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Abstract

Quantum computers are known for their ability to solve some computational prob-
lems faster than classical computers. There is a race to build quantum computers
because it is believed they might be better than classical; but it remains unknown
whether quantum computers are in fact better than conventional computers. To un-
derstand this problem, we develop a new method of classically simulating certain
types of quantum system that are previously unknown to be efficiently simulatable

on classical computers.

We adjust a part of cluster state quantum computation to study the computa-
tional power and we demonstrate that there is a finite region of pure states |¢)) around
the Z-eigenstates for which the setup can be efficiently simulated classically, given
that the measurements are limited to Z and X — Y plane measurements. This clas-
sical simulation works by considering alternative local state spaces that we called

“cylinders” and different notion of entanglement to normal quantum entanglement.

Then, we work out similar regions for states created using other diagonal gates
instead of the C'Z. These diagonal gates are represented by V(6) = 0)(0|®1+|1)(1|®
Zy where Zp = [0){0] + ¢®|1)(1]. It turns out that almost all inputs are classically
simulatable when 6 is small.

In addition, we find that classical simulation also works by considering new type
of non-quantum state spaces other than cylinders and maintaining non-entangled
representation by growing the size of these state spaces. We search over some state
spaces to try optimize our classical simulation and it turns out that, among the state

spaces that we searched through, the cylinder is the most optimal state space.

And finally, we will look at a coarse graining version of construction which in-

creases the efficiently simulatable region.
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Chapter 1

Introduction

Quantum computing is the use of quantum phenomena, such as the so-called en-
tanglement and superposition, to perform computation. Computers that performs
quantum computations are known as quantum computers. These computers are able
to solve some computational problems, such as factorization in polynomial time, ex-
ponentially faster than the best known algorithm on classical computers. Algorithms
that are performed on quantum computers, are called quantum algorithm [22; 23,
44, 42, 56]. For example, Shor [57] who works on factoring integers; this problem is
believed to be hard on a classical computer but efficient algorithms are given for this
problem on a quantum computer. An additional example is that Grover [30] discov-
ers an algorithm that can solve a problem on a quantum computer using quadratic

speedup operations.

Before mentioning the goal of the research, let’s start by revealing why we are
interested in simulating quantum systems on a classical computer. The first reason
is that it is unknown if quantum computers are better than conventional computers.
To understand this problem, we can proceed one of two ways. We can try to find that
quantum computers can’t be efficiently simulated classically or we can try to develop

an algorithm that can classically simulate a quantum system.

The motivation of simulating a complex quantum system efficiently classically is
that people think that quantum computers, built with quantum systems, can solve
problems such as factorization that can’t be done classically; but if it is found that
simulating quantum computer can be done classically, then it means that any algo-
rithm can be done on quantum computers, it can be efficiently simulated classically.
For instance, there would be an efficient algorithm for factorization on a classical

computer.

Progress has been made in efficiently simulating a quantum system on a classi-
cal computer. For example, Gottesman-Knill theorem [27] shows that a quantum

computation, that involves only the state preparations in the computational basis,



Hadamard gates, Phase gates, Controlled-NOT gates, Pauli gates and measurements
in the Pauli group, may be efficiently simulated on a classical computer. So, it is an
algorithm that only simulate certain type of quantum system. Gottesman-Knill theo-
rem displays that some quantum computations, including entangled states (but not all
types of entanglement) may be efficiently simulated classically. Hence, Gottesman-
Knill theorem is very interesting because there are connections to error correction
and only single particle operations are needed to turn stabilizer circuits into a form

of quantum computation.

Most people in this field believe that it is not possible to efficiently simulate
quantum systems classically. One reason is that factorization can be done efficiently
on quantum computer, in spite of the fact that over many years people have failed
to find an efficient factorization algorithm on a classical computer. But there is no
proof of this fact nor the fact that quantum system cannot be efficiently simulated

classically.

In this thesis, we aim to develop a new method of classically simulating certain
types of quantum system that are previously unknown to be efficiently simulatable

on classical computers.

1.1 Basic mathematics

In this section, we are going to explain the definitions and the formulas of all the

mathematical terms used in this research.

1.1.1 Hilbert space

We begin with the definition of the fundamental mathematical concept, “the Hilbert
Space” which is denoted by H.

The Hilbert spaces permit generalising the linear algebra and calculus methods
from the two and three dimensional Euclidean spaces to other dimensions spaces and
to spaces that have an infinite dimension, but we will only be concerned with finite
dimensional systems. Hilbert space is a complex inner product space which means
that it is a complex vector space endowed with an inner product operation, we will

shortly explain the meaning of these terms.

The vector state space is a set of elements, called vectors such that the set must

satisfies the following properties:



1. Any vector |v) can be multiplied by any number called scalar. Then the vector
is denoted by a|v), where a can be a real or complex scalar depending upon
the vector space. If the scalar is a real number, then the space is called a real
vector space, and if the scalar is a complex number, then the space is a complex

vector space.

2. For any vector |v;) and any two scalars «, (, it holds that (a + ()|v1) =
alvr) + Blv).

3. For any vector a|v) and any scalar 3, there is a vector denoted by f(alv)) =

(Ba)v) = (aB)]v).

4. The vectors can be added together. For instance, for any two vectors |v;) and

|vg), there is a vector |w) denoted by |w) = |v1) + |va2).

5. The sum of vectors must be associative and commutative. For instance, by
associative and commutative, we mean (|v1) + |v2)) + |vs) = |v1) + (|va) + |v3))

and |v1) + |va) = |va) + |v1) respectively.
6. The multiplication by « is distributive such that a(|v1) + |v2)) = a|v1) + alvg).
7. By multiplying any vector |v) by 1, |v) remains the same.

8. There exists a zero vector 0 such that by adding any |v) to 0, the same |v) will

be given, i.e. [v) +0 = |v).
9. For any vector |v), there is an inverse for this vector denoted —|v), such that

[v) + (=[v)) = 0.

A set of vectors |ai),|as),...,|aq) is a spanning set of a vector space FE if Yu €
E;3B1, B, ..., Ba € Ksuch that u = fy]ay) + B2laz) + ... + Balaq). A set of vectors is
said to be Linearly Independent if one of the following two equivalent cases holds:

e if the basis vectors give a unique expansion,
e if the zero vector 0 has a unique expansion, 0 = m|a;)+nlag)+plas)+...+qlag),

where the coefficients, m,n,p, ..., q must be zeros.

Hence, a set of vectors is a basis if the set is a linearly independent spanning set.

The total number of vectors, which is d in the above basis set, represents the

dimension of a vector space.



Some vector spaces can be given an inner product which is a map of two input
vectors to a complex output number. Using the Dirac notation or bra-ket notation,
which is a language that match the needs of expressing states in quantum mechanics,
an inner product is obtained by combining two vectors, the bra and the ket vectors,
denoted by (g| and |h) respectively. The bra vector (g|, is a linear map that takes a

vector |h) and gives (g|h) which represents the inner product.
The inner product is defined to satisfy the following axioms:
1. The inner product (g|h) must be equal to its adjoint (g|h)* = (h|g). This
equality is called the conjugate symmetry. By adjoint, we mean that it is a

linear transformation from a vector space to itself and this linear map leads to

the transpose conjugate.

2. When a vector (v| acts on a sum of two vectors (|h) + |w)), (v|h) + (v|w) will

be given.
3. When a vector |h) is multiplied by a scalar ¢, then (g| (t|h)) = t(g|h).
4. For all vectors |h), (h|h) > 0.
5. If |h) is a zero vector, then (h|h) = 0.
6. If (h| acts on a zero vector |0), then (h|0) = (0|h) = 0.
If the inner product of two vectors, |g) and |h) is 0, which means that (g|h) =
(glh)* = (h|g) = 0, then these two vectors are defined to be orthogonal.

In vector spaces, the norm, which is a non-negative real valued function, is used
to define lengths of vectors. The norm which is denoted by || |v) ||, satisfies three

conditions; for instance, by taking a vector |z) in H:

1. For all vectors |z), || |z) || > 0 which means || —|z) || = || |z) || with || |z)
|=0if |[z) =0 .

2. By multiplying the vector |x) by a scalar w, then the norm is given by || w|z)||

= [w]x [| =) I

3. By taking two vectors |x) and |y), the norm of the sum of these two vectors is

given by || [x)+|y) || < || |=) ||+]] ly) || which represents the triangle inequality.



The inner product automatically leads to a type of norm. Then the norm of a vector

space that has an inner product is given by:
| |2)]le = V(zlz) = [ |l
i=1

Let’s consider a basis of vectors |ay), |as), |as), . ... If the inner product of two vectors
{ailaj) =0
for all 7 # 7 and if the norm of all vectors
(ailai) =1 = {aslai)

then the set is an orthonormal basis.

Vectors can be described in terms of expansion coefficients in an orthonormal basis.
Let’s consider any two vectors |h) = > a;|h;) and |g) = > 5i|g:) where |g;) = |h;),
i

(2
then the inner product between the two vectors is given by:

(glh) = Zﬁf%(gi!hi)

= Z Bfa; ; where (g;|h;) = 1 because they are normalised.

7

The inner product can be written as a product of two matrices:

a

= (5 85 )|

Therefore, the two vectors |h) and |g), also can be written as matrices. |h) which
is the ket vector, is a column vector in a complex vector space and the bra vector (g|

is the adjoint of |g), these vectors are given by

ha
ha
)= | .



and

<g|:<gi‘ g - )

1.1.2 Operator

An operator O maps input vectors into output vectors that are in two different Hilbert
spaces,O: H;, — H,,;. For instance, we denote this transformation by the following
equation

|lw) = Olv).

e An operator is linear, if the output vector |w) is the sum of all the output
vectors, if |v) = alvy) + blvg) + ..., then

|lw) = Olv) = aOlvy) +bO0|vg) + ...

e By considering an operator A that maps two vectors in two different Hilbert
spaces, from H, — H,, its adjoint operator denoted A" maps from H, — H,
such that (Avi|vy) = (vi]ATvy). We will only be concerned with an adjoint

operator that maps from a Hibert space to itself.

e A Hermitian operator is an operator A that satisfies AT = A where A" is the

adjoint operator of A which also can be called Hermitian conjugate.

e Unitary operators U are linear transformation that maps an input vector |¢) in
H; to an output vector [¢) in Hy. The two Hilbert spaces H; and Hj, must
be equivalent, which means H, = H, and U has an inverse U' which is the

Hermitian conjugate, then
UlU = 1.

e A projector or a projection operator P is a linear operator that maps a vector
in vector space V to itself such that P2 = P which means that if P? is applied

to a vector, the same outcome is obtained as if only one P is applied.

Operators can be represented as matrices when their actions are expressed in
terms of orthonormal basis. Let’s consider a linear operator O that maps an input

vector |v) to an output vector |w). The input vector |v) can be expanded in terms of



an orthonormal basis:

[v) = Z%|Uz’>

= ay|v1) + aelva) + ...,

The coefficients column vector is given by

a7

&%)

After applying the operator on |v), it is the same as applying O on each vector
|v1), [v2), . . ., these output vectors that also can be expanded as a sum of basis vectors,

are presented by

[w) = Olv)
= ZO&ZO|’U1>
= a10|v1) + @a0lvg) + ...,
= a1 (Bra|wr) + Paa|wa) + ...) + ae(Bre|wr) + Pasz

= <Z Bt wj>) + Qg <Z 5j72|wj>> T
= Zaz‘ (Z 5j,i|wj>)

= Z <Z 5j,z'04i) |w;)
= Z%"%‘)

wo) 4+ ..) F .,




where v; = > f3;,0, it can be written as
i

gl ﬁ1,1 51,2 51,3 o
V2 52,1 52,2 52,3 &%)

T3 = 53,1 53,2 /63,3 as |,

Then |w) can be represented by

N
V2

lw) | = | |wy) |wse) |ws) ... 73

Hence, the linear operator O can be represented by a matrix that takes input column

vectors and gives output column vectors.

1.1.3 Tensor product

The tensor product is a map that take a pair of vector spaces, V and W with dimen-
sions ¢ and d respectively to a single vector space V ® W that has a dimension of cd.

The sign “®” is the tensor product symbol.

The tensor product satisfies these axioms:

1. By taking two vectors |v) € V and |w) € W, it holds that: a(|v) ® |w)) =

a(|v)) ® lw)y = |v) ® a(Jw)) where a is a scalar.

2. By adding two vectors |v1) + |vg), for a vector |w) € W, we have (Jv1) + |v2)) ®
w) = [v1) © |w) + |v2) @ |w).

3. If we consider a vector |v) € V and (|wy) + |wg)), then |v) @ (Jwy) + |wq)) =
[0) @ |wi) + |v) ® |wg).

Let’s consider |v) and |w) two column vectors in vector space V and W. These



two vectors have x; and y; as components where 1 = 1,2,... n,

T1 hn
x Yy

W= || erRvand |w)= | | er"
Tn Yn

When a tensor product is applied between these two vectors, a joint vector has been

formed:

Y1 1
Yo T1Y2

Ty X . .
yn xlyn

v) ® |w) = : =1 :
Y1 Tnli
Y2 TnlY2

xﬂ X . .
Yn TnYn

In general, if we have E € M; and F' € M,, where M; and M, are the spaces of

¢ X d and m X n matrices respectively, then £ ® F'is a cm X dn matrix.

EnF EpF .0 Bl
EoF — E2.1F EQ?F - Eg'dF
EqoF EoF ... E4F

For example, by taking ¢ = d = 3 then

EnF EnF Bl
E X F - E21F EQQF E23F
Esi ' EsF' EssF

To simplify many calculations, the fact about tensor product is that

(E® F)(G® H) = EG® FH.



1.1.4 Quantum states

An observable is a physical property of a system that can be measured in the lab.
In quantum mechanics, an observable is described by a Hermitian operator and the
eigenvalues of this operator represent the possible outcomes of measurement that
correspond to the vectors in the orthonormal basis. The observable is said to be
degenerate when eigenvectors correspond to one eigenvalue and when there is one

eigenvector for only one eigenvalue then the observable is non-degenerate.

A projective measurement can be constructed from an observable denoted M,

which is a Hermitian operator. The observable M has a decomposition:
M =Y "mP, (1.1)

where P, is the projector on the eigenspace of the observable that has an eigenvalue
m. By eigenspace we mean the set of eigenvectors that correspond to the same

eigenvalue.

In quantum information theory, we are only interested in labelling these m eigen-
values, then we are going to use P; where ¢ are integer numbers that represent the

possible outcomes. P; must satisfy the following properties:

e Pl =P,

(2

o PPy = 6i,i’Pz'

« VP =1.

%

The probability of getting a measurement outcome i is given by the following Born

Rule.

The Born Rule

The Born Rule or the Probability Rule is the rule that gives the probabilities of

getting possible outcomes of measurement.

Let’s consider an operator O that has real eigenvalues \; that correspond to eigen-

vectors |\;), then the operator O can be defined by
0=y

10



where P; = > |Ax) (| is the projector. If a measurement acts on a quantum system

i
that is in a state |¢), the probability of getting an outcome 4 is presented by:

prob(i) = (Y| Fil) (1.2)

Instead of taking a single state |¢)), we consider an ensemble of state |¢;) with

probabilities p;, then the probability of getting an outcome 7 is given by:

prob(i) ij (| Piley) (1.3)

We can derive from equation (1.3) the following:
prob(i) ij (¥5] Fil )
= ij Z V3| Ak) (Akly)
- ij Z Al 5) (51 A)
= Xk: AkIijle (5] An)
= ;(MIPIJAH
= “”(P; [Ak) (Ae])

= tr(pF;)

where “tr” is the trace of an operator matrix. p = >, p;|i;) (1] is the density
matriz (or a density operator) which describes the quantum state and it has the

following properties:

e Hermitian, it means that p = pf,

e a positive semi-definite which means that the eigenvalues are non-negative. It

can be denoted as p > 0,

e has trace one.

