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Abstract

The main purpose of this paper is the analysis of mixed-transmission problems for the anisotropic Stokes system in a
compressible framework and in bounded Lipschitz domains with transversal Lipschitz interfaces in R”, n > 2. Mixed
problems and mixed-transmission problems for the anisotropic Navier-Stokes system in dimension n € {2, 3} are also
considered. The anisotropy is highlighted by an L*-viscosity tensor coefficient, which satisfies an ellipticity condition
in terms of symmetric matrices in R™" with null traces. In the first part we use a variational approach to show the
well-posedness of the analyzed linear problems for the Stokes system in L?-based Sobolev spaces. In the second
part we show the existence and uniqueness of a weak solution of the mixed problem for the anisotropic compressible
Navier-Stokes system with small data in L>-based Sobolev spaces in a bounded Lipschitz domain in R*, n € {2,3}. A
mixed-transmission problem for the Navier-Stokes system in a Lipschitz domain with a transversal Lipschitz interface
is also considered.
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1. Introduction: Anisotropic Stokes system with elliptic L* viscosity tensor coefficient

Let n > 2 and Q be an open set in R”. Throughout our paper we use the notation 9, for the first order partial
derivative —, @ = 1, ...,n, as well as the Einstein summation rule on repeated indices.

X
Let € be a second order divergence form differential operator
2u := 9, (A%du) , (1.1)

such that the tensor coefficient A consists of n X n matrix valued functions A%? with bounded, measurable, real-valued
entries aZ.ﬁ , that is,

— (0B ap _ (B af 0 .o
A=(A )1ga,ﬁ5n . A% = (af! )lg’jg ,al € LQ), 1 <i, ja,f<n. (1.2)
Assume that the following symmetry conditions hold
a;’f(x) = ajfj(x) = agj(x), xeQ (1.3)
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(see also [51, (3.1),(3.3)]). In addition, assume that the tensor coefficient A satisfies the ellipticity condition only in
terms of all symmetric matrices in R™", with zero matrix trace. Thus, there is a constant C > 0 such that, for almost
all x € Q,

P (Deuéip = CLRE . V € = Eiamt.n € R™ suchthat £ = €7 and Y & =0, (14)

i=1

where |£° = &iu€ie, and the superscript T refers to the transpose of a matrix (see also [33]). The tensor coefficient A
is endowed with the norm

1A == max {lla? |l i, e f=1....n}. (1.5)

Let u and 7 be unknown vector and scalar fields. Let us assume that f is a given vector field and g is a given scalar
field defined in Q. Then the equations

Lu,n):=8u—-Vr=1f dive=ginQ (1.6)

determine the anisotropic Stokes system with variable viscosity tensor coefficient A = (A"ﬁ) in a compressible

I<ap<n
framework.

Relation (1.1) and conditions (1.3) show that the Stokes operator £ can be written in any of the alternative forms
L, 7) = 0, (A% 0pu) - Vr, (Lu,7)); = Ba(@PEjpw) = G, i=1,...,n, (1.7)

where u=(uy,...,u,)" and E g(u):= %(6 iug+0gu ;) are the entries of the symmetric part [E(u) of Vu that is the gradient
of u.
The anisotropic Navier-Stokes system in a compressible framework with variable viscosity tensor coefficient A =
(A“ﬁ)lswgn is given by the following equations
L(u,r)—(u-Viu=f, divu=ginQ. (1.8)

The anisotropic Stokes and Navier-Stokes systems in the incompressible case are given by the equations of (1.6)
and (1.8), respectively, with diva = 0.
In the isotropic case, the tensor A in (1.2) has the entries

a;’jﬁ(x) = A(x)6ia6 jg + p(x) (50 Ogi + 6(,,;6,»,-), 1<i,ja,f<n, (1.9)

where A, 4 € L*(€), and ol < 1(x) < ¢, for a.e. x € Q, with some constant ¢, > 0. This implies that condition (1.4)
is satisfied (cf., e.g., Appendix III, Part I, Section 1 in [55]; see also [33]).

The anisotropic Stokes and Navier-Stokes systems play a main role in various applications related to the flow of
immiscible fluids, liquid crystals, and flows of non-homogeneous fluids with variable anisotropic viscosity tensors
depending on physical properties of the fluids (cf., e.g., [16], [19], [20], [41, Chapter 3]).

The boundary value problems for the (isotropic) Stokes and Navier-Stokes systems involving mixed conditions
have been intensively analyzed by using various mathematical tools, such as variational methods and layer potential
theoretic methods (see, e.g., [11, 17, 24, 21, 53, 54, 55] and the references therein) due to their applications in math-
ematical physics and engineering. Brown, Mitrea, Mitrea, and Wright [11] obtained the well-posedness of the mixed
problem for the Stokes system with constant coefficients in a class of Lipschitz domains in R”, n > 3, by using a
layer potential approach that reduces the mixed problem to a boundary integral equation. Cocquet, Rakotobe, Rama-
lingom, and Bastide [17] developed a variational analysis and a finite element approximation of the Darcy-Brinkman-
Forchheimer model for porous media with mixed boundary conditions. (The Darcy-Brinkman-Forchheimer equation
is a perturbation of the Navier-Stokes equation with a compact operator.) Ebmeyer and Frehse [21] used a variational
approach in the analysis of constant coefficient steady Navier-Stokes equations with mixed boundary conditions (in-
volving Dirichlet and Navier-type conditions) in three-dimensional polyhedral domains and a class of Lipschitzian
domains. Ott, Kim, and Brown [53] constructed the Green function for the mixed Dirichlet-Neumann boundary value

2



problem for the Stokes system in a two-dimensional Lipschitz domain. Recently, Amrouche and Boussetouan [2] have
proved existence, uniqueness and regularity of some vector potentials, associated with a divergence-free vector field
satisfying mixed boundary conditions. These results have been used to obtain weak and strong solutions for a mixed
boundary problem for the Stokes system with a pressure condition on some part of the boundary and Navier-type
boundary condition on the remaining part.

Variational approaches have been also used in the analysis of many other elliptic boundary valued problems. By
using such an approach, Angot [4, 5] obtained the well-posedness of some Stokes/Brinkman problems with constant
isotropic viscosity and a family of embedded jump conditions on an immersed (transversal) interface with weak
regularity assumptions. The authors in [30] used a layer potential analysis and the Leray-Schauder fixed point theorem
in order to show existence results for a nonlinear Neumann-transmission problem for the constant coefficient Stokes
and Brinkman systems in L”, Sobolev, and Besov spaces. Regularity results for the Stokes system with measurable
coeflicients in one direction have been obtained by Dong and Kim [19] by using a variational technique (see also
[16]). Brewster et al. [8] developed a variational approach to prove the well-posedness of mixed boundary problems
for higher order divergence-form elliptic equations with L™ coefficients in locally (€, 6)-domains and in Besov and
Bessel potential spaces. Mazzucato and Nistor [43] obtained the well-posedness and regularity in weighted Sobolev
spaces for the anisotropic linear elasticity equations with mixed conditions on polyhedral domains.

An alternative integral approach using explicit parametrix-based integral potentials, which reduces boundary value
problems for the Stokes system with variable coefficients, as well as other variable-coefficient elliptic partial differ-
ential equations, to boundary-domain integral equations has been developed in [12, 13, 14, 23, 47] (see also the
references therein).

The authors in [32] developed a variational analysis in a pseudostress setting for transmission problems with inter-
nal interfaces in weighted Sobolev spaces for the anisotropic Stokes and Navier-Stokes systems with an L™ strongly
elliptic coefficient tensor (see also [19]), by using the strong ellipticity condition in terms of all matrices in R™" (see
also [36, 37] for boundary value problems for the Stokes and Navier-Stokes systems with L* coefficients in Lipschitz
domains on compact Riemannian manifolds, and [31] in the case of smooth coefficients in the same setting). The
authors in [34] and [33] extended their variational analysis to other transmission and exterior boundary problems
with internal interfaces for the anisotropic Stokes and Navier-Stokes systems by assuming that the corresponding L
viscosity tensor coefficient satisfies a weaker ellipticity condition in terms of only symmetric matrices in R™" with
zero traces, that is, the ellipticity condition (1.4), which is indeed weaker than that employed in [32] and [19]. Non-
homogeneous Dirichlet-transmission problems for the anisotropic Stokes and Navier-Stokes systems in a bounded
Lipschitz domain in R” (in the case of the nonlinear problems it is assumed that n = 2, 3) with a transversal Lipschitz
interface have been investigated in [35] by imposing the ellipticity condition (1.4). The authors have used a varia-
tional approach and the Lerary-Schauder theorem in order to show the existence of a weak solution for the nonlinear
Dirichlet-transmission problem.

In this paper we obtain well-posedness results in L2-based Sobolev spaces for mixed and mixed-transmission
problems for a compressible anisotropic Stokes system in a bounded Lipschitz domain of R", n > 2, with an in-
ternal Lipschitz interface that intersects transversally the boundary of the domain. We show also the existence and
uniqueness of a weak solution for nonlinear mixed and mixed-transmission problems for the anisotropic compress-
ible Navier-Stokes system with small data in L?-based Sobolev spaces in a bounded Lipschitz domain with the same
geometry as in the linear case, but with n = 2,3. The proof of the well-posedness in the nonlinear case is based on
the well-posedness of the linear mixed or mixed-transmission problems for the anisotropic Stokes system and on the
Banach fixed point theorem. We assume that the L™ viscosity tensor coefficient satisfies the ellipticity condition (1.4).

