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Abstract

Layered shales exist widely and are often encountered during shale gas

development. However, the mechanical response of layered shales is

significantly affected by the existence of beddings, resulting in the obvious

anisotropy characteristics regarding deformation, strength and failure mode.

To clarify the underlying mechanisms of shale anisotropy that control the

safety of engineering projects, the numerical simulation and theoretical

analysis were conducted. The results show that with the growth of confining

pressure, the compressive resistance of shales gradually increases, the shear

fractures govern the instability and the anisotropy index decreases. Further-

more, several strength criteria for layered rock masses were summarized, and

the modified Jaeger strength criterion was proposed by introducing the

anisotropic parameter Rcθ. It can effectively reflect the failure modes and

strength features of layered shales under triaxial conditions with a higher

accuracy. Besides, the variation of cohesion and internal friction angle of

layered shale samples was comprehensively analysed under the triaxial

conditions. Clearly, as the inclination angle of bedding planes increases, the

cohesion of layered shales first decreases, but then increases under triaxial

compression, showing the ‘U’‐shaped changing trend. Additionally, the

internal friction angle of layered shales gradually increases with the increase

in the inclination of bedding planes.
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1 | INTRODUCTION

Anisotropy is a critical mechanical characteristic of
layered shales and has raised much attention of
geotechnical engineers for shale gas exploration and
development. Generally, metamorphic rocks (e.g., slate,
gneiss and phyllite) and sedimentary rocks (e.g., shale)
are sensitive to the structural anisotropy and behave
differently along various directions. Actually, the influ-
ence of the pre‐existing discontinuities on the mechani-
cal behaviour of shales cannot be ignored.1,2 In recent
years, some researchers have investigated the anisotropic
properties of layered rock masses under compression.
For example, Wang et al.3 proposed an elastoplastic
model for layered rock mass that exhibited hybrid initial
and stress‐induced anisotropy. By taking shale as the
research object, the anisotropic characteristics of the
strength, deformation and failure mode of shales under
uniaxial and triaxial compression conditions were
discussed and a calculation method for evaluating the
shale brittleness index was proposed. Meanwhile, three
main failure types were summarized, that is, vertical
tension‐splitting failure, shear‐slip failure along weak
bedding plane and shear failure passing shear bedding
plane. At the same time, with increasing confining
pressure, the anisotropy of rock strength will be
gradually weakened.4–7 Simultaneously, the triaxial
loading and unloading tests were carried out on shales,
and the mechanical response, deformation characteris-
tics and damage evolutions of Longmaxi shale were
investigated.8 Jin et al.9 also evaluated the deformation,
strength and fracture properties of Marcellus shales
through laboratory tests. They pointed out that the
transverse isotropic model can describe the elastic
properties of Marcellus shales under compression and
pure tension, and the fracture properties of Marcellus
shales are anisotropic. Yang et al.10 tested the typical
anisotropic mechanical properties and brittleness of
Longmaxi shales under conventional triaxial compres-
sion and proposed a new brittleness index to evaluate the
shales with different failure modes. Mandal et al.11

performed the constant rate multistage triaxial tests on
Goldwyer gas shale formation, and the anisotropy of
elastic and mechanical properties of shales was analysed.
However, the influence mechanisms of the continuous
initiation and propagation of microcracks on fracture‐
induced shale anisotropy remain unclear.

Furthermore, by taking layered sandstone or slate as
the research object, the influence of the bedding plane
orientation on their mechanical properties and failure
modes was analysed in detail through laboratory tests.12

The results showed that the elastic modulus, compressive
strength, cohesion and friction angle first decreased and