Using the Born’s rule, a quantum state is a mathematical structure that allows us

to calculate probabilities of the outcomes of each possible measurement on a system.

11



States that can’t be written as a mixture of states are called pure quantum states but

others are called mized quantum states.

If p=> pilv;) (Wl = |¢¥)(¥|, where n =1 and p; = 1, then p represents a pure

j
quantum state; but if it is not the case then p is called a mixed quantum state. This
is the first way in which mixed states can arise and we will shortly discuss the second
way, which is the partial trace of a pure state, that can be used to obtain a mixed

state.

Pure quantum state is described by a single vector |k) or by a superposition of
basis states |[¥) = > ¢;|k;) where ¢; are the probabilities corresponding to |k;) and
Sl = 1.

=1, then p is a pure state
If tr(p?)

< 1, then p is a mixed state.

The Qubit

The classic binary bit has a quantum version which is called quantum bit or qubit.
Qubit is in a two dimensional Hilbert space and it can be in states labelled 0, 1, or
a superposition of these. The superposition stated that any two or more quantum
states can be added together, we end up with another quantum state, for example,
|¥) = a|0) + B|1), where o and § are two complex numbers and |0) and |1) are the
ket-0 and ket-1 respectively. So, The qubit is represented by a column vector of two
elements, where these elements should satisfy the normalisation condition, from the

previous example, |a|? + |3]*> = 1. By using the Dirac notation, where the ket is |0),

0 1
these two are the orthonormal basis states. |0),|1) together is called computational

1 0
|1) and the bra is the conjugate transpose, we have: [0) := 1) = ) and

basis.

For instance, the qubit state |+) is a superposition of the basis state which means

that it can be described by a linear combination of |0) and |1):

0) +11)

=

Multi-particle system
A multiparticle system can be defined by two axioms:

12



1. Tensor product is crucial in the understanding of multiparticle systems. If there
are two Hilbert space H 4 and H g on two different particles A and B respectively,
then a Hilbert space H,4p is described by a tensor product between these two

spaces. H g has two different types of states:

e a product state which is given by,

|01) @ |¢2)

where [¢1) and |¢9) are two independent states.

e a joint state that has the possibility of being an entangled state. This
specific state cannot be written as a product state, as we will shortly

explain.

2. If a measurement will be applied on one particle, then in the joint system,
the measurement is extended by the identity operator which is applied on the
second particle.

For instance, if a measurement P; is applied on A, then we need to apply a tensor
product between P;, and the identity operator Ip which is applied on the second

particle B. The probability of getting the measurement outcome j is given by

Pr(j) =tr((Pj, ® Ig)pap) = tr(Pj stre(pas)) = tr(Pj 1pa) (1.4)

where p4 is defined as

dp

pa=trp(pap) =) (14 ® (kp|)pan(Ls ® |kp))

dp is the dimension of Hp, |kg) is any orthonormal basis on B and I, is the identity
operator in H. pa is called The reduced state or the reduced density matriz of A

which is computed by taking the partial trace over B, denoted by trg.

POVM

As mentioned above, the Born’s rule states that the probability of the outcome for

measurement, is represented by

prob(i) = ijwjmw = tr(pP;)

13



where p = Zp]]wj)wj\ and P, = Z |Ak)(Ag|. The projective measurements P; have

the axioms that we mentioned in the beginning of this part:

e Pl =P,

e > P, = [ where [ is the identity operator because the sum of all probabilities
must be equal to 1.

o PPy =9, F;. This property together with the above two axioms, imply that

the operator P; is positive and therefore the probability will be non-negative.

If we add ancilla particle which is used in the measurement, to the probability
equation, these axioms can be modified. Let’s try to interact the quantum system

with an external one, so we are going to add an ancilla |0)(0|. Then, we have

Prob(i) = tr{(p @ [0)(0) ;] = tr(pM) (1.5)

where P; = |A\g)(\g| and M = Z)\bo)\ 0|60) (0.
Proof. By taking |A\y) = > Agj|kj), then the probability of getting i is
k.j

Prob(i) = tr[(p @ [0)(0]) F]
= tT[(_P @ [0) 0 Ak) (Awl]

=tr| Y (pab®|a0><b0|)/\kj/\:nl|kj><ml|]

—a’7b7k7j7m7l

=tr Z(pab ® ]aO)(bOD)\bO)\*O\bO><a0|] by taking k =b,m =a,j=1=0;

a,b

=tr Z )\bo)\zo|bO><a0|pab]
b

= tr(pM); where M = Z Ao s |00) (a0
a,b

M is a Positive Operator Valued Measure element because when a projective mea-
surement P; is applied on a particle and an ancilla, we end up with a statistic defined
by POVM where only the third axiom has been modified, which means that the

orthogonality property is removed and the positivity is retained. ]

14



Therefore Positive Operator Valued Measure or Generalized measurement is de-

n
scribed by the set of positive operators P; that sum to the identity matrix: > P; = I.
i=1

Bloch sphere

Let’s consider a system of a single qubit that has a 2 x 2 density matrix p. This matrix
is Hermitian, has trace one and can be expanded in the basis I, 01, 09, 03 where [ is
the identity matrix, o1 = X, 0o = Y and o3 = Z are the Pauli matrices (as will be
defined on page 19). The coefficient of I in the expansion of the p is % to end up with
tr(p) = 1. The expansion is given by:

1 1 ({142 x—1y
=-U+xX+yY +22) =
P 2( Y ) Q(x-l—iy 1—z>

The coefficients x,y and z are found using the Hilbert Schmidt inner product which

is presented by tr(A'B). Hence, they are computed as follow

1
~tr(pa;).

Then the determinant of the p must be computed to find the eigenvalues A;. Hence,

the eigenvalues are given by

Ai:%:‘: ~x2+y2+22'

2

The non-negativity of the eigenvalues will be holding if 22 + y? + 22 < 1. Thus a
quantum state can be represented by a vector (z,y, z), where these values are the
coefficients of the above decomposition. These coefficients correspond to a point on
the so-called a Bloch sphere which is considered as a unit 2-sphere and the standard
basis vectors |0) and |1) are represented by the north and south poles of the Bloch
sphere respectively [50].

The pure quantum states of the system are the points on the surface of the sphere
where the norm of the Bloch vector must be equal to 1, while the internal points

correspond to the mixed states where the norm of the vector must be less than 1.
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11)

Figure 1.1: This image represents the Bloch sphere. It is taken from “Wikipedia”,
https://commons.wikimedia.org/wiki/File:Bloch_sphere.svg, February 2022.

Entangled and separable quantum states

Let’s consider two quantum systems A and B in two different Hilbert spaces H4 and
Hp. If the pure state |xa5) € H4® Hp can be written in the form |xag) = |xa)®|xB)
where |x;) is a pure state of the j subsystem, then the state is separable, but if it
can not be written in the showed form then the state is entangled. For instance, let’s

take a state )

V2

This state cannot be written as a product state because the state should have the

[¥) (100) + [11)).

following form

(a]0) +0[1)) © (A[0) + B|1))

where aA and bB should be equal to %, aB and bA should be equal to 0,which
means that two of these coefficients must be equal to 0 but this cannot be done, for
instance, by taking a product between aB = 0 and bA = 0 and a second product

between a A = \/Li and bB = \/Lﬁ, then we have:

1
abAB =0 ; abAB = 3
_ 1
bA =0 bB—7i

we find that these products are inconsistent. Then

(00) + 111)) # (al0) + B[1)) ® (4]0) + BI1))

Sl

2
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Therefore, |1) is an entangled quantum state.

Let’s consider the density matrix p, which corresponds to a mixed state, is separa-

ble if there is py, is greater or equal to 0, p¥ and p5 are mixed states of the subsystems:
p=> pot @ o
k

where
Z Pk = 17
k

The state is called simply separable or product state when the state can be expressed
as p = p1 ® po. If the two conditions, p;, > 0 and p = >, prp} ® ph, are not attained
then p is entangled mixed state. In the next chapter, we will define and use the notion

of generalised separability.

Local hidden variable model

The original motivation for investigating separability [63] was to understand local
hidden wvariables [26, 8]. Let’s consider a source that creates particles A\. These
particles are sent to two distant detectors D; and D, controlled by two people. By
assuming that each person can choose his measurement, M; and Ms, the two detectors
generate two outcomes A; and A, respectively. Hence, A holds local hidden variables

that have a probability distribution pj.

M1 MZ

l l

l l

Ay A,

Figure 1.2: Local hidden variables

Local hidden variable models can be presented by the following equation,

ZPAP/\(A1|M1)Z7)\(A2|M2>
A

where p*(A;|M;) is the probability of getting an outcome A; given a measurement
M;. Bell [15] showed that local hidden variables are inconsistent with the statistical

predictions of quantum mechanics. Experiments have been performed to demonstrate
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non-locality [24, 21].

Positive partial transpose

In general, it is difficult to test whether a state psp is separable or not [25], in our
case the so-called PPT test will be sufficient for this research. The positive partial
transpose test or PPT test is one of the useful tests that works to find whether the

state is separable [47]. For instance, if we have

Xap =Y Cijnil)(jla @ k) (1|5
i.g,kl
then the partial transpose of X sp is

XZ;% = Z Ci,j,k,l’i><.j|£ ® |k)(l|p = Z Ci,j,k,l|j><i‘/\ ® |k){l|5

i,0,k,l 1,5,k

If we consider p is a separable state
p =Y pilti) (Wil a ® |6:) (6],

then
o= Ym0 4 © 165

where |¢f) are pure states and their coefficients, that are in the computational basis,
are the complex conjugates of [¢;). After finding the partial transpose, if p™ is
positive semi-definite then p is PPT. Therefore, p is separable which implies that p €
PPT. If p ¢ PPT then p is an entangled quantum state but if p € PPT then p can
be separable. However, 2 x 2 and 2 X 3 systems is known to be equivalent to PPT
separability [34]. But in the case of 3 x 3 and 2 x 4 systems, the eigenvalues of the

partial transpose of entangled mixed states are found to be positive [35].

1.1.5 Controlled gates

The manipulation of qubits can be done with the help of quantum logic gates. So
quantum logic gates are basic quantum circuits that operate on a small number of
qubits. Quantum logic gates are represented by unitary operators,

Ul =00 =1
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where U is the conjugate transpose matrix of U.

A gate acting on n qubits is represented by a 2" x 2" unitary matrix. There exists
an uncountable infinite number of gates but the most used gates are the Identity and

the Pauli gates. The Identity gate is the identity matrix, and it is defined for a single

()

The Pauli gates are the Pauli matrices and act on a single qubit. The Pauli “X”,

qubit:

“Y” and “Z” correspond to rotations around the x, y and z axes of the Bloch sphere.

1. The Pauli-X gate is sometimes called the bit flip as it maps |0) to |1) and |1)

to |0).
01
X =0, = (1 O)

2. The Pauli-Y" gate maps |0) to i|1) and |1) to —i|0).

3. The Pauli-Z gate leaves the basis state |0) unchanged and maps |1) to —|1).

1
Z=0,= 0
0 —1

The square of a Pauli matrix is the identity matrix,
P=X*=Y?’=27"=—iXYZ=1

Also, they anti-commute, for example, ZX =Y = —XZ.

There is also the Hadamard gate that maps the basis state |0) to [0+ and 1)

V2
10)—[1)
1 1 1
H=—
a0

to =5,
Controlled gates are the gates that act on two or more qubits, where one or more

qubits act as a control. In general, let’s consider U is a gate that acts on one single
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qubit. The matrix of this gate is represented by

- (Vo Vo) (1.6)
UlO Ull

Then the controlled gate operates on two qubits where the first qubit acts as a

control. So the matrix that represents CU is

0 0
0 0
U Un
U Un

U = (1.7)

o o O
o O = O

For example, the controlled-NOT gate or C'X acts on two qubits and performs
the X on the second qubit only when the first qubit is |1) and when the first qubit is
|0) leaves it unchanged, which means

100) — [00)

101) — [01)
110) — [11)

I11) — |10)

It is represented by the following matrix:

CNOT =

o O O =
o O = O
_ o O O
S = O O

The Controlled-Z gate or C'Z acts on two qubits and performs the Z operation
on the second qubit only when the first qubit is |1) and when the first qubit is |0)
leaves it unchanged, which means

|00) — ]00)

01) — [01)

|10) — |10)
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111) — —|11)

The matrix is given by:

1 00 O
7 — 010 0
001 0
000 -1

1.1.6 Affine and convex sets

In this section, we are going to define the convex hull that we are going to use in

following chapters.

Let’s take two different points x; and x5 in R™ and these points are of the form
y=Ax; + (1 — N

where A € R. The previous equation forms the line passing through x; and x,. If the
parameter A = 0 then the equation y = x5, and if A = 1, then y = x;. So the values
of X\ between 0 and 1 represent the closed line segment between the two points x; and

9.

Now, let’s consider a set C' C R™. C'is affine if the line between any two different
points in C' lies in C, which means that if for any z;,25 € C and A € R, there is
Az + (1—MN)xg € C. C has the linear combination of any two points in C, and all the
coefficients in the linear combination sum to one. In general, by taking more than

two points in the following form
>\1ZL’1 + )\21'2 + ...+ )\kl‘k,

where
)\1—|—)\2+—|—>\k:1,

the equation is defined as an affine combination of the points x1, zo, ..., xk.

Moreover, if C' is an affine set, x1,29,..., 2, € C and \{ + Ao+ ...+ X\, = 1, then
the point
)\11’1 + /\QI‘Q + ...+ /\kl‘k eC.
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The affine hull (aff) is the set of all affine combinations of points in the set C'.

aoff C = {1+ X220 + ...+ Mpxglay, 2oy .o 2 €CoN + Ao+ .+ A = 1}

By taking a line segment between two points in C', C' is convez set if this line
segment lies in C', it means that for any z1,2, € C, any A between 0 and 1, it hold
that

A+ (1 =Nz € C

Every affine set is a convex set because the set contains the whole line between two

different points in the set.

A convexr combination of the points x1, o, ..., x; has a form
)\11‘1 + /\21‘2 + ...+ /\k:xk:

where \y + o+ ...+ g =1land \; >0fore=1,2,... k.

The set of all convex combinations of points in a set C' is called the convexr hull
(conv) of C,

convC = {/\1$1+/\2$2+. . +/\kxk|xz S C, A > 0,:=1,2,.. .,k,)\l—f-)\g—i—. P 1}

1.1.7 Cluster States

In quantum information and quantum conputation, a cluster state is not a single
quantum state, it is a family of quantum state that can support quantum computa-
tion. It can be explained as follows: any graph that contains a number of vertices, n,
we can set n-qubit cluster state, it means that each vertex corresponds to a qubit in
the state %. Each edge that represents the C'Z gate, connect two vertices or two
qubits. For two dimensions, the cluster state is considered as rectangular lattice and
for n dimensions, it corresponds to a graph with n-dimensional lattice. Initially, the
“cluster state” [53, 54, 45] is a type of quantum computation and it is made of one

qubit measurements.

Cluster states can be defined as graph states which is a particular sort of multi-

qubit state that can be shown as a graph.

In this thesis, we are going to consider what happens if we change the inputs and
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Figure 1.3: 9-qubit cluster state

the gates of the cluster state quantum computation and we will show that there are

regions that can be efficiently simulated classically.
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1.2 Classical simulation

In general, it is not believed that quantum system can be efficiently simulated classi-
cally [57]. But for several years great effort has been devoted to the study of efficient
simulation on a classical computer. These studies have offered rich contributions to
the field of research. In this section, we will review a non-exhaustive selection of

quantum systems that have been shown to be classical simulatable.