The anisotropic Stokes and Navier-Stokes problems of mixed-transmission type considered below and involving
mixed and transmission conditions may describe various physical phenomena, like lubrication and blood flows (cf.
[2] and the references therein), multiphase flows of immiscible fluids with variable anisotropic viscosity tensors and
variable compressibility (see, e.g., [20], [41, Chapter 3]).

2. Preliminary results

Given a Banach space X, its topological dual is denoted by X’, and the notation (-, -)x means the duality pairing
of two dual spaces defined on a set X € R".



2.1. Sobolev spaces on Lipschitz domains in R”

Let n > 2 and let Q be a bounded Lipschitz domain in R" with connected boundary dQ. Let D(Q) := C7(€)
denote the space of infinitely differentiable functions with compact support in €, equipped with the inductive limit
topology. Let D’'(Q) denote the corresponding space of distributions on Q, i.e., the dual of the space D(Q). Let
L*(Q) be the Lebesgue space of square-integrable functions on Q, and L*(€2) be the space of (equivalence classes of)
essentially bounded measurable functions on Q. Let also

L3(Q) = {f € LX(Q) : (f, 1)a = 0}. 2.1
The dual of L(z)(Q) is the space L*(Q)/R. The Sobolev space H'(Q) is defined as
H'(Q):={f e LX(Q): VfeL*(Q"), (2.2)
and is endowed with the norm
11 = 1A IGaq) + IV A2y - (2.3)
The space H'(Q) is the closure of D(Q) in H'(R"), and can be also described as
H'(Q):={f € H'(R") : supp f € Q}, 2.4)

where suppf := {x € R" : f(x) # 0}. The dual of H! (Q) is the space H'(Q). Then the following equivalent charac-
terization of the spaces H =1(Q) holds

H*'(Q) = {f € D'(Q) : AF € H*'(R") such that Flg = f}, (2.5)

where |y = ry is the restriction operator of functions or distributions to a set X of R”".
The closure of D(Q) in H'(Q) is denoted by H'(Q) and can be equivalently described as the space of all functions
in H! (Q) with null traces on dQ, that is,

H'(Q) :={f e H(Q) : y,f = 0 0n 6Q}, (2.6)

where y, : H(Q) - H %(69) is the trace operator. Recall that this is a linear, bounded and surjective operator
(cf. [18], [45, Lemma 2.6], [50, Theorem 2.5.2]). We will use the same notation vy, for the trace operator acting on
vector-valued functions.

Note that the spaces I-Ll (©) and H! (Q) can be identified isomorphically (see, e.g., [44, Theorem 3.33]). The dual
of H'(Q) is denoted by H~'(Q), and is a space of distributions. (Note that H~'(R") = H~!(R").) Moreover, the
following spaces can be isomorphically identified (cf., e.g., [44, Theorem 3.14])

(H'Q) =H'(Q), H'Q) =HQ) . 2.7)
Let s € (0, 1). Then the boundary Sobolev space H*(9Q) is defined by
lfx) — f(y)P

00 Joo X —y[rm1+2s

where oy is the surface measure on Q2 (see, e.g., [50, Proposition 2.5.1]). The dual of H*(9Q) is the space H™*(0L2),
and H°(0Q) = L*(0Q).

By H Q)" H' ()", H*(0Q)" we denote the spaces of vector-valued functions whose components belong to the
spaces H'(Q), H'(Q), and H*(Q), respectively. For further properties of Sobolev spaces we refer the reader to
[29, 44, 50].

We will need the following well known result (see, e.g., [39, Lemma 2.5], [7], [3, Theorem 3.1]), for which we
will provide several generalizations further on.

HY(0Q) := { fel69Q): dorydory < oo}, 2.8)

Proposition 2.1. Let Q be a bounded Lipschitz domain in R", n > 2, with connected boundary. Then the divergence
operator div : H'(Q)" — L(2)(Q) is bounded, linear and surjective. It has a bounded, linear right inverse Rq :
L) - H'(Q)". Thus, there exists a constant C = C(Q, n) > 0 such that
div(Raf) = f, Rafllm@y < Cliflig). ¥ f € Li(Q). (2.9)
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2.2. Sobolev spaces on bounded domains with partially vanishing traces

Let Qyp € R" (n > 2) be a bounded Lipschitz domain with connected boundary I'y. Let D and N be relatively open
subsets of I'y, such that D has positive (n — 1)-Hausdorff measure, D N N = 0, DUN = Iy, and DNN = 2, where
% is an (n — 2)-dimensional closed Lipschitz submanifold of I'.

We need the following space defined on the Lipschitz domains

CH Q)" = {gl, ¢ € C*(R"", supp(¢) N D =0}, (2.10)
and let H},(€o)" be the closure of Cjy(Qo)" in H'(Qp)". The space H},(€o)" can be equivalently characterized as
Hp(Qo)" = {v e H'(Qo)" : (v, V)1, =0} (2.11)
(cf. [8, Corollary 3.11], [28, Definition 2.4]). Let also
Hp, 0 (Q)" = {w € H},(Qo)" : divw = 0}. (2.12)

Let = be a relatively open (n — 1)-dimensional subset of I, e.g., D or N. Let r, denote the operator of restriction
of distributions from I'y to . Then the boundary Sobolev spaces on = are defined by

H2)" = {pl. : p € H:IT)"} . (2.13)
H @) = {pe H Ty)": p=0 onTy \ E} , (2.14)
CE = HEY, H @) = (HEY (2.15)

(cf., e.g., [44], [8, Definition 4.8, Theorem 5.1]).

Lemma 2.2. The trace operator Yo, - H 1D(Q0)” — H? (N)* is bounded, linear and surjective, having a (non-unique)
bounded, linear right inverse y;ol H* (N> H}j(QO)”.

Proof. Recall that the trace operator Yoo - H'(@Q)" - H 2 (0Q)" is linear, bounded and surjective (cf. [18], [45,
Lemma 2.6], [50, Theorem 2.5.2]). Then the desired result is a direct consequence of this property. O

The following lemma provides a variant of Bogovskii’s result [7] in the case of vector fields with vanishing traces
on a submanifold of a Lipschitz boundary (see also [37, Lemma 7.4] in the setting of compact Riemannian manifolds,
[3, Theorem 3.1], and [42, Lemma 5.1], [53, Proposition 2.1], [11, (6.10)] for the mixed problem for the Stokes system
in polyhedral domains, bounded Lipschitz domains in R?, or in creased Lipschitz domains in R", n > 3).

Lemma 2.3. (i) The divergence operator
div : Hp(Q0)" — L*(Q) (2.16)

is bounded, linear and surjective, having a bounded, linear right inverse Rq, : LX(Q) - H ll)(Qo)”. Thus, there exists
a constant Cp = Cp(Qo,D, n) > 0 such that

div(Ra, f) = f> 1Ry fllmy oy < Collfllizgy, ¥ f € LA(Q). 2.17)

(ii) The operator div : H L')(Qo)” /H 1') (Q)" — L*(Q) is an isomorphism.

sdiv
Proof. (i) The linearity and continuity of the operator in (2.16) are immediate. Let us now show that operator (2.16)

is surjective, by using an argument similar to that for [37, Lemma 7.4] (see also [42, Lemma 5.1]). Let & € L*(Q).
Our purpose is to show that there existsu € H ;)(Qo)" such that

divu = & in Q. (2.18)



To this end, we analyze the following cases related to the constant
(h, 1)q, = f hdx. (2.19)
Q)

If (h,1)q, = 0, and, thus, h € Lé(Qo), then the desired existence result follows from the surjectivity of the map
div : H'(Qo)" — L3(Q) (see Proposition 2.1) and the inclusion H'(Q)" C H}(Qo)".

Assume now that (&, 1)q, # 0. Let Y, be the outward unit normal to Qg , which exists a.e. on I'y. In view of the
membership of v, in H~3(Ty)", we define Vy =1y € H 3 (N)" = (17 %(N)”)' and then

~1

Vs @In = V0, Y € HA(N)". (2.20)

With respect to the inner product (-, -)H,%(N)n in the Hilbert space H ‘%(N)”, whose induced norm is || - IIH,%(N)", we

have (VN, — Ly ) 1 = 1. The element —5——v produces, through the inner product, a linear bounded
ylle NJH 2 (Ny [ylle N

H 2y H 2y
functional in H ’%(N )" and, thus, is isomorphic with an element ﬁN in the dual space H > (N)". Therefore, there exists

u, € H %(N)" such that
(vN,ﬁN>N =1. 2.21)

According to the membership of g, in H? (N)* and Lemma 2.2, there exists v € H})(QO)“ such that y,, v = {4, ae.on
Iy, and

v= y;(]l () € Hp(Q)", (2.22)

where 7;01  H? (N - H ‘D(QO)" is a bounded right inverse of the trace operator Yoy H ‘D(QO)" - H? (N)" (see also
[48, Proposition 5.4]). Now let g € L*(Qy),

ho := h —<{h, 1)q,divv. (2.23)

Relations (2.19), (2.20), (2.21), (2.23) and the Divergence Theorem imply that sy € Lé(Q). Then there exists uy €
H'(Q)" € H}\(Qo)" such that

divug = hp in Qp and uy = R hy , (2.24)

where Rq, : Lj(Qo) — H'(Qy)" is a bounded right inverse of the operator div : H'(Q)" — L3(Qy) (see also [7], [3,
Theorem 3.1]).
We are now able to consider the field u € H'(Qo)",

u:=ug +{h, Lg,v, (2.25)

where v is given by (2.22), and show that it satisfies equation (2.18). Indeed, the membership relation uy, v e H ,13(90)"
shows thatu € H }D(QO)", and relations (2.23), (2.24) and (2.25) imply that divu = 4. Hence, u given by (2.25) belongs
to H E(Qo)” and satisfies equation (2.18). Moreover, relations (2.19), (2.22), (2.23) and (2.24) show that u = Rq,h,
where the operator Ro, : L*(Q0) — Hp(Q0)",

