, the 
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actual mean stress of each stress range in the CD loading sequence is identical with that in the 

CA loading sequence. In this case, the reason for the Miner’s sum 𝐷 being less than unity 

(D~0.5) at fatigue failure is due to the sequence effect only, and not the mean stress.  

It is worth noting that when welded joints are subjected to a CD sequence where the maximum 

stress is identical to that in the CA loading sequence used to produce S-N curve, the 𝐷 value at 

fatigue failure is typically at about 0.5 [5,13]. Therefore, the sequence factor for the CD loading 

sequence, 𝑀𝐶𝐷, can be assumed to be 0.5. 

Compared with the CD loading sequence, the magnitude of the sequence factor for the CU or 

CM loading sequence cannot be determined from experimental data directly. This is because 

the effect of the mean stress and the effect of the sequence factor is always active at the same 

time under these two VA loading sequences. Hence, the sequence factor can only be 

determined after the effect of the mean stress is eliminated. The procedure to determine the 

sequence factor for the CU and CM sequences will be discussed later.  

5.3 Data collection and input parameters  

In addition to the results obtained in the present study, data from Studies I [5], II [34] and III 

[184] were selected to verify the models developed.  

Study I investigated the fatigue performance of two types of welded joints under various VA 

loading sequences, i.e., CD, CU and CM sequence. The identical types of welded joints were 

also tested in Study II, but only under CU loading sequences produced from three different VA 

loading spectra. Study III studied the fatigue lives of transverse fillet welds under CU 

sequences where the maximum stress range varied between sequence to sequence. The input 

parameters are detailed below, and more details on the specimen geometry and loading 

spectrum are given in Appendix E. 

5.3.1 Input parameters for the present study 

5.3.1.1 S-N curve 

S-N curves produced under the axial loading mode were adopted to predict the fatigue life. 

Therefore, for the tests conducted in the bending mode, stress ranges in the sequence were 
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converted to an equivalent stress range in the tensile loading mode that would lead to the same 

damage, using a bending factor, 𝐾𝑏,  following: 

∆𝜎𝑡𝑒𝑛𝑠𝑖𝑙𝑒 =
∆𝜎𝑏𝑒𝑛𝑑𝑖𝑛𝑔

𝐾𝑏
                                                            (5.10) 

The 𝐾𝑏 was previously investigated by Sun [178] and the magnitudes were 1.46, 1.32 and 1.27 

for 6mm-, 12.5mm- and 25mm-thick specimen, respectively. 

A forced slope 𝑚 = 3 was adopted, and the corresponded 𝐶 were 4.42 × 1012, 2.74 × 1012 

and 1.18 × 1012 for 6mm-, 12.5mm- and 25mm-thick specimen, respectively [178]. 

5.3.1.2 Residual stress 

Residual stress values obtained from measurements were adopted to calculate the actual 

applied maximum stress, 𝜎𝑚𝑎𝑥, for each stress range in VA loading sequences. For the 6mm-

thick specimen, the residual stress is 83MPa, while for the 12.5mm- and 25mm thick specimens, 

the relaxed residual stress after two CA loading cycles were used, being 97 and 183MPa, 

respectively.  

𝜎𝑚𝑎𝑥 is assumed not to exceed the SMYS of the material. When this is violated, the residual 

stress was re-calculated. For example, the bottom welds of specimen B25_1 were tested under 

a CU loading sequence with the minimum stress of zero under bending mode. The maximum 

stress range in the loading sequence was 250MPa, and its corresponding equivalent tensile 

stress estimated using Equation 5.10 was 196MPa (=250MPa/1.27). The measured residual 

stress was 166MPa (Table 4.3). Thus, the 𝜎𝑚𝑎𝑥 for the largest stress range in this CU loading 

sequence was 362MPa (=0+196+166MPa), which was higher than 355MPa, the SMYS of the 

material. Therefore, the residual stress (RS) was re-calculated as: 

 RS=SMYS- (constant minimum stress + maximum stress range/𝐾𝑏)          (5.11) 

resulting residual stress is 159MPa. This value was used to calculate the 𝜎𝑚𝑎𝑥 for the rest of 

the stress ranges in this CU loading sequence. 
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Based on the principle described above (𝜎𝑚𝑎𝑥 ≤ SYMS), residual stress values used for each 

specimen under the CD loading sequence are given in Table 5.1, and under CU loading 

sequence in Table 5.2. 

Table 5.1 Residual stress for CD loading sequences. 

Plate thickness (mm) Specimen ID Maximum stress (MPa) Residual stress (MPa) 

6 

A6_1 300 55* 

A6_2 150 83 

B6_1 (top weld) 87.5 83 

12.5 

A12.5_1 300 55* 

A12.5_2 150 97 

A12.5_3 87.5 97 

B12.5_1(top weld) 87.5 97 

B12.5_2(top weld) 0 97 

25 

A25_1 300 55* 

A25_2 150 183 

A25_3 87.5 183 

B25_1(top weld) 0 183 

         Note: * means calculated based on Equation 5.11. 

Table 5.2 Residual stress for CU loading sequences. 

Plate thickness 

(mm) 

Bending factor, 

𝐾𝑏  
Specimen ID 

Minimum stress 

(MPa) 

Residual stress 

(MPa) 

Equivalent maximum 

tensile stress range 

(MPa) 

6 1.46 
B6_1  

(bottom weld) 
87.5 83 171 

12.5 1.32 

B12.5_1  

(bottom weld) 
87.5 78* 

189 
B12.5_2  

(bottom weld) 
0 85 

25 1.27 
B25_1  

(bottom weld) 
0 159* 196 

Note: * means calculated based on Equation 5.11. 
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5.3.1.3 Reference maximum stress 

The reference maximum stress, 𝜎𝑅,𝑚𝑎𝑥, is the actual maximum stress of the stress ranges used 

to produce S-N curves. It is the sum of the applied maximum stress and the residual stress. The 

former was constant, being at 300MPa [178]. The initial measured residual stress, as described 

in Chapter 4, was 83, 122 and 233MPa for the 6mm-, 12.5mm- and 25mm-thick specimen, 

respectively. Therefore, by assuming that the actual maximum stress does not exceed the 

SMYS of the material, the reference maximum stress was assumed to be constant and equal to 

the SMYS at 355MPa. 

5.3.2 Input parameters for Study I 

5.3.2.1 S-N curve 

Two types of welded joints manufactured from BS 4360 Grade 50D and Grade 50B steels were 

tested which were designated G and F, respectively. The G type specimen consisted of a 12mm-

thick plate with attachments fillet welded to each edge, while the type F specimen involved a 

12.5mm-thick plate with longitudinal attachments fillet welded on each surface.  

Best-fit S-N curves of the two types of welded joints were established under CA loading 

sequences with a constant maximum stress at 280MPa. 

For F type: 

 ∆𝜎3.072𝑁 = 1.312 × 1012                                                          (5.12) 

For G type: 

∆𝜎2.728𝑁 = 1.183 × 1011                                                          (5.13) 

5.3.2.2 Loading sequence 

Based on a basic concave-up shaped spectrum with 𝑃𝑖 ranging from 0.04 to 1, various VA 

loading spectra with different minimum 𝑃𝑖 values were produced. Upon these loading spectra 

and a maximum stress range of 210MPa, three types of loading sequences were generated, i.e., 

the CD loading sequence, with the constant maximum stress being 280MPa, the CM loading 

sequence where the constant mean stress 175MPa and the CU loading sequence with the 
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constant minimum stress 70MPa. The maximum and minimum stress in these three sequences 

were the same at 280 and 70MPa, respectively, both tensile.  

5.3.2.3 Residual stress 

The initial residual stress in the F and G type specimens were measured using the Centre-hole 

drilling method as 281 and 370MPa, respectively. After the F type specimen had been tested 

under CD sequences for ten blocks, the residual stress relaxed by 73%, reducing to 76MPa. 

The relaxed residual stress value for G type was not measured; however, by assuming the same 

percentage of reduction, it was taken as 100MPa. 

5.3.2.4 Reference maximum stress 

As the maximums tress achieved in the VA loading sequences (280MPa) was identical to that 

used in the CA loading sequences to produce the S-N curves, the magnitude of the relaxed 

residual stress under the CA loading was assumed to be the same as measured in the specimen 

tested under VA loading. Therefore, the reference maximums stress was 356MPa 

(=280+76MPa) for the F type specimen and 380MPa (=280+100MPa) for the G type.  

5.3.3 Input parameters for Study II 

5.3.3.1 S-N curve 

In Study II, the welded joints tested were identical to those tested in Study I, named as F and 

G types. They were all made from 12.5mm-thick steel to BS 4360 Grade 50B. The S-N curves 

for these two types were established under CA loading sequences with a constant stress ratio 

𝑅 = 0: 

For F type: 

 ∆𝜎2.59𝑁 = 1.59 × 1012                                                    (5.14) 

For G type: 

  ∆𝜎3𝑁 = 6.39 × 1011                                                      (5.15) 
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5.3.3.2 Loading sequence 

A basic VA loading spectrum referred to Spectrum A, was developed from a standard load 

spectrum for fighter aircraft wings, with 𝑃𝑖 ranging between 0.063 and 1. Based on Spectrum 

A, two more spectra, Spectrum B and C, were produced by omitting 𝑃𝑖 which is higher than 

0.667 and 0.377, respectively, i.e., with 𝑃𝑖 ranged from 0.063 to 0.667 in Spectrum B and from 

0.063 to 0.377 in Spectrum C. 

Based on Spectrum A, four CU loading sequences were produced by using four different 

maximum stress ranges, i.e., 300, 250, 200 and 150MPa. Similarly, three loading sequences 

were produced on the basis of spectrum B and C with the maximum stresses 300, 200 and 

150MPa. All stress ranges in each loading sequence were arranged in a random order, with a 

constant stress ratio 𝑅 = 0.  

5.3.3.3 Residual stress and reference maximum stress 

The residual stress was not measured in Study II. However, in consideration of the type of 

welded joints tested, the residual stress was expected to be as high as 70% of the SYMS of the 

material according to measurement results in Study I. In this case, the reference maximum 

stress was assumed to be identical to the SYMS at 355MPa.  

5.3.4 Input parameters for Study III 

5.3.4.1 S-N curve 

The specimens tested in this study were dog-bone shaped joints containing transverse fillet 

welded attachments in the middle of the length. They were manufactured using 9.5mm-thick 

steel plates. CA tests were carried out at a constant stress ratio 𝑅 = 0.1. Based on the test results, 

the fatigue endurance was found to comply with class FAT 80 design curve provided in 

standard IIW [16], following: 

∆𝜎3𝑁 = 1.024 × 1012                                                    (5.16) 
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5.3.4.2 Loading sequence 

The VA loading spectrum was produced based on an in-service loading history for the mid-

span moment in a 40m long, simply-supported girder [184]. 𝑃𝑖 values were between 0.06 and 

1. Afterwards, four CU sequences were generated from this spectrum with four different 

maximum stress ranges at 367, 239, 217, 171MPa, and the corresponding constant minimum 

stresses were 9, 12, 13 and 20 MPa, respectively. 

5.3.4.3 Residual stress and reference maximum stress 

The residual stress in the tested specimen was measured using the XRD method. It showed an 

approximately uniformly distributed tensile residual stress in the top 2 to 3 mm below the 

surfaces with a magnitude 20% of the SMYS. Therefore, a uniform tensile residual stress of 

20% of the yield stress was assumed [66]. As tests were performed at a constant stress ratio, 

the maximum stress applied was not constant in each test under different stress ranges. The 

reference maximum stress was estimated by combining the maximum stress applied (160MPa) 

with the residual stress to 240MPa (=160+80MPa).  

5.4 Comparison of fatigue lives between experiments and predictions under 

cycling down loading sequences  

Figure 3.15 in Chapter 3 provides a comparison of fatigue lives of experiments and calculations 

based on BS 7608 where only stress ranges are considered. It is re-plotted in logarithmic scales 

in Figure 5.2, to compare with Figure 5.3, where experimental results are plotted against 

predicted results using the models developed in the present study. The Miner’s sum calculated 

based on the fatigue life predicted by the models is referred to as 𝐷𝑚𝑠. 
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Figure 5.2 Comparison of fatigue lives between experiments and calculations based on BS 7608 which only 

considers stress ranges under CD loading sequences (re-plot of Figure 3.14) (arrow indicates run-out). 

  

 

Figure 5.3 Comparison of fatigue lives between experiments and calculations based on the models developed 

under CD loading sequences: (a) Goodman (b) Gerber and (c) Morrow. (arrow indicates run-out). 
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As discussed in Section 3.4.7, the main conclusion derived from Figure 5.2 is that a large scatter 

is seen when only stress ranges are considered to calculate the fatigue life as advised in the 

standard. The 𝐷 value ranges from 0.5 to 2, depending on the maximum stress in the CD 

loading sequence. 

The following can be seen from Figure 5.3: 

 When the maximum stress in the CD sequence is identical to that used to produce the 

S-N curves, i.e., 300MPa for the present study and 280MPa for Study I, the predicted 

fatigue lives obtained using the three models developed in the present study all agree 

well with experimental results, with 𝐷𝑚𝑠 being about 1. 