1. Stabilizer circuit

A stabilizer formalism can be described by an example. Let’s consider a state

of two qubits,
~100) + [11)

N
By applying two operators X ® X and Z ® Z on [¢)), we find that the state

remains the same,

[¥)

(X @ X)[¢) = [¢) and (Z © Z)|¢) = |¢)

then the state |¢) is stabilized by these two operators [46]. The stabilizer
formalism has an important concept which states that a quantum state can be
presented by using Pauli operators that stabilize it. By applying unitary gates
on the quantum state, it means that these gates act on the string of the Pauli
operators. But if these unitary gates are made of C NOT', Hadamard and phase
gates, these Pauli operators are transformed into new set of stabilizer Pauli
operators. Then a circuit that consists only of these gates is called a stabilizer

circuit [1].

Gottesman-Knill theorem shows that a quantum computation, that consists of
state preparations in the computational basis, gates in the so-called Clifford
group [27], Pauli gates and measurements in the Pauli basis, may be efficiently

simulated on a classical computer.

This theorem has been extended in a variety of ways [64, 13, 14, 40]. It also has
been extended to quantum circuits that are composed of Clifford and a single
type of non-Clifford gates [19]. For instance, in [19], the classical algorithm that
simulate the system is polynomial in the number of qubits and the number of
Clifford gates but it is exponential in the limited number of the non-Clifford

gates.
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2. Matrix product states and tensor networks

The product state [¢));._, can be written in the following form,

[V)1n = la)1|B)a .. [K)n (1.8)

where this state consists of n qubits. A matrix product state or MPS is a one
dimension quantum state of n qubits and it is a generalisation of the above
equation. Each state in equation (1.8) is replaced by a matrix of state; for
instance, the state |«) is changed into |a;;). Therefore, the matrix product of

n matrices is given by the following form:

[0y = D i) lBie) - i) (1.9)

0,5,k,...,m

If the matrix of states, |a;), ..., |kmi), are written as A, B ..., K, then the state
|y =tr(AB...K). In the standard basis, states can be written as,

) = 324l ) = 3 A i)

(51

then the matrix product state |¢)) will be given by

wy= > AFBY K ili) i) (1.10)

ByerdM 0] ol

As mentioned above, the M PS is a one dimension state [48] but there is another
description of M PS, which is called Projected entangled pairs state or PEPS.
PEPS extends the M PS in two and higher dimensions.

Using M PS, Jozsa [37] considered any poly sized qauntum circuit of n qubits
and has shown that this circuit can be efficiently simulated classically only
if it is logarithmic in the number of qubit gates. Using the matrix product
state representation, a classical methodology is presented to simulate cluster
state quantum computation that has a polynomial number of qubits and an
exponential number in the width of the cluster [66]; then it is shown that any
logarithmic depth quantum computation with gates that relates only near qubits

can be efficiently simulated classically.

The tensor network which is a generalisation of matrix product states, can be
described by a graphical notation [16]. The matrix product state [¢)) which is
presented by equation (1.10) can be illustrated by the following graph:
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Figure 1.4: This image presents the tensor network. The MPS can also be written
as: . Ciyinlily -y in).
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Markov and Shi [41] proved that a quantum circuit with a non-Clifford gates
whose graph is close to a tree graph as measured by the treewidth, can be
simulated in an exponential time. In addition, any quantum circuit can be
efficiently simulated using the tree tensor network contraction can only produce

a limited amount of entanglement[65].

3. Matchgates
A matchgate can be defined as a gate G of two qubits that takes the following

form in the computational basis,

I =)
o 8 o
< o o 3

m
0

G =

0

p

where

A:<m n) ande(r S)
P q t w

are the inner and the outer block of GG respectively and they are in the special
unitary group or SU(2) which is a 2 x 2 unitary matrix with a determinant equal
to 1. Valiant [60, 59] defines the notion of matchgate and demonstrates that
matchgate circuits can be classically simulated in polynomial time under specific
conditions. Then Terhal and Divincenzo [58] analyze the class of quantum
computations demonstrated by Valiant [60] and show that this class is related to
a fermions model in one dimension. Matchgate circuits in which these gates are
only applied to neighbour qubit lines can also be efficiently simulated classically

[39]. Instead of taking a circuit that has product input and the output consists
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of a single qubit measurement [39], Brod [20] displays that even if the input is
product states and the output has measurements of many qubits, matchgates

can be simulated on a classical computer.

1.3 Quantum supremacy

The term quantum supremacy describes the goal of building controllable quantum
devices with well understood dynamics that cannot be efficiently simulated on classical
computers [32, 17]. The Martinis-Google group claimed a demonstration of quantum
supremacy by taking a random quantum circuit and seeing whether the outcome of
measurements can be sampled on a classical computer [6]. However, there have been
number of attempts to replicate their work on classical computers [9, 2|, and so the

debate is far from being conclusive.

1.4 Preview of the thesis results

In this thesis, we will begin by changing the inputs of cluster state quantum com-
putation to end up with some inputs that allow the system to be efficiently simulated
_ 0)+[1)

classically. If different pure state choices for ) = |+) = =75 are made, two facts

are well known already:

1. If |¢) = |0) or |¢) = |1) then the system is classically simulatable efficiently.

2. If |¢) is a state from the XY plane of the Bloch sphere then the system has the

power of quantum computation.

We explore questions related to this in the various chapters of the thesis:

e In chapter 2, we will show that if |¢)) has the (unormalised) form |0) + €|1)
where € is a small non-zero number, the system can be efficiently simulated
classically. We are going to use new state spaces that involve cylinders rather
than Bloch sphere and these cylinders are parameterized by radius r. We must
grow the radius in order to get separable decomposition. However, the radius
cannot grow too much. Then instead of C'Z gates, we will try to apply diagonal
gates V(0) = |0)(0] @ I + |1)(1| ® Zy on two cylindrical state spaces and we
will find that almost all inputs can be simulated classically when 6 is small. In

addition, it turns out that C'Z gate requires the most growth factor A, which is
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the ratio of the output radius to the input radius, to maintain separability. My

contribution was the computation of the growth factors for the V() gates.

In chapter 3, by taking some examples of alternative local state spaces and by
growing the size of these specific states, we will find that the setup can also
be efficiently simulated on a classical computer. Then, we tried optimize our
classical simulation over these state spaces that we tried and it turns out that
the cylinder requires the least growth. My contribution was to perform all these

calculations using linear programming.

In chapter 4, we attempt to improve the radius of a system that can be efficiently
simulated classically. By using the coarse graining, we will find that the value of
the radius of four particles in a block is greater than the radius of two particles.
We will discover that by adding more vertices in a block, the value of the
radius, that can be efficiently simulated classically, increases slightly [7]. My
contribution was to calculate the radius threshold for four particles, assuming a
conjecture about which measurements determine when certain invalid negative

probabilities arise.
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Chapter 2

Efficient Classical Simulation of quantum

circuits with alternative inputs

A typical quantum computer is a sequence of unitary quantum gates acting on
qubits. Quantum gates are capable of generating entanglement between these qubits.
But real quantum gates suffer from noise which can destroy the creation of entangle-

ment.

This means that very noisy systems cannot be used for better than classical com-
putation, because it is known that gate model quantum computers with gates that
don’t generate entanglement can be efficiently simulated classically [33] (this is a part
of variety of works that investigate when classical simulation is possible if there is a
limited number of entanglement [38, 62]). Here, by efficiently classical simulation, we
mean sampling in polynomial time from a probability distribution that approximates

the probability distribution of measurement outcomes to arbitrary accuracy.

When we say that a gate doesn’t generate entanglement, we mean that a quantum
gate &€ takes a product input, p ® o, to a separable output state. We then say that £

is a separable gate. So, it preserves the separability.

One of the motivations of the above classical algorithm of [33] was to obtain upper
bounds on the value of the fault-tolerance threshold, which is the noise level below
which quantum computation can be achieved, because once the noise level is high
enough to make the gate separable the device can be efficiently simulated classically.
If we assume that quantum computers cannot be efficiently simulated classically, the

fault-tolerance threshold must be lower than this.

This algorithm cannot be used to simulate pure entangled quantum systems. How-
ever, we will see later in this chapter that by modifying the notion of separability,
the algorithm in Harrow and Nielsen [33] can be used to simulate some entangled
quantum systems. Specifically, we will consider particular entangled quantum sys-
tems that are variant of cluster state quantum computation. As discussed in chapter

1, in cluster state, we initialize in the state [¢)) = |+) = %; but we are going
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to show that if we initialize in the state ) = |0) + €|1) where € is a small enough
non-zero number, instead of the |+) state, the system can be efficiently simulated on
a classical computer. It means that by providing a small enough ¢, it turns out that
we can give a classical simulation algorithm that uses cylindrical separability rather
than normal separability. Then we will replace the C'Z gates by other diagonal gates
V(0) = |0)(0] @ I + |1)(1] ® Zy where Zy = |0)(0] + ¢*|1)(1] and we will find similar
results that hold for these diagonal gates.

First, we are going to describe the algorithm of Harrow and Nielsen [33] which
we use in the research. Then we are going to modify the pure states of the cluster
state quantum computation to end up with a system that can be efficiently simulated
classically using the new notion of generalised separability. Finally, we will apply
diagonal gates instead of C'Z gates on the two inputs and it turns out that almost all

inputs can be simulated classically.

2.1 Description of the algorithm in Harrow and
Nielsen[33]

The algorithm of [33] starts with an assumption that the input is a product state,ps ®
pBRpc - . ., acted upon by separable quantum gates, £, .. ., Ey(n) Wwhere the polynomial
p(n) is the number of gates and n is the measure of problem size. For instance, if the

first gate,&;, which is assumed to be separable, acts on two qubits A and B,

&1 (pa®pp) = Zpkplix ® plp
k

The input is taken to be a separable output state. Then the algorithm samples
the probability distribution, pj, gets one outcome and stores the product state which
corresponds to the obtained outcome, p¥ @ p%. This product state is considered as an
input for the next separable gate, for instance, &. These gates may act not only on
the stored product state but also on different qubits. This process is repeated until

it reaches the final outcome which is produced from the final separable gate &p,).

At the end of the process, qubits are measured at the output of the quantum
computation, where the output is a string of product states. Using the trace, the
probability distribution of each one of the products is computed. Because these
computations involve a linear number of 2 X 2 matrices, they can be computed clas-

sically. The algorithm simulates the final measurement when it samples from those
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probability distributions and produces a classical outcome for measurements of each
qubit. It ends up with an equivalence between the classical simulation and certain

measurement on quantum states.

Now let’s describe in detail how the classical simulation is performed in the pa-
per of [33]. The initial state of the computer is assumed to be in a computational
basis state. The algorithm uses variables in the classical simulation, that are three
dimensional real vectors ?j for each j = 1,...,q(n) where the polynomial ¢(n) is the
number of qubits. These vectors represent the bloch vectors of qubits in the quan-
tum computers which the algorithm simulates. Each ?j is valid which means that it
satisfies many properties. Two of these properties are: each component of the vector
is in [-1, 1] and the norm of the vector is less than or equal to 1. p(¥) is defined to

be the density matrix of ¢(n) qubits when 7 is valid.

W.lo.g. a single qubit gate can be considered as a two qubit product gate. Then
the algorithm assumes that &, ..., &) are two-qubit separable gates. It starts to

simulate the first separate gate & that acts on two qubits A and B, using the input

S in the gate simulation procedure.

The gate simulation procedure is described as followed. The input was represented
< as mentioned above. The body of the procedure
consisted of finding valid vectors, 54 and 55’ on the output. The equation can be

by the three dimensional vector

written as:
& (p(sh) ® p(35)) = Y prp(547) ® p(557)
k

These separable decompositions are computed to a certain accuracy, which is
introduced to be less than or equal to 27! where [ is the number of bits of precision.
To find the probabilities and the vectors, it requires operations that are poly(2!) which
turns out to be sufficient (as explained in [33] in section 3.B) and [ is picked to be
logarithmic in the circuit; because if the circuit is large, more gates, that introduce

more errors, are required; so [ needs to be large.

By Caratheodory’s theorem, there are at most 16 terms in the sum; we mean that
if a point of R? is in a convex hull of a set, this point can be written as the convex
combination of at most d 4+ 1 in the set. Then the algorithm samples the probability
distribution,py,, and stores the obtained product state, p(54’) ® p(54’), and it is used
as an input for the following gate. This process is repeated many times until the gate
Ep(n) is Teached and a final output is produced. At the end, this procedure produced
a valid vector as an output. And this vector is the set of all three dimensional real

vectors of n qubits.
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Finally, the final measurement is simulated in the computational basis. The algo-
rithm measures all qubits at the output of the quantum computation. The probability
distribution is computed of each one of the products. The algorithm samples from
those probability distributions and produces a classical outcome for measurements of

each qubit.

As a conclusion, [33] prove that a quantum device built from noisy quantum gates,

that don’t generate entanglement, can be efficiently simulated classically.

2.2 Cylinder separability

Explicitly, as we mentioned in the introduction, we will be studying a variant of cluster
state quantum computation and we will show that it could be efficiently simulated
on a classical computer. The algorithm of [33] cannot be used because these cluster
state circuits lead to pure entangled quantum states; and these quantum states cannot
be approximated by a separable decomposition. But we develop a new method; we
are going to use a different notion of separability to show that these states can be

efficiently simulated classically.

Separable states are quantum states that can be decomposed into individual states
which belong to separate particles [63]. In the multipartite case, a pure state |¢) is
separable if it has the form: |¢) = |p1) ®@ ... ® |p,).

And a mixed state p is separable if it has the following form

P= PP ®pPp@pp®... (2.1)

where pY, pl, pL, ..., are positive density matrices. In normal quantum state, these

density matrices contain bloch vectors that come from the bloch sphere.

In generalised separability [52, 51],

p:ijail(X)a%@Ué@...
J

where cril, U%, aé, ..., are positive density matrices that are drawn from a set @) of
quantum states. We relax this condition by allowing this set to be a new state space.
For instance, instead of the Bloch sphere, we will consider Bloch vectors drawn from
a cylindrical state space with a specific radius » < 1 and a height A = 1. This is the

new notion of generalised separability, the so-called “cylinder separability”, which is
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going to lead to efficient classical simulation. Generalised separability has also been
previously used to construct efficient simulation on a classical computer of certain

type of PEPS [3] where these states are in general, hard to simulate[55].

As we will see later in this chapter, by taking two of these cylindrical state spaces
acting with the controlled-Z gate, we will end up with a separable output state with
respect to two cylindrical state spaces with larger radii “R”. Then the system could
be efficiently simulated on a classical computer only when the output radii are large
enough for the input radii, which means that the output radii should be less than or

equal to 1 because of the negativity that always appears [5, 4].

Note that, even though we have systems that are close to product state, it does
not mean that the setup can be efficiently simulated classically [61, 29, 28]. It has also
been shown that variant of the systems that we are considering can enable quantum
computation under the assumption that repeated measurements on any given qubit
are allowed [43, 12], however no previous work has shown the efficient classical simula-
tion results that we present. In addition, our framework does not fit into Generalized
probabilistic theories or GPTs because if C'Z gates are applied many times, the radius
will grow and we will end up with negative probabilities. By GPT, we mean that it
is a framework for generalizing quantum theory to explore the cause of its unusual
features [49, 36, 31, 10, 11].

