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Abstract: Recently we have proposed a new framework for early stages solidification, in which het-
erogeneous nucleation and grain initiation have been treated as separate processes. In this paper,
we extend our atomic level understanding of heterogeneous nucleation to spherical cap formation
for grain initiation on a single substrate using molecular dynamics calculations. We first show that
heterogeneous nucleation can be generally described as a 3-layer mechanism to generate a 2-dimen-
sional (2D) nucleus under a variety of atomic arrangements at the solid/substrate interface. We then
introduce atomistic concept of spherical cap formation at different grain initiation undercoolings
(ATsi) relative to nucleation undercooling (ATn). When ATn < ATy, the spherical cap formation is
constrained by the curvature of the liquid/solid interface, produces a dormant cap and further
growth is only made possible by increasing undercooling to overcome an energy barrier. However,
when ATx > ATy, spherical cap formation becomes barrierless and undergoes 3 distinctive stages:
heterogeneous nucleation to produce a 2D nucleus with radius, r; unconstrained growth to deliver
a hemisphere of r~ (substrate radius); and spherical growth beyond r~. This is followed by a theo-
retical analysis of the 3-layer nucleation mechanism, to bridge between 3-layer nucleation, grain
initiation and classical nucleation theory.
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1. Introduction

Nucleation in its widest sense occurs in nearly all the technological and natural pro-
cesses [1,2]. Therefore, understanding and controlling of nucleation play a critical role in
advancing sciences and developing technologies. However, our current understanding of
nucleation has been dominated by the classical nucleation theory (CNT) for over a century
[1] with little progress of significance being made [3]. It is very desirable to see a break-
through from this bottleneck of scientific advance and technological development.

The CNT was postulated over a century ago. Based on Gibb’s ideas of nucleation [4],
the first complete theory of homogeneous nucleation was formulated by Volmer and We-
ber [5], improved by Becker and Doring [6], and further improved by Zeldovich [7]. The
homogeneous CNT was extended to heterogeneous nucleation later (see reviews in Refs.
1, 2, 8). In the homogeneous CNT, an embryo of the solid (S) of radius r is formed in the
liquid (L) through structural fluctuation and a liquid/solid (L/S) interface is created as a
by-product (Figure 1(a)) [1]. Based on its capillarity approximation, the homogeneous
CNT applies continuum thermodynamics to determine the critical nucleus size (r*) and
the energy barrier for its formation (AG*Hom) through balancing the volume term and the
interfacial term (Figure 1(c)):

AG, = 736G, + 4mrlyys 1)
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where AGn is the total free energy change during nucleation, AGv is the free energy change
per volume due to solidification, and s is the interfacial energy of the liquid/solid (L/S)
interface. Through first order differentiation one has:

« _ 2YLS
= @
161 Y,
AGlflom = Tﬁ (3)

In the heterogeneous CNT, a spherical cap of the solid (S) is formed on a substrate
(N) with a contact angle & defined by the Young’s equation (Figure 1(b)):

YN = Vsn + YisCcos 6 4)
where yn is the interfacial energy for the liquid/substrate (L/N) interface, and jsn is the
interfacial energy for the solid/substrate (5/N) interface. Although the critical radius of the
nucleus (r*) is the same for the homogeneous and heterogeneous nucleation given by Eq.
2, the energy barrier for heterogeneous nucleation (AG*wet) is only a fraction of that for
homogeneous nucleation (Figure 1(c)):

AGier = AGyom f(6) ©)
f) = i(Z — 3 cos 6 + cos? 0). (6)
It is important to note that #is meaningfully defined only when yn< jsn+ ys.
(a) (c)
L T AG,
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Figure 1. Schematic illustration of the classical nucleation theory (CNT). (a) Formation of the spherical nucleus of the solid
(S) with a critical radius of 7 from the liquid (L) during homogeneous nucleation; (b) formation of spherical solid cap on
a substrate (N) with a wetting angle of & during heterogeneous nucleation; and (c) free energy change (AG) as a function
of cluster size (r) showing the formation of nuclei (r) during homogeneous and heterogeneous nucleation processes by
overcoming the energy barriers (AG'hom, AG'et) which is a consequence of balancing the interfacial energy change (AGi)
and volume free energy change (AGv).

The homogeneous CNT is conceptually simple, mathematically rigorous, and widely
applied to describe qualitatively many phase transformations and has dominated our
thinking for more than a century. However, the spherical cap model of the heterogeneous
CNT has been facing difficulties while dealing with cases of most interests, where the
contact angle #is small. Conceptually, the spherical cap model breaks down when #<10°
since the cap height would be less than one atomic layer thick [8]. In addition, Cantor and
co-works [9-12] investigated the undercooling required for the onset of solidification in
the entrained liquid droplets. They found that when 6> 40° (corresponding to AT > 50 K),
the spherical cap model provides a reasonable fit to the observed kinetics [9, 10], while &
< 40° the spherical cap model is unable to fit the experimentally observed kinetics with
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reasonable parameters [11, 12]. As early as 1934 Stranski [13] realised that for heterogene- 76
ous nucleation in systems with small @it is better to be described as formation of mono- 77
layer disks rather than spherical caps. Richard [14] suggested that such a crystalline disk 78
might be formed through adsorption on the substrate surface. Coudurier et al. [15] later 79
proposed that heterogeneous nucleation might be treated as adsorption of a solid layer on 80
the substrate, and this approach was considered by Cantor and Kim [16, 17] to interpret 81
their results from entrained droplets. Furthermore, this solid layer approach was further 82
extended in the so called hypernucleation theory by Jones [18, 19], where the formation of 83
a quasi-solid layer on the TiB2 substrate surface is envisaged to be possible even above the 84
alloy liquidus. This insightful hypothesis has now been validated by experimental obser- 85
vations using the state-of-the-art electron microscopy in many cases, such as segregation 86
of Ti, Zr, Si and Cu at the Al/TiB: interface [20-22], Y, Ca, and Sn at the Mg/MgO interface 87
[23], and Y and La at the Al/ALQO:s interface [24]. More importantly, the general existence 88
of ordered atoms at the liquid/substrate interface has been confirmed by atomistic simu- 89
lations [3,25-27], which has been described as substrate induced atomic ordering at the 90
liquid/substrate interface, or more generally named as prenucleation [25]. 91