 When the maximum stress in the CD sequence is decreased (<300MPa), predicted 

results are close to experimental results. 𝐷𝑚𝑠  obtained using the Goodman method 

scatters between 0.5 and 1.5, and 1 and 1.5 using the Gerber or Morrow method. 

 For tests which ran-out, 𝐷𝑚𝑠 predicted using the Goodman method are all less than 1.0 

- three out of four results are less than 0.5 and the remaining one is about 0.7 (Figure 

5.3 (a)), implying a large remaining fatigue life in the specimen. These predictions 

agree well with experimental results. There is no indication of fatigue crack initiation 

and propagation at the weld toe when tests were stopped, which also means the actual 

fatigue life should be much higher. The predictions made using the Gerber or Morrow 

method may be conservative (Figure 5.3 (b) and (c)) as two of these 𝐷𝑚𝑠 values exceed 

unity.  

Based on the predicted results, it shows that when the mean stress correction is considered, 

scatter becomes smaller, and the predicted lives agree better with experimental data. 

5.5 Comparison of fatigue lives between experiments and predictions under 

cycling up loading sequences 

5.5.1 Fatigue lives predicted based on BS 7608  

Figure 5.4 shows the comparison between experimental fatigue lives obtained under CU 

loading sequences with those predicted by BS 7608 where neither the mean stress nor the 
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sequence effect is considered. It can be seen that the results clearly exhibited a large scatter, 

with 𝐷 value ranging from 0.5 to 8. Therefore, the fatigue life under CU loading sequence 

cannot be well predicted using the method as advised in BS 7608. 

In the following sections, fatigue lives are re-estimated using the model developed in the 

present study, with both the mean stress and the loading sequence considered, in addition to 

the stress range.  

 

Figure 5.4 Comparison of fatigue lives between experiments and calculations based on BS 7608 which only 

considers stress ranges under CU loading sequences (arrow indicates run-out). 

5.5.2 Sequence factor for cycling up loading sequence 

As discussed in Section 5.2.3, the magnitude of the sequence factor for a CU loading sequence 

cannot be determined directly from experimental results because of the combined effects of the 

mean stress and the sequence factor. Hence, in order to eliminate the mean stress effect, 

experimental results were first correlated with the mean stress. Then the sequence effect of CU 

was determined accordingly based on the results obtained after the mean stress correction.   

For the mean stress correction, equivalent stress ranges were calculated by correlating the 

original stress ranges in a CU loading sequence with the reference maximum stress of 355MP 

using the models developed in the present study (Equation 5.6-5.8). Fatigue lives were then 
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estimated based on the equivalent stress ranges and plotted against the experimental results in 

Figure 5.5. The Miner’s sum, estimated based only on the means stress correction and 

excluding the sequence effect, is named as 𝐷𝑚. 

It can be seen that predictions based only on the mean stress correction do not agree well with 

the experimental results, and still exhibit a large scatter, with 𝐷𝑚 ranging between 0.5 and 2 

using the Goodman method (Figure 5.5 (a)), and 0.5 and 4 using the Gerber or Morrow method 

(Figure 5.5 (b) and (c)).  

  

 

Figure 5.5 Comparison of fatigue lives between experiments and calculations based on mean stress correction 

models developed in the present study under CU loading sequences: (a) Goodman; (b) Gerber and (c) morrow 

(arrow indicates run-out). 

As the effect of the mean stress was eliminated after the mean stress correction, the deviation 

between the predicted and experimental results was considered to be only relating to the 

sequence effect. However, at the current stage, the sequence effect still cannot be concluded 
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because of the wide range of the value of 𝐷𝑚. Hence, unlike the case under a CD loading 

sequence, it is inappropriate to simply set the sequence factor at a constant value for CU loading 

sequences.  

In order to determine the sequence factor, further investigation was carried out based on the 

data presented in Figure 5.5 from four different studies where fatigue tests were performed 

using different welded joints under various CU loading sequences. The scatter might be related 

to the type of specimen or certain feature(s) of a CU loading sequence. Investigations were 

performed on the results obtained using the Gerber and the Morrow methods (Figure 5.5 (b) 

and (c)), as the Goodman method was reported to be more suitable for brittle materials [182], 

rather than for ductile steels like S355.  

Investigations were carried out first on data from Study II [34], in which a basic VA spectrum, 

Spectrum A, was produced first, with the Pi value ranging from 0.063 to 1. Afterwards, two 

more VA spectra, spectrum B and C, were derived from Spectrum A, with the 𝑃𝑖 value ranging 

from 0.063 to 0.667 and 0.063 to 0.377, respectively. The ratio of the maximum 𝑃𝑖  to the 

minimum 𝑃𝑖, for A, B and C were 15.8, 10.5 and 5.8, respectively. This ratio was defined as 

the overload ratio, 𝑅𝑃𝑖. Based on each spectrum, various CU loading sequences were generated 

with different maximum stress ranges. Two welded joints, F and G types, were tested under 

those loading sequences.  

The data for Study II were extracted from Figure 5.5 (c) and re-plotted in Figure 5.6.  
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Figure 5.6 Comparison between the fatigue lives of experiments from Study II [34] and calculated based on 

Morrow mean stress correction model developed under CU loading sequences. 

According to Figure 5.6, the potential relationship between the overload ratio, maximum stress 

ranges, the specimen type related to the sequence factor can be discussed, as follows: 

 The effect of specimen types can be investigated based on the results of F and G type 

specimens obtained under spectrum A. It can be seen that 𝐷𝑚  for both F and G 

specimens are almost identical, at about 2.8, regardless of the loading sequence. Hence, 

the type of welded joint appears to have no significant influence on the fatigue 

endurance.  

 Similar to results obtained under spectrum A, 𝐷 is of similar value at fatigue failure 

under spectrum B or C, regardless of the loading sequences where the maximum stress 

ranges are different. These results suggest that the fatigue life is not affected by the 

maximum stress range in the sequence. 

 In terms of the effect of overload ratio, there is a clear trend that 𝐷𝑚 reduces in value 

with a decreasing overload ratio, as the retardation effect of the CU loading sequence 

on the crack propagation being dependent on the overload ratio [8,118,120].  
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It can be summarised that in comparison with the specimen type and the maximum stress range, 

the overload ratio is the driven factor that affects the sequence factor of a CU loading sequence. 

The same conclusion is also obtained from the results corrected using the Gerber method. 

Therefore, further analysis was carried out to investigate the effect of overload ratio on the 

fatigue lives of welded joints. 

To examine the relationship between the overload ratio 𝑅𝑃𝑖  and 𝐷𝑚 , 𝑅𝑃𝑖 for all the CU 

sequences involved in the four studies, i.e., the present study, Study I, II and III, were calculated. 

And the corresponding average 𝐷𝑚 obtained using the Morrow and the Gerber methods were 

estimated as well. Results are given in Table 5.3 and plotted in Fatigue 5.7. 

The following can be seen from Figure 5.7: 

 For the 12.5mm-thick specimen, the average 𝐷𝑚 is proportional to the overload ratio. 

i.e., the higher 𝑅𝑃𝑖, the larger 𝐷𝑚.  

 𝐷 also appears to depend on the plate thickness. For 𝑃𝑖 = 2.8,  𝐷𝑚 value for the 25mm 

specimen is about two times the value for the 12.5mm specimen, suggesting the thicker 

the plate, the higher 𝐷𝑚. Identical trends also can be seen by comparing the results 

obtained from 9.5 or 6mm-thick specimens with that of the 12.5mm-thick specimen. 

However, as there are limited results, and more results are required. 

Table 5.3 The overload ratio and the corresponding average 𝐷𝑚 value after mean stress correction. 

Specimen Thickness 

(mm) 
overload ratio, 

𝑅𝑝𝑖 

Average 𝐷𝑚  
Data source 

using Gerber using Morrow 

25 2.8 0.99 1.27 P 

12.5 

2.8 0.41 0.53 P 

4.0 0.77 0.95 I 

5.0 0.61 0.77 I 

5.9 0.71 0.76 II 

10.0 1.49 2.16 I 

10.5 1.12 1.49 II 

15.8 2.33 2.94 II 

15.8 2.07 2.66 II 

9.5 16.6 2.11 2.23 III 

6 2.8 0.47 0.60 P 

Note: P indicates the present study.         
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Figure 5.7  The relationship between 𝑅𝑃𝑖 and the average 𝐷𝑚 value obtained after mean stress correction under 

CU loading sequences. 

To estimate the relationship between 𝑅𝑃𝑖  and 𝐷𝑚 , a regression analysis was conducted to 

produce a linear correlation, as shown in Figure 5.7, following: 

𝐷𝑚 = 𝑘𝑅𝑃𝑖 + 𝑞                                                                         (5.17)   

where 𝑘 and 𝑞 are constants, as shown in Table 5.4. This linear correlation provides a fair 

fitting to the data, with 𝑅2  at about 0.92. As 𝑞 is small, it is omitted by setting the linear 

correlation intercepted at the origin. Thus, Equation 5.1 was developed to: 

𝐷𝑚 = 𝑘′𝑅𝑃𝑖                                                              (5.18)   

where 𝑘′ is the new constant, and its value is given in Table 5.4. The correlation also agrees 

well with the data, with 𝑅2 at 0.92. 

Table 5.4 Parameters in the correlation between 𝑅𝑃𝑖 and the average 𝐷𝑚 value obtained after mean stress 

correction. 

Mean stress correction 

method 

Original fitting Interception at origin 

𝑘 𝑞 𝑅2 𝑘′ 𝑅2 

Gerber 0.13 0.0176 0.93 0.13 0.93 

Morrow 0.17 -0.0037 0.92 0.17 0.92 
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It can be seen that the two values of 𝑘′ are similar. Therefore, the average value of 0.15 was 

adopted in subsequent analyses. 

The sequence factor for CU loading sequences can be estimated by: 

𝑀𝐶𝑈 = 𝐷𝑚                                                              (5.19) 

It should be noted that the relationship between the sequence factor and the CU loading 

sequence (Equation 5.2) was established based on the results obtained under those CU 

sequences where various stress ranges were applied in a random order, with 𝑅𝑃𝑖  ranging 

between 3 and 17. Whether this relationship is proper for other CU sequences with different 

features, such as 𝑅𝑃𝑖 out of this range, or stress ranges applied in a particular order, is unknown, 

and further studies are needed. 

5.5.3 Fatigue life prediction based on analytical models developed in the present study  

After integrating the sequence factor developed with the mean stress corrections, the predicted 

fatigue lives are plotted against the experimental results in Figure 5.8. The Miner’s sum 

estimated based on the means stress correction and the sequence effect is referred to 𝐷𝑚𝑠 . 

Figure 5.8 (a) suggests that: 

 After the application of the Gerber mean stress correlation and the sequence factors 

developed, predicted fatigue lives agree well with the experimental ones, with 𝐷𝑚𝑠 

ranging mainly between 0.5 and 1.5. 

 The predicted fatigue life of the 25mm-thick specimen is relatively conservative 

compared with those of other thicknesses, probably due to the sequence factor being 

conservative for the latter, as discussed in section 5.5.2.  

Similar results also can be summarised from Figure 5.8 (b) where the data is obtained based on 

the Morrow method.  

The prediction results show that when the mean stress correction is considered, the scatter 

becomes smaller, and the predicted lives agree better with the experimental data. 
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Figure 5.8 Comparison between the fatigue lives of experiments and calculated based on analytical models 

developed under CU loading sequences: (a) Gerber and (b) Morrow. (arrow indicates run-out). 

5.6 Comparison of fatigue lives between experiments and predictions under 

constant mean stress sequences 

5.6.1 Fatigue life predicted based on BS 7608  

Results under three CM loading sequences were collected in Study I. Figure 5.9 shows the 

comparison between the experimental fatigue lives with those predicted based on BS 7608 

where the fatigue lives are calculated only based on stress range. It can be seen that the 

predictions range between 0.7 to 1.0. Although these results are only slightly lower than 1.0, it 

should be mentioned that neither the mean stress effect nor the sequence effect is included in 

the calculation. 

5.6.2 Sequence factor for constant mean loading sequence 

Similar to a CU loading sequence, results obtained under a CM loading sequence were 

corrected using the mean stress first, and the sequence factor for such loading sequence was 

developed accordingly. For the mean stress correction, stress ranges in CM loading sequences 

were correlated with the reference maximum stress of 355MPa using the mean stress correction 

models developed in the present study. Fatigue lives were then estimated based on the 

equivalent stress ranges and plotted against experimental results in Figure 5.10. It can be seen 

that after the mean stress correction, 𝐷𝑚 obtained using the Gerber and the Morrow method are 

all about 0.5. 
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Figure 5.9 Comparison between the fatigue lives of experiments and calculated based on BS 7608 which only 

considers stress ranges under CM loading sequences. 

In this case, the sequence factor for a CM loading sequence, 𝑀𝐶𝑀, was assumed to be 0.5. It is 

interesting to note that sequence factors for CM and CD loading sequences were identical, 

suggesting that a CM loading sequence can reduce the fatigue endurance of welded joints as a 

CD sequence does.  