2.3 Cylinders and the restricted measurements

For a specific set of measurement operators, denoted by {M}, the dual is a set of
operators p, that give positive numbers under the Born rule, tr(Mp). For instance,
motivated by the cluster state quantum computation schemes, if we measure in the
X —Y plane and Z directions, the dual is a cylinder. To demonstrate how a cylinder
is obtained, we start by measuring in the Z direction, we need to compute the trace,

that should be positive,

I+7 I+ 2\ (42X +yY +2Z 1+2
tr — P =tr 5 5 =5

By adding a constraint that the operators are unit trace, we end up with two

parallel horizontal planes that should be orthogonal to the Z axis where Z is in

the range [—1, 1], and all the operators of the bloch space between these planes give
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positive probabilities. Then we add the X — Y measurement to the Z measurement,

I+ X I+ X I+ X +yY +22 1+2x
tr Tp =tr 5 9 = 5

I+Y I+Y I'+a2X +yY + 22 1ty
7)) =t 5 =5

X and Y are in the range [—1, 1]. Therefore, the intersection of all these planes

makes a cylindrical state space. We are using this specific non-physical input state
space because we are only considering the restricted measurements, Z and XY mea-
surements. So, we are interested in quantum and non-quantum operators that give

valid and positive probabilities for these measurements under the born rule.

Thus, the same process of [33] algorithm is applied with this new type of state
space, that allows us to express entangled pure states as separable states. Instead of
the bloch sphere, we can use the cylinder because of the measurement restrictions,

and those cylinder states still give us a valid probability distribution.

2.4 Bloch vectors of the cylinder

In this section, we discuss two ways in which we characterize the cylinder.

The Bloch vectors of the cylinder can be characterized by

{(z,y,2)|]z € [-1,1],2° + y* < 1} (2.2)

Also, the cylinder can be defined as:

Cyl(r) == {plp = p',trp =1,1lp = Dz(p)|| < r} (2:3)

where Dy(p) := 3(p+ ZpZT) is the dephasing of p.
Equation (2.3) is a description of a cylinder with radius r; it doesn’t consist of
bloch vectors, it’s about density matrices, that are a 2 x 2 matrices. Hence, equation

(2.3) is equivalent to the equation (2.2), which is a description in terms of bloch vector
X,Y and Z coordinates.
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If we compute p — Dz (p) where
_ Poo  Po1
P10 P11
SO
p— Dylp) = poo por\ 1 J{poo po n 1 0 Poo  Pol 1 0
Plo P11 2 Plo P11 0 —1) \pwo pn 0 -1
_ [ Poo por 1 Poo  Pol N Poo  —pPo1
P10 P11 2 P10 P11 —pP10 P11

0
p—Dz(p) = ( Pm)
po 0

By taking A = p— Dz(p), we have to compute the determinant of A — A\I to find

Aar= 0 por) (L Oy oA e
po 0O 0 1 pro —A

Determinant (A — AI) = A? — po1p10, then

the eigenvalues:

A’ — po1pio = 0
X = poipio
A= £V ]porllprol
where, po; = 222 p1g = 2% and [pg1| = | plo\ because they are the complex conjugate
of each other, so we have |po|> = |p10]? = & +y

A=ty |Po1|2

—i x? + y?

S0,

B N SN

The trace norm is the sum of the absolute values of these eigenvalues where |A| =
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M| = |Xo| = 5v/22 + 32

1
Trace norm(A — M) = [ M| + [\ = 2|\ =2 % 5 % Va2 4y = /a2 + 2

By replacing r in equation (2.3) with 1, so we end up with equation (2.2).

2.5 Cylinder state space with different radii

To develop efficient classical simulation, we have to demonstrate how the generalised

separable decomposition can be obtained in terms of cylinder state spaces.

2.5.1 (Z gate acting on two input qubits

The important idea in this section is to show that if there are two inputs represented
by two cylindrical state spaces with radii » to which the C'Z gate has been applied,
the output is separable with respect to two different cylindrical state spaces with

larger radii R. It can be illustrated as follow:

Figure 2.1: A C'Z gate acts on two cylindrical state spaces with two radiir4 and rp,
the output is separable with respect to two cylindrical state spaces with larger radii

R4 and Rp
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Also, it can be demonstrated by the following Lemma:

Lemma 1. Consider a CZ gate acting on two cylindrical state spaces with two
different radii. Let’s us state this more precisely: let’s take C'Z(cyl(ra) ® cyl(rg))
and any operator, as being cyl(ra) and cyl(rg) separable, can be written in the

generalised separable form if and only if (where we define f4 := % and fp := ;—’;)

(fa+f)*+ f2fi <1 (2.4)

Before starting with the proof, a question can be asked: when the C'Z can be
considered as a separable operation?

Let’s define the growth factor as:

gi = — (2.5)

As we mentioned previously, if C'Z gate acting on two cylindrical state spaces with
different radii r, then the output that consists of two new cylindrical state spaces with

larger radii R is separable. It means that g; is large enough.

Let’s consider the growth factors of the two states are equivalent. By applying

the ratio to the determinant equation of the outer block we get:

4 1
1—— - —>0

g* gt~

The value of g is

g>X:=1/2+4 V5~ 2.05817

S0,

R > 2.05817r

This means that the radii of the output should be minimum twice the radii of the

input, then the C'Z can be considered a separable operation.

Proof. Let’s start by writing the Pauli decomposition of two qubit operators that is

represented by:
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1
paB =7 > pijoi@o; (2.6)

.3

where 0y, 01, 02 and o3 are the 2 x 2 matrices representing I, X, Y and Z operators
respectively. The above equation can also be represented as a 4 X 4 matrix with rows

and columns numbered from 0, ..., 3:

Poo  Por  Po2 P03
P10 P11 P12 P13
P20 P21 P22 P23
P30 P31 P32 P33

By applying the C'Z gate on the matrix we get:

Poo  Por Po2  Po3 Poo P31 P32 Po3
Po P11 P12 P13 N P13 P22 —pP21 P1o
P20 P21 P22 P23 P23 —pP12 P11 P2
P30 P31 P32 P33 P30 Po1 Poz P33

The product operator can be written as:

1 1
5 (00 + 2401 +ya02 + 2403) @ (00 + 201 + Ypo2 + 2503),
for conciseness, we will represent it by the following vector notation

(]-7 TA,YA, ZA) ® (17 TB,YB, ZB)

To determine if the output of a C'Z gate lead to cylindrical separable states that
have different radii, we need to consider only the extremal input points from the top
and the bottom faces of the cylinder. The reason for this consideration is that C'Z
gate is a linear transformation which is a mapping between two vector spaces that
preserves the operations of vector addition; so a linear transformation commutes with
addition. Furthermore, when C'Z is applied on the the extremal input, the output is
separable; then if a mixture of the extremal points is taken and C'Z has been applied,
the output is also separable because C'Z is linear into a mixture of the original parts

and those are separable. So the output for all the inputs will be separable.

We will take advantage of the symmetry around the Z axis. Let’s consider a
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cylinder separable decomposition:

CZ(pa® pp) = szwA@)wB

where w’y € Cyl(R4) and wy € Cyl(Rp). We know that C'Z gate commutes with Z
rotation U, and cylinders are invariant under Z rotations, because of these properties,

we have the following separable decomposition:

CZ(UMpa) @ UL (pg)) sz (wa) @ UP(wp)

This is used to reduce the number of inputs that we need to test. First, we set the
Pauli operator y = 0 because if we take two inputs (1,74,0,41) and (1,r5,0,+1) and
we apply the Z rotation, we notice that these inputs are similar to other inputs, such
as (1,r4cos X, rasin@Y,£1) and (1,rpcospX,rpsin @Y, £1) where ¢ # 0. Then,
if we obtain a separable decomposition for the first two inputs, we will end up with

separable decompositions for the other inputs by applying the Z rotation.

So now, we can concentrate on the two inputs that have the form (1,74,0,+1)
and (1,7p,0,£1).

Let’s see which value of z we need to take for the both inputs particles. If we take

z = 1 for particle A, we will have:
CZ(1,r4,0,1) ® (1,r5,0,£1) = Y piwy ® wi
But if we take z = —1 for particle A, the separable decomposition will be

CZ(1,74,0,-1)® (1,rp,0,41) = Y~ pi Xy X' © Zwy 21

So, we need to take z = 1 because changing z to —1 when y = 0, is the same as doing
a Z rotation on the second particle. And because C'Z is symmetric, the value of z in

the second input will be equal to 1 as well.

The two input state particles are given by:

1 1
SUHTaX +0Y + 1)@ (I +7rpX +0Y +1) (2.7)

After applying C'Z on the input, the matrix will be represented by:

39



1 rp 0 1
rg 0 0 TA
0O 0 rurg 0
1 rg O 1

(2.8)

We need to show that the above matrix can be written as the outer product:

1

R4 cos(6;) .
sz‘ R sin(6)) <1 Rpcos(0;) Rpsin(6;) 1)

1

i

If we take 0; = 0 and if we multiply the previous matrix by two 4 x 4 diagonal

matrices:

and

o o o -
o of o
Y
of~ o o
- o o o
o o o~
o ofl o
-
ol o o
- o o o

one on the left and the other on the right respectively, we end up with two cylinders
with radii equal to 1, C'yl(1).

By multiplying these two matrices by matrix (2.8), one on the right and the other

on the left, we get the following matrix:

1o
w0 0 (2.9)
0 0 pm
1;—@01

So, The matrix (2.8) is Cyl(ra), Cyl(rg) separable if and only if matrix (2.9) is
Cyl(1), Cyl(1) separable.

If a cylinder decomposition exists for matrix (2.9), then all the z components in
the matrix are replaced by 0 to obtain a quantum separable decomposition of a two
qubit quantum operator, which means that by taking a vector in the X — Y plane

where z = 0, we end up with a bloch vector decomposition. On the contrary, if a
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quantum separable decomposition exists,
D pilL 2yl 2) ® (1,25, v, 2)
i

then all the z components are replaced by 1 to get a cylinder decomposition. So
we know that determining the operator presented by matrix (2.9) is equivalent to

determining a two qubit quantum operator.

When we replace all z components by 0, the above matrix can be seen as follows:

1 2= 0 0

a0 0 0

R4 (2.10)
0 0 gE; O

0 0 0 0

This means that if matrix (2.10) has a quantum separable decomposition then

(2.9) has cylinders separable decomposition with radii “17:

Then (2.9) is Cyl(1) separable which makes (2.8) is a C'yl(ra), Cyl(rp) separable
if and only if (2.10) corresponds to a positive and PPT operator.

Now let’s calculate and check the minimal eigenvalues of the operator represented
by the matrix (2.10) are non-negative. In the form of Pauli operators, the equation

is displayed as follows:

TA B TATB
I — XTI+ —IxX Y®Y
+(RA ® +RB ® )+RARB &

And its partial transpose

A B
I+ (—XI+—I®X)—
( i s )
When the partial transpose has been applied, we noticed a changed in the third
column which is the same as doing an X rotation. Now, we will work out the eigenval-
ues of one equation because we found that all the eigenvalues of these two operators
are equivalent. Before computing the eigenvalues, we used the Hadamard gate on

both qubits to get the following equation:
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A B TATB
I — 71+ =1 7)— Y®RY 2.11
+(RA ® +RB ® Z) R ® (2.11)
In computational basis, this is equal to
14+ fa+ fB 0 0 fals

0 1 — — 0
+ fa—fB fafs (2.12)

0 —fafs 1—fa+fa 0

faln 0 0 1—fa—fB

Now, we can find the eigenvalues by dividing the matrix into two blocks: the inner

block and the outer block. The determinant of the inner and the outer block are:

1= (fa—f5)*— fif3
1= (fa+fB)?— fafs
Between these two blocks, the determinant of the outer block is the lowest as

fa and fp are positive. As we conclude, if the determinant of the outer block is

non-negative then the output of the two cylindrical state spaces will be separable.

O

2.5.2 The diagonal gates acting on two input qubits

In this section, instead of applying the C'Z gate, we will consider a diagonal gate that
acts on two qubits. This specific gate, V' (0), is represented by the following matrix:

100 O
010 0
V() = 2.13
(6) 001 0 ( )
00 0 €%

This matrix can be written in the form:

V(0) = 10){0] © I +[1)(1] ® Zy

10
where 0 goes from 0 to 27 and Zy = (0 w).
e
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As mentioned previously, to show that the output of this diagonal gate lead to
cylindrical separable states that have different radii, we need to consider only extremal
input points of the cylinder because if the output from the extremal inputs is separable
then the output from all the inputs can be separable because the V(0) gate is linear

transformation.

To reduce the number of inputs, we take advantage of the symmetry around the

z axis. By considering a cylinder separable decomposition,
V(O)(pa ® p) = Y pymiy @ mi
J

where m’, € Cyl(R,4) and m’, € cyl(Rg), we know that V() gate commutes with Z

rotation U, and cylinders are invariant under Z rotations; we have the decomposition:

V(0)(U(pa) @ UL (pB)) ij (ma) ® UL (mp)

If we take two inputs with y = 0 and we apply the Z rotation, we notice that these
inputs can be taken to other inputs. Then, if we have a separable decomposition for
the first two inputs, we can obtain separable decompositions for all other inputs by
applying the Z rotation.

So, we will concentrate on the two inputs and we will consider all possibilities of
Z,(1,74,0,£1) and (1,75,0,£1).

By taking the first possibility where z = 1 for both inputs,

V(@)((l, TA, 07 1) ® (]-a B, 07 1)) = Zp]mi‘ ® mJB

J

In pauli basis, these two inputs are given by

1 e 0 1
X 40V 4 2) @ ST+ rpX 40V 4 2) = |4 a8 U 74
= r = r =
2 A 2t TP 0 0 0 0
1 B 0
In the previous part, we could reduce the number of inputs because when z = —1

in the first particle is the same as applying an X rotation and a Z rotation to the
first and the second particle respectively. Then, the PPT criterion is used when C'Z

acted on the product term in which z = 1 in both particles.

Lemma 2. After applying the V' (#) gate on the matrix (ps ® pp) i.e. this state is
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represented by the following matrix in the pauli basis,

1 rg 0 1
ra Targ 0 14
0 0 0 O
1 rg 0

we end up with the following:

e the output top row is identical to the bottom row,

e the left column and the right column of the output are the same.

Hence, PPT criterion can be applied in the possibility where z = 1 for both inputs.

Proof. We consider V(0)(ps @ pp)V(0) = pour. We need to find if the top and the
bottom row are the same. So, we subtract these two rows to see if we will end up

with 0. The top row is given by tra[(/a ® Ig)pow) and the bottom row is given by
tTA[(ZA & IB)pout]-

IA X ]B)pout - (ZA X IB)pout]
IA - ZA) ® IBpout]

= =

[
[
= tral(l = Z)a @ IV (0)(pa ® pp)V ()]
= tr4[2]11)(1] @ I (|0)(0] @ T + [1)(1] ® Zy) (pa @ pp)V (0)T]
= tral2[1)(1] @ I (11)(1] @ Zp) (pa © pp)V (6)']
= tra2[1)(1] ® Ip(pa ® Zopp)V (6)T]
=tra[2[1)(1|pa ® ZGPBZ;L]

By obtaining that the top and the bottom row are the same, this argument is the

main factor for the use of PPT criterion when z = 1 for both inputs. n
Explicitly, we can go through the same argument for all other possibilities (1,74,0, £1)®

(1,75,0,+£1), and we find that we end up with the same result. Therefore we know
that PPT can be applied in this section.

44



The growth factors of different thetas

In this part, we will attempt to find the growth factors for each gate V(0) where 6
will change from 0 to 2. We will first work out the action of V'(#) gate on all product
of pauli. So, we have to apply a tensor product between each two pauli matrices from
the first and the second inputs respectively. For example, we choose I from the first
input and then we do a tensor product between the chosen pauli matrix and the I,
X, Y, and Z from the second input. The same is applied for X, Y, and Z from the
first input (e /@[, I X, IQY,I®Z, X ®I, X ® X, etc). Then, we obtained
a 4 x 4 matrix. Then, we multiply the matrix V' (#) with each of the calculated 4 x 4
pauli matrix and with the conjugate matrix of V(#). That’s how We end up with

matrices of 4 x 4. For more details, see Appendix A.