then increased, showing a ‘U’‐shaped curve. For different
types of sandstones, the elastic modulus varied with the
inclination angle of the bedding planes changing and is
not always consistent. Basically, it can be divided into
two categories: the first one is that the elastic modulus
increases with the bedding orientation rising, and the
other one is that the elastic modulus first increases and
then decreases as the bedding orientation rises, which is
similar to the variation of compression strength. The
failure mode of the layered sandstone under uniaxial
compression is similar to the shale, which can be divided
into split‐tension failure, shear‐slip failure along the
bedding weak plane and compression shear failure. Liao
et al.13 investigated a high‐temperature conventional
triaxial compression test on layered sandstone, and the
variation in the deformation parameters, strength char-
acteristics and failure mode of the samples with changing
temperature and bedding angle was analysed and the
temperature effect of the layered sandstone anisotropy
was studied. Li et al.14 carried out the shock compression
and shock splitting tensile tests on five sample groups of
layered sandstones with different bedding plane dip
angles using a separate Hopkinson pressure bar test
platform to analyse the effect of bedding plane dip angles
on the dynamic stress‒strain, dynamic influence law of
compressive tensile strength, failure mode and energy
absorption properties. Li et al.15 performed the uniaxial
compression and Brazilian splitting tests on Silurian silty
slate. The mechanical properties, anisotropy character-
istics and deformation failure modes of the samples were
analysed, and the mechanical mechanisms of different
failure modes were revealed. The existence of the silty
slate surface makes the silty slate show obvious
anisotropy. The main failure modes of the silty slate
can be divided into two types, that is, tension‐splitting
failure and shear failure along the slab surface. Gholami
and Rasouli16 performed the laboratory experiments on
the dry and wet slate samples with different bedding
plane inclination angles, and the anisotropic character-
istics of slate strength were analysed. When the bedding
orientation is between 30° and 40°, the stiffness of the
specimen will decrease, and for the wet slate specimen,
the stiffness reduction is more pronounced.

Besides, Tien and Tsao17 used similar materials to
simulate layered rock masses and conducted relevant
laboratory experiments. Using a rotary scanning instru-
ment, they obtained the tiled images of the samples
under different stress levels in the uniaxial compression
test and divided the failure modes into sliding failure and
nonsliding failure along the discontinuous surfaces.
Then, the calculation approach of transverse isotropy
parameters was determined through theoretical analysis.
Moreover, the failure criterion of a transverse isotropic
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rock mass proposed by Nova–Sacchi was verified by a
triaxial compression test of a layered rock mass, and the
calculation method of the failure surface under compres-
sion of a layered rock mass was given by theoretical
analysis.18 Hakala et al.19 investigated the transverse
isotropic mechanical properties of rocks in the Kiroto
area of Finland and pointed out that the high anisotropy
coefficient will lead to the obvious errors in the
measurement of in situ stress. Zhou et al.20 carried out
a series of uniaxial and triaxial compression tests on on‐
site layered rock mass samples, and the related deforma-
tion behaviour and failure mode were deeply studied.
Simultaneously, the layered rock mass can be usually
regarded as a transversely isotropic rock material with
five elastic constants. Wang et al.21 theoretically studied
the effective moduli of anisotropic rocks based on the
Kuster–Toksöz and Mori–Tanaka models. Dambly et al.22

proposed a direct method for determining the shear
modulus of transversely isotropic rocks based on the
uniaxial compression test of cylindrical specimens.
Gonzaga et al.23 carried out a hydrostatic compression
test and uniaxial compression test on the standard
cylindrical specimens, and a method for determining
the linear elastic mechanical parameters of transversely
isotropic rock was proposed. The anisotropic properties
of deformation and strength of gneiss, shale and schist
with different bedding plane angles were studied by
uniaxial compression and Brazilian splitting tests, and a
multistrain test method was proposed to determine five
independent elastic parameters of transversely isotropic
rocks.24 Togashi et al.25,26 conducted a triaxial compres-
sion test on a single transversely isotropic rock sample
with varying bedding plane angles and proposed a
method for determining the anisotropic elastic parame-
ters of the transversely isotropic rock mass.

In terms of numerical simulation, Debecker and
Vervoort27 modelled the anisotropic strength of slate and
analysed the failure modes under uniaxial compression
and Brazilian splitting tests using the two‐dimensional
(2D) discrete element method (DEM).28 This model
simulated the fracture process of seven kinds of layered
rock samples with different bedding plane inclination
angles under uniaxial compression using the 2D rock
failure process analysis (RFPA) method, and the
strength, failure mode and failure criteria of the samples
were discussed. Xia et al.29 established a mesoscopic
numerical model of a layered rock mass by the particle
flow method, and the effects of bonding strength, friction
and occlusion on the strength of layered rock mass were
analysed from a mesoscopic perspective. The basic
algorithm of the 2D discontinuous displacement
method for simulating transversely isotropic elastic
materials was developed and verified by the theoretical