 

Figure 5.10 Comparison of fatigue lives between experiments and calculations based on mean stress correction 

models developed under CM loading sequences. 
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5.6.3 Fatigue life predicted based on analytical models developed  

After the value of the sequence factor was determined, predicted fatigue lives were calculated 

using the three models developed in the present study, as shown in Figure 5.11. It can be seen 

that fatigue lives predicted by the developed models agree well with experimental results, with 

𝐷𝑚𝑠 in the range between 0.5 and 1.5.  

 

Figure 5.11 Comparison between the experimental fatigue lives under CM loading sequences with that 

predicted using models developed in the present study. 

5.7 Conclusions 

Analytical models were developed to predict the fatigue life of welded joints under VA loading 

sequences. Effects of both the mean stress and the sequence can be considered. To establish 

the new models, the conventional Goodman, Gerber and Morrow equations, were re-written 

into the form where a reference maximums stress is used as the independent alternative. In 

addition, a new sequence factor that indicates the effect of the VA loading sequence on the 

fatigue performance of welded joints was estimated for CD, CM and CU loading sequences, 

respectively. Fatigue lives were re-calculated using the analytical models developed in the 

present study. 

Conclusions drawn from the results are as follows: 
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 Under both CD and CM loading, the sequence factor can be determined according to 

the experimental results, being constant at 0.5, while the sequence factor for CU 

sequence is a function of the overload ratio, 𝑅𝑃𝑖 and may relate to the plate thickness. 

 In comparison with the method provided in BS 7608, the model developed can take 

into account both the mean stress and sequence effect and provide a fair prediction for 

fatigue endurance of welded joints under CD loading sequence, with 𝐷𝑚𝑠  ranging 

between 0.5 to 1.5. 

 Similarly, this model can also significantly improve the prediction for the fatigue life 

of welded joints under a CU loading sequence, with 𝐷𝑚𝑠 mostly in the range of 0.5 to 

1.5, rather than ranging from 0.5 to 8 which were obtained using the method given in 

BS 7608.  

 When welded joints are subjected to CM sequences, the fatigue life can be closely 

predicted using the models developed as well, with 𝐷𝑚𝑠 ranging between 1 and 1.5. 
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6. Chapter 6   Fracture Mechanics Analysis 

6.1 Introduction 

In addition to the S-N curve method, Fracture Mechanics is another widely used method to 

conduct fatigue assessment on welded joints in the industry area. The fatigue crack growth rate 

(FCGR) at an indicated stress range can be calculated based on the FCGR curves given in 

design codes, such as BS 7910 [30], so the fatigue endurance of the welded joints is estimated 

by calculating the number of cycles for the fatigue crack growing from an initial size to a 

critical size. However, these curves are established based on the experimental data produced 

under CA loading sequences. 

The fatigue crack growth (FCG) data, which is the crack size (i.e., length and depth) and the 

corresponding number of loading cycles, under VA loading sequences has been generated in 

the present study, and they were compared with the result predicted based on BS 7910 under 

CA loading sequences. The results suggest that the predictions of the FCGR based on BS 7910 

could be either under- or over-estimate depending on the type of the VA loading sequence. 

Therefore, in order to improve the accuracy of FCGR prediction, new factors were proposed 

in the present study to modify the model given in BS 7910. These factors were developed on 

the basis of the effective stress ratio, and the local residual mean stress mechanism, aiming to 

consider both mean stress and VA loading sequences effect on the FCGR.  

The new model was validated by comparing the calculated FCGR and fatigue endurance to the 

experimental data obtained in the present study and those from open literature. It shows the 

new model can improve the accuracy of FCGR and provide guidance to determine the fatigue 

endurance of welded joints under VA loading sequences. 

This Chapter introduces detailed information on the development of the new model and the 

validation process. 

 6.2 Fatigue crack growth data under variable amplitude loading sequences 

As mentioned in Chapter 3, the FCG in welded joints under VA loading sequences was 

monitored by a combination of visual inspection with the alternating current potential drop 

(ACPD) method during fatigue testing. When tests stopped, welded joints tested under axial 
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loading were remained in the test machine and completely split by static tensile loading in 

displacement control, while those tested under bending were removed from the test machine 

and soak in liquid Nitrogen for one hour before breaking. The fracture surface of each specimen 

was examined and photographed under a microscope. The crack size was then measured 

according to the ACPD measurement results and the crack beach marks introduced by the soap 

solution on the fracture surface. 

The fracture surface of each specimen is presented in Appendix C. It can be seen that multiple 

cracks with a semi-elliptical shape were initiated at the weld toe and coalescence happened 

when they grew to a certain size. From some fracture surfaces, the FCG data of individual 

cracks can be extracted based on the clear beach marks before coalescence, such as A12.5_1 

and A25_3, where the FCG data for the crack with the greatest number of beach marks were 

selected for further analysis. For those fracture surfaces where the beach marks of individual 

cracks are blurry, the FCG data was only extracted for the largest crack after coalescence, e.g., 

B12.5_2 and B25_1. For other mixed surfaces, such as A6_2, B6_1 and A12.5_3, no data was 

generated. In addition, an assumption was made here that is the growth of an individual crack 

was independent of other cracks. Therefore, FM can be used to describe the crack growth of 

the crack selected before it coalesced with others. The FCG data extracted from test specimens 

are presented in Table 6.1. 

6.3 Fracture Mechanics approach 

FM was used to describe the crack growth of the crack selected. The principle of fracture 

mechanics has been introduced in Chapter 2, so only a brief introduction is given here. Along 

the lines detailed in BS 7910 [30], the relationship between the FCGR (𝑑𝑎/𝑑𝑁) and the stress 

intensity factor, ∆𝐾, is assumed to adopt the normal form of Paris’ Law: 

𝑑𝑎

𝑑𝑁
= 𝐴(∆𝐾)𝑚                                                                    (6.1) 

where 𝐴 and 𝑚  are material constants. ∆𝐾  is the stress intensity factor (SIF). For a semi-

elliptical fatigue crack at the toe of a fillet weld, ∆𝐾 can be estimated using: 

∆𝐾 = 𝑌𝑀𝑘∆𝜎√𝜋𝑎                                                            (6.2) 



126 

 

where 𝑌 is a function of the crack depth to the plate thickness ratio, 𝑎/𝑇, and the crack aspect 

ratio 𝑎/2𝑐, where 𝑐 is half of the surface crack length. ∆𝜎 is the nominal stress range applied.  

Table 6.1 Fatigue crack growth data extracted for the welded joints tested under VA loading sequences. 

 

Specimen 

ID 

Number of 

Blocks 

Crack Size (mm) Specimen 

ID 

Number of 

Blocks 

Crack Size (mm) 

Depth, a Length, 2c Depth, a Length, 2c 

A6_1 

598 0.8 13.0 

A25_1 

99 0.5 3.0 

777 2.8 20.2 122 0.8 4.1 

827 4.1 26.1 135 1.0 5.8 

A6_2 - 198 1.8 16.0 

B6_1 - 
A25_2 

221 21.9 1.8 

A12.5_1 

76 0.2 2.1 251 33.8 2.7 

215 1.0 5.5 

A25_3 

216 1.0 6.0 

254 1.4 7.3 246 1.5 10.0 

297 1.8 9.5 326 3.0 19.0 

A12.5_2 

615 1.2 5.5 358 4.2 23.0 

747 2.1 9.0 

B25_1 

1431 3.2 40.5 

867 3.1 12.8 1514 4.4 43.1 

960 4.2 16.0 1578 5.0 47.2 

A12.5_3 - 1658 5.6 50.9 

B12.5_1 
1664 6.3 51.0 1724 6.3 58.5 

1903 8.5 70.0 1801 6.9 63.4 

B12.5_2 

1679 0.5 2.0 1886 8.8 73.3 

2053 0.9 3.5 2040 11.2 81.3 

2166 1.0 4.5 

 2368 1.3 5.1 

2417 1.6 5.6 

2529 2.0 6.5 

 𝑀𝑘 is a stress magnification factor due to the stress concentration effect of the joint geometry. 

It is defined as [28]:  

𝑀𝑘 =
∆𝐾𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒 𝑤𝑖𝑡ℎ 𝑤𝑒𝑙𝑑𝑠

∆𝐾𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒 𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑤𝑒𝑙𝑑𝑠
                                                   (6.3) 

𝑀𝑘 can quantify the change in the stress intensity factor because of the surface discontinuity at 

the weld toe. The relationship between the magnitude of 𝑀𝑘  and the ratio of 𝑎/𝑇  was 

established using Finite Element Analysis (FEA) based on either a 2D or 3D model, and the 

corresponding solutions are given in BS 7910. 
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Therefore, the number of cycles for a fatigue crack to grow from an initial size, 𝑎𝑖, to the final 

size, 𝑎𝑐 under an indicated stress range can be calculated on the basis of the Paris’ Law: 

∫
𝑑𝑎

𝐴(∆𝐾)𝑚
= 𝑁                                                        (6.4)

𝑎𝑐

𝑎𝑖

 

And FM was only used to  

6.4 Input parameters  

In addition to the FCG data collected from the present study, relevant data were also collected 

from Study I [5] and Study IV [13], which are also referred in Chapter 5. The parameters used 

in the Paris’ Law for each study are detailed below. 

6.4.1 Parameters for the present study 

In the present study, the crack propagation was assumed to follow the simplified one-stage 

mean curve given in BS 7910 for stress ratio R>0.5. The corresponding 𝐴 and 𝑚 are 2.31 ×

10−13 and 3, respectively. The threshold ∆𝐾𝑡ℎ  is the lower bound value in BS 7910, at 63 

𝑁/𝑚𝑚3 2⁄ . 

The solution of 𝑌 for the semi-elliptical surface in BS 7910 was employed. The specific value 

of the crack aspect ratio 𝑎/2𝑐 was determined by examining the fracture surface of the tested 

specimens. From the fracture surface, it can be seen that cracks are very shallow in the early 

stage with the aspect ratio being about 0.1. As the cracks grow, the ratio gradually increases to 

about 0.2. Finally, coalescence between adjacent cracks occurs, and the aspect ratio decreases 

sharply to a lower value, and failure occurs shortly.  

In terms of 𝑀𝑘, the 3D solution of finite element analysis was adopted as advised in BS 7910 

[30]. 𝑀𝑘 is a function of the crack depth, 𝑎, the attachment length from weld toe to weld toe, 𝐿, 

and the attachment length to plate thickness ratio, 𝐿/𝑇 . The value of 𝑀𝑘  in the thickness 

direction, 𝑀𝑘𝑎, normally decreases sharply as the fatigue crack grows deeper, and reaches to 

unity when the crack depth achieves 30% of the plate thickness.  
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6.4.2 Parameters for Study I 

In this study, the FCG data was collected from welded joints containing longitudinal fillet 

welded attachments under CA loading sequences, using a combination of visual inspection and 

ACPD technique, and a best-fit FCGR curve was produced by regression analysis, following: 

𝑑𝑎

𝑑𝑁
= {
0                                     , ∆𝐾 ≤ 63𝑁 𝑚𝑚

3
2⁄

2.1 × 10−13∆𝐾3         , ∆𝐾 > 63𝑁 𝑚𝑚
3
2⁄
                                     (6.5) 

The parameter 𝑀𝑘𝑎 solutions adopted are: 

𝑀𝑘𝑎 = 0.845(
𝑎

𝑇
)−0.316      𝑓𝑜𝑟 

𝑎

𝑇
≤ 0.1 

𝑀𝑘𝑎 = 0.853(
𝑎

𝑇
)−0.312      𝑓𝑜𝑟 

𝑎

𝑇
> 0.1                                      (6.6)  

The value of 𝑀𝑘 at crack tips, 𝑀𝑘𝑐, was assumed to be equal to 3.9, the value of 𝑀𝑘𝑎 at the 

crack depth of 0.15mm. As the fatigue crack grows away from the region where the stress 

concentration presents, 𝑀𝑘𝑐 decreases gradually to 1.0 when the length of the crack was just 

beyond the end of the longitudinal weld. 

6.4.3 Parameters for Study IV 

The FCG data was collected from the welded joints that are identical to that used in Study I [5], 

but the plate thickness is thinner, being at 8mm. The FCGR curve produced follows: 

𝑑𝑎

𝑑𝑁
= {
0                                       , ∆𝐾 ≤ 63𝑁 𝑚𝑚

3
2⁄

2.78 × 10−13∆𝐾3         , ∆𝐾 > 63𝑁 𝑚𝑚
3
2⁄
                                  (6.7) 

𝑀𝑘 was calculated using Equation 6.6. The initial value of 𝑀𝑘𝑐 was also assumed to be equal 

to 3.4, the value of 𝑀𝑘𝑎 at a depth of 0.15mm, and gradually decreased to 1.0 when the crack 

length achieved to about 30mm. 
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6.5 Matlab code for the calculation   

Tools have been developed to calculate FCG in welded joints in accordance with BS 7910, e.g., 

Crackwise, which is a widely used commercial software produced by TWI. However, these 

tools are not open source, so they cannot be further modified to consider the VA loading 

sequence effect on FCG. Therefore, a new code was first programmed in the present study 

using Matlab 2016 Ra according to BS 7910, to implement the calculation.  