After written out these matrices in terms of pauli operators, we note down all the
coefficients in this 16 x 16 matrix, that we called “V'V (8)”

o O o0 O O o O
o O O o O
o o

o O 0 0 O ok o o o o

O O O O O O O O oo oo o o o o
(=B onliNe) O O O O OO O oo o o 4o o
(vl @] 0O O O O O O O o o oo o o o O
O O O O oo O o0 oo o oo oo+, O o o
O O O o T o O Q9 -
O O O O O — O o O O @ o O O O O
O O O O O QO o O o T o O O O O
O O O O ©O o O T D o O -« O O O O
O O O O O QO ¢} o O wOT o O O O O
O O O O O o =T o O T -
o O O O o O O« T o O O o O O O
O O O = O O O O O o o o o o o o
[en RN @ PNV O O O O OO o0 oo oo T o o
(@ RNV} O O O O O O o o o oo oo
_— O O O O O O O o oo o o o oo

=

&®

N

o O O O =

=
=
@
@
@

1
cosb;d = —3 sin 6,

N | —
N | —

a:§+§c086;b:§sin€;c:

45



11 , 1 .11 , 1 , 11 _ 1 _
e= 54—1 exp (—26)—1—1 exp (i0); 7 = 577 &XP (—29)—1—1 exp (i0); k = —5—1—1 exp (_20)+Z exp (i0);

1. . 1. : 1. . 1. .
p= jiexp (—i6) — Jiexp (10);q = —giexp (—if) + Ziexp (10)

Our goal is to check whether the output is within the output state space which
is the convex hull of all the points on the cylinder. So, we are going to theoretically
and numerically work out the required growth factor g for different values of 6, where

g is a function of theta, to make the output separable. We know two values of ¢:

e When 6 is 0, the growth factor ¢ is 1. Because when 6 = 0, V(1) is the identity

gate and there is no entangling.

e By taking z = 1 for both inputs (1,74/5,0,1), we know from the previous
section we got g > 2.05817 when 6 is equal to .

Product input with component z=1

We will start by computing the growth factor theoretically. As we showed previously,
to determine if the output of V() gate leads to cylindrical separable state, we only
need to consider extremal input points of the cylinder. We know that V() gate
commutes with Z rotation U, and cylinders are invariant under Z rotations; which

means that we are dealing with the two inputs used in the previous section:

1 1
5(1+mX+0Y+1)®§(I+7~BX+0Y+1)
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When we apply V(0) to the product input, the matrix is given by:

1 I®1
rp IT®X
0 I®Y
1 I ®Z
TA X®I1

(3 + 3¢+ 3 rarp X®X
—Liem® 4 Liei®)p rp X®Y
1 1

rA X®Z
0 Y®I
(—3ie™™ + Lie®)rarp Y @ X
(53— 3¢ —1e)rarp Y®Y
0 Y®Z
1 Z®1
rB Z QX
0 ZQY
1 ZR7

If we represent the above 16 x 1 matrix by a 4 x 4 matrix, we have:

1 B 0 1
A (% + ie’w + iew)rArB (—}Lie’ie + }Lieie)rArB N
0 (—3ie ™+ Lie®)yrarg (53—

1 B 0 1

As we mentioned in the previous section,we will show that the matrix can be

written as the outer product:

1

R4 cos(6;) :
S p o in(B) (1 Ricos(6:) Rysin(6;) 1)

1

i
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So, we multiply the previous matrix by two 4 x 4 diagonal matrices:

and

S o o
o of- o
of o o
— o o o
SIS
o of- o
=
of- o o
— o o o

one on the left and the other on the right respectively, we end up with two cylinders
with radii equal to 1, C'yl(1).

We get the following matrix:

1 2—}; 0 1

;_,: ( + 6719 + 1 ZQ)EQEBB (_%Z-eﬂ'e + %ieie) }gig; 17%_,: (2 15)
0 (—%ie ™+ Lie! >£2% (3 — 37— Z—ie“’)% 0 '

1 % 0

So, The matrix (2.14) is Cyl(ra), Cyl(rp) separable if and only if matrix (2.15)
is Cyl(1), Cyl(1) separable.

Then, we replace all z components by 0 to obtain a quantum separable decompo-

sition of a two qubit quantum operators, the above matrix can be seen as follows:

1 = 0 0
r —i6 1z'6' TAT 1, —i0 1, 10\ rar
i G T 1 Pk ae R (Cie” H e )R 0 (2.16)
0 (i + L) (3L — L)z o
0 O 0 0
The partial transpose of the above matrix will be equal to:
B
1 RB1 i0 1;,—if " "
R ¢ T 6 i0 N 461 >R2Ri _<1_Z1 1_Z 9+ 216 e)RﬁRi ’ (2.17)
0 (“hie 4 die") g —(3— de — ko) 0
0 0 0 0

Using the the pauli operators, the matrix (2.16) can be written as :

[+ RIOX X1+ [ +1e + )X 8 X + (-3~ jer @

Y] A +( 19+ ze”’)(X®Y+Y®X)Ig§gZ
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And the partial transpose is given by:

]-{-;—i[@X—F;—’:X@]—F[(%_Flllefia_‘_l_llei@)X@X_(%_
Vg + (—qie ™ + Jie”) (- X @Y + Y © X) g4

When the partial transpose has been applied, we noticed only a change in the
third column which is the same as doing an X rotation. When the X rotation is
applied, the eigenvalues of the two matrices (2.16) and (2.17) are the same. We
checked numerically if the minimum eigenvalues don’t change and we found that they

are equivalent for different values of theta starting from 0 ending at 2.

Now, by taking the symmetric case R4 = Rp = R and for each value of R going
from 1 to 2.1 where the input radius is 1, we store the value of R only when the
minimum eigenvalue for each value of theta becomes negative, it means that when
the minimum eigenvalue of a specific theta is negative, it requires a the growth R to

be separable. We end up with a graph that represents the storing value of R for each
theta.

2.2 T T T T T T T T

values of growth
o foe)

—h
N

1.2

1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180
values of theta

Figure 2.2: The required growth for each 6 to end up with a separable gate.

It turns out that the C'Z gate, where # = 7, requires the most growth in R.
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In these following parts, the same procedure will be repeated but for different

product inputs.

Product input with component z=1 and z=-1

We will start by applying the diagonal V' (#) gate on the product input that can be

written in the form:
1 1
§(I—|—TAX—|—OY—|-1)®§(I—|—7‘B+OY—1)

So V(0)(1,74,0,1) ® (1,75,0,—1)V ()T is given by a 4 x 4 matrix:

1 B 0 —1
(1 —1i6 —l— 1 19) ( + Z116—19 + 1 le)TATB (_% —1i0 + Ze O)TATB (_%e—ie _ %e“’)m
(—5 e ¥ 4 526’9)1”,4 (—3ie™ + zew)rArB (% — e — 2e®)ryrp (%ie‘w — %iew)m
1 rB 0 -1
This matrix is separable if and only if the following matrix is cyl(1), cyl(1) sepa-
rable
1 ;—L; 0 —1
(1 —i6 4+ 1 1 19)R_A ( + 6—19 4+ 1 1 29)1;371“%}3]3 (_%ie—ie + iieiO) éﬁ%@ (_%e—ie o %eie)%
(_2 e~ + 26 )R_A ( i 719 + —26 )1;27]42143 (% _ 1_116710 _ %eze)ggrRBB (%ieﬂ'e . %’6619);—‘:
1 ;—‘Z 0 —1

By replacing all z component by 0, a quantum separable decomposition is ob-

tained,
1 ;—’; 0 0
(; —1i60 + 1619);‘; ( + 6719 + 1620)}22%33 (_%iefie._’_ %7,619) Igzg; 0
(—Jie™0 + Jie®) g (<Yie + Lie")AEL (3 — L — L) R o
0 O 0 0
The matrix can be written as:
I+ TBI®X+ [<1 —if 1610)X®I—|—( —1'04_%%1'0)1/@[}%4_ [(l+l€—i0+
%‘ NX ® X + (—426 0 4 Zzew)(X RY +Y ® X) + (% — %e‘w — ’H)Y ® Y]];;‘;LB
The partial transpose of the matrix is given by
1 ;—’; 0 0
(16—19 + 1 7,9) RA (% _|_i —10 41 1 zG)]gz;LBB (_}lie—iO + iieie)giEBB 0
1 0 I ANA 1 719 i TAT 1 1 _—i6 1 10\ rar
—(=3ie” + gie?) g —(—qie™? + Jie") A —(5— e — ) 0
0 0 0 0
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it 1s same as:

I+ T X +[(5e7" +3) X @1 — (—zie™ + i)Y @ IJ34 + (5 + g¢7 +
1eNX X + (—1ieT? + 1ie?) (X QY - Y @ X) — (3 — 17 — 1Y ® Y]giE
As before, when we apply PPT criterion to the matrix, we end up with negative
signs in the third row or in the third column, which also can be the same as applying
the X rotation. Then, we will check numerically the eigenvalues of these last two
matrices if they are equal. We notice that the minimum eigenvalues are the same. In
addition, we notice that the minimum eigenvalues of these matrices are identical to

those of matrices (2.16) and (2.17).

As mentioned in the previous part, we are going to find the necessary value of

growth for each theta to end up with separable gates.

By taking the symmetric case, R4 = R = R and by changing the z component
of the second particle in the product input, it turns out that the same graph (2.2) is
obtained and the C'Z gate requires the most growth in R.

For the two remaining cases where the product input has

e component z = —1 and z = 1 for the first and second particle respectively,

e and z = —1 for both particles,

the same procedure has been applied. A 4 x 4 matrix is obtained after V' (0) act-
ing on the product input. This matrix is Cyl(ra), Cyl(rp) separable if and only if
Cyl(1),Cyl(1) is separable. Then all the components of z in the matrix are replaced
by 0, to have a quantum separable decomposition. PPT is applied, as before, we
notice that all minimum eigenvalues are identical. We compare all the minimum
eigenvalues with the previous two cases, where z = 1 for both particles and z = —1

for the second particle, we notice that these eigenvalues remain the same.

By considering the symmetric case where R4 = Rp = R, we produce the graph
that represents the required value of growth or R for each 6 going from 0 to 27 to
have separable gates. The obtained graphs of these two cases are exactly the same as
the graph (2.2).

2.6 Summary of chapter 2

We started by relaxing the notion of separability to get a new generalised notion

that we called cylinder separability, where, instead of Bloch sphere, we had cylinders.
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Then we applied this notion to systems where we changed the inputs [¢) of the cluster
state quantum computation, i.e. the modified input state has the unormalised form
|1b) =10) + €[1). Then we find that, after applying C'Z gates on two cylindrical state
spaces with radii r, the output is separable with respect to two different cylindrical
state spaces with larger radii R = Ar. Separability can be maintained by growing
the cylinder by A but we must not grow beyond radius 1, because this state space
should be in the dual of the cylinder measurements. Then, instead of the C'Z gates,
we applied diagonal gates V() on two cylindrical state spaces. We tried to find
the minimum growth required for separability for each value of  and it turned out
that the C'Z gate is the gate that requires the most growth factor A to maintain
separability. In the following chapter, we will find that, by growing the size of new

state spaces, the system can be efficiently simulated classically.
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Chapter 3

Different state spaces

To efficiently simulate a complex quantum system on a classical computer, we ap-
proximate a pure entangled quantum state by a separable decomposition. As we
mentioned in the previous chapter, we use a state space as the cylinder instead of

Bloch sphere to get a separable decomposition.

In this chapter, we will try to find a non-quantum state space that is better than
the cylinder. So, we are going to try to find a state space that starts with greater
quantum inputs than the cylinder, but grows more slowly each time C'Z gate has been
applied to maintain the separable decomposition, so that we do not exit the dual of
the allowed measurement. However, it turns out that the cylinder is the most optimal
state space among all the state spaces that we searched through, which means that
the cylinder requires the lowest growth of v/2 + v/5 ~ 2.05817.

3.1 State spaces

We consider state spaces that are convex hull of N(5 — 2) + 2 vertices where N is
an integer number and these vertices are described by Bloch vectors. The considered
state spaces are chosen because of the symmetry about the z axis and they are
among the simplest we could try for relatively small number of extremal points. This
study requires small number of extremal points because we are going to use Linear
Programming on Matlab on a regular laptop to work out numerically the growth
factors to see if there is a state space grows less than the cylinder. If our trial shapes

have too many points, the algorithms run prohibitively slowly.

We will begin by describing the boundary of these state spaces in the positive x
part of the X — Z plane only. Then this cross-section will be rotated around the z

axis N times to construct the whole shape.

The boundary of these state spaces in the positive x part of the X — Z plane is
defined by five points. These points are @ = (0,1), S = (0, —1), which represent
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the top and the bottom of the state space respectively, 7' = (1,0) which represents
a point at the “equator”, and two other points K = (w,h) and L = (w, —h) where
“h” represents a chosen height and “w” represents a related width. For instance, the
following two dimensional graph illustrates the boundary we get in the X — Z plane

for h = 0.5 and w = \/g.

1.5
1
m; h)
0.5 "\
z axis 0 T T T T 1
0.00 0.20 0.40 0.60 0.80 /00 1.20
-0.5
m; - h)
-1
-1.5
X axis

Figure 3.1: The boundary of the state space in the X — Z plane for h = 0.5 and

_ /3
W=14/3
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We will repeat this boundary by rotating it N times about the z axis, at regular

2r
N>

the state spaces will be given by:

azimuthal angle intervals § = n<l, where n =0,..., N — 1, so overall, the vertices of

(0,0, 1) represents the top of the state space

(0,0, —1) represents the bottom of the state space
e (wcos(f), wsin(), +h)

e (cosf, sin(f), 0) where these points are located on the horizontal plane

The following image illustrates the state space with h = 0.5, w = \/g and N =6
which is the total number of angles.

Figure 3.2: The state space for N =6, h = 0.5 and w = %
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This means that the shape of the state space that we will consider, is parameterized
by three numbers: N, h and w. We will change these values to find the growth factor

needed to maintain separability.

But, to see the relationship between these shapes and the bloch sphere, we are

going to define a new parameter € to replace the parameter w, where we have:
w=(V1-hr%)1+e (3.1)

When e = 0 all the vertices are on the bloch sphere surface. When e is bigger than 0,
some of the vertices protrude outside the Bloch sphere. Then we will vary the value
of €, which does not need to be small, to see what happens to the growth factor when
we step away from the Bloch sphere. Note however that when the value of € is too

high, where w > 1,
1

S —
Vi

the shape of these state spaces changes, and we end up with a non-convex shape. For

€> (3-2)

instance, the following graph represents the obtained boundary in the X — Z plane
for h = 0.5 and w = % when € = 1.1; in theses cases, we are going to take the
convex hull which reduce the number of extremal points and change the outermost

boundary to a flat vertical face as illustrated in the figure,

1.5

0.5 —1.82

zaxis O . : :

S

X axis

-0.5

[REY
oo
(5]

-1.5

Figure 3.3: The boundary of the convex hull in the X — Z plane for h = 0.5, ¢ = 1.1

and w = %

As a conclusion, we are going to use three parameters: N, h and e. When ¢ <

1

s — 1, we end up with cross-section which is illustrated by the following graph,

and when ¢ > \/1;_7 — 1, we end up with cross-section with a flat boundary as
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1.5

0.73
0 N\

zaxis O . . . . |
0.00 0.20 0.40 0.60 0.80 1.00 1.20
-0.5
443
-1
-1.5

X axis

Figure 3.4: The boundary of the convex hull in the X — Z plane for h = 0.75, ¢ = 0.1

— /T
and w = 16

illustrated, for example, in the following figure,

1.5

1.39

z axis 0 T T T T T T T 1
0.00 0.20 0.40 0.60 0.80 1.00 1.20 140 1.60

1.39

-1.5

X axis

Figure 3.5: The boundary of the convex hull in the X — Z plane for h = 0.75, e = 1.1
_ /T

and w = /¢
Our goal in this chapter is to use Linear Programming to work out numerically the
growth factors for different values of N, h and € to see whether any of these shapes

may grow slower than the cylinder.
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3.2 Using Linear Programming to decide the con-

vex hull membership

The problem that we are working on is whether we end up with separability, it means
that we need to work out whether a point is in the convex hull of a set of points, in

our case we are going to use the Linear Programming [18].