solutions and finite element solutions.30 Park et al.31

proposed the bonded particle DEM method. The
anisotropic mechanical properties of transversely iso-
tropic rocks were simulated and verified by a series of
laboratory tests. On this basis, a three‐dimensional (3D)
bonded particle DEM method was further proposed,
which can accurately describe the variation law of the
rock elastic modulus and strength with the bedding plane
dip changing. The transverse isotropic elastic model was
also embedded into the Y‐Geo finite element–discrete
element programme and the corresponding numerical
simulations were carried out to study the progressive
failure process of layered rocks and the anisotropic
deformation and strength indices.32 Although many
related studies have been carried out to capture the
anisotropic mechanical properties of different types of
layered rock masses by means of laboratory tests,
numerical simulations and theoretical analyses, both
the understanding of underlying mechanical mecha-
nisms and the effective methods for determining the
anisotropic deformation and strength parameters of
layered shales are still limited because of the influence
of the creation and evolution of microcracks.

In this study, to clarify the effect mechanisms of
bedding plane orientation on the anisotropic deformation
and strength parameters of layered shales, systemic
numerical simulations and theoretical analyses were
conducted. On one hand, the progressive failure process
of layered shales was modelled based on the statistical
strength theory, damage mechanics and continuum
theory, and the influence of the formation and develop-
ment of microcracks on the mechanical resistance and
failure mode of layered shales was comprehensively
investigated. On the other hand, several strength criteria
for layered rock masses were compared, and the
modified Jaeger strength criterion was proposed by
introducing the anisotropic parameter Rcθ. It can
effectively reflect the failure modes and strength features
of layered shales under triaxial conditions with a higher
accuracy. In addition, the variation of cohesion and
internal friction angle of layered shale samples was
comprehensively analysed under the triaxial conditions.

2 | METHODOLOGY

2.1 | Theoretical principles

The numerical simulations of the layered shale samples
under uniaxial and triaxial compression were carried out
using the RFPA method33‐35 based on the statistical
strength theory, damage mechanics and continuum
theory. By introducing the heterogeneity coefficient to
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characterize the heterogeneity of rock material, it can
simulate the redistribution of the stress field and the
induced creation and evolution of microfractures.36‐38 It
has been applied to numerically reproduce the gradual
failure process of rock material by many researchers.39‐41

Compared with the traditional finite element method,
the RFPA method has three main characteristics: (I) The
heterogeneity of rock material can be considered, and the
nonlinear deformation and failure process of rock
material can be simulated on the basis of the elasto‐
brittle‐plastic constitutive model. (II) Each representative
volume element will maintain the linear deformation
state until the element stress satisfies the strength
criterion. The element still has a certain residual strength
after failure, but the element stiffness will gradually
decrease. In this way, RFPA can simulate the strain
softening of rock materials and the discontinuous
problems based on the continuum mechanics. (III) The
maximum tensile stress and maximum tensile strain
criteria are used in the RFPA method. The maximum
tensile stress criterion can predict brittle failure from the
elastic stage to the residual deformation stage, and
the maximum tensile strain criterion is used to predict
the state when the element completely loses its bearing
capacity.

To reflect the heterogeneity, the random distribution
state of material properties on the element level can be
characterized by introducing the Weibull distribution
function,42 and its function expression is

φ
m
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σ

σ

σ

σ
= exp − ,

m m

0 0

−1

0



























(1)

where σ is the element strength, σ0 is the mean strength
of all elements of the sample, andm is the heterogeneity
coefficient.

2.2 | Numerical models

Figure 1 displays the load conditions of a layered shale
sample, where θ is the inclination angle of the bedding
planes, that is, the angle between the loading direction
and the normal direction of the bedding planes, and θm is
the angle between the loading direction and the bedding
planes (θ θ+ = 90°m ). Then, the numerical shale sam-
ples with different bedding plane dip angles were
established in the RFPA3D code, as shown in Figure 2.
The samples were composed of both rock material
and bedding surface material with a size of 50mm ×

50mm × 100mm and a bedding plane spacing of 2mm.
The displacement‐controlled loading mode was adopted,
and the loading rate was 0.005mm /step. In the

numerical simulation, the confining pressure was set to
be 2, 5, 10 and 15MPa to investigate the deformation and
failure law of layered shales under triaxial compression.