In order to validate this code, three pairs of the initial crack depth and the length were selected, 

one from each study mentioned in section 6.4. The FCG corresponding to these three pairs data 

were calculated using the new code programmed and Crackwise 5.0, respectively, and the 

calculation results were compared. It is found that the calculation results obtained using the 

code agree well with those produced based on Crackwise, verifying the new code. Detailed 

information about the code and the validation are given in Appendix F. 

6.6 Predictions based on BS 7910  

The FCG under VA loading sequences were calculated using the Matlab code, and the results 

of the calculation were compared with the experimental data, as introduced below.  

6.6.1 Fatigue crack growth predictions under cycling down loading sequences 

The FCG in welded joints tested under CD loading sequences in these three studies were 

calculated, and the predictions were compared with the experimental data. From each study, 

one example of comparison result was selected, being for specimens A12.5_1, F15 and ST04, 

and they are plotted in Figure 6.1. As can be seen in Figure 6.1: 

 The FCG under CD loading sequences cannot be well predicted using the FCGR curve 

given in BS 7910. It is significantly under-estimated, which can result in non-

conservative predictions on fatigue lives. 

 For all three cases studied, the number of cycles predicted according to BS 7910, where 

the fatigue crack grew from the initial to the final size, are about two times as high as 

that obtained from tests. This agrees well with Miner’s rule for each test result, which 

is 0.43 for A12.5_1, 0.63 for F15 [5] and 0.66 for ST04 [13]. This implies that factors 
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responsible for the underestimation of the fatigue lives under CD loading sequence is 

mainly related to crack propagation rather than initiation. 

 

Figure 6.1 An example of comparison of fatigue crack growth under CD loading between experimental data and 

calculations based on the FCGR curve give in BS 7910 for steels in air. 

6.6.2 Fatigue crack growth predictions under cycling up loading sequences 

FCG under CU loading sequences were also calculated according to BS 7910 and compared 

with the experimental data. Two typical comparison results, one for specimen B25_1 in the 

present study and another for F09 in Study I [5], are presented in Figure 6.2. It can be seen that 

the FCG predicted are overestimated, which can result in a conservative prediction.  
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Figure 6.2 An example of comparison of fatigue crack growth under CU loading between experimental data and 

calculations based on the FCGR curve give in BS 7910 for steels in air. 

Based on these comparison results, it can be concluded that the FCG in welded joints under 

VA loading sequences cannot be well predicted using the FCGR curve given in BS 7910. It 

can be either under- or over-estimated depending on the nature of the VA loading sequences. 

Therefore, in the following sections, new analytical model is developed in order to improve the 

accuracy of prediction of FCG under VA loading sequences. 

6.7 Development of the analytical model  

Based on the FCGR curve given in BS 7910 (Equation 6.1), an effective stress intensity factor, 

∆𝐾𝑒𝑓𝑓, was developed in the present study to take into account both effects of mean stress and 

VA loading sequence. Hence, the analytical model developed is following: 

𝑑𝑎

𝑑𝑁
= 𝐴(∆𝐾𝑒𝑓𝑓)

𝑚                                                              (6.5) 

where 𝐴 and 𝑚 are contants as referred previously. 

6.7.1 Effective stress intensity factor  

For welded joints, the FCGR is assumed to be independent of the stress ratio because of the 

high tensile residual stress at the weld toe [30]. However, as reported in Chapters 3 and 4, the 

residual stress measured in the three plate thicknesses specimens tested in the present study are 
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only about 70%, 30% and 22% of the specified minimum yield stress (SMYS) of the material, 

resulting in fatigue lives being increased significantly when the mean stress is below a certain 

level. Therefore, the mean stress effect on the FCGR should be considered to improve the 

accuracy of predictions. To consider such an effect, an effective stress intensity factor, ∆𝐾𝑒𝑓𝑓, 

is generally used in the Paris’ law [7], following  

∆𝐾𝑒𝑓𝑓 = 𝑈∆𝐾                                                                 (6.6) 

where 𝑈 is a function of the stress ratio, R. 

In addition, as the FCGR can be either accelerated or retarded under VA loading sequences, a 

new parameter, 𝐻, was also proposed correspondingly in the present study to consider the 

effect of the VA loading sequence. Therefore, Equation 6.6 was further developed to: 

∆𝐾𝑒𝑓𝑓 = 𝑈𝐻∆𝐾                                                                 (6.7) 

The value of parameter 𝑈 and 𝐻 are determined in the following sections. 

6.7.2 Estimation of parameter 𝑈 

For the parameter 𝑈, the solution developed by Booth and Maddox [7] is widely used, given: 

𝑈 = {
1

1.5 − 𝑅
    − 2 < 𝑅 < 0.5

1                   𝑅 > 0.5 

                                                     (6.8)  

𝑅 is the stress ratio of the applied stress range: 

𝑅 =
𝜎𝑚𝑖𝑛
𝜎𝑚𝑎𝑥

                                                                          (6.9) 

where 𝜎𝑚𝑖𝑛 and 𝜎𝑚𝑎𝑥 is the applied minimum and maximum stress, respectively, in the stress 

cycle.  

Equation 6.9, however, was established based on residual stress-free specimens. In the presence 

of residual stress, the effective stress ratio 𝑅𝑒𝑓𝑓 due to the applied stress and the residual stress 

can be calculated by: 
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𝑅𝑒𝑓𝑓 =
𝜎𝑚𝑖𝑛 + 𝑅𝑆

𝜎𝑚𝑎𝑥 + 𝑅𝑆
                                                               (6.10) 

6.7.3 Estimation of sequence factor 

Sequence factor, 𝐻, was developed based on the local residual mean stress presented in the 

reverse plastic zone ahead of the crack tip, which is considered as the predominant mechanism 

accounting for the transit in FCGR under VA loading sequences [12,13].  

6.7.3.1 Local residual mean stress mechanism 

It is well known that under a CA loading sequence (Figure 6.3 (a)), there is a reverse plastic 

zone ahead of the crack tip, where the local stress-strain hysteresis loop is fully reversed (i.e. 

local mean stress equals to zero) even the applied load is entirely tension-tension [35], as shown 

in Figure 6.3 (b).  

However, when a specimen is subjected to VA loading sequences, it is likely that the local 

residual mean stress of the major cycles relaxes to zero, but not the mean stress of the small 

cycles [12]. When a CD loading sequence (Figure 6.3 (c)) is applied to the specimen, the local 

hysteresis loop of the underload (UL), ∆𝜎𝑈𝐿, is fully reserved, while the loop of the small cycles, 

∆𝜎, associates with a tensile local residual mean stress, 𝜎𝑚,𝐿, Figure 6.3 (d). This local residual 

mean stress is considered as the predominant reason for the FCGR corresponding to ∆𝜎 in a 

CD loading sequence being higher when compared with that corresponding to the identical 

stress range in a CA loading sequence.  

On the contrary, under a CU loading sequence (Figure 6.3 (e)), the loop of small cycles has a 

compressive local residual mean stress, 𝜎𝑚,𝐿 (Figure 6.3 (f)), resulting in FCGR retardation. 

6.7.3.2 Estimation of parameter 𝐻  

Due to the local residual mean stress, the local stress ratio corresponding to a specific stress 

range, ∆𝜎, under a VA sequence is different from that of the identical stress range under a CA 

sequence. Under a CA loading sequence, the local stress ratio, 𝑅𝐿(=𝜎𝑚𝑖𝑛,𝐿/𝜎𝑚𝑎𝑥,𝐿), is constant, 
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Figure 6.3 Local stress-strain hysteresis loop ahead of crack tip under various loading sequence: (a) CA 

sequence, (b) loop under CA sequence, (c) CD sequence, (d) loop under CD sequence, (d) loop under CD 

sequence, (e) CU sequence, (f) loop under CU sequence. 

being at -1 for the fully reversed loop, as seen in Figure 6.3(b). 𝜎𝑚𝑖𝑛,𝐿  and 𝜎𝑚𝑎𝑥,𝐿  are the 

minimum and maximum local stress, respectively. However, the local stress ratio 

corresponding to ∆𝜎 under a VA loading sequence, 𝑅𝐿
′ , is either increased or decreased after 

considering the local residual mean stress, 𝜎𝑚,𝐿 , and can be estimated by: 

(e) 

(a) 

(b) 

(d) 
(c) 

(f) 
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𝑅𝐿
′  =

𝜎𝑚𝑖𝑛,𝐿 + 𝜎𝑚,𝐿
𝜎𝑚𝑎𝑥,𝐿 + 𝜎𝑚,𝐿

                                                                  (6.11) 

In this case, the sequence factor, 𝐻, was developed by considering the changes in the local 

stress ratio: 

𝐻 = [
𝑈(𝑅𝐿

′  )

𝑈(𝑅𝐿)
]𝐿                                                                      (6.12) 

where 𝑈(𝑅) is the function that considers the effect of the stress ratio (Equation 6.8). 𝐿 is a 

best-fit parameter, which can be determined by experimental results, to be discussed later. 

6.7.3.3 Calculation of local stress  

The local stress ahead of the crack tip at each loading cycle was calculated using the model 

developed by Ghahremani and Walbridge [65]. In this model, a cyclic Ramberg-Osgood 

material model is used to determine the stresses and strains for each load cycle: 

∆𝜀𝐿 =
∆𝜎𝐿
𝐸
+ 2(

∆𝜎𝐿
2𝐾′

)1/𝑛
′
                                                               (6.13) 

where ∆𝜀𝐿  and ∆𝜎𝐿  are the changes in the local strain and stress, respectively, and 𝐾′ =

960 and 𝑛′ = 0.16 are material constants, which are estimated using the following equations 

[176]: 

𝐾′ = 𝜎𝑦(0.002)
−𝑛′        

𝑛′ = 𝑧/𝑣 

     𝑧 = −0.1667 log (2.1 +
917

𝜎𝑈𝑇𝑆
)                                                              

𝑣 = −0.6                                                                  (6.14) 

Neuber’s rule is used to calculate strain histories at various crack depths below the surface of 

the weld toe. 

∆𝜎𝐿∆𝜀𝐿 =
(𝑘𝑝∆σ)

2

𝐸
                                                                  (6.15) 
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where ∆σ is the nominal applied stress range and 𝑘𝑝  is the stress concentration factor that 

considers the presence of the crack in the weld toe. The relationship between 𝑘𝑝 and the ratio 

of crack depth to the plate thickness (𝑎/𝑇) was established based on an FEA analysis where a 

2D model was used [65], as shown in Figure 6.4. The 2D solution for 𝑀𝑘 given in BS 7910 is 

also plotted in this figure for comparison and a good agreement can be observed. In this case, 

an assumption was made herein that if 𝑘𝑝 is estimated based on a 3D model, the result will be 

also comparable with 𝑀𝑘  using 3D solutions given in BS 7910. In the present study, therefore, 

𝑘𝑝 was simply assumed to be equal to the value of 𝑀𝑘 used in the model. 

6.7.3.4 Estimation of parameter 𝐿 

The five sets of experimental FCG data reported in Study I [5], regarding the fatigue crack 

length at the indicated number of cycles, were selected as the reference data to determine the 

value of parameter 𝐿 in Equation 6.10. For each set of data, the fatigue life, i.e., the number of 

cycles for the crack grows from the initial to the final size, was calculated using the model 

developed, and a best-fit 𝐿 was determined by repeating the calculations multiple times with 

various 𝐿 values until the calculated fatigue life is comparable with the experimental result.  

 

Figure 6.4 Comparison between stress concentration factor 𝑀𝑘 estimated using 2D solutions given in BS 7910 

and 𝑘𝑝 calculated based on 2D FEA model. 

Details of these five sets data in Study I [5] and the calculated results are given in Table 6.2, 

from which it can be seen that except the value for the data obtained from specimen F05 (i.e. 
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L=0.67), the best-fit 𝐿 for the rest of the four sets of data are similar, ranging between 0.32 and 

0.41. The sudden rise in the value of parameter 𝐿 for specimen F05 may be due to the relatively 

large initial crack size in the specimen, resulting in the remained fatigue life involves a large 

percentage of number of cycles where the FCG is in stage III. As the model developed is only 

applicable in stage II, the value of 0.67 is not proper. Hence, in this case, the value of parameter 

𝐿 was alternated to the average of these four similar values, being at 0.38. 

Table 6.2 Comparison of the experimental fatigue lives and those predicted using either best-fitted or average 

value of parameter 𝐿 

Specimen 

ID 

Initial 

length 

(mm) 

Final 

length 

(mm) 

Experimental 

fatigue life 

(Blocks) 

Best-fit 

𝐿 

Calculated fatigue 

life with best-fit 𝐿 

(Blocks) 

Calculated fatigue 

life with average 

𝐿 = 0.38 (Blocks) 

F04 14.0 23 258 0.32 264 238 

F05 25.0 40 86 0.67 86 185 

F08 12.0 40 319 0.41 325 359 

F13 4.0 29 554 0.39 557 581 

F15 1.5 22 716 0.39 719 746 

The fatigue lives and fatigue crack growths for these five specimens were re-calculated and are 

plotted against experimental results in Figures 6.5 and 6.6, respectively. It can be seen that 

except for specimen F05, all predictions for other specimens agree well with the experimental 

results. Therefore, the value of parameter 𝐿  is assumed to be constant at 0.38 in further 

calculations of FCG under VA loading sequences. 