Ra, = Ra, o {1 = (divy, 7@, ) ¢ Day| + (7 A, ) € Da - (226)

is a right inverse of the operator div : H})(QO)” — L*(Q). Since the operators y;ﬂl . H? N* —> H})(QO)”, Rq, :

L2(Q) — H'(Qo)" and div : H}(Q)" — L*(Qy) are bounded, we conclude that the operator Rq, : L*(Qg) —
H 1D(QO)" is bounded as well, which completes the proof of item (i).
(ii) By item (i), operator (2.16) is bounded and surjective, and its kernel is the space H 11); 4iv(Q0)". Thus, the operator

div: H })(Qo)” /H })_ 4iv(Q0)" — L*(Qy) is an isomorphism. O
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3. Sobolev spaces, conormal derivatives and Green’s identity for the Stokes system in a Lipschitz domain with
a transversal Lipschitz interface

In the first part of this section we will mention useful results related to the generalized conormal derivative for the
Stokes system with partially vanishing traces in a bounded Lipschitz domain, and in the second part we will describe
useful Sobolev spaces and main results related to the conormal derivatives for the Stokes system in a bounded Lipschitz
domain with a transversal Lipschitz interface.

3.1. Conormal derivative for the Stokes system with partially vanishing traces in a bounded Lipschitz domain

Assumption 3.1. Let n > 2 and Q C R" be a bounded Lipschitz domain with connected boundary 0. Let 0 be
divided into two non-empty relatively open subsets I'* and I'", such that I'" has positive (n — 1)-Hausdorff measure,
"N~ =0,T* Ul =90Q, and T+ NT~ is an (n — 2)-dimensional closed Lipschitz submanifold of 0€.

Recall that the space H}., (Q)" is defined as in (2.11), while the boundary Sobolev spaces on I'* are defined as in
(2.13)-(2.15). Let us also define the space

H.(Q, L) :={(u 7. ) € H'(Q)" x LX(Q) x (H}.(Q)") : Lu,7) =flp in Q, 3.1

where £ : H'(Q)"XL*(Q) — H~'(Q)" is the operator defined in (1.6). Note that if f € (H\,.(Q)")’, thenflq € H™'(Q)".

The conormal derivative operator to : H Q.0 - H -3 (0Q)" is given by Definition A.2, which assumes that the
right hand side f is an element of H ~1(Q)". For the case when f belongs to (HIL (Q)”)/ but is not fixed as an element
of H ~1(Q)", the conormal derivative to(u, 7, f') can not be uniquely defined on the entire boundary 0€Q2, however we
can uniquely define its restriction to '~ as follows (cf., e.g., [48, Proposition 8.1], [35, Definition 5.4]).

Definition 3.2. Let Assumption 3.1 and condition (1.2) hold. If (u,x,f) € H L.(Q, L), then the restriction on I'™ of
generalized conormal derivative, (to(u, 7; f'))'r, cH> (I'7)", is defined in the weak form by the formula

Q

((to(u,m,B))| ., @) = <a;j."Eﬁ(u), EQ0(y,' ®))q — (m, div(y, ' @), + (£, 7' @), V@€ HiT)". (3.2)

where y;l - H? I - HIL (©)" is a bounded right inverse of the trace operator y,, : H}+ Q" — H> a-.

In addition, similar arguments to those for Lemma 2.5 in [32] imply the following Green formula whose proof will be
omitted for the sake of brevity (see also [18], [45, Theorem 3.2], [48, Proposition 8.1], [50, Theorem 10.4.1]).

Lemma 3.3. Let Assumption 3.1 and condition (1.2) hold. Then the generalized conormal derivative operator tq :
1
H#(Q, L) —» H 2(I')" is linear and bounded, and definition (3.2) does not depend on the particular choice of a

right inverse 7;1 H? T - H#(Q)” of the trace operator vy, : H}JQ)” - H: (T)". Moreover, for w € H., (Q)"
and (u,,T) € HL..(Q, L), the first Green identity holds,

((ta(u, m:P)|, v W)= (aPEj(w), Eia(W)), — (r,divwhg, + (F, Wha . (3.3)

Note that the term (f, W), is well defined in (3.3) for f € (HL.(Q)") = H Q)" HF;] (R™". Indeed, elements of
the same class in the quotient space H! )/ Hr;' (R™)™ differ only on T+ and since w € H}+(Q)”, different elements

of the same class f € (H, (Q)")" will give the same value of the functional (E W)g-
Moreover, we have the following useful result for the mixed problem (cf. [8, Definition 7.1] for strongly elliptic
higher-order systems in divergence form).

Lemma 3.4. Let Assumption 3.1 and conditions (1.2) and (1.3) hold.
(i) Let (u,m) € H'(Q)" x LX(Q). Let f\,F, be such that (u,n.Ty),(u,n,) € H'(Q, L) and let to(u,n.T))|.,

to(u, 7, f'z)|r, € H‘%(BQ)” be the corresponding conormal derivative restrictions introduced in Definition 3.2.
Ifsupp (f; — ) €T, then (to(u, m.F)| . = (ta(u, 7. B)| ..
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@) If (u,m, f') € H}+ (Q, L), then the conormal derivative restriction (to(u, 7, f'))|r, is well defined, that is, it is the
same when f is replaced by T + o with any £, € Hr;l (R,

Proof. (i) From definition (3.2) we obtain that

((ta(u, 7, F))| . - (ta(, 7. B)| . @) = ((ta(0,0.F, - f)| . @)
= (ta(0,0,f, - £,), @), = (fi —F.7,'®), =0, V®e H: (Y, (3.4)

since supp (f;, — f) € T, and yﬂygl(l) = @ = 0 on I',, where the last equality follows from the assumption that
®cH: (I™)". Here y;l - H? Try' - HIL (€)" is a right inverse of the trace operator y,, : HIL Q)" —» H> a-.
Relation (3.4) shows that (to(u, 7, f'l))|r, = (to(u, 7, fg))ir,, as asserted.
(i) If (u,7,f) € H.(Q, L), then by (3.1) f belongs to the space (H\. (Q)")’, which can be identified with
H‘I(Q)” /Hr;1 (R™y* due to Lemma B.3. Hence f can be considered as a class in this quotient space, and elements

of this class can differ only on I'*. But by item (i), the conormal derivative restriction (tq(u, 7, f ))|r, does not depend
on this difference and hence is well defined. O

3.2. Sobolev spaces on a transversal interface in a Lipschitz domain
In the sequel, we adopt the following assumption on the geometric setting.

Assumption 3.5. Let n>2 and Q C R" be a bounded Lipschitz domain with connected boundary 0€). The domain €
is divided into two disjoint Lipschitz sub-domains Q" and Q~ by an (n — 1)-dimensional Lipschitz open interface Z,
such that 8% = ENOQ is a non-empty (n—2)-dimensional Lipschitz manifold. In this case T intersects O transversally
and Q= Q* UTUQ. Let T := Q" \ T and I~ := 8Q~ \ T denote the remaining parts of the boundaries 8Q* and
0Q~, respectively (see Figure 1).

Therefore, I'* and I'™ are non empty relatively open subsets of 9Q2.

Figure 1: Bounded domain Q = Q UX U Q™ with a transversal interface .

We need the following spaces defined on the domains Q, Q* and Q~,

HL(Q)" = {ve H'(Q)" : (7,V)lr- = 0 on T*}, (3.5)
HL(Q5)" = {v* € H'( Q)" : (7,, V)l = 0onT*} | (3.6)

wherey,. : H Q- H %(091) are the trace operators corresponding to the domains Q.



We need also some Sobolev spaces defined on the interface X (cf., e.g., [8, 44]). The space
H(3)" = (¢ € X(2)" : ¢* € H>(IQ")" such that ¢ = #'].} 3.7)
can be identified with the space
{per’@:3¢ € H2(6Q7)" such that ¢ = "’_U , (3.8)

in view of the equivalence of each of them to the space defined as in (2.8), with Z instead of JQ (see also Lemma
B.2). Let us also consider the space

H*(2:00%)" = ¢ € H>0Q")": supp$ €3} . 3.9)
which can be identified with the space
Hi(Z:0Q7)" = {57 e H2(0Q)": suppp C f} , (3.10)

— 1

as Lemma B.2(ii) shows. Moreover, the norm of the space H 2 (Z; 0Q*)" is that of the space H 2 (OQ*)". Let HZ (Z)" be
. 1 . 2} =1

the space of all functions ¢ € H2(X)" whose extensions by zero on 0Q*, E___ . ¢, belong to the space H2(Z;0Q")".

Thus,

HIE) = {pe HYE) : B¢ e HH T 00",

00t

1
According to Lemma B.2(ii) the space H; (X)" can be also described as

HISY =i e HXEY : E. ¢ e H (S 007,

I-0Q~

and can be endowed with the norm
161,10, = 08I, o 8 D Bl )

1 —_—
snee - He )" — H %(E; 0Q*)" are continuous and surjective (cf. [45, Theorem
2.10(i)]). Therefore, the space HZ(Z)" can be identified with the spaces H? (Z;0Q%)", and in view of [35, Theorem

1
B.3], it can be also described as the weighted space Hozo(Z) of all functions ¢ € H %(Z)", such that 5’%¢ e L2(X),
where d(x) is the distance from x € Z to 0. This is a Hilbert space endowed with the norm

The operators of extension by zero E
1

1
Il*, =1l +lo 2@l7s s
H sy iy Le

(cf. [40, Chapter 1, Theorem 11.7], see also [17]).
In addition, we consider the spaces

H A ®Y = (HEE)Y, B = (H ()" . 3.11)
Lemma 3.6. The operator vy, : H}+ Q" — H.% )" given by
7oV 1= (voe (Voo )) g = (vae (V1)) 5> Vv € HE(Q", (3.12)

is linear, bounded and surjective.