2.3 | Physical experiment and model
parameter calibration

To determine the mechanical parameters of the layered
shales, seven shale samples with different bedding dip
angles were loaded in the uniaxial compression test, as
shown in Figure 3. The rock mechanics test system
RMT‐150C as shown in Figure 4 was used to perform
the experiments. It was made by the Institute of Rock
and Soil Mechanics, Chinese Academy of Science,
China. The RMT‐150C is featured by complete test
functions, easy operation and a high degree of automa-
tion. Meanwhile, tests can be completely controlled by
the computer. During the tests, the operator can
intervene by changing the control mode and test
parameters. The test steps can also be set in advance
and completed automatically by the computer. At the
end of the test, the system can automatically return to
the initial state and can easily generate the test results.
The displacement loading mode was adopted in this
test and the loading rate was 0.0005mm/s. Meanwhile,
an LVDT deformation sensor was used to measure the
axial and lateral deformation.

FIGURE 1 Load diagram of the layered shales.
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Figure 5 shows the compressive stress‒strain curves
of the shale samples with different bedding dip
angle from which we can see that before the peak
strength, the axial stress basically increases linearly

with the axial strain rising, and the lateral strain is
smaller than the corresponding axial strain value. After
reaching the peak strength, the lateral strain value
suddenly increases, indicating that the shale samples

FIGURE 2 Numerical models of the layered shales with different inclination angles.

FIGURE 3 Layered shale samples with different bedding orientations.

FIGURE 4 RMT‐150C rock mechanics testing machine.
FIGURE 5 The stress‒strain curves of the shale samples under
uniaxial compression.
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have strong brittle characteristics. For the bedding
plane orientation between 60° and 90°, there is a stress
drop in the stress‒strain curve before reaching the
peak strength, which is mainly caused by the cracking
of the bedding surfaces inside the sample. As the axial
load continues to increase, the critical parts of the
bedding surfaces and rock media are damaged, causing
the overall failure of the samples. Compared with the
other samples, the stress drop in the postpeak stress‒
strain curve of the sample with a bedding orientation
of 90°, is relatively slow, and there is a phenomenon of
progressive failure. At the same time, it can be seen
from the stress‒strain curves that the uniaxial com-
pressive strength reaches the minimum value
(44.68MPa) when the bedding orientation is 60° and
reaches the maximum value (225.22 MPa) when the
bedding orientation is 0°.

The triaxial compression numerical model was
composed of two materials, that is, rock matrix and
bedding plane. According to the experimental results and
related references, the uniaxial compressive strength,
elastic modulus, Poisson's ratio and heterogeneity
coefficient of two materials were determined for simula-
tion, as shown in Table 1. The stress‒strain curve
calculated by the numerical simulation were also
compared with the test data as shown in Figure 6, which
proves the effectiveness and rationality of the chosen
parameters.

3 | MICROCRACK AFFECTED
ANISOTROPY OF LAYERED
SHALES

3.1 | Stress‒strain curve analysis

Figure 7 shows the axial stress‒strain curves of the
layered shale samples under different confining pres-
sures. The black dashed curve represents the uniaxial
compression chamber test results (σ = 0 MPa3 ). It can be
seen from Figure 7 that the confining pressure has a
significant effect on the strength of the layered rock mass
samples. For the layered shales with the same dip angle,
the axial peak strength increases with the growth of the
confining pressure. Simultaneously, with the confining
pressure increasing, the plastic deformation stage before
the peak of the axial stress‒strain curve is more obvious,
and the layered rock samples with different dip angles
gradually change from brittle failure to plastic failure.

Figure 8 shows the axial stress‒strain curves of the
layered shale samples with different dip angles. According
to the stress‒strain curves of the samples under different
confining pressures, the mechanical characteristics of the
samples with different dip angles are obviously different.
The failure strength and elastic modulus of the samples are
greatly affected by the inclination of the bedding planes,
meaning that the mechanical characteristics of the layered
rock samples have significant anisotropy. According to the
stress‒strain curves, it can also be found that the stress
drops rapidly after the sample reaches the peak strength,
indicating that the sample has a strong brittle characteristic.
When the confining pressure is 5 or 10MPa, the brittleness
characteristic of the specimens with the bedding orienta-
tions of 30° or 60° are slightly weaker than the other
specimens. This reveals that the brittle characteristic of the
layered rock samples is also anisotropic.