For nucleation systems involving potent substrate (i.e., small nucleation undercool- 92
ing), Greer et al. [28] made the connection between the substrate radius (rv) and the critical 93

radius of nucleus (r*) in CNT and developed the free growth criterion based on Eq. 2: 94
_ 2YLs

ATy = ——, (7) 95
ASyrN

where ATy is the grain initiation undercooling for free growth, and ASv is the entropy 9
change of fusion per unit volume. Considering the Gibbs-Thompson coefficient I'= y#s/ASv, 97
one has: 98
ATgiry = 2T, 8) 99
Free growth has been treated as effective nucleation [28, 29], and has been success- 100
fully used to predict grain size of solidified microstructures by several researchers [30-34]. 101
In addition, one of the interesting implications of the free growth criterion is the formation 102
of dormant spherical caps, which has now been confirmed by Granasy and co-workers 103
[35] through phase field crystal modelling and by Fujinaga and Shibuta [36] with large 104
scale molecular dynamics (MD) simulations. 105
In the recent years, Fan and co-workers [3,25,37-40] have proposed a new framework 106
for understanding early stages of solidification, in which the initial stages of formation of 107
the solid on a substrate is defined as heterogeneous nucleation to generate a 2D nucleus 108
[3], while the subsequent growth through spherical cap formation is treated as grain ini- 109
tiation [38]. Although this separation of heterogeneous nucleation from grain initiationis 110
completely different from the conventional treatment of the subject, it may hold the po- 111
tential to unify the different schools of thoughts on the subject. In addition, to understand 112
the collective grain initiation behaviour of a population of nucleant particles we haveiden- 113
tified two distinctive modes of grain initiation: progressive and explosive [39], which has 114
successfully led to the development of both grain initiation maps and grain refinement 115
maps [39,40]. 116
The objective of this paper is to extend our atomic level understanding of heteroge- 117
neous nucleation to spherical cap formation for grain initiation on a single substrate using 118
molecular dynamics calculations. We will start with an overview of the 3-layer nucleation 119
mechanisms under a variety of atomic arrangements at the solid/substrate interface. We 120
then introduce the atomistic concept of spherical cap formation at different undercoolings 121
relative to the nucleation undercooling, i.e., constrained and unconstrained spherical cap 122
formations. This is followed by a theoretical analysis of the 3-layer nucleation mechanism, 123
with the intention to bridge between the 3-layer nucleation, grain initiation and classical 124
nucleation theory. 125

2. Simulation approaches 126
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A generic system was created to simulate heterogeneous nucleation process to make 127
the simulation results generally applicable. This generic nucleation system consists of a 128
generic liquid and a generic fcc substrate with a <111> surface orientation, with the z axis 129
being normal to the {111} plane of the substrate. We chose aluminium as the generic liquid 130
as it is representative of many simple metals in terms of liquid structures. The generic fcc 131
substrate lattice was built using pinned aluminium atoms with a specified lattice param- 132
eter to pre-set the lattice misfit [25]. This generic system has two major advantages: (1) it 133
allows the simulation of nucleation systems with substrates with high melting tempera- 134
tures (T1) that are similar to the nucleant particles used in industrial practice (e.g., TiB2 with 135
T1=3498 K) and (2) this makes it possible to simulate the effect of lattice misfit alone with- 136
out interference from the chemical interaction between the liquid and the substrate and/or 137
the substrate surface roughness at atomic level [41,42]. For simplicity, we have used the 138
generic terms “the liquid” and “the substrate” in this paper. 139

We used a variety of simulation systems with varying simulation cell sizes, being 140
from 5040 to 80000. Since the melting temperature (Tm) may change slightly with the size 141
of the simulation systems, in this paper we only use undercooling (AT) as an indicator of 142
temperature, and AT =Tm - T. 143

Periodic boundary conditions were imposed in the x([112])- and y([110])-directions. 144
A vacuum region was inserted with periodic boundary conditions in the z-direction, and 145
the extent of the vacuum region was 60 A. The initial configuration of the fcc materials 146
has a lattice parameter a=4.126 A, which corresponds to the value for aluminium obtained 147
at its calculated melting point. The substrate was assigned to a varied lattice misfit with 148
the solid aluminium, both negative and positive. 149

The EAM (embedded atom method) potential for aluminium, developed by Zope 150
and Mishin to model interatomic interactions [43], was used in this work. The predicted 151
melting temperature for pure Al is 870 + 4 K with this potential [43]. During the simulation, 152
the liquid atoms above the substrate were allowed to move freely under the effect of the 153
interatomic potential. The substrate atoms were excluded from the equations of motion, 154
but the forces they exert on the adjacent atoms were included. All the MD simulations 155
were performed using the DL_POLY_4.08 MD package [44]. The equations of motion 156
were integrated by means of the Verlet algorithm with a time step of 0.001 ps and the 157
Berendsen NVT ensemble was used for the temperature control. The liquid was prepared 158
by heating the system to a temperature of 1400 K with steps of 50 K, each lasting 100,000 159
MD steps. 160