 

Figure 6.5 Comparison between experimental fatigue lives and that predicted using model developed with 𝐿 =
0.38. 
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Figure 6.6 Comparison between measured and predicted fatigue crack propagation with 𝐿 = 0.38. 

6.8 Model validation 

To validate the model developed, experimental FCG data was collected from the present study, 

Study I [5] and IV [13]. There were eleven sets of FCG data under CD loading sequences, 

where six sets from the present study and five sets from Study IV. Under CU loading sequences, 

six sets of FCG data were selected from the present study and Study I with three sets from each. 

The validation results are presented below. 

6.8.1 Validation under cycling down loading sequences 

The comparison between the experimental FCG measured in the present study and that 

predicted using the model developed is shown in Figure 6.7, where it can be seen that: 
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Figure 6.7 Comparison between the measured and predicted crack size under CD loading sequences for steel 

welded joints tested in the present study: (a) crack depth; (b) crack length. 

 For 25mm-thick specimens, all predictions for the crack depth agree well with the 

experimental data, although they are slightly higher. In terms of the crack length, the 

predictions for A25_1 and A25_3 are still slightly conservative, which is in line with the 

calculations for the crack depth. However, predictions for A25_2 are lower than the 

experimental results. 

 For 12.5mm-thick specimens, the predictions of both the crack depth and length for 

specimen A12.5_1 are comparable with the experimental data. However, those for 

specimen A12.5_2 are unduly conservative.  

 For specimen A6_1, both the crack depth and length are over-estimated. This may 

because the aspect ratio of the fatigue crack changed significantly during growth, 

increasing from an initial value of 0.06 to 0.2. However, the prediction was made only 

based on the initial value. Thus, the crack size was over predicted. In this case, another 

calculation was performed with the aspect ratio being 0.2, as shown in Figure 6.6 (a), 

with the new predicted result in line with the experimental one. 
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Figure 6.8 presents the comparison between experimental and predicted results of the FCG in 

the welded joints tested in Study IV [13]. It can be concluded that: 

  

Figure 6.8 Comparison between the measured and predicted crack size under CD loading sequences for steel 

welded joints tested in Study II. (a) crack depth. (b) crack length. 

 The FCG in specimens ST_03, ST_04 and ST_05 can be well predicted by the new 

model developed.  

 For specimens ST_01 and ST_02, the FCGR in the crack depth is overestimated, as 

shown in Figure 6.7 (a). No typical FCGR acceleration is found in these two sets of 

data, and they can be satisfactorily predicted using the crack growth rate relationship 

that had been suitable for CA loading [13]. Surprisingly, however, the Miner’s sums 

for these two specimens are still around 0.6, suggesting an apparent acceleration. The 

reason for this conflicting result is unclear by the current study and required for further 

research.   

6.8.2 Validation under cycling up loading sequences 

The FCG measured under CU sequences is plotted in Figure 6.9, against the results predicted 

using the new model developed. The following can be seen:  
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Figure 6.9 Comparison between the measured and predicted crack size under CU loading sequences for welded 

joints tested in the present study and Study I. (a) crack depth (b) crack length. 

 Most of the predicted crack propagation under various CU loading sequences agree 

with the measurement. While predictions are slightly conservative for the specimens in 

the present study, and unconservative for the specimens in Study I [5]. 

 For Specimen B25_1, the crack growth is over-estimated, similar to that of Specimen 

A6_1. The aspect ratio of the fatigue crack in this specimen was 0.08 initially and 

increased to 0.2 as the crack grew. Therefore, one more calculation was carried out with 

an initial aspect ratio of 0.2, and the result predicted with this aspect ratio is close to the 

measured results, as illustrated in Figure 6.9 (a).    

It is worth noting that when comparing Figures 6.2 to 6.9, similar deviations are obtained 

between the experimental and the predicted results using either the FCGR curve given in BS 

7910 or the model developed in the present study. However, the predictions obtained using the 

latter would be better as both the mean stress effect and the sequence effect are considered. 

6.9 Prediction of the fatigue endurance  
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The fatigue endurance of welded joints in the present study, study I [5], III [184]  and IV [13], 

under either CD or CU loading sequences, were also estimated using the new model developed. 

The average initial flaw depth is assumed to be 0.15mm [5,7] for all welded joints. For the 

joints with longitudinal fillet welded attachments, the final crack depth and the aspect ratio of 

fatigue crack are the plate thickness and 0.25, respectively, while for welded joints containing 

transverse attachments, they are half-plate thickness and 0.2, respectively.  

The calculated fatigue endurances are given in Table 6.3 and plotted in Figure 6.10, along with 

experimental results. It can be seen that the model can reasonably predict the fatigue life of 

welded joints under either CD or CU loading sequences with the Miner’s sum mainly ranging 

between 1 to 2, which is similar to the predictions based on the mean stress correction model 

developed in Chapter 5. 

 

Figure 6.10 Comparison of fatigue endurance of welded joints between experimental and calculations based on 

the model developed under either CD or CU loading sequences. 
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Table 6.3 Comparison of fatigue endurance between experimental data and prediction based on the fracture 

mechanics model developed in the present study. 

VA loading 

 sequence 
Data source  Specimen ID 

Experimental fatigue life Predicted fatigue life 

Blocks Cycles Blocks Cycles 

CD 

Present 

 study 

A12.5_1 409 9.47E+05 328 7.60E+05 

A12.5_2 1128 2.61E+06 358 8.29E+05 

A12.5_3 1863 4.31E+06 1660 3.84E+06 

A25_1 254 5.88E+05 225 5.21E+05 

A25_2 315 7.30E+05 256 5.93E+05 

A25_3 413 9.57E+05 290 6.72E+05 

A6_1 851 1.97E+06 403 9.33E+05 

A6_2 778 1.80E+06 444 1.03E+06 

Study I 

F03 1053 1.10E+06 1094 1.25E+06 

F15 1441 1.50E+06 1094 1.25E+06 

F04 1021 2.21E+06 876 2.02E+06 

F13 1158 2.51E+06 876 2.02E+06 

F05 822 4.10E+06 835 4.47E+06 

F08 1147 1.66E+07 685 1.05E+07 

Study IV 

ST_01 1182 1.23E+06 1206 1.34E+06 

ST_02 1242 1.29E+06 1206 1.34E+06 

ST_03 2163 4.37E+05 2376 5.04E+05 

ST_04 2069 4.18E+05 2376 5.04E+05 

ST_05 983 2.13E+06 939 2.19E+06 

CU 

Present 

 study 

B12.5_1 1903 4.41E+06 1913 4.43E+06 

B12.5_2 3328 5.34E+06 1687 2.71E+06 

B25_1 2040 4.72E+06 1028 2.38E+06 

B6_1 12996 3.01E+07 2351 5.44E+06 

Study I 
F-06 2592 5.62E+06 2643 5.57E+06 

F-09 3661 3.81E+06 3056 3.10E+06 

Study III 

XAV-1 376 3.82 E+06 170 1.73E+06 

XAV-2 111 1.13E+06 112 1.14E+06 

XAV-3 70 7.13E+05 95 9.67E+05 

XAV-4 39 3.97E+05 46 4.68E+05 

6.10 Conclusions 

A new analytical model was developed based on fracture mechanics to predict the fatigue crack 

growth rate (FCGR) in welded joints under VA loading sequences. The mean stress effect on 

FCGR was considered based on the effective stress ratio. In addition, this model is also able to 

consider the effect of VA loading sequence. By considering that the acceleration or retardation 

in FCGR under VA loading sequences is mainly attributed to the local residual mean stress that 
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generated in the reverse plastic zone ahead of the crack tip, the local residual mean stress was 

estimated, and a new parameter was proposed accordingly to quantify its influence on FCGR. 

The model was validated by comparing the experimental results for two types of welded joints 

under various VA loading sequences. It is found that this model can well improve the prediction 

of FCGR under either CD or CU loading sequences. For welded joints with transverse fillet 

welded joints, taking the aspect ratio as 0.2 can ensure prediction accuracy, although its actual 

value varies during the crack growth. A good agreement was also observed between the fatigue 

endurances from experiments and model predictions, with 𝐷 value ranging between 1 to 2. 

These predictions agree well to those obtained based on the mean stress correction model 

developed in Chapter 5. 
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Chapter 7   Conclusions, recommendations, and 

future works 

The summary and conclusions presented in this chapter are divided into to four main areas 

according to the research works involved in the present study, including (I) the fatigue 

behaviour of both ultrasonic impact treated and as-welded specimens under variable amplitude 

loading spectra, (II) residual stress measurements on both types welded joints, (III) 

development of mean stress correction models to predict fatigue life under VA loading 

sequences, and (IV) fracture mechanics analysis.  

7.1 Conclusions of the research 

7.1.1 Fatigue behaviour of both ultrasonic impact treated and as-welded specimens under 

variable amplitude loading spectra 

An extensive fatigue testing program and analysis were performed to address the knowledge 

gap regarding the effect of the mean stress under VA loading spectra. Two VA loading spectra 

were designed and based on which various CD loading sequences with different maximum 

stresses were produced. Both as-welded and UIT specimens containing transverse non-load-

carrying fillet welded attachments were tested under either axial or bending loading. The results 

were compared with the current fatigue design recommendations. The following conclusions 

are drawn based on the results of these tests and the related analysis: 

 The fatigue life of the specimen with transverse fillet welded attachments is 

significantly degraded under a CD loading sequence with a high constant maximum 

stress, with the Miner’s sum 𝐷 much lower than unity, at only around 0.5. This result 

is similar to that obtained from the joints with either longitudinal fillet welded 

attachments or non-load carrying attachments on the edge of a plate. 

 The value of Miner’s sum 𝐷 is found to depend on the maximum stress in a CD loading 

sequence. When the maximum stress is below a certain level, it increases with 

decreasing maximum stress further and the level depends on the plate thickness. When 

the maximum stress is reduced to zero, the welds are either run-out or 𝐷  becomes 

significantly greater than unity.  
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 Limiting 𝐷 to 0.5, as advised in BS 7608 for a loading sequence with an almost constant 

maximum tensile stress level, would be unduly conservative in some circumstances. 

 Although a CD sequence is usually expected to be more damaging, a CU sequence 

could cause more damages than a CD sequence does when the applied static axial stress 

is either zero or low in tension under a bending mode.  

 Similar to the CD loading sequence, the minimum stress in a CU loading sequence can 

influence the fatigue life of a specimen – the lower the minimum stress, the longer the 

fatigue life. 

 Although not conclusive, the test results seem to follow a general trend that the fatigue 

performance is inversely proportional to the plate thickness under VA loading 

sequences, even under axial loading, which agrees with the results reported for CA 

loading. 

 The fatigue life of welded joints can be significantly improved using the UIT technique. 

The magnitude of the improvement depends on the maximum stress applied under the 

CD loading sequence.  

 The improvement in fatigue performance of UIT specimens is observed even when the 

maximum stress in the CD sequence exceeded 80% of the SMYS of the material. 

7.1.2 Residual stress measurements 

Residual stress measurements were conducted on both as-welded and UIT specimens using 

either a destructive technique centre-hole drilling (CHD) or a non-destructive method X-ray 

diffraction (XRD), respectively. The initial residual stress in specimens of three plate 

thicknesses under the untested condition and the residual stress relaxation after certain loading 

cycles were investigated. Based on the measurement results, a discussion was made mainly on 

the effect of residual stresses on the fatigue performance of welded joints under different VA 

loading sequences. In addition, the suitability of the measurement method and the relationship 

between the magnitude of residual stress and the plate thickness was discussed. On the basis 

of these measurements and analysis, the following conclusions can be drawn: 
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 The measurement results obtained using the XRD method exhibit large scatters 

comparing with those from the CHD method, and no general conclusions can be 

deduced from the former. In contrast, results obtained using the CHD technique are 

more reliable based on which the subsequent analysis is conducted. 

 The initial residual stress in all specimens is much lower than SMYS of the material 

and generally proportional to the plate thickness, with the average value in 6mm-, 

12.5mm- and 25mm-thick specimens being 83, 122 and 233MPa, respectively.  

 Residual stress can be reduced after cyclic loading, even the maximum tensile is only 

150MPa (less than half of the SMYS). The relaxation mainly takes place in the first two 

cycles, and further loading cycles only lead to a small residual stress reduction. 

 Compressive loading produces similar residual stress relaxation as tensile loading does. 

However, this is based on limited test data. Further work is required to confirm this 

observation. 

 When the maximum stress in a CD sequence below a certain level, the remaining 

residual stress in the welds after relaxation cannot maintain the actual mean stress at a 

high level. In a CU or CM loading sequence, the actual maximum stress for the small 

loading cycles is lower than that for the largest loading cycle due to residual stress 

relation. Therefore, it recommends considering the effective mean stress in the fatigue 

life assessment under VA loading sequences. 