In this section, we will describe a general method of using Linear Programming to
decide if a point is inside the convex hull. We start by considering a set G of vectors
where G' = {g1,...,94} where the g; € R". The state space is the convex hull of G
and we attempt to work out whether a vector v is in the convex hull of G. So we
use the Linear Programming to check if the vector is inside the convex hull and if the

problem is feasible.

The Linear Programming consists of minimizing C*z where C is Linear objec-
tive function. The minimisation is subject to a linear equality and linear inequality

constraints where both of them consist of a matrix and a vector.

The equality constraint states that ) . 2;g; = v. This constraint can be presented

as:
x1

X2

Xq

If = satisfies this equality constraint, it means that v can be written as a linear
combination of g; vectors.

In order to have v inside the convex hull of G, x should be positive numbers and
> ;2 = 1. Then in our case, the linear inequality constraint consists of an identity

matrix I and a zero vector b, where we have,

0 0 T
0 0 0 To
> b
0000 ... 1 Ty

So v is not just a linear combination but it is a convex combination of g; vectors.

We are not interested in optimization, we only care whether these constraints can
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be satisfied to get v in the convex hull of G. So we can choose any vector for the

linear objective function but we pick the zero vector.

After applying the Linear Programming, if the problem is feasible then the vector

v is inside the convex hull but if the problem is infeasible, then v ¢ G.

3.3 Linear Programming

In this section, we will see how to cast our problem in the form that we discussed in
the previous section. For a particular shape, the set G' contains vectors g;. g1 and ¢

are the vectors that represent the top and the bottom of the state space,

and g, =

_ O O =

-1
For g; where j > 3, these vectors have two forms. The first form is given by

1
Rw(1 + €) cos(0)
Rw(1 + €) sin(0)
+h

where R is the output radius, § = n% and n = 0,...,N — 1, and the second form

represents the points located on the horizontal plane,

1
cos(0)
sin(6)

0

Note that ¢; begin always with 1 which is the coefficient of the pauli operator [

because of normalisation.

After putting all these g; together, we end up with a 4 x (N (5 — 2) + 2) output

matrix, Moutput state space- 1 1iS matrix describes the shape, for instance by using Mat-
lab, we take R = 2.468, h = 0.5, w = \/g, e =0 and N = 6, we obtain the following
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output matrix,

111 1 .1
o 0 214 107 ... 107

Mowtput statespace =1 o g g5 _185
1 -1 05 05 ... —05

Each of these columns represents a vertex in the state space.
In our case, G is going to be the product of Moutput state space- S0, the set G which is
represented by a (16 x (N (5 — 2) + 2)?) matrix, is given by,

G - moutput state space & moutput state space

The matrix Minput state space Nas the same coefficients as Moutput state space PUL the X
and Y coordinates are not multiplied by R. Each column in my,putstatespace T€PrEsents
a vector t; where i = 1,...,N(5 —2) + 2. Then v is constructed from a particular
pair of inputs ¢; ® t; acting with the C'Z gate. Explicitly, each v is is going to be in
the following form,

v=CZ(t; ®t;)

We need to work out whether all the ¢; ® ¢; inputs are taken to separable outputs.
But we are not going to test the (N x (5 — 2) + 2)? inputs, we only need to take 5
inputs because the C'Z commutes with the Z rotation; because of this property, we

have the following separable decomposition:
CZ(UzZ(tZ) & Uzj(tj)) = ZpkUzz()‘z) ® Uz]()‘J)
k

If CZ is applied on the measurement operators, X and Y measurements will be
rotated. Then if we apply the Z rotation on a separable decomposition for inputs
with y = 0, we find that the other inputs with y = sin(f) as a coefficient of Y will

have separable decomposition.

So the inputs ¢; are the following vectors where y has the coefficient 0,

1 1 1 1

0 0 1 w(l+e)
= 0 , by = 0 , by = 0 and for t; >4 t; =

1 —1 0 +h

where ti, t represent the top and the bottom of the state space respectively, t3
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represents the point on the horizontal line and the other vectors have the form ¢;.
For example, by using Matlab, we take R = 2.468, h = 0.5, w = \/g, e = 0 and

N = 6, we present one pair of iInput Minpus state space;

L1111
o o o0s66 0433 ... 0433

Minput statespace = | g g g75 . _075
1 -1 05 05 .. —05

We will vary the output radius R across a range until the problem becomes feasible,

then this specific R is taken as the minimum growth required to have separability.

We start by fixing the output radius on the first value of the chosen range for a
specific value of N. We will fix the first input ¢; and apply the C'Z gate on a tensor
product between the fixed input and itself. Then we use the Linear Programming to

check if it ends up with a separable decomposition. So we have two cases:

1. If it has such decomposition, we do the same process but we change the tensor
product, which will occur between the fixed and the second input t,. If we
get a separable decomposition, the same procedure will be repeated until we
end up with a separable decomposition for all the 5 inputs. Then, we fix the
second input instead of the first and re-do the same technique until we obtain a
separable decomposition for a tensor product between the final input and itself.
If all these tensor products have separable decomposition then the output radius
is considered as the optimal one. But if in the middle of this procedure, we don’t

reach a separable decomposition, the second case will be applied.

2. If we don’t obtain a separable decomposition, then the same procedure will
be replicated with the second value of output radius until it reaches the last

required output radius in the range.

The same procedure is repeated but for different values of N. If the procedure ends
up by giving us a minimum value of the growth factor (or a minimum output radius
by taking input radius equal to 1), this value will be compared with the growth (or
the output radius) of the cylinder to choose which state space is optimal. But if the
process has gone through all the radii and we don’t have a separable decomposition,

we know that the cylinder is the optimal state space.
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3.4 Results

Our state spaces are characterised by h, N and e. We vary these parameters to

get a minimum growth factor. The following table shows, for each state space, the

minimum radius growth required for all the pairs of inputs to end up with a separable

output.

height | ¢ | N | Growth factor or R
0.5 0|6 2.468
10 2.442
15 2.442
20 2.415
0.1] 6 2.507
10 2.434
15 2.443
20 2.415
1.1 6 2.528
10 2.434
15 2.443
20 2.415
0.75 0|6 2.514
10 2.439
15 2.443
20 2.415
0.1] 6 2.528
10 2.452
15 2.443
20 2.415
1.1 6 2.528
10 2.452
15 2.443
20 2.415

Table 3.1: The radius growth for different state spaces

62



h ¢ | N | Growth factor or R
0.8 0 | 6 2.528
10 2.434
15 2.443
20 2.415
01| 6 2.528
10 2.452
15 2.443
20 2.415
1.1] 6 2.528
10 2.452
15 2.443
20 2.415
06 0 | 6 2.484
10 2.447
15 2.439
20 2.415
01| 6 2.515
10 2.447
15 2.441
20 2.415
1.1] 6 2.528
10 2.447
15 2.441
20 2.415
04 0 | 6 2.465
10 2.436
15 2.441
20 2.415
01| 6 2.500
10 2.448
15 2.441
20 2.415
1.1] 6 2.500
10 2.448
15 2.441
20 2.415

Table 3.2: The radius growth for different state spaces

63



h ¢ | N | Growth factor or R
0.1 | 0 | 6 2.488
10 2.432
15 2.432
20 2.415
01| 6 2.484
10 2.429
15 2.429
20 2.415
1.1] 6 2.484
10 2.429
15 2.429
20 2.415
0251 0 | 6 2.458
10 2.431
15 2.438
20 2.415
01| 6 2.468
10 2.444
15 2.443
20 2.415
1.1] 6 2.468
10 2.444
15 2.443
20 2.415

Table 3.3: The radius growth for different state spaces

As a conclusion of this section, when we change the height for N = 20, which is
the total number of points around the equator, we notice that the minimum value of
growth factor is 2.145 for all the considered state spaces in both cases: within and
outside the Bloch sphere. This means that the cylinder with a growth factor 2.05817

is the most optimal state space among all the state spaces that we studied.

3.5 Summary of chapter 3

In this chapter, we started by considering new state spaces that are the convex hull
of N(5 —2) + 2 vertices. Then, we grew the size of these spaces to maintain the
non-entangled representation. We also used the Linear programming to work out
numerically the growth factors to see whether any of these state spaces may grow
slower than the cylinder. It turned out that the minimum value of growth factor for

the considered state spaces is 2.145 which is bigger than the cylinder growth factor.
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Therefore, the cylinder that requires the least growth, is the most optimal state space
among all the state spaces that we studied. In the following chapter, we will try to
increase the region that can be efficiently simulated classically, using the method of

the coarse graining.
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Chapter 4

Coarse Graining

When a C'Z gate is applied on two cylindrical state spaces, we must grow the radius
r in order to describe the system with separable decomposition. However, r cannot
grow too much, i.e. r must not grow beyond 1, because the separable decomposition
must use state spaces that are in the dual of the cylinder measurements. In this
chapter, we are going to introduce a method where we put particles into blocks and
these blocks are treated as single systems. This method is called coarse graining. So,
we are going to try to use coarse graining to increase the size of the region that we
can simulate efficiently, and we will find that this enables us to improve the value of

the radius r by putting two particles and then four particles in a block.

4.1 Description of coarse graining

We start by taking a lattice similar to the cluster state and we divide it into blocks.
Each block contains vertices that are connected by several C'Z gates. The C'Z gates
that are within the block, are defined as “internal C'Z gates”. We also connect vertices
from different blocks by C'Z gates that we called “external C'Z gate”. For instance,

we are considering a 4 x 4 lattice in each block:

(0] (0]
@) @)
@) @)
@) O

In this diagram, the dots and the circles within each block are related by internal C'Z
gates. The circles in the first block are connected to those in the second block by the
external C'Z gates.

In each block that is considered as a single particle, we are going to grow the radii
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of the cylindrical state spaces according to the applied external C'Z gates to maintain
separable decomposition. By taking the previous example, where we considered a 4 x4
lattice in each block, C'yl(r) are represented by the dots and Cyl(r\) are represented
by the circles where A = /2 + /5 ~ 2.05817, which was found in the previous
chapter, then r < %

Then the operators, that are within the block, are created from these cylindrical
state spaces Cyl(r\’), where i is the number of the external C'Z gates, and the internal
CZ gates that are applied on these state spaces. The set of these operators is defined

as “block state space”.

By growing the radii of the state spaces, we construct separable decomposition
before applying the internal C'Z gates. Now, we work out whether the separable

decomposition has positive outcomes for allowed measurements.

We start by taking one particle in the block state space, it means that the internal
CZ gate cannot be applied, only four external C'Z gates are applied to this cylindrical

state space.

Cyl(rA*) are given by the circle and the dots may grow only by A or they don’t
grow. But we won’t consider cylinder presented by dots because if Cyl(rA*) satisfies
the dual constraint then the other cylinders that have r or rA will be in the dual.
By taking the allowed measurements, we compute the trace that should be positive.
Then rA* must be less than 1 which means that r < # ~ 0.0557.

Now we consider the case where a block consists of two particles. Then, we have

only one internal gate and three external gates.

ol O|o
ol Olo
ol O]o
ol Olo

Cyl(rA?) are given by the big circles and the small circles may grow only by A or \?
and the dots represent Cyl(r). As mentioned above, we won’t consider cylinders that

are presented by dots and small circles.
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All the extremal inputs of a cylindrical state space have the following form:
(17 7ﬁQcylinders COs 67 7achl'L'nders sin 67 :l:l)

where Tacyiinders 18 defined by Tocyiinders 1= rA3 and @ varies between 0 and 27 . We
are going to work out the maximum value 7cyiinders to see whether the separable

decomposition has positive measurement outcomes.

Instead of taking all the possible inputs, we use the following to reduce the number

of inputs:

o [f we apply C'Z on two Z measurements, there is no negativity because we end
up with the same operators. However, if the C'Z gate acts on a Z and an X —Y
measurements, we end up with a rotation of the X — Y measurement. Then
the product measurement on the two particles does not affect the positivity of
the outcomes. Explicitly, we assume that r3¢yiinders should not grow beyond 1
in order to satisfy the dual constraint. Therefore we do not need to consider

the Z measurement.

e We consider that y components of Cyl(racyiindgers) are equal to 0. Hence, if we
consider Cyl(racyinders) With z = —1, we find that it is the same as applying
an X rotation on the first particle with z = 1 and Z rotation on the second

particle.

e (C'Z commutes with the Z rotation. If we take the projectors of X — Y plane
measurements and we apply the Z rotation, we end up with projectors that are
in a different direction. Instead of taking C'yl(72cyiinders) With component y = 0,

we are going to consider the measurement projector (%)

Now, we need to compute the tr(pP) > 0, where
p = CZ(L T'2¢ylinders COS HAXa T2cylinders sin QAY> Z)®(17 T2cylinders COS GBXa T2¢cylinders sin HBYa Z)>

where

z:landP:(T> .

So we end up with the following equation,

tr(pP) = I3cytinders SN O SN 05 — Tacytinders (o8 O 4 cos fg) +1 > 0.
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Also, it can be written as

2
_r20ylinders COs <9A - GB) + (1 - TQCylinders COS GA)(l - r20ylinde7"s COS GB) Z 0

By taking 64 = 0p = 0, we have 7ocyiinders < % Therefore, all the allowed

measurements and all the inputs have positive outcomes if and only if rocyingers < %

By taking 7acytinders = rA3, then r will be less than or equal to ﬁ ~ (0.0573.

We find that r of the block that contains only one particle is less than r of the
block of two particles, % ~ (.0557 < ﬁ ~ 0.0573. Therefore, the value of r increases

as long as it satisfies the dual constraints.

We will show under certain assumptions which we believe to be true how we
compute the maximum value of r for a block state space that contains only four state

spaces. These assumptions are:

1. the measurement projector is (%),

2. instead of considering all possible inputs, we take the input (/,7X,0Y,172)

4.2 Block state space of four cylindrical state spaces

In this section, we are going to combine four cylindrical state spaces into the block
state space and apply four internal C'Z gates, to work out the maximum radius of the
block 7,5, such that the block state space belongs to the dual of cylinder measurement.
We will find this maximum value by computing the trace(pP), where p is the set of

state spaces and P is the set of the allowed measurements.