The nucleation temperature, Tn, for each specified nucleation system was determined 161
using the variable step search method. The equilibrated configuration of the liquid at 1400 162
K was cooled to a desired temperature with a step of 50 K and at each temperature step 163
the system was allowed to run for 1,000,000 MD time steps to equilibrate. The initial nu- 164
cleation temperature, T1, was determined by monitoring variation in total energy and tra- 165
jectory of the system during the equilibration. This means that exact nucleation occurred 166
in the temperature interval between T1 and T1 + 50 K. A more accurate nucleation temper- 167
ature, Tz, was determined by a finer search in this reduced temperature interval with a 168
temperature step of 5 K. Finally, the nucleation temperature, Tn, was determined by an 169
even finer search between Tz and T2 + 5 K with a temperature step of 1 K. This approach 170
allows the nucleation temperature to be determined within an error of +1 K. 171

The atomic arrangement in the liquid adjacent to the interface during the simulation 172
is characterized by the time-averaged atomic positions [45] and local bond-order analysis 173
[46]. The time-averaged atomic positions in the individual layers of the liquid within 10 174
ps were taken from the trajectory of the simulation. With this approach, the solid atoms 175
can be distinguished from the liquid atoms, where the solid atoms usually vibrate at their 176
equilibrium positions and the liquid atoms can move more than one atomic spacing [45]. 177
The local bond-order analysis is another approach widely used in atomistic simulations 178
to distinguish the solid atoms from the liquid atoms in the bulk liquid [47]. To perform 179
the local bond-order analysis, the local bond-order parameter, 4i(i), was calculated as: [46] 180
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() = =Yt qm (DD, ©) 181

21+1

where the (2/+1) dimensional complex vector gim(i) is the sum of spherical harmonics, 182
Yim(r3), over all the nearest neighbouring atoms of the atom i. Two neighbouring atoms i 183
and j can be recognized to be connected if the correlation function, gs(i)-qs(j), of the vector 184
gs of neighbouring atoms i and j exceeds a certain threshold, 0.1 in this study. To distin- 185
guish the solid atoms from the liquid atoms, a threshold on the number of connections 186

that an atom has with its neighbours is set to 6. 187
3. Heterogeneous nucleation on a single substrate 188
3.1. 3-layer nucleation mechanism 189

The recent advance in understanding of early stages of solidification [3,25,37-40] has 190
led to new definitions for prenucleation [25], heterogeneous nucleation [3] and grain ini- 191
tiation [39,40]. Prenucleation refers to the phenomenon of atomic ordering in the liquid 192
adjacent to a crystalline substrate. The outcome of prenucleation is a precursor for the 193
subsequent heterogeneous nucleation, which has the highest atomic ordering and the low- 194
est liquid/substrate interfacial energy prior to nucleation. Upon realising that the essential 195
mechanism for both heterogeneous nucleation and crystal growth is structural templating 19
[3,38], we have redefined heterogenous nucleation as a process that creates a 2D nucleus 197
with a radius of m (effectively a crystal plane of the solid) that can template further growth 198
[3]. Further growth of the solid proceeds by spherical cap formation although an energy 199
barrier may exist for free growth (see Figure 2). More importantly, we found that hetero- 200
geneous nucleation completes within the first 3 atomic layers, with the 3 layer being the 201
2D nucleus [3,26,27] (Figure 3). In this section, we describe briefly the 3-layer mechanism 202
for heterogeneous nucleation under different interfacial conditions in terms of atomic 203
matching across the solid (S)/substrate (N) interface (the S/N interface). 204

Free growth

Grain initiation
Constrained growth
2D nucleus

3-layer nucleation

— 1 Substrate

205

Figure 2. Schematic illustration of early stages of solidification processes on a single substrate. Het- 206
erogeneous nucleation through the 3-layer nucleation mechanism delivers a 2D nucleus. However, 207
further growth is constrained by the curvature of the liquid/solid interface and can only occur by 208
increasing undercooling. Grain initiation is completed by growing the solid beyond the hemisphere 209
where free growth is possible isothermally. 210
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Solid
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/ nucleus
F Nucleation

L3
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211

Figure 3. Schematic illustration of the 3-layer nucleation mechanism. At the nucleation temperature, 212
heterogeneous nucleation starts with a precursor created by prenucleation, proceeds layer-by-layer 213
through a structural templating mechanism, and completes within 3 atomic layers (marked as L1, 214
L2 and L3) to provide a 2D nucleus (a crystal plane of the solid) which can template further growth 215
of the solid. 216

Our atomistic investigation using MD simulations has established a 3-layer nuclea- 217
tion mechanism [38]. We found that building on the precursor created by the prenuclea- 218
tion process heterogeneous nucleation proceeds layer-by-layer and completes within the 219
first 3 layers to provide a 2D nucleus. Depending on the nature of lattice misfit between 220
the solid and the substrate, different mechanisms are operational for accommodating the 221
misfit: dislocation mechanism for systems with small negative misfit (-12.5% < f<0); va- 222
cancy mechanism for systems with small positive misfit (0 < f <12.5%); and formation of 223
a coincidence site lattice (CSL) as the new substrate at the stage of prenucleation for the 224
systems with large misfit to reduce the misfit to |fl <12.5% and then follow the mecha- 225
nisms for systems of small misfit. 226

3.2. Effect of substrate size 227

Our earlier MD simulations of heterogeneous nucleation were mainly carried out on 228
small systems with a relatively small substrate size [3]. Such simulation systems mainly 229
represent the cases for » > r~, where the 2D nucleus covers the entire substrate surface 230
(Figure 4(a)). More recently, our MD simulations have been extended to larger systems 231
with a relatively large substrate size. We found that in many cases, the 2D nucleus only 232
covers partially the substrate surface, i.e., rn < rn (Figures 4(b) and (c)). Here we choose 2 233
specific systems to demonstrate these 2 typical scenarios. 234
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(a) ry s, front view (b) ry > 1, front view (c) ry >, top view

2D nucleus

Substrate

Figure 4. Schematic illustration of substrate size effect on heterogeneous nucleation behaviour. (a) when rn < rn the 2D
nucleus covers the entire substrate surface; and (b) when rn > the 2D nucleus only covers partially the substrate surface,

as shown in (c).