7.1.3 Development of the mean stress correction model to predict the fatigue life under 

variable amplitude loading spectra 

Mean stress correction models were established based on three conventional models, i.e., 

Goodman, Gerber and Morrow, in order to predict the fatigue life of welded joints under VA 

loading sequences. In contrast to the conventional models, a reference maximum stress was 

adopted as the independent variable. In addition to the mean stress effect, a novel factor, which 

could take the effect of different VA loading sequences into consideration on the fatigue life, 

was included in the new models based on the fatigue testing results. The models were validated 

by the data obtained from the present study, and those from the literature. The conclusion drawn 

from the results are as follows: 
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 The sequence factor for either CD or CM sequence is constant, being at 0.5, which 

means the fatigue crack growth rate caused by the minor loading cycles in these two 

types of VA loading sequences could be accelerated when compared with that caused 

by the same loading cycles in a CA loading sequence. 

 For a CU loading sequence, the sequence factor is a linear function of the overload ratio 

(maximum stress range/minimum stress range). When the overload ratio is higher than 

five, the sequence factor is larger than unity, suggesting the FCGR is retarded. When 

the overload ratio is lower than five, the factor is lower than unity, leading to an 

accelerated FCGR.  

 Under CD sequences, a good agreement is observed between the experimental results 

and predictions given by the models developed, with the Miner’s sum 𝐷 mostly ranging 

between 0.5 to 1.5. 

 Under a CU loading sequence, the model developed based on Gerber and Morrow 

equation give a reasonable conservative prediction for the fatigue life, with the most of 

the 𝐷 values falling within the range of 0.5 to 1.5.  

 Under a CM loading sequence, results predicted using Gerber and Morrow methods 

agree well with the experimental results, with the 𝐷 ranging between 1 and 1.5.  

7.1.4 Fracture Mechanics analysis  

An analytical model was developed based on Fracture Mechanics to investigate the influence 

of different VA loading sequences on the fatigue crack growth. The stress intensity factor, ∆𝐾, 

in the original Paris’ Law was replaced by an effective stress intensity factor, ∆𝐾𝑒𝑓𝑓, to take 

into account the effect of both the mean stress and the VA sequence. ∆𝐾𝑒𝑓𝑓 was developed 

according to the local residual mean stress mechanism. This model was validated by the 

experimental results from the present study and those published in the open literature. The 

following conclusions can be drawn: 

 The model predictions are in reasonable agreement with the fatigue crack growth 

measured in steel welded joints with either transverse and longitudinal fillet welded 

attachments under either CD or CU sequence. 
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 Although the crack aspect ratio may increase significantly in the welded joints with 

transverse attachments during fatigue testing, the prediction agrees with the 

experimental results when an initial aspect ratio of 0.2 is assumed.  

 By assuming an initial crack-like flaw of 0.15mm deep and the final critical crack depth 

either equal to the plate thickness for specimens with longitudinal attachments or to the 

half-plate thickness with transverse attachments, the fatigue live predicted by the model 

is in a reasonable agreement with the experimental results of the two types of welded 

joints under either CD or CU loading sequences, with the 𝐷 value ranging between 1 

and 2.  

7.2 Fatigue design recommendations for welded joints under variable amplitude 

loading spectra 

 Test results obtained in the present study supports limiting the Miner’s sum to 0.5 for 

Class F detail under the VA loading sequences, as advised in the BS 7608, provided 

that the sequence contains a constant maximum tensile stress (CD sequence) or fully-

tensile stress cycling about a high tensile mean stress (CM sequence). 

 However, the results also suggest caution is needed when the maximum stress in the 

CD sequence is at a low level, since the Miner’s sum 𝐷, at fatigue failure, could be 

significantly higher than 0.5. It would strongly recommend to estimating the actual 

mean stress for the loading cycles involved in the given VA loading sequence; thus, in 

addition to the sequence effect, the effect of mean stress should be considered 

accordingly in the fatigue assessment. 

 In the case of the CU loading sequence, 𝐷 = 1 may not be conservative. A proper 𝐷 

should be determined by considering the combined effect of the mean stress and the 

particular loading sequence on the fatigue performance of welded joints. The mean 

stress effect trends to yield 𝐷 > 1 because the actual mean stresses for minor cycles are 

expected to be lower than those under the CA loading due to the relaxation of residual 

stresses under the major cycles. For the sequence effect, although it is generally found 

to cause retardation in the fatigue crack growth, which results in 𝐷 > 1, experimental 

results obtained in the present research and from the literature show that the CD 
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sequence appears to able to cause the fatigue crack growth to accelerate in some 

circumstances, leading to 𝐷 < 1 at failure.  

7.3 Recommendations for future works  

 The above conclusions are all based on the experimental results produced in the 

laboratory with small scale specimens, which can be further validated by data collected 

from full-scale load-bearing structures experienced in-service VA loading spectra such 

as gas storage vessels, gas turbine blades, railway lines and bridges.  

 The effect of mean stress on the fatigue life of UIT welded joints should be further 

investigated using a VA loading spectrum where the equivalent CA stress range is fairly 

high, leading to reasonable test times. 

 Further investigation on the residual stress and its relaxation under VA loading for UIT 

specimens is recommended. Data on the fatigue life and the crack propagation can thus 

be used to validate the new methods developed in the present research. The crack 

initiation life of a UIT specimen can also be investigated. 

 In order to obtain more accurate justification for the life improved welded joints, S-N 

curves for UIT specimen should be produced based on testing the UIT specimens as the 

fatigue life predicted basing on the improvement guidance may be unduly conservative. 

 The equations/models proposed to predict the fatigue crack growth have been validated 

by experimental data produced only from surface cracks. Other types of cracks, such as 

through-thickness and edge cracks, etc., should be tested to confirm the suitability of 

the models.  

 In addition to the Miner’s rule and LEFM approach advised in the fatigue design codes, 

there are a wide range of nonlinear cumulative damage and life prediction models which 

may provide a more satisfying results in some circumstances. Therefore, it worth to 

consider using them to analysis the test results. Especially those can take into account 

both load sequence and interaction effects.  
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 The proposed relationship between the sequence factor and the CU loading sequence is 

for those CU sequences where various stress ranges are applied in a random order, with 

𝑅𝑃𝑖 ranging between 3 and 17. Whether this relationship is appropriate for other CU 

sequences with different features, such as 𝑅𝑃𝑖 out of this range, or stress ranges applied 

in a particular order, is unknown, and further studies are recommended. 
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Appendix A Geometry measurement on welds 

The weld geometry for each plate thickness specimens was investigated using Wiki-scan 

welding inspection system, as shown in Figure A.1. One specimen from each plated thickness 

was randomly selected. In each specimen, two welds were measured in the mid-width section. 

Table A.1 summarises the measurement results. 

 

Figure A.1 Wiki-scan welding inspection system 

Table A.1 Wi-Ki scan measurements results (in mm and degree) 

 

 

1 9.6 8 8.1 7 5.4 -1.1 0.2 0 155 143

2 8.5 7.4 6.2 7.2 4.7 -1.4 0.1 0.1 160 140

1 12.7 10.1 9.7 9.3 6.7 -1.7 0 0.1 155 137

2 9.8 10.4 8 9.5 6.2 -1.3 0.3 0.1 152 149

1 16.4 16.9 16.1 13.7 10.5 -1.7 0.1 0.1 138 145

2 18 14.7 16.3 12.1 9.7 -1.9 0.2 0.1 145 144

Messurement

Order

6

12.5

25

Undercut 2 Toe angle 1 Toe angle 2Leg2 Leg1 Size1 Leg1 Size2 Throat Convexity Undercut 1Leg1

Thickness
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Appendix B The sketch of the rigs 

In order to apply CD loading sequences with low maximum stress, i.e., 87.5MPa, fatigue tests 

were conducted in bending mode. A new rig was designed and manufactured in-house, 

allowing the application of the target constant axial loading for the fatigue testing.  

The design sketching produced using SOLIDWORKS software at TWI is shown in Figure B.1. 

The rigs include two parts: top and side frames and they were connected using M16 bolts. The 

relevant dimensions are given in Figure B.2. 

 

Figure B.1 Design sketching for rigs. 

   

Figure B.2 Relevant dimensions of the rigs designed: (a) for top frames and (b) for side frames. 

 

(a) (b

) 
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Appendix C Fracture surface 

In order to collect the fatigue crack growth (FCG) data, the fracture surfaces of each welded 

joint tested were revealed after fatigue testing, then examined and photographed under a 

microscope at TWI. The photos of the fracture surface are shown below: 

1. 6mm-thick specimen 

1.1 Specimen: A6_1 

        

1.2 Specimen: A6_2 

 

1.3 Specimen: B6_1 (break in liquid Nitrogen) 
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2. 12.5mm-thick specimen 

2.1 Specimen: A12.5_1 

 

2.2 Specimen: A12.5_2 

 

2.3 Specimen: A12.5_3 
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2.4 Specimen: B12.5 _1 (break in liquid Nitrogen) 

 

2.5 Specimen: B12.5 _2 (new spectrum) 

 

 

 

 

 

 

 

 



172 

 

3. 25mm-thick specimen 

Specimen: A25_1 

 

Specimen: A25_2 

 

Specimen: A25_3 
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Specimen: B25_1 (break in liquid Nitrogen) 

 

Specimen: UIT_A25_1 
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Appendix D Residual stress measurement location and 

results 

Table D.1 summarises the residual stress measurements carried out at each weld in specimens 

of all three plate thicknesses. The weld ID was defined in Figure 4.5 and the locations of 

measurement and 𝑋0 are defined in Figure 4.1. At some welds, measurements were only carried 

out at the locations along the weld toe (y-direction) to reduce measurement effort. 

Table D.1 Details on the residual stress measurement on the as-welded specimen using the XRD method. 

Plate thickness 

(mm) 
Specimen ID Weld ID 

Locations of measurement 

(the direction points along with) 
𝑋0 (mm) 

6 XRD_AW_6_1 

A x      y 4.0 

B y 3.0 

C x      y 4.0 

D y 4.0 

12.5 

XRD_ AW_12.5_1 

A x      y 1.0 

B y 2.0 

C x      y 2.0 

D y 2.0 

XRD_ AW_12.5_2 

A x      y 2.0 

B y 2.0 

C x      y 1.5 

D y 1.5 

XRD_ AW_12.5_3 

A x      y 1.0 

B y 2.0 

C x      y 1.5 

D y 2.5 

XRD_ AW_12.5_4 

A y 1.0 

B y 3.0 

C y 1.5 

D y 2.0 

25 

XRD_ AW_25_1 
A x      y 1.5 

B y 1.5 

XRD_ AW_25_2 

A x      y 1.0 

B y 1.0 

C x      y 1.0 

D y 1.0 

XRD_ AW_25_3 
A y 1.0 

B y 1.0 
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Table D2 gives the residual stress measurement results obtained from different locations in the 

UIT specimen. The locations are defined in Figure 4.9. 

Table D.2 Residual stress (RS) measurement results on UIT specimen using the XRD method. 

Specimen ID Weld ID Condition Location RS (MPa) Location RS (MPa) 

XRD_UIT_1 

B untested 

P1 202 ± 73 P4 -494 ± 20 

P2 135 ± 85 P5 -263 ± 18 

P3 -449 ± 19 P6 -255 ± 88 

D untested 

P1 -251 ± 31 P4 -390 ± 18 

P2 -234 ± 56 P5 -186 ± 46 

P3 -409 ± 41 P6 -385 ± 25 

XRD_UIT_2 

A after CD loading 

P1 -146 ± 31 P4 -327 ± 15 

P2 -117 ± 3 P5 -377 ± 19 

P3 -131 ± 27 P6 -222 ± 15 

C after CU loading 

P1 -275 ± 57 P4 -193 ± 42 

P2 -223 ± 27 P5 -69 ± 58 

P3 -180 ± 40 P6 -273 ± 82 

XRD_UIT_3 A after axial loading 

P1 -157 ± 39 P4 -310 ± 63 

P2 -74 ± 40 P5 -234 ± 42 

P3 -51 ± 26 P6 -339 ± 8 
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Appendix E Details on welded joints geometries and 

variable amplitude loading sequences in the literature 

In order to verify the models developed in the present study, experimental data on both fatigue 

endurance and fatigue crack growth (FCG) of welded joints under variable amplitude (VA) 

loading sequences were collected from open literature. The information regarding the specimen 

geometry and VA loading sequence used in these studies are summarised below. 

E.1. Specimen geometry 

E.1.1 Study I [5], II [34] and IV [13] 

Types of welded joints tested in Study I [5], II [34] and IV [13] are identical. Two types, one 

involves filleted longitudinal attachments (i.e. Class F), while another associates with filleted 

edge attachments (i.e. Class G), were tested in Study I [5]and II [34], as shown in Figure E1, 

and they are referred to F and G type, respectively. F type was tested in Study IV [13]. The 

dimensions of the welded joints are summarised in Table E1.  

These specimens were manufactured by 12.5mm- and 12mm-thick steel plate, respectively 

(Figure E.1).  

 

Figure E.1 Details of test specimens: (a) longitudinal non-load-carrying longitudinal fillet welded joints (F 

type); (b) longitudinal non-load-carrying longitudinal attachments on plate edges (G type). 
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Table E.2 Dimensions of welded joints 

Study Type of welded joints Plate thickness, T (mm) Plate width, W (mm) 

I [5] 

F 12.5 150 

G 12 125 

II [34] F & G 12.7 125 

IV [13] F 8 150 

 

E.1.2 Study III [96] 

The specimens tested in this study were dog-bone shape welded joints containing transverse 

fillet welded attachments. They were manufactured using 9.5mm-thick steel plate, Figure E2. 