To work out r,,s, we assume that the Bloch vector for each particle is (r,0,1) and

all the angles are equal to zero. Then, without applying CZ, p1?39 is equal to:

1 1 1 1
pL234) — sUArX+Z)@(I+rX+Z)@ (I+rX+2)@ S (I +rX +2) (4.1)

After applying the C'Z; on the first and the second qubits, C'Z; on the second and

third qubits, C'Z3 on the third and the fourth qubits and finally C'Z, on the fourth

and first qubits, we obtained the following p:234)":

pt234) = LIQIQIQI+rZQIRZ9X+IQIQIQZ+rIQZQXQZ+1?ZQ LS
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First qubit Second qubit

Fourth qubit Third qubit

(Nl )
(Wl )

Figure 4.1: The block state space that consists of four cylinder state spaces with four
CZ gates

YRY4+rIQZQXQI+IRIRZQ1+rZQIQIRX +IRIRZQZ+rZ@XQZQI+1r*I®
XQIQX+rZQXQZQZ+1*ZQY QY QZ+13IQY @ X QY +1?ZQY QY [+rZ@ X ®
IQI+r IRXQRZQX+rZRXRIQZ+IQZIIRQI+rZQZQZIX+IRZQIQZ+rI®
IRXRZ+1?ZQIQY QY +rIQIRXQI+IQRQZQZQI+rZQZQIRX +IQRZRZRZ+
rXQZQURZ+1*Y QZQZQY +rXQZQIQI+r* X QI X 1+1r3Y IQY @ X +r2 X ®
IQXQRZ+rXQRZQZIQZ+1*Y QZQIQY +rXQZQZQI+1*Y QY QZQZ+1r3 X QY ®
IQY +r2Y QY RZQI+rY X QY QI+ X XXX +rY XQY R Z4+rY QY ®
IRZ+1r3XQYRZQY +r?Y @Y QIQI+rXRIQIQZ4+rY QIQRZQY +rXRIQIQI+
PXRZXQI+rY RZQY X4+ XQ@Z0X@Z4+rXQIRQZQZ+r*Y @IQIQY +
rXQIRZQI+ZQIQIQI+rIRIRZ@X+ZQIRIR7+rZR 73X Q72+ IQZQY ®
Y+rZ@ZXQI+ZQI0ZQ1+rIQIQIX+ZQIRZQZ+rI@XQZQ1+1?ZR0X®
IRX+rIXRZQZ+r?IQY QY RZ+1r3ZQY @ X QY +r?IY QY @I +rI X @I®
I+ 720 XQZX+rIXQIQRZ+ZRZQIQI+rIRZQZQX +ZRZQIQZ+1Z®
IRXRZ4+1r?IRIQY QY +rZQIQX QI+ ZRZQZQT+rIQZQIQX +7ZRZQZRZ).

Tpos Ccan be calculated by studying the trace, that should be positive, of p(1234)
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and the measurement projector P:

where

the computation of trace is given by

tr(p(1,273,4)lp) —

tr(pt2349' Py > 0 (4.2)
1 ®4
P=[5(1—X)] (43)
1 4 2
= (Ppos 270 — 47pos +1) >0 (4.4)

16

The maximum value of r,,s satisfying the equation of trace is:

0.08

0.06

lowest eigenvalue

-0.02 r

-0.04

Tpos < 0.295597743 ~ 0.2956

0.04 r

0.02

required radius growth to be separable
\
\\\
\\
5
T
Ty 7
N\ /
\\\ T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

value of radius

Figure 4.2: maximum radius required in the block state space to be separable.

In this block, we can only apply two external C'Z gates which means that r will

be taken to rA\? to maintain the separable decomposition. Hence, rA\? < 0.2956, then

r is given by

0.2956 0.2956
< —

N 20ms1 0O

The value 0.0698 is computed based on the assumptions that the negativity will first

appear for measurement

(=X
5
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It turns out that when we add more vertices in the block state space, the value of

r increases as long as it satisfies the dual constraints to maintain separability [7].

4.3 Block state space of many cylindrical state spaces

This section is a review of further progress which was made by my co-authors and
described in article [7]. We are going to increase the size of the block state space and
we will obtain two sequences (upper and lower) of optimization problems. The lower
sequence is non-decreasing while the upper sequence is non-increasing. The lower
sequence represents the values of the input radius where the system can be efficiently
simulated classically and the upper sequence represents the input radius where the
system gives negative probabilities. In the case of 2D lattice, these two sequences
converge to limits that are close but we do not know if both sequences have the same
limits, i.e. if they have the same limit then below this specific value the system can

be efficiently simulated classically and above it the system has negative probabilities.

We consider a block B that has H x W qubits, where H and W are greater than

2. To initialise the qubits, we consider two ways:

1. All cylinders have the same state (1,7,0,1). After applying internal C'Z the
resulting operator is denoted by p(B, ).

2. All cylinders that are in the corner of the block, are prepared in a state with
A?r and the boundary cylinders are in a state with Ar, while the remaining
cylinders are in a state with input radius r. All these states have z = 1. After

applying the internal C'Z, the resulting operator is denoted by py(B, 7).

We will also define the following:
s(B) := max{r|p(B,r) > 0}

sx(B) :=max{r|p\(B,r) > 0}

where p(B,r) >y 0 and py(B,r) > 0 means that these operators are in the dual of
the set M of the allowed measurements.

We are interested in s,(B) to implement the coarse graining scheme. If r < s,(B)
in a block B, then cylinders with radius r can be efficiently simulated classically
because they lead to positive probabilities. But if » > s(B) in a block B, then
cylinders with radius r lead to negative probabilities which mean that we won’t end

up with separable decomposition. So, we will try to find blocks where s,(B) is large.
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Lemma 3. Let’s consider a region K L of qubits in a lattice and we divide this region
into two disjoint subregions K and L. By disjoints we mean that we remove all the

CZ gates that relate these two regions. For any region F', we have

s(F) > sa(F) (4.5)

Then for the region K L, we have:
s(KL) < min{s(K), s(L)} (4.6)
sy(KL) > min{s,(K), sx(L)} (4.7)

If we consider that the two regions are identical, K = L, then
s(LL) < s(L) (4.8)

sx(LL) > sx(L) (4.9)

This tells us that every time we join the subregions together, we increase the size of

a region, then s will only decrease and s, will only increase.

Proof. To end up with equation (4.5), we start by obtaining p(F,r) from p,(F,r) by
dephasing the edges of the corner of qubits, i.e. we need to remove A\ and \. Hence,
if px(F,r) > 0 then p(F,r) > 0. When p(F,r) becomes negative, the value of r has
to be greater than the value of r when py(F,r) becomes negative. So, as dephasing

maintains positivity, s(F) > s\(F).

To end up with equation (4.6), we begin by considering a cylinder with z = 1 that
has the form |0)(0| + a|0) (1] + b|1)(0] where a,b € C. Now suppose we interact this

cylinder with two other particles in an arbitrary state T using two C'Z. Then we have
10)(0] @ T + a|0)(1] @ (TZ%?) 4+ b|]1){0| ® (Z%°T)

If we trace out the first particle, then the remaining particles are in their original
marginal state T. So, cutting the external C'Z gates that join the two regions K
and L, does not change the marginal operators on K or L, trx{p(KL,r)} = p(L,r).
If..p(KL,r) >p 0 then we have trg{p(KL,r)} >y 0, but as trg{p(KL,r)} =
p(L,r) this means that p(KL,r) >, 0 implies p(L,7) > 0 and p(K,7r) >3 0. So
by taking the minimum between s(L) and s(K), s(K L) must be less than or equal
to the minimum to have p(KL,r) > 0.

To end up with equation (4.7), we have pampaa(K L, 7) is in the convex hull of
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pA(K, 1) @ pa(L, 7). Hence py(KL,r) on the block must be positive if py(K,7) > 0
and py(L,7) > 0 and so the equation sy(K L) > min{sy(K), sx(L)} must hold. O

This lemma allows us to define sequences that capture when r is classically simu-
lated classically using the coarse graining approach. Let’s consider that we construct
a sequence of blocks and we start with a 2 x 2 block B; and then construct larger

blocks by joining two copies of B,,_; to make B,,. We define the sequences as follows

Ly := sx(By) (4.11)

From equation (4.5), we have w, > [, where [, is non-decreasing and wu, is non-

increasing and hence both sequences converge. We denote the limits as:
u = limu,

[:=1liml,

If » < [ then r is classically simulatable efficiently but if » > u then we end up
with negative probabilities. If it turns out that v = [ then for » < [ the system is
classically simulated and for r > [ the system has negative probabilities. But we
do not know whether or not u is equal to [ for any system. For a 2D lattice with
the interaction of C'Z gates, we calculated the lower and the upper bounds using
trial measurements and inputs on rectangles of size 6 x 7. These numbers indicates
that 0.0698 < [ < u < 0.139 for a 2D square lattice. For this specific lattice, the
numerical experiments seem to suggest these two assumptions: the upper and lower
sequences are determined by taking a measurement projector that has the form %
and the input that has the form (1, «,0,1) in the Pauli basis where « includes r and
any growth factors A\ applied in the coarse graining approach. When these inputs and
measurements give positive probabilities, the maximum r appears to be the maximum

in the following equations s(B) = max{r|p(B,r) > 0}.

4.4 Summary of chapter 4

By using the method of coarse graining, we tried to expand the size of the region of
the system that can be efficiently simulated classically. It turns out that the value of
the radius increases slightly for two particles. But for four particles in a block, the

system can be efficiently classically simulated under the following two assumptions:
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the measurement projector is (%)®4 and the input is (1,7,0,1) in the Pauli basis.
We use this measurement projector because it seems for numerical experiments that
the negativity appears first for this measurement, i.e. if, by applying this measure-
ment, we end up with positivity then the remaining allowed measurements will give
positive values. In [7], we found that by adding more vertices in a block, the value of

the radius increases, however it doesn’t exceed 1.
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Chapter 5

Summary

It is unknown if quantum computers are better than classical computers. We can
proceed one of two ways to understand this problem. The first way is that we can
try to find that quantum computers cannot be efficiently simulated classically and
the second is that we can try to develop an algorithm that can classically simulate a

quantum system.

It is believed that quantum computers, built with quantum system, can efficiently
solve hard problems that are unknown whether they can be efficiently solved on
classical computers. If it is found that simulating a quantum computing can be
done classically, then any algorithm that can be done in quantum computers can be

efficiently simulated on a classical computer.

In this thesis, our goal is to develop a new method of classically simulating certain
types of quantum system that are previously unknown to be efficiently simulatable

on classical computers.

We started by defining cylinder separability which is a new generalised notion of
separability. Then we applied this notion to systems where we vary the inputs of
cluster state quantum computation and we end up with some inputs that allow the
system to be efficiently simulated classically. As we mentioned previously, the cluster
state has input states [¢) = |+) = |0>\}L§\1>
into the unormalised form |0) 4 €|1) where € is a small non-zero number, the system

, but we have shown that if we change |1))

can be efficiently simulated classically.

The classical simulation is achieved by demonstrating that if we take C'Z gate
acting on two inputs that are presented by two cylindrical state spaces with radii
r, the output is separable with respect to two different cylindrical state spaces with
larger radii R = A where A = /2 + /5. We can maintain a separable decomposition
by growing the cylinder by A each time but we must not grow beyond radius 1, because
this state space should be in the dual of the cylinder measurements. This work forms

the basis of the classical simulation.
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We also considered, instead of C'Z gates, diagonal gates V' (f) that acts on two
cylindrical state spaces. Our goal is to try to find the minimum growth required for
separability. After working out the required growth factor as a function of  for all
the diagonal gates, we discover that the C'Z gate is the gate that requires the most
growth factor A to maintain separability. This work can be taken further. Instead
of using V(0) gates of two qubits, we could try to use different diagonal gates such
as |0)(0] ® zp + |1)(1] ® zp where z = [0)(0] 4+ ¢|1)(1|, or we could try other gates
with number of qudits to see whether or not it is possible to efficiently simulated on

a classical computer.

Then, we tried to find if there are other state spaces require a lower growth factor.
So, we considered new state spaces that are the convex hull of N (5 — 2) + 2 vertices.
We chose these state spaces because of the symmetry about the z axis and they
are among the simplest we could try for small number of extremal points. Then
we grew the size of these state spaces to maintain separability and we used Linear
programming to compute the required growth factors to see if any of the state spaces
that we studied can grow slower than the cylinder. But it turns out that, among all
these state spaces that we tried, the cylinder is the most optimal state space that
needs the least growth. In further work, we could try different state spaces rather
than the ones we studied but these state spaces have to be also symmetric about the

2 axis.

Finally, we introduce the method of coarse graining and we try to improve the
value of the radius of a system that can be efficiently simulated on a classical computer
using this specific method. Then we find that the radius that can be simulated
efficiently, increases slightly for two particles and then even further subject to the
following two assumptions for four particles in a block: the measurement projector
has the form % and instead of taking all the possible inputs, we consider the input
(I,7X,0Y, Z). If we end up with positivity using this measurement projector then the
remaining allowed measurements will give positive values. We will also find that by
adding more vertices in a block, the value of the radius will increase slightly [7]. Two
open problems are whether the upper and lower sequences converge and whether there
are other ways of coarse graining that can improve the classical simulation. These

open problems need further investigations.
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Appendix A

Representation of V() in the Pauli basis

In this part, we will compute the representation of V' (6) in Pauli basis that we called
VV(0). It is a 16 x 16 matrix and is used in chapter 2.

First, we take two inputs in the following Pauli basis:
(1,X,Y,2)

where we have:

IIlO;X:(]l;Y:O_ZIandZ:lO
01 1 0 7 0 0 —1

Then, we act the Controlled gate V(6) on these two qubits by taking one Pauli
operator from the first and second input; where V() and V1(f) are represented as

the following:

100 O 100 O

1 1
vy=|2 Y Y aavig= |2 0"
0 01 001 O
00 0 €% 000 %

e Let’s start by taking I from the first input and changing the Pauli operators of

the second input.
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100 1000\ /100 0
010 0100l[0o10 o0
V(I H)ViG) =

001 0 0010f[loo0o1 o0
000 e/ \0o00 1/ \0o 00 -
1000

o100

oo 10
0001

=1l

e V/(0) is acting on I and X where X is the second input considered.
100 0 1000\ /100 0
010 0 0100|fo10 o0
V() ® X)VI(H) =

001 0 0001l]l0o01 o
000 e/ \0o010/ \0oO0O0 e~
01 0 0

{10 0 o0

oo 0 e
00 ¢ 0
I+7 I-Z

= (+T) X + (T) ® (cos X + sinfY)

=al X+ QXY +cZRX+dZQY

e Let’s take Y the second input.
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100 0 0 —i 100 0
010 0 0 0 010 0
V(0)(I ® Y)VT(9) = '
001 0 00 0 —i|l]loo1 o
00 0 e 0 0 ¢ 0 00 0 e=®
0 —i 0 0
i o0 0 0
o 0o 0 —ie®
0 e 0
I+7 I-Z
= (+T) Y+(T)®(COSQY—sin9X)
=al QY +dI@ X +bZRX +cZRQY
e The second input considered is Z.
100 0 1 0 0 0 100 0
010 0 0 -1 0 0 010 0
V() (I Z)V(0) =
00 1 0 0 1 0 001 0
00 0 e 0 0 0 —1 00 0 e-©
1 0 0 0
o -1 0 0
o o0 1 0
0 0 0 —e Wet
—I®Z

Instead of I, we consider X as the first input and change the second input.

e The second input is 1.
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100 0 0010 100 0
010 0 0001]l]l0o10 o0
V() (X @)VI(0) =
001 0 1000fl0o01 o0
00 0 e 01 00/ \0 0 0 e
0 0 1 0
0 0 0 e
1 0 0 o
0 ¢ 0 0
X

+z’Y)®(I+Z+I—Z _i9)+(X—iY)®([+Z+I—Z
2 2 7 © 2 2 2

—eX @I+ XRZ+pY @I +qY @7

ei&)

I
—~

e X is considered as the second input.

100 0 0001\ /100 0
V()(X © X)VH(0) = 010 0 0010]]010 0
001 0 0100]]l00T1 0
000 e/ \1 000/ \0o OO0 e
0 00 e
o o1 0
1o 10 o0
e’ 00 0
X+iY  X—iY X+iY¥ _, X—iY  X+iY X-iY ,
:2®(2+26)+2®(2+26)

=e XX+ pX QY +pY 9 X +7Y @Y

e The second input taken is Y.
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100 0 0 0 —i\ /1 00 0
010 0 0 0 010 0
V(X Y)VIG) =
001 0 0 —i 0 001 0
00 0 e i 0 0 0 00 0 e-©
0 0 0 —ie ™
o 0 0
1o —io0o o0

ie® 0 0 0

X+iY iX+Y —iX4Y _, X—-iY  —iX4Y iX4Y ,
:2®(2+2e)+2®(2+26
=g XX +eXQY +kYRX +pY QY

e The last operator is Z which is considered for the second input.