Front §
view

We first consider heterogeneous nucleation in the case of rn <. Figure 5 presents the
front view of time-averaged atomic positions of the system and top views of L3 in the
simulation system with 2% misfit during heterogeneous nucleation at ATn =40 K, showing
the process of creating the 2D nucleus. The ordered region in L3 extends in size with in-
creasing simulation time and covers the entire substrate surface to provide the 2D nucleus
at + = 1000 ps, which has the same atomic arrangement as in a perfect {1 1 1} plane of fcc
Al For this system, nucleation occurs at AT» =40 K (corresponding to 27 = 14.1 nm from
Eq. 2) on a substrate of 2rn =8.6 nm (corresponding to ATgi = 66 K from Eq. 7), representing
a typical case for m >~ as depictured in Figure 4(a).

8.6 nm

Figure 5. Demonstration of heterogeneous nucleation process in the case of rN< rn. Time-averaged atomic positions of a
simulation system with 2% lattice misfit showing the evolution of atomic arrangement in the simulation system (front
view) and in L3 (the top view) during heterogeneous nucleation process. Nucleation is completed at ¢ = 1000 ps to provide
a 2D nucleus (L3) which is a crystal plane of the solid (marked in purple). For this system, nucleation occurs at ATn =40 K
(2rn=14.1 nm) on a substrate of 2rn = 8.6 nm (ATgi = 66 K).

We now consider heterogeneous nucleation in the case of r~ > rn. Figure 6 shows the
nucleation process of a system with -8% lattice misfit demonstrating a typical case for r~ >
m as depictured in Figure 4(b). At the stage of prenucleation (¢ < 0 ps, see Figure 6(a)),
there exist unstable ordered atomic clusters in L3, and a precursor is created at ¢ = 0 ps,
when one of the ordered atomic clusters becomes stabilized (not to disappear with time)
as marked by the red dashed circle in L3 at t = 0 ps (Figures 6(b)). During heterogeneous
nucleation (Figures 6(b) and (c)), this stabilized cluster grows in size with time to create
the 2D nucleus at t = 40 ps as marked by the purple dashed circle at ¢ = 40 ps. For this
system, nucleation occurs at ATn =136 K (2rn =4.2 nm) on a substrate of 2rn=15.7 nm (AT
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= 36 K), representing a typical case for m <~ as depictured in Figure 4(b). This is similar
to the patch nucleation concept proposed by Turnbull in 1950s [48, 49].

40ps. -30ps  20ps 10ps
(a) Prenucleation
L3 (top view)
Ops S a0 e v a0ps
ool o e | e ] e
3 \.// \\_/) & \

(c) Nucleation

(front view)

15.7 nm

Figure 6. Demonstration of heterogeneous nucleation in the case of rn > rn. Time-averaged atomic positions of a system
with -8% lattice misfit showing the evolution of atomic arrangement in L3 (top view) and in the system (front view) during
heterogeneous nucleation process. (a) at prenucleation stage (f < 0 ps), there exists dynamically unstable ordered atomic
clusters; and (b, c) nucleation occurs at ATn =136 K, starts at ¢ = 0 ps and finishes at t =40 ps to provide a 2D nucleus with
2rn=4.2 nm on a substrate of 2rn = 15.7 nm (ATgi = 36 K).

Although in the cases of N > m the 2D nucleus only covers partially the substrate
surface, the essential features of heterogeneous nucleation are the same as in the cases
where N < rm, as demonstrated in Figure 7. For the system with 8% misfit, the crystalline
lattice in the 2D nucleus has no twist relative to the substrate lattice (Figure 7(a)), while
for the system with -8% misfit, the 2D nucleus has a 6° twist relative to the substrate as
indicated by the red line (Figure 7(b)).

Figure 8 is a plot of the nucleation undercoolings (ATn) against the radii of the 2D
nuclei () obtained from all the simulations systems conducted in our recent work in com-
parison with the theoretical predictions by the classical nucleation theory (Eq. 2). It is in-
teresting to note that the MD data agree well with the homogeneous CNT predictions,
being particularly well for the data obtained from large simulation systems. The CNT pre-
dictions by Eq. 2 are for 3D nuclei (*) obtained by homogeneous nucleation while the MD
data represent the relationship between ATn and r for the 2D nuclei of heterogeneous
nucleation. This good agreement in Figure 8 will be discussed further in Section 5.
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Figure 7. Time-averaged atomic positions in L3 of the simulation systems with (a) 8% lattice misfit; and (b) -8% lattice
misfit showing the atomic arrangement in the 2D nuclei relative to that in the substrate. There is no lattice twist in the
system with 8% lattice misfit while there is a 6° twist in the system with -8% lattice misfit. The red lines mark the <11 0>
direction of the 2D nuclei and the <1 1 0> direction of the substrate is parallel to the bottom edge of the images.