Proof. The linearity and boundedness of the operator y, follow from the linearity and boundedness of the trace
operators

¥, P HL QY — Hi(Z;0Q%, v, : H(Q )" —» HI(dQ7)" (3.13)
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(see Lemma 2.2). Moreover, the equality of restrictions to X of the traces from Q" and Q™ in (3.12) follows from
Lemma B.1(ii) and the membership of v in H'(Q)". In addition, the operators in (3.13) are surjective (for the first
of them see Lemma 2.2), and then the operator v, : H}+ Q" — H.% (Z)" is also surjective. To this end, assume that
Q€ H.% (2)". Therefore, I%H)Qigo c H: (Z; 0Q*)" and Lemma 2.2 implies that there exist v* € H}t (Q*)" such that
Ve VF = Eopmi(p on 0Q*. Consequently, (ym v*) iz = (79— V’) |2 on X, and by Lemma B.1(i), there exists v € H'(Q)"
such that vlo- = v*. Moreover, y,.v" = 0 on I'*, and hence v € H 1(Q)", and v,V = ¢. Thus, the operator
y, : H(Q)" — H.% (2)" is surjective. Since H'(Q)" C HL.(€)", the operator y, : H.,(Q)" — H.% ()" is surjective as
well. U

Lemma 3.6 implies that the space H.% (Z)" can be also characterized as
H2 (D) = {# € L2®):3v e HL(Q)" such that ¢ = (y,,. (VI,.)) ]y = (v (Vo)) |5} - (3.14)

3.3. The generalized conormal derivative for the Stokes system on a transversal interface in a bounded Lips-
chitz domain

Recall that the space H (Q, £) and the conormal derivative operator to : H QL - H‘%((?Q)” are given by
Definition A.2, which assumes that the distribution f there is an element of H1(Q)". For the case when f belongs to
(H%+ (Q)")/ but is not fixed as an element of H ~1(Q)", the conormal derivative to(u, 77; f) can not be uniquely defined
on the entire boundary Q2 but its restriction to I'~ can (see Definition 3.2).

Let us now consider the following counterpart of Definition 3.2 giving the restriction of conormal derivative to the
interface X (cf. [35, Definition 5.4]).

Definition 3.7. Let Assumption 3.5 and condition (1.2) hold. Let
HLL.(QF, L) = {0, 7%, F%) € HI.(Q)" x L*(Q*) % (H}i(gi)”)' L L(ut, 1) = Plge in Q). (3.15)
If (u, 7%, f%) € Hll-1 (Q*, L), then the formula

((tor (o, 7% B, @%) o= (0] Ejp(u®), Enaly,| @) . — (2", diviy, | @) | +(F5,7,1@%) . V@* € HI(®,
(3.16)

- 1
defines the generalized conormal derivative (to: (0*, 7%; %)), € H -3 (2)", where y;il CHIE)' - H}i (Q*)" represents

a bounded right inverse of the trace operator y,,. : H}t(Qi)” — HIZX)".

According to Lemma 2.2, all duality pairings in formula (3.16) are well-defined. Moreover, we have the following
result, whose proof is omitted for the sake of brevity (cf. [48, Proposition 8.1] for the Laplace operator, [37, Lemma
7.6] for extensions to compact Riemannian manifolds, and [8, Definition 7.1] in the case of higher order elliptic
operators, see also [44, Lemma 4.3], [34, Lemma 2.3], [33, Lemma 1], [45, Definition 3.1, Theorem 3.2], [50,
Theorem 10.4.1]).

Lemma 3.8. Let Assumption 3.5 and conditions (1.2) and (1.3) hold.

(i) The generalized conormal derivative operator to= : H}i QL) > H -3 (2" is linear and bounded, and defini-
tion (3.16) does not depend on the particular choice of the right inverse y;il : H.% o - H}i (Q*)" of the trace
operatory,, : H..(Q%)" - H.% ).

(ii) Let (u*,n*,f*) € HL.(Q*, L) and (w, 7", 1) e H'(Q", £). Let n € L*(Q) and f € (HL.(Q)")’ be such that
- =, (F, w)Q = (f*,w|g+)g+ + (f-,wa)Qf , YweHL(Q)". (3.17)
Then the following Green identity holds
((tor @, 7% ED), + (to- (@™, 77 E), L 7, W), +((to- (™, 75 ), (W)l
= (aPEjpu"), E,-a(w)>g+ +(aEjg(u), Ei(,(w))Q_ —(r,divwyg + (F,whq, YweHLQ". (3.18)
10



Note that the existence of a function 7 € L2(Q) as in (3.17) follows from Lemma B.1, while f defined in (3.17)
belongs to the space (HL, (Q)")'. (Indeed, the relations f* € (H.,(Q")") and (HL, (Q*)") < (HL.(Q*)")" imply that
f* € (H!.(Q)"). In addition,the embedding f~ € H~'(Q")" implies that f~ € (H!,(Q)")’. Thus, f = f* + f~ belongs
indeed to (H!,(Q)")".)

4. Mixed and mixed-transmission problems for the anisotropic Stokes system in bounded Lipschitz domains

Well-posedness results for the mixed problem for the Stokes and Brinkman systems with an L™ scalar viscosity
coefficient in Lipschitz domains on compact Riemannian manifolds have been obtained in [37, Theorem 7.9] and
[38, Theorem 8.4]. Mixed problems for the Stokes system with constant coefficients in polyhedral domains, or in
bounded Lipschitz domains of R?, have been analyzed in [42, Theorem 5.1] and [53, Theorem 3.1]. Well-posedness
and regularity results for the elasticity equations with mixed boundary conditions on polyhedral domains have been
obtained in [43]. Well-posedness results for the mixed problem for higher-order elliptic operators in (€, §)-domains
have been established in [8, Theorem 7.3].

In this section we show the well-posedness of boundary value problems of mixed-transmission type for the
anisotropic Stokes system in a compressible framework, in bounded Lipschitz domains with internal Lipschitz in-
terfaces.

4.1. Mixed problem for the anisotropic compressible Stokes system

Let us now consider the following variational problem.
For given data (g, g) € (H# Q") x LX(Q), find (u,7r) € H. (Q)" x L*(Q) such that

apo(, W)+ bo(w,m) = (§, W)a, YweHLEQ", @
b,(u,q) = ~(g. @a. VqelLlXQ), '
where a.q : HL (Q)" x Hll.+ Q" >R, bq : HIL (Q)" x L*(Q) — R are the bilinear forms given by
ana(v, W) :=(APdp(v), (W)
=(a@PEg(v). E(W)q. Vv, W€ HL(Q), 4.2)
ba(v,q) := —(divv, ¢)a, VveHLQ)", Vqge X(Q). 4.3)

Theorem 4.1. Let conditions (1.2)-(1.4) and Assumption 3.1 hold. Then for all given data (§, g) € (H# Q") xL*(Q),
the variational problem (4.1) is well-posed, that is, it has a unique solution (u, ) € H}+ (Q)" x L*(Q) and there exists
a constant C = C(Q,T*,Cy,n) > 0, such that

”u”Hl(Q)" + ||7T||L2(Q) < C(”%”H"(Q)" + ||g||L2(Q))- 4.4

Proof. First, we note that condition (1.2) and the Holder inequality imply that the bilinear form ay.q : H}+ Q)" x

H}+ Q)" — R is bounded. In addition, assumption (1.4) combined with the first Korn inequality for functions in

H11-+ Q)" (cf., e.g., [43, Proposition 5, Eq. (53)]) implies that
CoCy Il gy < C1 I

LZ(Q)an

< (aPEjp(u), Eg(W)g

= apo(u,w), Yue Hy g, (Q)", 4.5)
with some constant Cy = Co(Q, T, Cy,n) > 0.

Second, it is immediate that the bilinear form b,, : H# (Q)" x L2(Q) — R given by (4.3) is also bounded. In
addition, Lemma 2.3(ii) shows that the operator div : H. (Q)"/H], . (Q)" — L*(Q) is an isomorphism. Then by [22,

sdiv
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Theorem A.56, Remark 2.7] there exists a constant Cr+~ > 0 such that the bilinear form b, (-, ) satisfies the inf-sup
condition

b, (v,
inf sp oD (4.6)
qeL?()\{0} veH!, (Q)\(0) ||V||HII_+(Q)" ||6]||L2(Q)

Then Theorem 2.34 in [22] (with X = H# )",V := KerB = H}+; 4iv(€2)", which is the null space of the operator
B := —div: X » M, and M = L*(Q)) shows that there exists a unique solution (u,7) € H', (Q)" x L*(Q) of the

variational problem (4.1), which satisfies inequality (4.4). ]

Let us prove the following well-posedness result for the mixed boundary value problem with homogeneous Dirich-
let condition (see also [38, Theorem 8.4] for the isotropic Stokes system in the compact Riemannian setting).