3.2 | Strength and deformation
characteristics

According to the stress‒strain curves in Figures 7 and 8, the
strength, axial strain and elastic modulus at the peak point
of the layered shales with different dip angles can be
obtained, as shown in Figure 9. The black dotted line in
Figure 9 shows the experimental results. Figure 9A

TABLE 1 Mechanical parameters of the layered rocks for simulation.

Material Compressive strength (MPa) Elastic modulus (MPa) Poisson's ratio Heterogeneity coefficient

Rock 230 13,000 0.18 4

Bedding plane 23 1300 0.20 3

FIGURE 6 Comparison of experimental results and numerical
results of a sample with 0°.
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(A) (B)

(C) (D)

(E) (F)

(G)

FIGURE 7 Axial stress‒strain curves of the layered shale specimens under different confining pressures when: (A) θ = 0°, (B) θ = 15°,
(C) θ = 30°, (D) θ = 45°, (E) θ = 60°, (F) θ = 75° and (G) θ = 90°.
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illustrates that with an increase in the inclination angle of
the bedding plane, the peak compressive strength of the
layered rock mass first decreases and then increases,
showing a typical ‘U’‐shaped variation. For the layered
rock samples with the same orientation, the peak strength
of the sample increases gradually with an increase in the
confining pressure. Furthermore, when the bedding plane
inclination is 0°, the peak intensity of the sample is the
largest, and when the inclination of the bedding plane is
45° or 60°, the peak intensity of the sample is the smallest.
Figure 9B displays the corresponding axial strain at the
peak strength. It can be seen that with the inclination angle
of the bedding planes rising, the variation in the axial strain
value at the peak point is similar to the peak strength, that
is, typical ‘U’‐shaped changing trend. When the confining
pressure is 2 MPa, the strain value at the peak point

fluctuates slightly, but the overall variation law is consistent
with the other confining pressures. Figure 9C shows the
variation curve of the elastic modulus with the inclination
angle of the bedding plane changing. Basically, with the
inclination angle of the bedding plane increasing, the
elastic modulus first decreases, later increases and then
decreases, similar to the ‘W’‐shaped curve. When the
inclination of the bedding plane is 30° or 75°, the elastic
modulus has a peak point, and the elastic modulus reaches
the minimum value when the bedding plane inclination
angle is 45°. The comparison between the uniaxial
compression test results and the numerical simulation
results in Figure 9 shows that the compressive strength, the
axial strain at the peak point and the elastic modulus are
nearly consistent, proving the validity and rationality of the
simulations.

(A)

(B) (C)

FIGURE 8 Axial stress‒strain curves of the layered shale specimens with different bedding inclinations when: (A) σ3 = 0MPa,
(B) σ3 = 5MPa and (C) σ3 = 10MPa.

8 | GAO ET AL.
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3.3 | Failure modes

Figure 10 shows the failure modes of the layered rock
samples under different confining pressures. When the
confining pressure is 0MPa, for the sample with an
orientation of 0°, the shear failure of the rock material
through the bedding surface first occurs at the middle part of
the sample. With the growth of the axial load, the shear
cracks gradually generate at the upper right part of the
sample, and the failure mode is very similar to the laboratory
test results. For the samples with the orientations of 15° and
30°, the shear failure forms at the lower and upper ends of
the sample, respectively, and the failure mode was basically
consistent with the laboratory test results. For the samples
with the orientations of 45° and 60°, the specimen first

produces the slip failure along the bedding plane. With
increasing the axial load, two parallel shear failure zones
gradually appear in the specimen and intersect at a certain
angle with the inclination of the bedding plane. For the
samples with the orientation of 75°, the specimen mainly
produces the slip failure along the bedding plane, and the
failure mode is consistent with the experimental results. For
the samples with the orientation of 90°, multiple splitting
cracks form along the bedding plane, which is also consistent
with the laboratory test results. In general, the simulated
failure modes of the layered shales under uniaxial compres-
sion can be divided into three categories, that is, vertical
tension‐splitting failure, local slip (along bedding planes and
passing rock matrix) and shear composite failure, and slip
failure along the bedding plane.