500 .
\
] <|5 [0 Large system
400 - \ O  Small system
| |“ A Am-hetero
A <& Am-homo
300 A \ ----Eq.2
Q ‘\ ’
- 4 \
~ \
< 200 A
i =
100 'e) NS
] o TTT--- oo _]
O T T T T T
0 5 10 15
2r, (nm)

Figure 8. The 2D nucleus size (2r) obtained in different simulation systems plotted as a function of
nucleation undercooling (ATx) in comparison with 2r* predicted by the classical nucleation theory
(Eq. 2, the dashed line). The small systems have 5400 atoms; the large systems have about 80000
atoms; “Am-Hetero” denotes heterogeneous nucleation on 2D amorphous substrate; and Am-homo”
denotes homogeneous nucleation with the presence of 3D amorphous substrate.
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4. Grain initiation on a single substrate 301

After the 3-layer nucleation, the 2D nucleus will template further growth and the 302
solidification enters the growth stage. However, as discussed in the previous sections, fur- 303
ther growth of the 2D nucleus may need to overcome an energy barrier before it can grow 304
isothermally (i.e., grain initiation). This energy barrier originates from structural templat- 305
ing mechanism, in which solid atoms (not liquid atoms) may provide low energy positions 306
for growing the next layer as illustrated in Figure 9. A consequence of structural templat- 307
ing is that the number of atoms in the atomic layers along the growth direction will de- 308
crease during the growth. This is how the curvature is developed after nucleation. It is 309
well understood in the literature that curvature will cause constrain to further growthand 310
further undercooling may be required to overcome such constraint [50]. In this section, 311
we use MD simulations to investigate the curvature effect on grain initiation behaviour. 312

313

Figure 9. Schematic illustration of curvature formation (the red dashed line) as a consequence of structural templating 314
during formation of a spherical solid cap (S) on a substrate (N) from the liquid (L). Structural templating requires a solid 315
atom to be supported only by solid atoms in the next solid layer underneath it. This means that during both nucleation 316
and growth a new solid layer always contains smaller numbers of atoms than its previous layer. 317
4.1. Constrained grain initiation 318

We use MD simulation results obtained from the systems with 2% misfit to demon- 319
strate the concept of constrained grin initiation. It was identified that this system requires 320
a nucleation undercooling of AT» =40 K to create the 2D nucleus at ¢ = 1000 ps on a sub- 321
strate of 2rn = 8.6 nm which corresponds to ATgi = 66 K (see Figure 5). We observed that 322
no further growth was possible with prolonged simulation time after nucleation. The sys- 323
tem was then subjected to increased undercoolings for further growth (Figure 10). It was 324
found that further growth takes the form of spherical caps. For each increase of under- 325
cooling, the solid grows quickly to a certain cap height with a specific curvature (ris, the 326
curvature of the L/S interface) and then becomes stagnant with time. Analogous to Eqs. 2 327
and 8, one has the following equation for rvs: 328

ATns = 2T, (10) 329
where AT is the undercooling required to deliver the dormant cap with a curvature of ris. 330

This growth behaviour needs further explanation. After nucleation, further growth 331
will develop curvature which represents a constraint (or energy barrier) to further growth 332
(Figure 9). Further undercooling is required to overcome such curvature constraint. Figure 333
11(a) schematically illustrates the free energy change during nucleation and further 334
growth for 3 different undercoolings as a function of the total number of solidified atoms 335
with the relative positions of the relevant temperatures being shown in Figure 11(b). As 336
shown in our previous work [3], 3-layer nucleation is a spontaneous down-hill process. 337
However, further growth (e.g., at T1) leads to the increase in free energy (AG) due to the 338
creation of curvature and the AG curve has a maximum corresponding to an energy bar- 339
rier (AG¥). Further decrease in temperature (or increase in undercooling) results in a de- 340
crease of the energy barrier due to the reduced curvature constraint. At each temperature, 341
the solid and liquid reaches a metastable equilibrium to define the metastable curvature 342
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given by Eq. 2. Thus, for each increase in undercooling there will be some further growth
of the cap limited by the new curvature creased under this undercooling (see Figure 11(c)).
However, when AT reaches ATsi the system reaches an equilibrium state, where the driv-
ing force for growth (free energy decrease due to solidification) balances the curvature
constraint, as described by Eq. 7. When AT > ATy, the system becomes unstable, isother-
mal growth will be barrierless, and the system enters the free growth stage.

TRy

8.6nm

Figure 10. Time-averaged atomic positions of a simulation system with 2% lattice misfit showing the constrained cap
formation process. After nucleation at ATn =40 K, further growth of the solid can only be made possible by increasing the
undercooling. For this system, nucleation occurs at ATn =40 K (2rn = 14.2 nm) on a substrate of 2rn = 8.6 nm (AT = 66 K),
and the system was then subject to growth under increased undercooling that is marked by the data on each image.

T (a) (b) T (c)

Spherical
TT growth

Cap

AG forljjatlon

<7
n—- -7,

AT, Th

T, T

T3 I Tgl

Nucleation

Figure 11. Schematic illustration of the constrained cap formation process. (a) free energy change (AG) as a function of the
number of solid atoms () at different undercoolings (AT); (b) relative position of different temperatures (T); and (c) the
constrained cap formation process with decreasing temperature. The red dot marks the nucleation finishing point, and the
green dots mark the maximum AG which defines the energy barrier for free growth at each undercooling.