Theorem 4.2. Let conditions (1.2)-(1.4) and Assumption 3.1 hold. Then for all given data (, g, l/lrf) € (H.. (") x
LX(Q)x H 3 (I'™)", the mixed Dirichlet-Neumann problem for the anisotropic Stokes system

Lu,n) ="flo, divu=g inQ,
oWl =0 onT™, 4.7
(ta(u, 5 B))lr- = ¥ onT~

has a unigue solution (w, ) in H'(Q)" x L*(Q) and there exists a constant Cy = Co(Q, T, Ca,n)>0, such that

H*%(rf)n) ‘ (4.8)

Il + Il < Co(lifll 1 qeye + gl + 19, I
Proof. Let us prove that the mixed problem (4.7) is equivalent to variational problem (4.1) with § € (HL (Q)")
defined by

@ wWa =¥ _.y,w) —(Ewy,, VweHLQ". 4.9)

First, let us prove that if (u,7) € H 1(Q)" x L*(Q) is a solution of the boundary value problem (4.7) then it solves
the variational problem (4.1) with § given by (4.9). Indeed, the homogeneous Dirichlet boundary condition in (4.7)
implies thatu € H}+ (€2)". Then the first equation in (4.1) follows from the Green identity (3.3), the Neumann boundary
condition in (4.7), and notation (4.9). The second equation in (4.1) follows from the equation divu = g in (4.7) and a
duality argument.

Conversely, assume that the pair (u,7) € H L (Q)" x LX(Q) satisfies the variational problem (4.1). Then u satisfies
the Dirichlet boundary condition in (4.7), and the first equation in (4.1) can be written as

(@ Ejg(w), Eia(W))g = (. divw)g — (£, W) = 0, Vw e HLL(Q)". (4.10)

Since D(Q)" C H}+ (Q)", formula (4.10) holds also for any w € D(Q)", which implies the anisotropic Stokes equation
in (4.7) in the sense of distributions. Moreover, the second equation in (4.1) is the variational form of the equation
divu = gin Q.

In addition, formula (3.2) and the first equation in (4.1) with w = y;l(l) € H# ()" yield

((to(, m; DI, @) = (@), Y®eH T,

and thus, (tg(u,ﬂ;F))lr— =¢_onl".

Consequently, the mixed problem (4.7) is equivalent to the variational problem (4.1) with § given by (4.9), as
asserted. Theorem 4.1 shows then that the mixed problem (4.7) has a unique solution, given by the solution of
the variational problem (4.1), and inequality (4.8) follows from inequality (4.4) and the continuity of the operators
involved in relation (4.9). U

In order to analyze the fully non-homogeneous mixed problem, we need the following Bogovskii-type result.
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Lemma 4.3. Let Assumption 3.1 hold. Then for (g,¢,.) € LX*(Q)x H 2 ()" given, there exist a field v € H' (Q)" and
a constant C, = C..(Q,T*,n) > 0 such that

divv=ginQ 4.11)
YoV =@, onl", 4.12)
and
Mlar < Cr. (gl + el ) - (4.13)
Proof. Let us introduce the function
V) = Vs_zlErmEg‘Pﬁ , (4.14)

where yg‘zl  H3 (0Q)" — H'(Q)" is a continuous right inverse of the trace operator yq : H'(Q)" —» H 3 0Q)", and
E. . H %(I“)” - H %(69)” is a continuous extension operator (see, e.g., Proposition 4.1 in [48] for the existence
of such an operator). Then v, belongs to H'(Q)". Let us now define

g1 =divv, € LX(Q). (4.15)

Hence g — g1 € L*(Q). Then due to Lemma 2.3 there exist vo € H', ()" and a constant C°, = C?, (Q,T*,n) > 0 such
that

divvg=g—ginQ, (4.16)
IVollg @y < Cﬂ llg = gill2 ) < Cﬁi (lgllz2) + g1z @) - 4.17)

Finally, choosing v := v; + vy and using inequality (4.17) and the continuity of the operators involved in (4.14)-
(4.15), we obtain the desired result. O

Let us consider the spaces
Xo = H(Q)" x LX(Q), (4.18)
Yo = (HL(Q)") x L2(Q) x HX ([T x H2(T7Y". (4.19)
Then we obtain the following well-posedness result.

Theorem 4.4. Let conditions (1.2)-(1.4) and Assumption 3.1 hold. Then for all given data (f, 8. ¥ )€Y, there
exists a constant C = C(Q,Cyp,n) > 0, such that the mixed Dirichlet-Neumann problem for the anisotropic Stokes
system

L, =1, divu=g inQ,
VoWl =@, onT™*, (4.20)
(ta(u, ;s D))lr- = ¢ onT~

has a unique solution (u, 1) € Xq, which satisfies the inequality

lull e +irllziey < CFllz1 e + lgllizce + 10,3 o + 1Dy ) @21)

Moreover, the solution can be represented as (0, m) = T o (E g, (pﬁ,lﬁrf) , where T o : Yo — Xq is a linear and
continuous operator.

13



Proof. Let v € H'(Q)" be the function given by Lemma 4.3. For the velocity-pressure couple (v, 0), let us also define
the field f with the entries

¥ o

fi= aaEQ(ai“ijﬁ(v)), i=1,...,n, (4.22)
where Eg is the operator of zero extension from Q to R". Hence f € H'(Q)y' (H..(Q)"Y, f —f € (H..(Q)"),

flo = L(v,0) in Q, as follows from (1.7), and tq(v, 0; f) = 0 due to Definition 3.2.
Using the notation ug := u — v and taking into account that

ta(u, m: - F) = to(u - v, — ) = to(u, 1) - ta(v, 0; ) = to(u, 1),
we reduce problem (4.20) to the mixed problem

L(ug, 1) = = Dlg, divag =0 inQ,
Yol =0 onT*, (4.23)
(ta(ug, s £ = D))lr- = ¢ onT~

for (ug, 1) € H'(Q)" x L*(Q). Theorem 4.2 shows that problem (4.23) is uniquely solvable and its solution depends
continuously on the right hand sides f — f € (H.(Q)") andy _ € H ()"

Then the pair (u,7) = (v +up,m) € H'(Q)" x L*(Q) is a solution of the mixed problem (4.20), which, due to
Theorem 4.2 and Lemma 4.3 (for v), depends continuously on the data (f, g, @ '/’r—)’ that is, estimate (4.21) holds.
By using again Theorem 4.2, it follows that this solution is unique. Moreover, the linearity and boundedness of the
solution operator 7 g : Yo — Xgq is an immediate consequence of the linearity of the mixed problem (4.20) and of
estimate (4.21). O

4.2. Mixed-transmission problem with homogeneous Dirichlet and interface trace conditions
Let us consider the spaces

Xarog = H'( Q)" x L2 (QY) x H'(Q)" x L*(Q"), (4.24)
Yara = (HL QY'Y xH Q) x LXQ)x H 3 (ZY'xH (T, (4.25)

and the mixed-transmission problem for the anisotropic Stokes system with homogeneous Dirichlet and interface trace
conditions

Lu*, ) =f+|g+, divu® = g|o- in Q"
L, 7m7)=1"|p-, divua = g|o- inQ~,
+y -\ —
Gl - G w=0 on s, 26)
(to-(u*, 7 £%))lz + (to-(u™, 77 f7))lz =¢, onZX,
Y u)l. =0 onT™,
(to-(™, 77 f)- =y onl",

-

with the given data (f*,f‘, &Y. Y )€ Yo+ o- and the unknown (u*, 7%, u™,717) € X+ o-.

Note that the conormal derivative operators to+ and to- involved in the second transmission condition in (4.26),
are considered as in Definition 3.2 and correspond to the outward unit normals to Q* and Q~, respectively, that have
opposite directions on X. However, there is no any restriction to consider also the conormal derivatives with respect
to unit normals of the same direction on X, but then the sum in the second transmission condition in (4.26) needs to be
replaced by the difference and leads to the jump of the conormal derivatives. Such an approach has been considered
in [32, 33, 34].

Now, let (u*,n*,u”,7n7) €Xq+ o be such that u* and u~ satisfy the interface condition (y,,u")|, = (y,u7)l, on
¥. Then Lemma B.1 implies that there exists a unique pair (u, ) € H'(Q)" x L*(Q) such that

ulg- =u’, ulg =u, 7lgr=7x", 7l =7 (4.27)
Moreover, if u* satisfies also the homogeneous Dirichlet condition in (4.26), then (u, ) € H, L (Q)" x LXH(Q).
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Theorem 4.5. Let Assumption 3.5 and conditions (1.2)-(1.4) hold. Then for all given data (F,F‘, &Y, Iﬁr) eYo o,
the mixed-transmission problem (4.26) for the anisotropic Stokes system has a unique solution (0", n*,u”,n") in the
space Xq+ o- and there exists a constant C = C(Q*,Q~, Cp,n) > 0 such that

(ICPE oY Yol (G P l//z,lllr_)”ygtﬂ? . (4.28)

X&Z*.ﬂ’

Proof. Let us prove that the mixed-transmission problem (4.26) with the unknown (u*, 7%, u™,77) € X+ o- is equiv-
alent, in the sense of relations (4.27), to the variational problem (4.1) with the unknown (u, 1) € H., (Q)" x L>(Q), and
& € (HL.(Q)" is given by

(F, W)a = <¢E, )/Qw>2 + <¢r_ , )/QW>1__ - ((f“r, Wlo)or + (f, W|Q*>Q,)
= <'/I>: ’ 72w>2 + <‘/’1—7 ’ ’YQW>F, - (<f+’ VV|QJr >Q+ + <f‘7’ le’ >Q*)
=(viy W), + (7o, W), — (E Wl g +(F Wla )g ), ¥ W e HL(Q), (4.29)
where ¥ : H™2(I")" — (HL.(€Q)"Y is the adjoint of the operator ¥, : HL,(Q)" — HZ(I")', and 5} : H3(Z)" —
1
(H}+ (©)") is the adjoint of the operator vy, : H# Q)" —» H(2)" (see Lemma 2.2 and Lemma 3.6). Therefore,

=7y, +v ¥, ~ (f"+ + f'f) .