 

 

Figure E.2 Transverse non-load-carrying attachments welded joints. 

E.2 VA loading spectra and sequences 

E.2.1 Study I [5] and IV [13] 

The loading spectrum used associated with a concave-up shape in the plot of relative stress 

range, 𝑃𝑖, against exceedence, 𝑁𝐿, as shown in Figure E3 and Table E2. The block length in a 

given test depends on the minimum value of 𝑃𝑖,  adopted. The length of the basic spectrum, in 

which the lowest value of 𝑃𝑖 was 0.04.  
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Figure E.3 The concave-up VA loading spectrum used in fatigue testing. 

Table E.2 Details of spectrum used in fatigue testing. 

Pi Cycles Exceedence  Pi Cycles Exceedence 

1.00 1 1 0.20 1125 2,167 

0.90 3 4 0.15 2815 4,982 

0.80 6 10 0.10 9500 14,482 

0.70 12 22 0.06 43981 58,463 

0.60 23 45 0.04 148438 206,901 

0.50 48 93    

0.40 109 202    

0.30 296 498    

0.25 544 1,042    

Based on the VA loading spectrum, various VA loading sequences were produced with 

different minimum 𝑃𝑖 values, as summarised in Table E.3. 

In Study IV [13], the same loading spectrum was used, and three CD loading sequences were 

produced where the 𝑃𝑖 are 0.2, 0.25 and 0.4, respectively. 

E.2.2 Study II [34] 

The loading spectrum used in this study involved total 524,287 loading cycles with a minimum 

𝑃𝑖 value being at 0.063, Figure E.4. The exceedence corresponding to a specific 𝑃𝑖 is given in 

Table E.4.  
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Table E.3 Details of VA loading sequence used in fatigue testing. 

Sequence Minimum Pi 
Maximum stress 

range (MPa) 

Applied maximum 

stress (MPa)  

Applied minimum 

stress (MPa) 

Sequence A 

（CD） 

0.25 

210 280 70 

0.20 

0.15 

0.10 

Sequence B 

(CM) 

0.25 

0.20 

0.10 

Sequence C 

(CU) 

0.25 

0.20 

0.10 

 

Figure E.4 VA spectrum used in the fatigue testing. 

Based on the spectrum, three spectra, where the maximum 𝑃𝑖  were 1, 0.667 and 0.377, 

respectively, were produced. Then, CU loading sequences used in the fatigue testing were 

generated by combining those spectra with different maximum stress ranges, i.e., 300, 250, 200 

and 150MPa, as given in Table E.5. The stress ratio in all sequences was the same, at 0. 
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Table E.4 Details of spectrum used in fatigue testing. 

Pi Cycles Exceedence  Pi Cycles Exceedence 

1 44 44  0.293 11,010 141,558 

0.877 22 66  0.270 33,030 174,588 

0.667 28 94  0.250 11,010 185,598 

0.627 105 199  0.230 30,409 216,007 

0.583 21 220  0.210 53,477 269,484 

0.543 142 362  0.187 27,263 296,747 

0.46 16 378  0.167 22,020 318,767 

0.417 16400 16,778  0.147 58,720 377,487 

0.377 44040 60,818  0.127 69,730 447,217 

0.353 58720 119,538  0.083 11,010 458,227 

0.333 11010 130,548  0.063 66,060 524,287 

Table E.5 Details of loading sequences produced based on the VA loading spectrum. 

Specimen 

type 

VA 

loading 

Sequence 

Maximum 

𝑃𝑖 
Minimum 

𝑃𝑖 
Overload 

ratio, 𝑅𝑝𝑖 

Maximum 

stress range 

(MPa) 

Applied 

maximum stress 

range (MPa) 

Number of 

specimens 

tested 

F 

A 1 

0.063 

15.8 

300 300 1 

250 250 1 

200 200 1 

150 150 1 

B 0.667 10.5 

300 200 1 

200 135 2 

150 101 1 

C 0.377 5.8 

300 113 2 

200 75 1 

150 56 1 

G A 1 15.8 

380 380 1 

300 300 1 

250 250 1 

E.2.3 Study III [96] 

The VA histories were generated using traffic data from a survey of axle spacings and loads 

conducted in Ontario, Canada in 1995, which included a total of 10,198 trucks, Figure E.6. 
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Figure E.6 Truck weight histogram [65]. 

Based on this histogram, a concave-down shape loading spectrum was produced, Figure E.7. 

The exceedence corresponding to a specific 𝑃𝑖 value is given in Table E.6. 

According to this spectrum, four CU loading sequences were generated with the different 

maximum stress ranges, as summarised in Table E.7. 

 

Figure E.7 VA spectrum used in the fatigue test. 
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Table E.6 Details of spectrum used in fatigue testing. 

𝑃𝑖 Cycles Exceedence 

1.00 255 255 

0.88 306 561 

0.80 357 918 

0.73 357 1,275 

0.66 357 1,632 

0.58 918 2,550 

0.51 1,173 3,722 

0.44 765 4,487 

0.37 1,326 5,813 

0.29 2,040 7,853 

0.22 1,071 8,923 

0.15 1,020 9,943 

0.06 255 10,198 

Table E.7 Details of loading sequences produced based on the VA loading spectrum. 

VA loading 

Sequence 

Maximum stress range 

(MPa) 

Applied maximum 

stress range (MPa) 

Applied maximum 

stress range (MPa) 

Cycling up 

171 180 9 

217 229 12 

239 252 13 

367 387 20 
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Appendix F Matlab code  

In the present study, Matlab (2016a) was used to carry out the complex calculation involved. 

The codes for Gerber mean stress correction model, and the model developed to predicted 

fatigue crack propagation under VA loading sequences are given as follows. 

F.1 Matlab code for Gerber model 

Sminapp=9;    % minimum stress in the CU sequence 

RS=80;           % residual stress 

Smaxref=240; %reference stress i.e., the maximum stress where the S-N curve obtained 

uts=550;          % tensile strength 

Sapp=[ ];         % spectrum 

Sequ=zeros(length(Sapp),1);        % equivalent stress range    

Smaxapp=zeros(length(Sapp),1); %actual maximum stress of each loading stress range in the VA loading 

spectrum 

for i=1:length(Sapp) 

Smaxapp(i,1)=Sminapp+RS+Sapp(i,1);     

x=fsolve(@(x)(((uts^2-(Smaxref-0.5*x)^2)/(uts^2-(Smaxapp(i,1)-0.5*Sapp(i,1))^2))*Sapp(i,1) 

x),1,optimset('Display','off')); 

Sequ(i,1)=x; 

end 

F.2 Matlab code for the model developed to predict fatigue crack growth 

Some tools such as Crackwise 5.0 have been well developed based on BS 7910 to predicted 

crack growth under CA loading spectra. However, they are not able to take into account the 

interaction between loading cycles under VA loading spectra [5,13], and could not be modified. 

In this case, a new code was programmed in Matlab 2016Ra in the present study to achieve the 

model developed. This code was programmed in two steps. In the first step, the code was 

programmed according to BS 7910 and then validated by the Crackwise software. In the second 

step, the effect of interaction between each loading cycles in the VA loading sequence was 

included in the code. 

F.2.1 Matlab code for crack wise 

Crackwise was developed in accordance with BS 7910; however, it uses an incensement 

method to calculate the crack size for simplification, rather than calculating the increases of the 
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crack cycle by cycle. When a welded joint is loaded for 𝑁 blocks of a given VA loading 

spectrum, where there are different stress ranges, referring to ∆𝜎𝑖  and the corresponding 

number of cycles is 𝑛𝑖, the crack propagation is predicted by 𝑗 increments (generally 1000). If 

the initial crack size is 𝑎 and 2𝑐, the SIF corresponded to each stress range in the 𝑗𝑡ℎ increment, 

∆𝜎𝑖,𝑗 is: 

∆𝐾𝑖,𝑗 = 𝑓(𝑎𝑗−1, 2𝑐𝑗−1, ∆𝜎𝑖,𝑗)                                                 (F. 1)                                                    

If the ∆𝐾𝑖,1 is higher than the threshold, ∆𝐾𝑡ℎ, the FCGR is calculated using Paris’ Law: 

𝑑𝑎

𝑑𝑁𝑖,𝑗
= 𝐶(∆𝐾𝑖,𝑗)

𝑚                                                          (F. 2) 

where 𝐶 and 𝑚 are constants. Then the increase of crack depth, ∆𝑎1, is estimated by: 

∆𝑎𝑗 =∑
𝑛𝑖 ∙ 𝑁

𝑣
∙
𝑑𝑎

𝑑𝑁𝑖,𝑗

𝑧

𝑖=1

                                                      (F. 3) 

Therefore, the crack depth after the 𝑗𝑡ℎ increments is: 

𝑎𝑗 = 𝑎𝑗−1 + ∆𝑎𝑗                                                              (F. 4)                                                          

The crack length is calculated following the same procedure. The calculation will stop either 

the 𝑎𝑗+1 has reached the critical value or the 𝑣 increments has been calculated. The flow chart 

is shown in Figure F.1 (a). 

F.2.2 Matlab code for the method used in the present study 

In Crackwise, a VA loading spectrum is simply regarded as a combination of different loading 

stress ranges and the effect of interaction between each loading cycles on the FCGR is not 

considered. However, in view of the above studies [8,12,13,126], the FCGR is affected by the 

loading sequence significantly. Therefore, in order to consider such effect in the subsequent 

calculation, the method used in the Crackwise was modified to calculate the fatigue crack block 

by block, strictly following the loading history, rather than calculating the crack by specific 

increments. The modified method follows the flowchart given in Figure F.1 (b).  
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Figure F.1 The flow chart for estimating FCG under VA amplitude loading spectrum: (a) Crackwise 5.0 and (b) 

method used in the present study. 

When a welded joint is loaded for 𝑁 blocks of a VA loading spectrum contained 𝑧 different 

stress ranges, referring ∆𝜎𝑖  and the number of cycles is 𝑛𝑖 , the SIF and the FCGR 

corresponding to each stress range were calculated. Then the extension in the crack depth, ∆𝑎𝑗
′, 

due to the 𝑗𝑡ℎblock can be estimated by: 
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∆𝑎𝑗
′ =∑(𝑛𝑖 ∙

𝑑𝑎

𝑑𝑁𝑖
)

𝑧

𝑖=1

                                                              (F. 5) 

The crack depth after the first block increases to: 

𝑎𝑗
′ = 𝑎𝑗−1 + ∆𝑎𝑗

′                                                                    (F. 6) 

The crack length is calculated following the same procedure. The calculation will stop either 

the 𝑎𝑗
′has reached the critical value after 𝑗𝑡ℎ block or all 𝑁 blocks has been calculated.  

F.2.3 Verification 

In order to verify the method that had been modified, three VA loading sequences were selected, 

and the corresponding crack propagation under each sequence was calculated using both 

Crackwise 5.0 and the modified method and compared in Figure F.2.  As it will be seen, the all 

the results calculated by the Matlab code agree well with those obtained from Crackwise 5.0, 

implying this method modified in the present study is able to predict fatigue crack propagation 

well as the Crackwise does. Afterwards, this modified method was further developed to take 

into account the effect of VA loading sequences. 
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Figure F.2 Comparison between the crack propagation estimated by Crackwise and the modified method under 

three VA loading sequences: (a) for specimen T125_CD_300 in the present research, (b) for specimen L15 [5], 

(c) for specimen FIL_VAL_ST04 [13]. 