4.2. Unconstrained grain initiation

In the previous case, nucleation occurs at an undercooling of ATn=40K on a substrate
with ATg = 66 K. We have concluded that when ATx < ATg;, the spherical cap formation is
a constrained growth process in which further growth requires an increase in undercool-
ing to overcome an energy barrier. However, when ATx > ATy, after nucleation further
growth becomes barrierless, and the spherical cap formation becomes an unconstrained
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process. In this section, we use MD simulation results to demonstrate such an uncon- 365
strained spherical cap formation process. 366

We turn to the system with 2% misfit again. Heterogeneous nucleation takes place in 367
this system under an undercooling AT» = 40 K to create a 2D nucleus at ¢ = 1000 ps that 368
covers the entire substrate surface (Figure 5), but there is no further growth observed af- 369
terwards. The system was then subjected to growth at an undercooling of AT=90K, which 370
is greater than its grain initiation undercooling (AT = 66 K). Figure 12 shows the spherical 371
cap formation process under isothermal conditions (AT =90 K) as a function of time. Itis 372
interesting to note that instead of growing layer-by-layer, the system grows a spherical 373
cap with a base size corresponding to the 2D nucleus size of 2t = 6.3 nm. The cap height 374
increases with time under isothermal condition, suggesting that such spherical cap for- 375
mation is barrierless and hence unconstrained. In addition, Figure 12 suggests that spher- 376
ical cap formation is a process inherent to crystal growth at a given undercooling and has 377
little to do with the nature of the substrate, since the existence of the 2D nucleus formed 378

at AT =40 K has made no difference to the spherical cap formation process. 379
Another example of unconstrained spherical cap formation is given in Figure 13. For 380
the system with 8% misfit, the nucleation occurred at ATn =131 K on a substrate of 2rv = 381

8.9 nm (ATsi = 64 K) to provide a 2D nucleus of 2r = 4.3 nm marked by the purple dashed 382
circle at t = 40 ps in Figure 13. With increasing time, the 2D nucleus grows isothermally 383
initially into a spherical cap (t = 50 ps) and then hemispheres with increasing radius (¢ > 384
60 ps). Due to the large undercooling (or small 2D nucleus size), the spherical cap for- 385
mation process is rather short (less than 20 ps). An interesting phenomenon observed is 386
that after spherical cap formation (formation of the first hemisphere) further growth takes 387
the form of hemispheres until the radius of the hemisphere reaches that of the substrate. 388

Similar results were obtained in the system with -8% misfit. Figure 14 shows the 389
growth process in this system after heterogeneous nucleation at ¢ = 40 ps. This system 390
grows faster than the system with 8% misfit (Figure 13). The spherical cap formation pro- 391
cess occurs within 10 ps and not even show in the time interval in Figure 14. However, 392
the hemisphere growth process after spherical cap formation is the same in both systems. 393

Such unconstrained spherical cap formation behaviour can be understood with the 394
help of schematic illustration in Figure 15. When ATn > ATy, both the nucleation and 395
growth processes become barrierless (Figure 15(a)). In such cases, although the free 39
growth criterion is satisfied early at higher temperature, nucleation and spherical cap for- 397
mation can only occur isothermally at the nucleation temperature, which is lower thanthe 398
temperature required for free growth (Figure 15(b)). Solidification under such conditions 399
proceeds isothermally through the following steps without any energy barriers (Figure 400

15(c)): 401
1)( )i—Ieterogeneous nucleation through the 3-layer mechanism to generate 2D nucleus 402

with m being defined by the nucleation undercooling (ATh). 403
2) Barrierless spherical cap formation to create a hemisphere with a radius of 7n. 404
3) Hemispherical growth with an increasing radius to deliver a hemisphere with ris = 405

N. 406
4) Spherical growth beyond the hemisphere with s > rn. 407

Although the spherical growth in Step 4 was not observed in our MD simulation due 408
to the limited size of the system we used, such spherical growth beyond the hemisphere 409
was indeed observed in the phase-field crystal modelling by Grandsy and co-workers [35] 410
and in super MD simulation systems (over 1 million of atoms) conducted by Fujinagaand =~ 411
Shibuta [36]. 412
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Figure 12. Time-averaged atomic positions of a simulation system with 2% lattice misfit demonstrating the unconstrained
cap formation process after nucleation at a higher temperature. Nucleation occurred at ATn = 40 K on a substrate of 21~ =
8.6 nm to provide the 2D nucleus that covers the entire substrate surface (see Figure 5). The system was then allowed to
solidify at AT =90 K (corresponding to 2rn= 6.3 nm as marked by the purple dashed lines in the front views). With increas-
ing time, the 2D nucleus grows into spherical caps with increasing cap height. The top views of L5 are used to demonstrate
that the cap grows in height without lateral spreading as shown by the stable size of the crystalline regions indicated by

the red circles.
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Figure 13. Time-averaged atomic positions of a simulation system with 8% lattice misfit demonstrating the unconstrained
cap formation process at a constant temperature. Nucleation occurred at ATn = 131 K on a substrate of 2rn = 8.9 nm to
provide the 2D nucleus of 2r» = 4.3 nm (the purple dashed circle at f = 40 ps). With increasing time, the 2D nucleus grows

isothermally init
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Figure 14. Time-averaged atomic positions of a simulation system with -8% lattice misfit demonstrating the unconstrained
cap formation process at a constant temperature. Nucleation occurred at ATn =136 K on a substrate of 2r~ = 15.7 nm (AT
= 36.2 K) to provide the 2D nucleus of 2r» = 4.2 nm (the purple dashed circle at ¢ = 40 ps, see Figure 6)). With increasing
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time, the 2D nucleus grows isothermally initially into a spherical cap (40 ps < t <50ps) and then hemispheres with increas-

ing radius (¢ > 50ps).