Recall that the space (H}+ ()" can be identified with a subspace of H~!()" given by (B.2) (see Lemma B.3).

First, assume that (u*,7",u™,77) € Xqg+qo- satisfies the mixed-transmission problem (4.26). Then the first
equation of the variational problem (4.1) follows from the Green identity (3.18) applied to the pairs (u*,7") €
H# Q' L*(Q*)and (u™,77) € H'(Q)"xL*(Q7) in Q* and Q~, respectively, with w € H# (Q)" and f = —§, where
XS (H}+ (Q)"Y is given by formula (4.29). The second equation in (4.1) follows from the equations divu* = g|g: in
QF.

Conversely, let (u, 7) € HY, (Q)" x L*(Q) satisfy the variational problem (4.1) and let (u*, 7%) := (ulq:, lq:) in Q*.
Then the reation u € H11-+ (€0)" implies that the Dirichlet condition (y,, u*)|, = 0 on I'" and the interface condition
(y.uh)l, = (y,u)l, on X are satisfied. Therefore, we obtain that (u*, 7", u",77) € Xq+o-. In addition, the first
equation in (4.1) can be written as

<a§j.ﬂE_,p(u), Eia(W))q — (m,divw), — (& W), =0, Vwe HL Q)" (4.30)

Since D(Q*)" C H# (Q)", formula (4.30) holds also for any w € D(Q*)". Then the distributional form of the
anisotropic Stokes equation in (4.26), corresponding to each of the domains Q* and Q~, follows from equation (4.30)
written for all w € D(Q")" and w € D(Q7)", respectively. The second variational equation in (4.1) yields the
divergence equation divu = g in Q, and hence divu* = g|g+ in Q*. Therefore, the pairs (u*, 7*) satisfy the anisotropic
Stokes system in Q*. Then by using again the first equation in (4.1) and by applying the Green identity (3.18) to the
pairs (u*, 7) in Q*, we obtain for any w € D(Q)" c H'(Q)" C H}.(Q)" that

((taru*, 7 F)|; = (to- . 727 F) |5 (WL, = WLy, w)s 4.31)

The dense embedding of the space D(Q)" in H'(Q)" shows that formula (4.31) is satisfied also for any w € H'(Q)".
1

Moreover, since the trace operator 7, : H'(Q)" —» H2(Z)" defined by (3.12) is surjective (see the proof of Lemma
3.6), formula (4.31) can be written as

((to- @, 7% ), — (to- @, 7 )| 0), = (W 0Dy Ve HI(E)'.

Therefore, (to-(u*, 7", f*))Z —(to-(u~, 77, f‘))lZ = ¢, on X. Definition (3.2) and the first equation in (4.1) imply also
that (to(u, n;pr))|rf =y _onl".

Consequently, the mixed-transmission problem (4.26) is indeed equivalent to the variational problem (4.1). Ac-
cording to Theorem 4.1, there exists a unique solution (u,7) € H}+(Q)" x L2(Q) of the variational problem (4.1)
with § € (HL (Q)") given by (4.29). Hence the equivalence just proved implies the well-posedness of the mixed-
transmission problem (4.26) in the space Xq+ -, and estimate (4.28) follows from (4.4) and (4.29). O
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4.3. Mixed-transmission problem with non-homogeneous Dirichlet and interface trace conditions

The remaining part of this section is devoted to the well-posedness of a fully non-homogeneous mixed-transmission
problem for the anisotropic Stokes system. In order to analyze such a problem, we need the following Bogovskii-type
result.

Lemma 4.6. Ler Assumption 3.5 hold. Then for all given data (g,¢,. ¢, ) € LX(Q)x H %(Z)" X H %(I"J’)”, there exist
two functions v© € H'(Q)" and v~ € H'(Q™)" such that

divv* = glo+ in Q"
&y v = elo O~
Vv K glo . in 432)
YV =y VI =, onX,
PVl = 0, onT*.
Moreover, there exists a constant Cs = Cs(Q*,Q~,n) > 0, such that
IVl e IV i <Cx(llgllz i Ly o i Mt ) -
Proof. Let us introduce the functions
vi:=0inQ", vi:=—y'E, ¢ inQ, (4.33)

where 751, T H %(89‘)” — H'(Q7)" is a continuous right inverse of the trace operator yo- : H'(Q™)* - H %(69‘)",

and £, : H 2 &' —-H 2 (0Q7)" is a continuous extension operator. Then vli belong to H L)y, respectively, and

these functions satisfy the transmission condition in (4.32). Let us now define
gy ==0inQ", gy :=divv]inQ", (4.34)
and let G € L*(Q) be such that
Glo: = glo+ — g1 (4.35)

Then by Lemma 4.3 there exists a solution w € H'(Q)" of the boundary problem

divw=G inQ,
{ YaW =@, on r+, (4.36)
and, moreover, there exists a constant C,, = C,, (Q,T*,n) > 0 such that
Wl or < Cre (gl iz + el 5 ) - (4.37)

Finally, choosing v* € H'(Q*)" such that v* := v} + Wlo+, and using inequality (4.37) and the continuity of the
operators involved in (4.33)-(4.34), we obtain the desired result. O

For a better presentation of the next result, let us recall that X+ o- and Yo+ - are the spaces defined in (4.24) and
respectively (4.25). Thus,

Yara = HLQYY x H'(Q ) x LA(Q) x H (Z)' X H 2 (Z)' x H* [T+ x H 3 (T)".
Then we have the following well-posedness result.

Theorem 4.7. Let Assumption 3.5 and conditions (1.2)-(1.4) be satisfied. Then the following properties hold.
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(i) For all given data (F*,F‘, 8¢ ¥, @ l/lrf) € Yo -, the mixed-transmission problem

Lt 1%) =g, divu® = glo- in QF,

L ,17)=1"]g-, divu™ = g|o- inQ,

Yo 0Ol = G u)l, = @, _ onZ, 4.38)

(tor(@*, 755 f)ls + (to-(u™, 775 7))z =y, onZ,

(G790 15N =¢. onT™,

(to- (™, 73 f)I- = ¢ onT~
has a unique solution (w*,n*,u,n7) € Xq+q-, and there exists a constant C = C(Z,T*,T~,Cy,n) >0, such
that

u', 1t SC| .00, 0.0 0 .
I Ne,. =C|Tse.vev )|,

(i) The solution of the mixed-transmission problem (4.38) can be represented as
W't u, ) =T (.0, 8.0, 9,.0.,.9, ),
where T : Yo o- — Xa+o- is a linear and continuous operator.

Proof. (i) For (8,¢,,¢..) € LX(Q) x H%(Z)" X H%((?Q)” given, there exist the functions v* € H'(Q*)" satisfying the
boundary value problem (4.32). For the velocity-pressure couples (v*, 0), let

[ = 0B (@ Ep(vh), i=1,....n, (4.39)

where Eq: is the operator of zero extension from Q* to R”. Therefore, we have that fr e H'(QY) — (H}+ @Hny
and f~ € H1(Q)", where f* = (fli, .. .,fni). Moreover, ft|o: = L(v*,0) in QF (see (1.7)), and to:(vE, 0;f*) = 0
(due to Definition 3.2).

Then by considering the change of variables w* := u* — v € H'(Q*)", the fully nonhomogeneous mixed-
transmission problem (4.38) reduces to the following mixed-transmission problem with the homogeneous Dirichlet
condition on I'* and the homogeneous interface condition for the traces across X,

Low, 1) = =), divw =0 in Q"

Low 1) =E —f)lg-, divw =0 inQ-,

Vo WOl = G- WHL= 0 . onx, (4.40)
(to: (W, a5 £ 1))y + (to- (W, a5 f 1)) =¢, onZ,

Yo W)l =0 onI™,

(tg—(w‘,n‘;f‘—f‘))lr— =y onl—,

-

where £+ —f* € (HIL @hHny andf-—f- e H! (Q7)". In view of Theorem 4.5, the mixed-transmission problem (4.40)
has a unique solution (w*, 7%, W™, 77) in the space Xq+ o--

Then (u*, 7%, u",7n7) = (Vi +w", 7", v_+w ,77) € Xg- o is a solution of the mixed-transmission problem (4.38)
and satisfies the asserted estimate. This solution is unique due to the uniqueness statement of Theorem 4.5. Moreover,
the solution can be represented as in item (ii), and by estimate of item (i) and the linearity of the mixed-transmission
problem (4.38), the solution operator 7 : Y+ o- — Xq+o- is continuous and linear, as asserted. ]

5. Mixed and mixed-transmission problems for the anisotropic compressible Navier-Stokes system in bounded
Lipschitz domains

In the first part of this section we describe the existence and uniqueness result of a weak solution of a fully
non-homogeneous mixed Dirichlet-Neumann problem for the anisotropic Navier-Stokes system in a compressible,
case with small data in L%-based Sobolev spaces in a bounded Lipschitz domain in R”, n = 2,3. The second part
is concerned with a well-posedness result of a weak solution for a nonlinear mixed-transmission problem for the
Navier-Stokes system in a bounded Lipschitz domain with a transversal interface satisfying Assumption 3.5.
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5.1. Mixed problem for the anisotropic compressible Navier-Stokes system with small data in L>-based Sobolev
spaces on a bounded Lipschitz domain

Let us consider the nonlinear mixed Dirichlet-Neumann problem for the anisotropic compressible Navier-Stokes
system

L(ua, ) :T‘|g+(u-V)u, diva=g inQ,
VoWl =@ onl™, (5.1
(ta(u, T+ Eq (- V)W)l =9 onT~,

with the couple of unknowns (u, ) € H'(Q)" x L*(Q), n = 2,3 (see also [38, Theorem 9.1] for the mixed problem for
the incompressible isotropic Navier-Stokes system in Lipschitz domains on compact Riemannian manifolds, with L
coefficients and homogeneous Dirichlet condition).