F.2.4 Effect of VA loading sequence 

According to Equation (6.5) to (6.13), new code was programmed and added into the code had 

developed and validated.  An example of the Matlab code that used to calculate the FCGR in 

Specimen A12.5_1 is shown as follows: 

Spec=[250   1 

225 2 

212.5   3 

200 5 

187.5   9 

175 16 

162.5   29 

150 53 

137.5   96 

125 174 

112.5 316 

100 573 

87.5 1039 

]; 

  

a=zeros(1e7,1); %crack depth 

c=zeros(1e7,1); %crack length 

deltaKa=zeros(1e7,1); %at the deepest point 

deltaKc=zeros(1e7,1); %at crack tips 

Deltaa=zeros(1e7,1); 

Deltac=zeros(1e7,1); 

crack=zeros(10000,3); 

  

E=207000; 

K=960; 

H=0.16; 

Sy=355; %yield stess 

Su=550; %ultimate strength 

S0=0.5*(Sy+Su); 

  

a(1,1)=0.2174; %initial crack depth 

c(1,1)=2; %initial crack length corresponding to 2c 

mentioned in the standard 

  

T=12.5; %thickness 

W=100;  %width 

  

if T<12; 

    LL=14; 

else if T<25; 

        LL=28.5; 

    else LL=51; 

    end 

end 

  

A=2.31e-13; 

m=3; % da/dn=A*deltaK^m 

  

fw=zeros(1e7,1); %correction factor of finite size of 

specimen 
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Mm=zeros(1e7,2);  M1=zeros(1e7,1); 

M2=zeros(1e7,1); M3=zeros(1e7,1); 

g=zeros(1e7,2); 

ftheta=zeros(5e7,2);  

phi=zeros(5e7,1); 

theta1=pi/2; %deepest point, 0 for surface point 

theta2=0; %crack tips 

  

Mka=zeros(1e7,1); 

Mkc=zeros(1e7,1); 

  

Mka_b=zeros(1e4,1);%the Mka value of the first 

cycle in each block 

Mkc_b=zeros(1e4,1); Stmaxa=zeros(1e4,1); 

Stmaxc=zeros(1e4,1); 

Stvalleya=zeros(1e7,1); 

Stvalleyc=zeros(1e7,1); 

Ua2=zeros(1e7,1); 

Uc2=zeros(1e7,1); 

Rta=zeros(1e7,1); 

Rtc=zeros(1e7,1); 

Ueffa=zeros(1e7,1); 

Ueffc=zeros(1e7,1); 

  

ff1=zeros(1e7,1); ff2=zeros(1e7,1); 

ff3=zeros(1e7,1); gg1=zeros(1e7,1); 

gg2=zeros(1e7,1); gg3=zeros(1e7,1); 

gg4=zeros(1e7,1); gg5=zeros(1e7,1); 

gg6=zeros(1e7,1); gg7=zeros(1e7,1); 

gg8=zeros(1e7,1); 

% for 3D Mka 

  

fc1=zeros(1e7,1); fc2=zeros(1e7,1); 

fc3=zeros(1e7,1); gc1=zeros(1e7,1); 

gc2=zeros(1e7,1); gc3=zeros(1e7,1); 

gc4=zeros(1e7,1); gc5=zeros(1e7,1); 

gc6=zeros(1e7,1); gc7=zeros(1e7,1); 

gc8=zeros(1e7,1); gc9=zeros(1e7,1); 

gc10=zeros(1e7,1); gc11=zeros(1e7,1); 

gc12=zeros(1e7,1); gc13=zeros(1e7,1); 

%for 3D Mkc 

  

block=1; 

crack(1,1)=0; 

crack(1,2)=a(1,1); 

crack(1,3)=c(1,1); 

 

for i=1:10000 

    for j=1:length(Spec) 

                n=(i-1)*length(Spec)+j; 

           r=a(n,1)/c(n,1); 

   r1=c(n,1)/a(n,1); 

    % fw     

if r==0 

        fw(n,1)=1; 

else 

        

fw(n,1)=sqrt(sec((0.5*pi*c(n,1)/W)*sqrt(a(n,1)/T))

); 

     

end  

% fw 

  

if r<=0.5 

     

    M1(n,1)=1.13-0.09*(2*r); 

    M2(n,1)=0.89/(0.2+2*r)-0.54; 

    M3(n,1)=0.5-1/(0.65+2*r)+14*(1-2*r)^24; 

    g(n,1)=1+(0.1+0.35*(a(n,1)/T)^2)*(1-

sin(theta1))^2; 

    g(n,2)=1+(0.1+0.35*(a(n,1)/T)^2)*(1-

sin(theta2))^2; 

    

ftheta(n,1)=(((2*r)^2*cos(theta1)^2)+sin(theta1)^2)

^0.25; 

    

ftheta(n,2)=(((2*r)^2*cos(theta2)^2)+sin(theta2)^2)

^0.25; 

    phi(n,1)=sqrt(1+1.464*(2*r)^1.65); 

else  

    M1(n,1)=sqrt(r1/2)*(1+0.04*(r1/2)); 

    M2(n,1)=0.2*(r1/2)^4; 

    M3(n,1)=-0.11*(r1/2)^4; 

    g(n,1)=1+(0.1+0.35*(r1/2)*(a(n,1)/T)^2)*(1-

sin(theta1))^2; 

    g(n,2)=1+(0.1+0.35*(r1/2)*(a(n,1)/T)^2)*(1-

sin(theta2))^2; 

     

    

ftheta(n,1)=(((r1/2)^2*sin(theta1)^2)+cos(theta1)^2

)^0.25; 

    

ftheta(n,2)=(((r1/2)^2*sin(theta2)^2)+cos(theta2)^2

)^0.25; 

        

    phi(n,1)=sqrt(1+1.464*(r1/2)^1.65); 

end 

  

Mm(n,1)=(M1(n,1)+M2(n,1)*(a(n,1)/T)^2+M3(n,1

)*(a(n,1)/T)^4)*g(n,1)*ftheta(n,1)/phi(n,1); 

Mm(n,2)=(M1(n,1)+M2(n,1)*(a(n,1)/T)^2+M3(n,1

)*(a(n,1)/T)^4)*g(n,2)*ftheta(n,2)/phi(n,1); 

 

gg1(n,1)=-1.0343*(2*a(n,1)/c(n,1))^2-

0.15657*(2*a(n,1)/c(n,1))+1.3409; 

gg2(n,1)=1.3218*(2*a(n,1)/c(n,1))^-0.61153; 

gg3(n,1)=-0.87238*(2*a(n,1)/c(n,1))+1.2788; 

gg4(n,1)=-

0.4619*(2*a(n,1)/c(n,1))^3+0.6709*(2*a(n,1)/c(n,1

))^2-0.37571*(2*a(n,1)/c(n,1))+4.6511; 

gg5(n,1)=-

0.015647*(LL/T)^3+0.090889*(LL/T)^2-

0.17180*(LL/T)-0.24587; 
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gg6(n,1)=-0.20136*(LL/T)^2+0.93311*(LL/T)-

0.41496; 

gg7(n,1)=0.20188*(LL/T)^2-

0.97857*(LL/T)+0.068225; 

gg8(n,1)=-0.027338*(LL/T)^2+0.12551*(LL/T)-

11.218; 

  

ff1(n,1)=0.43358*(a(n,1)/T)^(gg1(n,1)+(gg2(n,1)*(

a(n,1)/T))^gg3(n,1))+0.93163*exp((a(n,1)/T)^-

0.050966)+gg4(n,1); 

ff2(n,1)=-0.21521*(1-

(a(n,1)/T))^176.4199+2.8141*((a(n,1)/T))^(-

0.1074*(a(n,1)/T)); 

ff3(n,1)=0.33994*(a(n,1)/T)^gg5(n,1)+1.9493*(a(n

,1)/T)^0.23003+gg6(n,1)*(a(n,1)/T)^2+gg7(n,1)*(a

(n,1)/T)+gg8(n,1); 

  

Mka(n,1)=ff1(n,1)+ff2(n,1)+ff3(n,1); 

  

if Mka(n,1)<1 

    Mka(n,1)=1; 

end 

      

%3D Mkc 

  

gc1(n,1)=0.0078157*(0.5*c(n,1)/a(n,1))^2-

0.070664*(0.5*c(n,1)/a(n,1))+1.8508; 

gc2(n,1)=-

0.000054546*(LL/T)^2+0.00013651*(LL/T)-

0.00047844; 

gc3(n,1)=0.00049192*(LL/T)^2-

0.0013595*(LL/T)+0.0114; 

gc4(n,1)=0.0071654*(LL/T)^2-0.033399*(LL/T)-

0.25064; 

gc5(n,1)=-

0.01864*(0.5*c(n,1)/a(n,1))^2+0.24311*(0.5*c(n,1

)/a(n,1))-1.7644; 

gc6(n,1)=-0.0016713*(LL/T)^2+0.009062*(LL/T)-

0.016479; 

gc7(n,1)=-0.0031615*(LL/T)^2-

0.010944*(LL/T)+0.13967; 

gc8(n,1)=-0.045206*(LL/T)^3+0.3238*(LL/T)^2-

0.68935*(LL/T)+1.4954; 

gc9(n,1)=-

0.25473*(2*a(n,1)/c(n,1))^2+0.40928*(2*a(n,1)/c(

n,1))+0.0021892; 

gc10(n,1)=37.423*(2*a(n,1)/c(n,1))^2-

15.741*(2*a(n,1)/c(n,1))+64.903; 

gc11(n,1)=-0.10553*(LL/T)^3+0.59894*(LL/T)^2-

1.0942*(LL/T)-1.265; 

gc12(n,1)=0.043891*(LL/T)^3-

0.24898*(LL/T)^2+0.44732*(LL/T)+0.60136; 

gc13(n,1)=-

0.011411*(2*a(n,1)/c(n,1))^2+0.0043695*(2*a(n,1

)/c(n,1))+0.51732; 

  

fc1(n,1)=gc1(n,1)*(a(n,1)/T)^(gc2(n,1)*(0.5*c(n,1)

/a(n,1))^2+gc3(n,1)*(0.5*c(n,1)/a(n,1))+gc4(n,1))+

gc5(n,1)*(1-

a(n,1)/T)^(gc6(n,1)*(0.5*c(n,1)/a(n,1))^2+gc7(n,1)

*(0.5*c(n,1)/a(n,1))+gc8(n,1)); 

fc2(n,1)=(-

0.28639*(2*a(n,1)/c(n,1))^2+0.35411*(2*a(n,1)/c(

n,1))+1.643)*(a(n,1)/T)^gc9(n,1)+0.27449*(1-

a(n,1)/T)^gc10(n,1); 

fc3(n,1)=gc11(n,1)*(a(n,1)/T)^0.75429+gc12(n,1)*

exp((a(n,1)/T)^gc13(n,1)); 

  

Mkc(n,1)=fc1(n,1)*fc2(n,1)*fc3(n,1); 

  

if Mkc(n,1)<1 

    Mkc(n,1)=1; 

end 

  

  

%%%%%%%%%%%%%% 

if j==1 

Mka_b(i,1)=Mka(n,1); 

Mkc_b(i,1)=Mkc(n,1); 

 

deltaSt=fsolve(@(deltaSt)(deltaSt^2+2*E*(0.5/K)^

(1/H)*deltaSt^(1+1/H)-

(Mka_b(i,1)*Spec(j,1))^2),1,optimset('Display','off'

)); %local stress at deepest point 

Stmaxa(i,1)=0.5*deltaSt;  %maximum local stress 

in underload 

  

deltaSt=fsolve(@(deltaSt)(deltaSt^2+2*E*(0.5/K)^

(1/H)*deltaSt^(1+1/H)-

(Mkc_b(i,1)*Spec(j,1))^2),1,optimset('Display','off'

)); %local stress at tips 

Stmaxc(i,1)=0.5*deltaSt;  %maximum local stress 

in underload 

end 

     

%%%%% calculation of Ueff 

deltaSt=fsolve(@(deltaSt)(deltaSt^2+2*E*(0.5/K)^

(1/H)*deltaSt^(1+1/H)-

(Mka_b(i,1)*Spec(j,1))^2),1,optimset('Display','off'

));     

Stvalleya(n,1)=Stmaxa(i,1)-deltaSt; 

  

Ua1=1/(1.5-(-1));  

  

Rta(n,1)=Stvalleya(n,1)/Stmaxa(i,1); 

  

if Rta(n,1)<-2 

        Ua2(n,1)=1/(1.5-(-2)); 

    else if Rta(n,1)<=0.5 

            Ua2(n,1)=1/(1.5-Rta(n,1)); 

        else  

            Ua2(n,1)=1; 

        end 

end 
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deltaSt=fsolve(@(deltaSt)(deltaSt^2+2*E*(0.5/K)^

(1/H)*deltaSt^(1+1/H)-

(Mkc_b(i,1)*Spec(j,1))^2),1,optimset('Display','off'

));     

Stvalleyc(n,1)=Stmaxc(i,1)-deltaSt; 

  

Uc1=1/(1.5-(-1));  

  

Rtc(n,1)=Stvalleyc(n,1)/Stmaxc(i,1); 

  

if Rtc(n,1)<-2 

        Uc2(n,1)=1/(1.5-(-2)); 

    else if Rtc(n,1)<=0.5 

            Uc2(n,1)=1/(1.5-Rtc(n,1)); 

        else  

            Uc2(n,1)=1; 

        end 

end 

  

l=0.38; 

Ueffa(n,1)=(Ua2(n,1)/Ua1)^l; 

Ueffc(n,1)=(Uc2(n,1)/Uc1)^l; 

%%%%%%  

deltaKa(n,1)=Spec(j,1)*fw(n,1)*Mm(n,1)*Mka(n,1

)*sqrt(pi*a(n,1))*Ueffa(n,1); 

deltaKc(n,1)=Spec(j,1)*fw(n,1)*Mm(n,2)*Mkc(n,1

)*sqrt(pi*a(n,1))*Ueffc(n,1); 

  

  

if deltaKa(n,1)<=63   

    Deltaa(n,1)=0; 

else 

    Deltaa(n,1)=A*deltaKa(n,1)^3; 

end 

  

if deltaKc(n,1)<=63 

    Deltac(n,1)=0; 

else 

    Deltac(n,1)=A*deltaKc(n,1)^3; 

end 

  

a(n+1,1)=a(n,1)+Deltaa(n,1)*Spec(j,2); 

c(n+1,1)=c(n,1)+2*Deltac(n,1)*Spec(j,2); 

    end 

  

crack(i+1,1)=i; 

crack(i+1,2)=a(n+1,1); 

crack(i+1,3)=c(n+1,1); 

  

if a(n+1,1)>=T 

     

    break 

else if c(n+1,1)>100 

         

        break 

    end 

     

end 

block=block+1 

end



 

 

 