T

AG

(b) (c)
n—-s- T
L
Spherical
T T growth
AT, = ATy S
Hemispherical
(Tgi) growth
Cap
formation
AT, > AT, T, Nucleation

Figure 15. Schematic illustration of the unconstrained cap formation process. (a) free energy change (AG) as a function of
number of solid atoms (1) at different undercoolings (AT); (b) relative position of different temperatures (T); and (c) the
unconstrained cap formation process under isothermal condition. The red dot marks the nucleation finishing point. When
ATn > ATs;, there is no energy barrier for grain initiation.

4.3. Grain initiation map

Based on our MD simulation results presented previously, it is concluded that grain
initiation on a single substrate can be divided into 2 categories: grain initiation through
constrained spherical cap formation and grain initiation through unconstrained spherical
cap formation. Such grain initiation behaviour is best presented by a grain initiation map
(i.e, a ATgi - r~ plot), as schematically illustrated in Figure 16. The free growth criterion,
ATgirn = 2T (the solid red line), divides the ATgi - v plot into two zones:

e Zone I: grain initiation through constrained spherical cap formation. Grain initiation
in this zone is characterised by ATgirn <2I. Thus, in this zone, we have ATn < ATg;, or
equivalently, m > rn. The metastable cap formed at a particular temperature is
dormant and further growth can only be made possible by increasing the undercool-
ing to overcome the energy barrier.

e  Zone II: grain initiation through unconstrained spherical cap formation. Grain initi-
ation in this zone is characterised by ATsirn > 2I. Thus, in this zone, we have AT» >
ATsi, or equivalently m < rn. Grain initiation in this zone becomes barrierless.

5. Modelling of heterogeneous nucleation and grain initiation
5.1. Modelling of heterogeneous nucleation

The heterogeneous nucleation process described in Section 3 starts with a precursor
that is the outcome of prenucleation and presented by the L/N interface (6 atomic layers)
and finished with 3 layers of solid (L1, L2 and L3) with L3 being the 2D nucleus and a L/S
interface (6 atomic layers). This process can be analysed from 2 different angles: (1) free
energy change due to increased fraction of solid atoms; and (2) free energy change due to
the change in interfacial energies.

From the viewpoint of interfacial energy change, at the nucleation temperature, the
free energy change of heterogeneous nucleation (AGn) can be expressed as:

AGy = (Ysn + VsL— Yin)nLda (11)
where ynis the interfacial energy of the S/N interface; st the interfacial energy of the L/S
interface; s the interfacial energy of the L/N interface; n is the number of atoms in one
atomic layer; and Aa is the projected area of an atom. Thus, nLAa represents the area cov-
ered by the 2D nucleus. For simplicity we assume that at the stage of 3-layer nucleation
all 3 interfaces have the same area of nLA.. This also means that the system under analysis
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has 9 atomic layers (3 for the S/N interface and 6 for the S/L interface) between the sub- 469
strate and the bulk liquid. 470

Zone ll:
Unconstrained
(AT, > ATgi)

ATgi
Zone I:
Constrained

(AT, < AT,)

ry ——
471
Figure 16. Schematic illustration of grain initiation behaviour on a single substrate. The free growth 472
criterion, ATgirn = 2I (the solid red line), divides the ATy - rn plot into two regions: I. where ATgirn< 473
2[, grain initiation has an energy barrier and occurs through constrained cap formation; and II. 474
where ATgirn > 2I, grain initiation has no energy barrier and occurs through unconstrained cap for- 475
mation. 476

From the viewpoint of increase in solid atom fraction during nucleation, AGn canbe 477
expressed by the following equation: 478
AG, = 9nL(fnf - fns) (gs—9L) (12) 479

where fns is the solid atom fraction at the starting point of nucleation; fuf the solid atom 480
fraction at the finishing point of nucleation; gs the free energy per solid atom at Tn; and g 481

the free energy per liquid atom at Tn. From Egs. 11 and 12 we have: 482
sy + ¥s. = Yindnida = Ing (fur = fos) (9s — 91) (13) 483

In consideration of Aa = 72 and letting Ay= jsn + pis — N, Afs = fai - fos and Ag=gs -q1, 484

one has: 485
g= ’Z‘f—fi" . (14) 486

For pure Al, according to the Pandat Al database [51], Ag can be approximated asa 487
linear function of AT (Figure 17): 488
Ag = 1.9x10723AT,, (J/atom) . (15) 489

Considering the volume of an atom V, = grf, and ra = 1.4 A for Al the free energy 490
change per volume (AGv) is given by the following equation: 491
AG, = 2 = 1.65x10°AT, (Jm~>). (16) 492

Considering the linear relatioralship in Eq. 15 for Al, AGv can be generally approxi- 493
mated as [52]: 494
AG, = —AS, AT (17) 495

where ASy is the entropy of fusion per unit volume. Hence, Eq. 16 suggests that for pure 49
Al ASy=1.65 x 10¢ Jm=3K, which is close to 1.112 x 106 Jm?K, a value frequently used in the 497

literature [28]. 498
In the general cases, combining Eqs. 14, 16 and 17, one has: 499

—A
ATn = m (18) 500

It is important to note that both Ay and Afs are functions of lattice misfit. Unfortunately, 501
the relevant parameters are not available to test the validity of Eq. 18. 502
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Figure 17. Free energy of pure Al as a function of temperature. (a) free energy per Al atom (g) as a function of temperature
(T); (b) free energy change (from liquid to solid) per Al atom (Ag) as a function of undercooling (AT). Source data: Pandat
Al-DAT [51]. Although free energy of both liquid and solid Al is a non-linear function of temperature (a), the free energy
change for solidification is a linear function of undercooling (b).