Theorem 5.1. Let n = 2,3 and Q C R" be a bounded Lipschitz domain satisfying Assumption 3.1. Then there exist
two constants A,y > 0 depending on Q and the ellipticity constant Cy, such that for all given data (f,8,¢_.,¥_) €

(HL. (") x LX) x Hz(TH)" x H-2(T7)" satisfying the condition

L P P I PR 7 FRRE

the mixed problem (5.1) for the anisotropic Navier-Stokes system has a unique solution (u,n) € H Q)" x L2(Q), such
that |[ullgqy < y. The solution depends continuously on the given data (f,g,¢_ . ¥ ).

Proof. We use arguments similar to those for [38, Theorem 9.1] for a mixed problem for the incompressible isotropic
Navier-Stokes system in a Lipschitz domain on a compact Riemannian manifold. Let Eq be the operator of extension
by zero from Q to R". Let also

No(v) := Eo((v-V)V), ¥Yv*e H(Q)". (5.2)

According to estimate (C.5) we have that Ng(v) € ﬁ‘l(ﬂ)” — (H#(Q)”)', and there exists a constant Cq > 0
depending only on Q such that for all v, w € H'(Q)", we have the estimates

||NQ(V)||(H11_+(Q)"), < CQ”V”HI(Q)M||VV||L2(Q)n><n < CQ”VHiII(Q)” , (53)
INa() = NaWll( qy < Ca IVl + Wl ) Iv = Wiy - (5:4)
Therefore, the nonlinear operator N : H Q" - (H, H(Q)”)' is bounded and continuous.

Next, for the given data (£, g, ¢y )€ (H, L(Q)") x L2(Q) x Hz(T'*)" x H™2(I'")" and for a fixed u in the space
H'(Q)", such that divu = g in Q, we consider the following linear mixed problem for the Stokes system

Lv,q) =flo + NoW) o, divv=glo inQ,
YoV =@, onl™, (5.5)
(to(v, £ + No@))lr- = ¢ onT~,

with the couple of unknowns (v, q) € H Q)" x L*(Q).
Since (f+ No(u)) € (HL, (Q)")’, Theorem 4.4 shows that the linear problem (5.5) has a unique solution (v, g) € Xq
that can be expressed in terms of the corresponding (bounded linear) solution operator 7 ¢, : Yo — Xg, as follows

(v,) := (U, Pw) = To (T + Now) 2.9, ), (5.6)

where Xq and Y, are the spaces defined in (4.18) and (4.19), respectively.
Then the linearity and boundedness of the operator 7 ¢ and estimate (5.3) imply that there exists a constant ¢ > 0
depending on Q*, Q~ and the ellipticity constant Cy, such that for every w € H'(Q)" we have the estimate

[©w). Pw)||,,. < c||F.8.0,..9 .. + cCalWiiz o - (5.7)
Xao Ya (®)
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Next we show that the nonlinear operator U : H'(Q)" — H'(Q)" is invariant over a closed ball of the space
H'(Q)". To this end, let us consider the constants

3y 1
A:=—, y:= R 5.8
4c Y 4Cqc (5-8)
where Cq and c are the constants from inequalities (5.3), (5.4), (5.7). Let also
B, = {V e H'(Q)" : divv = glain Q, |IVllg @y < y} . 5.9

Then the assumption ||(f, 8. Y, )H v, S A, and inequality (5.7) imply that the operator U maps the closed ball B,
into itself, as asserted. In addition, expression (5.6) of U and inequality (5.4) yield the estimate

1
IO(V) = UMW)l @y < §||V ~Wllgqy, YV, WEB,,

which shows that the mapping U : B,, — B, is a contraction. The Banach fixed point theorem then yields the existence
and uniqueness of has a unique fixed pointu € B, of U, that is, U(u) = u. Moreover, definition (5.6) of the operator Tq
implies that (u, P(u)) is a solution of the nonlinear mixed problem (5.1) in the space Xq, such that [ju]|y1qy < . This
solution is unique due to the uniqueness of the fixed point of the mapping U on B, (see the proof of [32, Theorem 4.2]
for further details), and depends continuously on the given data (f, 8 ¢...¥_)€EYq by the continuity of the solution
operator 7 q. O

5.2. Mixed-transmission problem for the anisotropic compressible Navier-Stokes system with small data in
L?-based Sobolev spaces on a bounded Lipschitz domain with a transversal Lipschitz interface

Let Q c R", n = 2,3, be a bounded Lipschitz domain satisfying Assumption 3.5.
Let us recall the definition of our main spaces

Xarg = H(Q)' x LX(QY) x H{(Q)" x LX(Q"),
Yoro = (HLEQYY x HNQ Y x LX(Q) x HE(Z)' x H (L)' x HI [T x H (7Y,

and consider the following non-homogeneous Poisson problem of mixed-transmission type for the anisotropic Navier-
Stokes system in a compressible framework

L, 1) = o + (" -V)ut, diva® = glo- in Q*,

L, m)=fg +@ -Viu~, divu =glo- inQ,

Yo 0 = Qg 0l = @, onX,

(tor (W, 7" £ + Eqi - (u - V)u¥))| (5.10)
+(to-(u, 7 f + Eq Lo (u™ 'V)“_))iz =y, onX,

Vo WO+ = @, onI™,

(to-(u™, 775l =y onl,

with the given data (?*,?‘, P, Y., @, lﬁri) in the space Yq+ o- and the unknown (u*, 7%, u™,77) in Xqo+ o--

By combining Theorem 4.7 with the Banach fixed point theorem we prove the following well-posedness result
for the nonlinear mixed-transmission problem (5.10) (see also [32, Theorem 4.2] for a transmission problem for the
Navier-Stokes system in the Euclidean pseudostress setting). Recall that Cy is the constant in (1.4).

Theorem 5.2. Let n = 2,3 and Q C R" be a bounded Lipschitz domain satisfying Assumption 3.5. Let conditions
(1.2)-(1.4) hold. Then there exist two constants a,8 > 0, depending on QF, Q~, and Cy, such that for all given data

(f+s f_s gs SOZ’ lﬁE’ ¢l"+ b 'pr,)eyﬂ*’,ﬂ_) With

the mixed-transmission problem for the Navier-Stokes system (5.10) has a unique solution (0*,n*,u™,77) € Xg+o-,

T Fee ey ), <a

Y, oto-

such that |[u*|| g @+ + 07|l -y < B. Moreover; this solution depends continuously on (£*,£7, g,¢_,¥_, @Y ).
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Proof. We use arguments similar to those for Theorem 4.2 in [32] devoted to a transmission problem for the anisotropic
Stokes and Navier-Stokes systems in complementary Lipschitz domains in R?, in a pseudostress approach. Recall that
Eq:_,q are the operators of extensions by zero from Q* to Q. Let

No:(v%) 1= EqsLo((vE - VIVE), Y vE € H'(Q)" . .11

Estimate (C.5) shows that N (v*) € H™'(Q*)" < (HL.(Q*)") and No-(v") € H™'(Q7)". Moreover, there exists a
constant C; > 0 depending only on Q* and Q" such that for all v*, w* € H'(Q*)", we have the estimates

+ + + +12
INa: (VI -1 ey < CLlIVElln @y IVVEll2@eysn < CHlIVEIl ey » (5.12)
INQ:(vF) = No= (V)| g1 gsy < Ci (”Vi”H‘(Qi)” + ”wi”H‘(Qi)”> IV = Wl sy (5.13)

which show that the nonlinear operators Nq: : HL(Q)" — H'(Q*)" and No- : H'(Q")" — H™'(Q")" are bounded
and continuous. Moreover, the continuity of the embeddings H., (Q*)* < H'(Q*)" and H(Q*)" — (H..(Q*)")
and the boundedness and continuity of the operator Ng- : H'(Q*)" — H Q)" imply also the boundedness and
continuity of the operator N+ : H# «y - (H}+ (Q*)")'. We then have the estimates

(5.14)

+ +112
|INQ+(V )||(H1]'+(Q+ )/ S C]”V ||H](Q+)” ’

))l
INa () = Nar WMl ey < Co (I8 ey + 197 Ty ) IVT = W e (5.15)
1"+
where, for the sake of brevity, we have kept the same constant C; in all inequalities (5.12) up to (5.15).

Now, for (f*,f’,g, @Y. 0. ¥ ) € Yo o- given and for a fixed pair (u*,u”) in HY(QYY' x H'(Q™)", such that
divu* = g|g: in Q*, we consider the following linear mixed-transmission problem for the Stokes system

L0, q") =g + Nor (@) o, divv' =glor  in Q"

L, 77)=17lg- + No-(@))|q-, divy =glo- inQ",

Cys)* V+)|Z - _(‘}/gr Vﬁ)lz = ‘Pz on E .

(to: (v*, g+ 1 + No-(u)))], (5.16)
+(to (v,q:F + No (), =y, onZ,

Yo V- =@, onl*,

(to-(v", 7758 + No-(u)Ir- = ¢ onl",

with the unknown (v*, ¢, v, q7) € Xg+o-.