100 0 0 0 1 0 100 ©0
010 0 0 0 0 —-1]fo10 o0
V(0)(X @ 2)Vi(9) =
001 0 1 0 0 001 0
00 0 e 0 -1 0 0 00 0 =
0O 0 1 0
10 0 0 —e
11 0o o o0
0 —? 0 0
X+ I+72 1-7 _, X —iY I+7 1-7
= (F5 ) ©(— T )+ () @ (5 5c")

=1 XQI+qY @I +eXRZ+pY ®Z

The third operator is Y which is taken as the first unchangeable input.

e Let’s start by taking I the second input.
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100 0 00 —i 0 1
010 0 00 0 —il|l]o
Ve © DVI(E) = 001 0 i 0 0 0
00 0 e 0 ¢ 0 0 0
0 0 —i 0
0 0 0 —je

0 e 0 0
— X @I+pX @ Z+eY I +jY QZ

e The second input is X.

100 0 00 0 —i\ /1
010 0 00 —i 0 0
V()Y @ X)VT(6) = b
001 0 0 i 0 0 0
00 0 e i 0 0 0 0
0 0 0 —ie®
10 0 - 0
1o i o0 0
e 0 0 0

=g XX +kXQY +eY @ X +pY @Y
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e Let’s take Y the second input.

100 0 0 00 —1\ /1 00 0
010 0 0 01 0 010 0
Vo) Y @Y)VI() =
001 0 0 10 0 001 0
000 e/ \=1 00 0 00 0 -
0 00 —e®
10 01 o0
1o 10 0
—? 00 0
=Jj X RX+¢X QY +q¢Y @ X +eY ®Y
e / is considered as the second input.
100 0 00 — 0\ /100 0
010 0 00 0 +|]J0o10 o0
V(O Y ® Z2)VI(9) =
(6)( Vi) 001 0 i 0 0 o]loo0o1 o0
000 e®) \0 —i 0/ \0 0 0 e=®
0 0 —i 0
0 0 0 e ™

0 —ic® 0 0
—pX QI +qXRZ+jY R +eY ®Z

And finally, V() is acting on the last operator Z which is taken as the first input.
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e The second input considered is I.

e X is taken as the second input.

o o = O

o - O O

— O O O

N

&

N

)

IT

S

&

~
5
B +
00_€0X
| ®

: N

c oo v 3
L+
1000VA
OanU.Mv

(
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e The second changeable input is Y.

100 0 0 —i 0 0\ /100 0
010 0 0 0 o|l]Jo 10 o
V(0)(Z@Y)VI(9) = ' |
001 0 00 0 i|l]loo1 o
00 0 e 0 0 —i 0/ \0 0 0 e
0 —i 0 0
lio0 0 0
o 0 0 e
0 0 —ie? 0
=Y +aZQY +bIX+dZ® X
e The last operator Z is taken as the second input.
100 0 1 0 0 0\ /100 0
010 0 0 -1 0 ofllo1o0 o
V(0)(Z e Z)V) =
(6) Vo) 001 0 0 0 —-10fl]loo1 o
00 0 e 0 0 1 00 0 e-©
1 0 0 0
o -1 0 0
1o o -1 0
0 0 0 ¢fe®
®

I
N

After applying V' (0) to these inputs, we get the 16 x 16 matrix, that we called
VV(0).
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(I®I1)

o0 o0 o0 o00O0O0O0OO0OO0OO0OO0O0°O0

1

EONS X AENSRKENS RSN
ROV RRIRIR R R AR
S TR R A A
S O O O O O O o o o o o o o
T O O O O O O O oo o o o L8 g o
O L0 O O O OO OO0 o o o o ® v o
S O O O O O O o o o o —+H o o O
O O O T O O A4mO0O O v o o o o
O O O O - A0 O & v O o o o o
SO O O O O OO0 0o To o o o o
SO OO0 4 OO T oo o -0 o o o
o O O -0 O v 40 O To o o o
S O OO 4 v OO0 M ToOo o o o o
O OO O 0o To o o, 0o0 o o o o
SO OO LV OO - T OO0 o0 o o o
S O —H O O O O O O O O o o o O
LD T O O O O O O oo o o o T oo
S T O O O O O oo oo o o o auo
S O O O O O O O O o o o o o o

where

—sin6;

1
2

0;d=—

1

— — —COs
2

1
2

—sinf;c

1
2

—cosf;b=

1
2

-
2

a =

(—i@)—l—}L exp (i6);

11
exp (i0); k = _§+Z exp

1
4

exp (—if)—

1

2 4

1

iexp (—if) + iz exp (16)

1
4

iexp (i0);q =

iexp (—i6) — i

p:ZL
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Appendix B

Matlab code
B.1 Matlab code for Chapter 2

When the gate V() acts on cylindrical state spaces in chapter 2, we end up with

identical minimum eigenvalues. We check this result using Matlab code:

clear
%for the two inputs (1,rA,0,1)tensor (1,rB,0,1)

% pauli matrices

i = complex(0,1);
I=1[10;01];
X=1[01; 10];
Y = [0 -i; i 0];
Z=1[10; 0-1];
rh = 1;

rB = 1;

=1

array_min = zeros(5,361*numel(0:0.1:1.5));

%cs = cosd(theta)+ i*sind(theta);
%cs_m = cosd(theta) - i* sind(theta);

ITI = kron(I,I);%II
IX = kron(I,X);%IX
IY = kron(I,Y);%IY
1Z = kron(I,Z);%IZ
XI = kron(X,I);%XI
XX = kron(X,X) ;%XX
XY = kron(X,Y);%XY
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XZ = kron(X,Z) ;%XZ
YI = kron(Y,I);%YI
YX = kron(Y,X);%YX
YY = kron(Y,Y);%YY
YZ = kron(Y,Z) ;#YZ
ZI = kron(Z,I);%ZI
ZX = kron(Z,X);%ZX
ZY = kron(Z,Y);%ZY
ZZ = kron(Z,Z);hZZ

for K = 0:0.1:1.5

%add 1 to RA: going from 1 to 2.5 by 0.1
RA = 1+K;

RB = 1+K;

for theta = 0:360

cs = cosd(theta)+ i*sind(theta);

cs_m = cosd(theta) - i* sind(theta);

Jthis matrix is similar to equation 8 in the paper, where all the Z components are O:
matrix_1 = II + (rB/RB)*IX + (rA/RA)* XI +
((0.5+0.25%cs_m+0.25%cs) *((rA*rB) /(RA*RB) ) )* XX + ((-0.25*i*cs_m
+0.25%i*cs)* ((rA*rB) /(RA*RB)))*XY + ((-0.25%i*cs_m

+0.25%i*cs)* ((rA*rB)/ (RA*RB)))*YX

+((0.5-0.25%cs_m-0.25%cs) * ((rA*rB) / (RA*RB) ) ) *YY ;

%»this matrix is the partial transpose:

%3rd column is minus

matrix_2 = II + (rB/RB)*IX + (rA/RA)* XI +
((0.5+0.25%cs_m+0.25*cs) * ((rA*rB) /(RA*RB)))* XX - ((-0.25%i*cs_m
+0.25%ixcs)* ((rA*rB)/(RA*RB)))*XY + ((-0.25*%i*cs_m
+0.26%i*cs)* ((rA*rB) /(RA*RB)) ) *YX
-((0.5-0.25*%cs_m-0.25*cs)*((rA*rB)/ (RA*RB))) *YY ;

%or 3rd row is minus

matrix_3 = II + (rB/RB)*IX + (rA/RA)* XI +
((0.5+0.25*%cs_m+0.25*cs) * ((rAxrB) /(RA*RB)) )* XX + ((-0.25*i*cs_m
+0.26*i*cs)* ((rA*rB) /(RA*RB)))*XY - ((-0.25%i*cs_m
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+0.25%i*cs)* ((rA*rB) /(RA*RB)) ) *YX
-((0.5-0.25*cs_m—-0.25%cs)* ((rA*xrB) /(RA*RB) ) ) *YY ;

Jmin eigenvalues of matrix_1

eigenvalues_1 = eig(matrix_1);

min_eig_1 = min(eigenvalues_1);

eigenvalues_2 = eig(matrix_2);

min_eig_2 = min(eigenvalues_2);

eigenvalues_3 = eig(matrix_3);

min_eig_3 = min(eigenvalues_3);

array_min(1,j) theta;
array_min(2,j) = min_eig_1;

array_min(3,j) = min_eig_2;

array_min(4,j) = min_eig_3;

RA;

array_min(5, j)

Jj =3t

end

end
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The graph (2.2) which represents the required growth for each theta, is given by the

following code:

clear
%for the two inputs (1,rA,0,1)tensor (1,rB,0,1)

% pauli matrices

i = complex(0,1);
I=1[10;01];
X=1[01;10];
Y =[0-i; i 0];
Z=1[10; 0-1];
rh = 1;

rB =1;

i=1

array_R = zeros(1l,numel(0:0.1:1.1 ));
array_theta = zeros(1l,numel(0:0.1:1.1 ));

%cs = cosd(theta)+ i*sind(theta);
%cs_m = cosd(theta) - i* sind(theta);

II = kron(I,I);%II
IX = kron(I,X);%IX
IY = kron(I,Y);%IY
1Z = kron(1,Z);%IZ
XI = kron(X,I);%XI
XX = kron(X,X) ;%XX
XY = kron(X,Y);%XY
XZ = kron(X,Z);%XZ
YI = kron(Y,I);%YI
YX = kron(Y,X);%YX
YY = kron(Y,Y);%YY
YZ = kron(Y,Z);%YZ
ZI = kron(Z,I);%ZI
ZX = kron(Z,X);%ZX
ZY = kron(Z,Y) ;hZY
ZZ = kron(Z,Z) ;hZZ
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for K = 0:0.00001:1.1

%add 1 to RA: going from 1 to 2.1 by 0.00001
RA = 1+K;

RB = 1+K;

for theta = 0:360

cs = cosd(theta)+ i*sind(theta);

cs_m = cosd(theta) - i* sind(theta);

%»this matrix is similar to equation 8 in the paper, where all the Z components are O:
matrix_1 = II + (rB/RB)*IX + (rA/RA)* XI +
((0.5+0.25*%cs_m+0.25%cs) *((rA*xrB) /(RA*RB) ) ) * XX + ((-0.25%i*cs_m
+0.256%i*cs)* ((rA*rB) /(RA*RB)))*XY + ((-0.25%i*cs_m

+0.25%i*cs)* ((rA*rB)/ (RA*RB)))*YX

+((0.5-0.25%cs_m—-0.25%cs)* ((rA*xrB) / (RA*RB) ) ) *YY ;

Jmin eigenvalues of matrix_1

eigenvalues_1 = eig(matrix_1);

min_eig 1 = min(eigenvalues_1);

if min_eig_1 < O
array_R(1,j) = RA;
array_theta(l,j) = theta;
else
continue

end

if min_eig_1 < O
break

else
continue

end

end
=ity
end
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plot(array_theta, array_R)
%stitle(’Required growth to be separable’)
xlabel(’values of theta’)
ylabel(’values of growth’)
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B.2 Matlab code for Chapter 3

The Matlab code, which is shown below, is the same code applied to the section of
Different state spaces. The difference is that we are changing values of ” N” | epsilon,

heights and radii:

1; %(radius of the input)
1; %(height of the input)
5; %(number of points going down the Z axis (with (1,0,0,1) and (1,0,0,-1)))

15; %(number of angles going around the equator)

= = B H
o

epsilon = 0.1;

theta = 360/N;

height = [1 0.75 0 -0.75 -1]; %(heights of the five inputs)

width = [0, (\sqrt(7)/4)*(1l+epsilon), 1, (\sqrt(7)/4)*(1+epsilon), 0]; %(Radii of th

CZ = \begin{blockarray}{*{17}{c}}
\begin{block}{ (*{16}{c})c}

1%40&0&0&0&0&0&0&0&0&0&0&0&0&O0&O0 & ($I\otimes I$)
0440&0&0&0&0&0&0&0&0&0&0&0&1&0&O0 & ($I\otimes X$)
0&40&0&0&0&0&0&0&0&0&0&0&0&0&1&0 & ($I\otimes Y$)
0&0&0&1&0&0&0&0&0&0&0&0&0&0&0O0&O0 & ($I\otimes Z$)
0&0&0&0&0&0&0&1&0&0&0&0&0&0&O0&O0 & ($X\otimes I$)
0440&0&0&0&0&0&0&0&0&1&0&0&0&O0&O0 & ($X\otimes X$)
0440&0&0&0&0&0&0&0&-1&40&0&0&0¢&O0&O0 & ($X\otimes Y$)
0&0&0&0&1&0&0&0&0&0&0&0&0&0&O0&O0 & ($X\otimes Z$)
0&0&0&0&0&0&0&0&0&0&0&1&0&0&0&O0 & ($Y\otimes I$)
0&40&0&0&0&0&-1&0&0&0&0&0&0&0&O0&O0& ($Y\otimes X$)
0&40&0&0&0&1&0&0&0&0&0&0&0&0&O0&O0 & ($Y\otimes Y$)
0&40&0&0&0&0&0&0&1&0&0&0&0&0&0¢&O0 & ($Y\otimes Z$)
0&40&0&0&0&0&0&0&0&0&0&0&1&0&0&O0 & ($Z\otimes I$)
0&1&0&0&0&0&0&0&0&0&0&0&0&0&O0&O0 & ($Z\otimes X$)
0&40&1&0&0&0&0&0&0&0&0&0&0&0&0&O0 & ($3Z\otimes Y$)
0&40&0&0&0&0&0&0&0&0&0&0&0&0&O0&1& ($Z\otimes Z$)
\end{block}

\end{blockarray}

output_shape = zeros(4,N(M-2)+2); % a (4\times N(M-2)+2) matrix
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% Linear programming in Matlab: linprog(f, A, b, A’, b’)
C = zeros((N(M-2)+2)"2,1); % the objective function

- eye((N(M-2)+2)"2) ; % A inequality
zeros((N(M-2)+2)"2,1) ; % b inequality

o
I

for R = 2.4:0.001:2.46

for phi = 0:360/N:360-360/N

output_shape(:, init) = [1; R#width(k)*cos(phi); R*width(k)*sin(phi); height(k)];
init = init+1;

end

end

[1; 0; 0;1]; %((:,1) means rows of a specific col (in this case i
[1; 0; 0;-11;

output_shape(:,1)

output_shape(:,2)

out_shape = kron(output-shape,output-shape); %(out_shape is A equality in linear prog

% Input

number_R = 0;

optimal_R = 0;

for 11 1:M

for mm 1: M

input = kron([1; width(11l); O0; height(11)],[1; width(mm); O; height(mm)]);
input_CZ = CZxinput; %(input_CZ is b equality in linear programming)

Xopt = linprog(C, I, 0, out_shape, input_CZ);
if Xopt >= 0
number_R = number_R + 1;
if mm == M and 11 == M and number_R == M"2
optimal_R = R;

end
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else

break

end
end
if Xopt >= 0

continue
else

break
end
end

if number_R == M"2

break
else
continue
end
end
% For the linear programming, the formula that we need to use is as follow:
where
%h C = zeros((N(M-2)+2)°2,1); % which is the objective function,
h I =- eye((Nx(M-2)+2)"2); % which is the A inequality,
% 0 = zeros((N*x(M-2)+2)"2,1); % which is the b inequality,
% The out_shape is the A equality,
% The input_CZ is b equality,

% 1b=ub=0; that are the lower and the upper bound respectively.

% So by replacing the above formula by the equivalent notation, we have

Xopt

linprog(C, I, 0, out-shape, input-CZ).
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