5.2. Understanding of grain initiation

Although grain initiation has been used interchangeably with heterogeneous nucle-
ation in the literature [29], it is distinctively different from heterogeneous nucleation. As
will be discussed in depth later, it is not only theoretically desirable but practically bene-
ficial to treat heterogeneous nucleation and grain initiation as two separate processes.

In the literature, grain initiation is well described by the free growth criterion (Egs. 7
and 8) developed by Greer et al. [28]. Grain initiation on a substrate of rx is only possible
when ATgirn > 2. It is clear from Eq. 8 that grain initiation is about free growing a solid
particle and has nothing to do with the substrate except the substrate size (7). In this sense,
the free growth criterion should be written more appropriately as:

ATrs =2r (19)
where g is the radius of a solid sphere. This means a solid particle with rs can grow iso-
thermally under an undercooling AT if ATrs > 2I'. Replacement of rs in Eq. 19 by r~ in Eq.
8 has made it possible for grain size prediction, but Eq. 8 is only applicable to the case of
constrained spherical cap formation.

Here we offer some further insights of the difference between heterogeneous nucle-
ation and grain initiation:

e ATy isaphysical property of a substrate of 7y when ATn < ATgi. However, when ATn>

ATyg, Eq. 8 is no longer applicable. In this case, the grain initiation criterion becomes
ATnra =2I. Grain initiation becomes possible when r~ > 7x.

o ATwr* =2I' vs. ATarn = 2I' vs. ATgirn = 2I': It is important to realise that ATunr* = 2I'
describes the homogeneous nucleation process (3D), ATnrn =2I describes the 3-layer
nucleation process (2D) while ATgirn = 2I" describes the hemisphere formation (3D)
on a substrate of v, as depictured in Figure 18. The origin of the similarity between
these equations is that they all describe balancing the volume free energy change with
change in interfacial energies.

¢  Grain initiation is about free growing isothermally a solid particle which is not di-
rectly connected to physical properties of the substrate, while heterogeneous nuclea-
tion is dictated by the physical properties of the substrate.
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Figure 18. Schematic illustration of the relationships between grain initiation, heterogeneous nucle- 538

ation and homogeneous nucleation. (a) relative positions of the relevant temperatures; (b) con- 539

strained grain initiation; (c) heterogeneous nucleation and unconstrained grain initiation; (d) homo- 540

geneous nucleation; and (e) the corresponding governing equations. The dark blue rectangles rep- 541
resent substrates; the red rectangle is 2D nucleus; and the light blue circles denote the solid. 542

537

6. Summary 543

Upon realising that heterogeneous nucleation and grain initiation are two distinc- 544
tively different processes, we have investigated the grain initiation behaviour on a single = 545
substrate with MD simulations. Our MD simulation results have revealed a complex grain =~ 546
initiation behaviour. When ATn < ATy, spherical cap formation is constrained by the cur- 547
vature of the L/S interface, a spherical cap is dormant and further growth requires an in- 548
crease in undercooling to overcome an energy barrier; and grain initiation occurs only 549
when the spherical cap grows beyond the hemisphere. However, when ATn > ATg;, spher- 550
ical cap formation becomes an unconstrained process, which can proceed isothermally 551
without an energy barrier. Grain initiation through unconstrained spherical cap formation 552
has 3 distinctive stages: (1) spherical cap formation to deliver a hemisphere of radius rnon 553
the 2D nucleus; (2) hemispherical growth to laterally spread the solid over the substrate 554
surface to eventually provide a hemisphere with radius of ry; and (3) spherical growth 555
with a curvature beyond 7. 556

Our analysis has revealed that homogeneous nucleation (7*), heterogeneous nuclea- 557
tion (rn) and grain initiation (rn) all follow the same form of governing equations (ATr = 558
2I). The physical origin for this interesting coincidence is the fact that all these 3 processes 559
are consequences of balancing the volume free energy and the interfacial free energy but 560
at different levels of undercooling. This offers the potential to bridge the atomistic mech- 561
anisms for heterogeneous nucleation and grain initiation with the classical nucleation the- 562

ory. 563
In addition, through further analysis and discussions, we can provide the following 564
additional new insights into solidification processes: 565

e  Substrate wetted completely by the liquid can always induce some ordered atoms in 566
the liquid adjacent to the liquid/substrate interface and hence can act as nucleation 567
site regardless the nucleation undercooling. Under such conditions, we have yn 2> jsn 568
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+ ;s, suggesting that the Young’'s equation (Eq. 4) is inapplicable to any cases for
heterogeneous nucleation. Therefore, describing heterogeneous nucleation as a
spherical cap formation process may not be a useful approach, since it masks some
critical phenomena, such as prenucleation, formation of 2D nucleus and con-
strained/unconstrained spherical cap formation.

e  As a theoretical model, homogeneous nucleation theory that describes a stochastic
process for creation of nucleus is conceptually simple and mathematically rigorous.
However, it is challengeable to extend homogeneous nucleation theory to heteroge-
neous nucleation which is a deterministic process. At least classical heterogeneous
nucleation theory has not been helpful to generate much useful new insight except
the reduction of nucleation barrier by the substrate.

e  The basic atomistic mechanism for both heterogeneous nucleation and crystal growth
is structural templating, which requires that any solid atom needs to be supported
by the solid atoms in the layer underneath it. This fact has made us realise that cur-
vature formation is a consequence of structural templating.
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