In view of the relations (f* + No+(u*)) € H-/(Q*)", (F- + No-(u)) € H(Q)", and H(Q*)" — (HL.(Q")"),
Theorem 4.7 (ii) implies that problem (5.16) has a unique solution that can be expressed in terms of the corresponding
(bounded linear) solution operator 7~ : Y+ o- — Xo+.o-, as follows

v gt v ,v,q) :=(Uut,u), Pr(ut,u), U (u"',u), P (u*,u))
=T (F* + No: (). F" + No- (). 0,9, 8.0, 9, ) - (5.17)

Then the linearity and boundedness of the operator 7~ and estimates (5.12) and (5.14) imply that there exists a constant
Cy = C2(Q*,Q, Cy) > 0 such that for all (W™, w)e H'(Q*)" x H'(Q™)" we have

[0 (w*, W) P w* w), U (W', w), P (wh W)
<G| g0 0.0 0y, +CIC (W g + IW T o)
<O 1 g s o ¥, )y OOV WO iy - (5.18)

The next step of our arguments is to show that the nonlinear operator (U*, U™) : H'(Q*)" x H'(Q™)" — H'(Q*)" x
H'(Q)" is invariant over a closed ball of the space H'(Q*)" x H'(Q~)". In order to prove this property, let

-
T4, T 40,6y

(5.19)
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where C| and C; are the constants from inequalities (5.12), (5.13), (5.14), (5.15), and (5.18). Let also
={(v",v) e H(Q"Y' x H(Q7)" : divv* = glo: in Q% , V' ||y + IV -y < B} (5.20)
Then by assuming that

I g0t 0 0y, <@ (5.21)

and by using inequalities (5.18) and (5.21), we obtain that the operator (U*, U™) maps the closed ball Bg into itself, as
asserted.

In addition, by using expression (5.17) of the operator (U*, P*, U™, P7), the linearity of the operator 7, and
inequalities (5.13) and (5.15), we obtain the following estimate

||(U+9 P+’U_’ P_)(V+s V_) - (U+9 P+’U_’ P_)(W+,W_)||XQ+VQ,
< C2(||NQ+ (V") = No- (W)l ey + INg-(v7) — NQ*(W_)”FII(Q’)”)
< C1C2((||V+||H1(Q+)n + W g @)V = Willgiey + IV @y + IW i ey)IV — W_”H‘(Q*)")
<2C,CB(IV = Wiy + IV = Wl )
1 _ 7 _ _
= §||(V+,V )—(W+,W )||H1(9+)~><HI(Q-)", V(VJr,V ), (W+,W )EBﬁ-
In particular, we deduce the estimate
_ _ _ _ 1 _ _ _ _
U, UV, v7) = (U, U)W, W)l @yt @y < §||(V+,V V=W WOl oy @-ys Y (V5 V), (WH,w)eBg,

which shows that the map (U*,U”) : B — Bg is a contraction. Then the Banach fixed point theorem yields that
(U*,U") has a unique fixed point (u*,u”) € Bg, that is, (U*(u*,u™),U"(u*,u7)) = (u*,u”). Moreover, defini-
tion (5.17) of the operator T implies that (u*, P*(u*,u”), u”, P"(u*, u7)) is a solution of the nonlinear mixed-
transmission problem (5.10) in the space Xq+ o-, such that [[u* |1y + [0 [[g1q-) < B. This solution is unique due
to the uniqueness of the fixed point of the map (U*,U™) on Bg (see the proof of [32, Theorem 4.2] for further de-

tails), and depends continuously on the given data (f*, £, 1, 8@ Y,. ¢ .. ¥ _)EYa- o- by the continuity of the solution
operator 7. O

Appendix A. The generalized conormal derivative for the Stokes system in a bounded Lipschitz domain

Interpreting the Stokes equation in (1.6) in the sense of distributions and using the dense embedding of the space
D(Q)" into H'(Q)", we obtain the following result.

Lemma A.1. Assume that Q is a bounded Lipschitz domain in R", n > 2, and that conditions (1.2), (1.3) are satisfied.
Let (u, ) € H'(Q)" x L*(Q) and f € H'(Q)" be such that L(u, 7) = f in Q. Then the following Green identity holds

(a”ﬁE W), Ejg(W))g — (m, divw)g + (£, W)o =0, Ywe H' (Q)".

By following [34, Definition 2.2] and [33, Definition 1], we introduce the concept of the generalized conormal
derivative for the anisotropic Stokes system as follows (see also [44, Lemma 4.3], [45, Definition 3.1, Theorem 3.2],
[32, Definition 2.4], [50, Theorem 10.4.1]).

Definition A.2. Let conditions (1.2) and (1.3) be satisfied and let
H'(Q, £) :={(un) e H'(Q" x L@ x H ' Q)" : Lu,m) =Tlqin Q}.
If (u, 7, f) € H'(Q, £), then the generalized conormal derivative to(u, 7; fleH -3 (0Q)" is defined by the formula
(to(u, ; ), ®) (a"ﬁE B, Eio(y, ' ®))q — (m, div(y, ' @), + £,y @)y, YD € H2 (09", (A.1)

where y;l  H> (0Q)" — H'(Q)" is a bounded right inverse of the trace operator Vo i H Q" - H 3 OQ)". We use
the simplified notation tq(u, 7v) for to(u, ; 0).
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Appendix B. Extension properties in Sobolev spaces on Lipschitz domains with internal Lipschitz interfaces

Let Q c R", n > 2, be a bounded Lipschitz domain that satisfies Assumption 3.5. Hence, Q = Q* UXUQ~, where
¥ is an (n — 1)-dimensional Lipschitz interface that intersects transversally Q, and Q* and Q~ are disjoint Lipschitz
sub-domains of Q. Moreover, 9Q* = X UT*. Let Y, be the trace operator from H Q*to H %(GQi).

The result of the following lemma have been obtained in [35, Lemma B.1] (see also [33, Lemma C.1]).

Lemma B.1. The following assertions hold.

(i) Let u* € H'(Q") and u= € H'(Q") be such that y,, u* =7y, u~ on X. Then there exists a unique function u €
HY(Q) such that ulo- =u*. Moreover, there exists C =C(n, Q%) > 0 such that llull gy < C (||M+||HI(Q+) + ||u7||Hl(Q*)) .

@ii) Ifue H'(Q) then [yully = O, where [y, ully :=7v,. (o) — v, (Ula-) on Z.
The next result has been obtained in [35, Lemma B.2]).
Lemma B.2. Let 0 < s < 1. Then the following assertions hold.

(i) Let Ty and T, be the graphs of two Lipschitz functions x, = {1(x') and x, = ((X'), X € R"™\. Let the graphs
coincide on a part Ty, which is the image of a set So c R"™, e, x, = Hi(X') = LX) for X' € So. Let
fie L’Ty), fi=00nT;\To, i=1,2, and f» = fi onTy. Then fi € H*Ty) if and only if f» € H*Ty).

(i) Let I'y and Ty be two compact (n — 1)-dimensional Lipschitz surfaces in R" that coincide on a relatively open
subset T'y having a Lipschitz boundary. Let f; € LXT), fi=0o0nT;\Tyi=1,2 and f, = fi onTy. Then
fi € H' (o) if and only if f, € H*(I'o).

Let us now consider the following space
H;(R")" ={® e H'(R"" : supp® C I'*} (B.1)
(cf, e.g., [44, p. 76]). Then we have the following equivalence results (cf. [35, Lemmas B.5 and B.6]).
Lemma B.3. Let Assumption 3.5 be satisfied. Then the following properties hold.

(i) The dual (H}+ (Q)”)’ of the space H}+ (Q)" can be identified with ﬁ‘l(Q)” / Hr;l (R™.

(i) The dual (H}+ (Q*)”)/ of the space H# Q)" can be identified with the space H'(QY)/ Hr;l R™™ and with the
space

e '@ :p=00n07}. (B.2)

Appendix C. Estimates of the nonlinear term in the Navier-Stokes equation

Let Q be a bounded Lipschitz domain in R”, n € {2, 3}, and Eg be the zero extension operator from € to R".
e By the Sobolev embedding theorem (see, e.g., [1, Theorem 6.3]), the space H'(Q)" is compactly embedded in
L*(Q)" and there exists a constant ¢; = ¢;(Q,n) > 0 such that

||V||L4(Q>n < CIHVHHI(Q)” , VYve HI(Q)n . (C.D

The equivalence in H'(Q)" of the semi-norm [|V(-)|| 2@y With the norm || - |1y given by (2.3) and estimate (C.1)
imply that there exists a constant ¢y = cp(Q2,n) > 0 such that

||V||L4(Q)n < C()”VV”LZ(Q)nxn . V \AS Hl(Q)n . (C2)
¢ By the Holder inequality, we obtain for all v|,v,,v3e H L,
K(vi - VIva, vadal < IVillzsplVallzap IV Vallizye < ctllvillza@y 1Valla @ IV Vall 2@y (C.3)
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This also implies that

(Ealevi - Dval, va) | < 1Eavil IVal ol EQV¥alloa e

1Villza @y 1Vl 2@ IV V2l 2 yoen

IA

IA

cilvill sVl @y IV Vall 2y s ¥ Vi, V2, v3 € H'(Q)". (C4

where V3 € H'(R")" is such that 7, V3 = v3. This shows that Eol(vi-V)V,] belongs to the space ﬁ‘l(ﬂ)” = (H' (")
Moreover, inequality (C.1) implies for all vi, v, € H'(Q)",

|Eal(vi - VIVall 71 e < €TVl @plV2llin oy (C5)
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