(A)

(B) (C)

FIGURE 9 Compressive strength (σp), peak strain (εp) and elastic modulus (E) variation as the bedding inclination rises: (A) σp vs. θ,
(B) εp vs. θ and (C) E vs. θ.
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With the confining pressure increasing, when the
bedding plane dip angle is between 0° and 30°, the
layered shale samples are mainly sheared through
the bedding planes, and the failure plane and the
bedding plane from a certain angle, but the cracked
areas of the sample are slightly different. When the
bedding plane inclination is between 45° and 75°, with
the growth of the confining pressure, in addition to
shear‐slip failure along the bedding plane, a shear failure
zone passes through the bedding plane and the slip
failure gradually disappears. With the confining pressure
increasing, the failure mode of the specimen gradually
changes from the shear failure along bedding planes to
the shear slip along the bedding planes and the shear
composite failure through the bedding plane. When the
bedding plane orientation is 90°, as the confining
pressure increases, the specimen gradually changes from
the vertical tension‐splitting failure of the bedding planes

to the oblique shear failure of the rock material until the
overall instability failure of the specimens. The failure
modes of the samples under different confining pressures
present various and complex characteristics.

4 | ESTABLISHMENT OF THE
ANISOTROPIC STRENGTH
CRITERION

4.1 | Theoretical principles

1. The Jaeger strength failure criterion43

Based on the principle of a single weak plane,
Jaeger43 first proposed the anisotropic strength
criterion that the compressive strength of transversely
isotropic rock materials varies with the inclination of
the bedding plane, and then it was improved by

FIGURE 10 Failure modes of layered rock specimens under different confining pressures.
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Donath.44,45 At present, the Jaeger strength criterion is
widely used and the expression of the criterion is

σ A D θ θ= − cos 2( − ),cθ m mminm (2)

where θm is the angle between the maximum principal
stress and the direction of the bedding plane

( )θ θ+ =m
π

2
, θmmin is the angle between the maxi-

mum principal stress and the bedding plane when the
uniaxial compressive strength of the layered rock
mass sample takes the minimum value, and A and D
are two constants, which can be calculated according
to the uniaxial compressive strength of the layered
rock mass sample when ϴm= 0°, 30° and 90°.
Simultaneously, the parameter D is related to the
strength anisotropy coefficient of the layered rock
mass. The strength of the layered rock mass obtained
by the Jaeger strength criterion varies with the
inclination of the bedding plane in a ‘U’‐shaped curve.

2. The Tien–Kuo strength failure criterion46

According to the two main failure modes of
layered rock samples, Tien and Kuo46 proposed a
transversely isotropic rock test based on the slip
shear failure along the weak bedding plane and the
nonslip failure of rock materials through the
bedding plane. This anisotropic strength criterion
is termed the Tien–Kuo strength criterion, and the
expression of the criterion is:

For the nonslip shear failure mode:

( )

σ σ

σ σ

θ E θ E

θ θ E

−

°
−

=
1

(cos / ) + (sin / ′) + cos

sin − ′

,

θ

m m

m m G

υ

E

1( ) 3

1(90 ) 3

4 4 2

2 1

′

2 ′

′

m



 




(3)

where σ1 and σ3 are the maximum and minimum
principal stresses.

The elastic modulus anisotropy coefficient of a
layered rock mass k and the transverse anisotropy
parameter n are defined as follows:

k
E

E
=

′
, (4)

n
E

G
υ=

′

2 ′
− ′. (5)

Substituting Equations (4) and (5) into Equation (3),
we can obtain

σ σ

σ σ

k

θ k θ n θ θ

−

°
−

=
cos + sin + 2 cos sin

.

θ

m m m m

1( ) 3

1(90 ) 3

4 4 2 2

m

(6)

For the slip shear failure mode:

σ σ
c σ φ

φ θ θ
− =

2( + tan )

(1 − tan tan )sin 2
,θ

w w

w m m
1( ) 3

3
m (7)

where cw and φw are the cohesion and the internal
friction angle of the bedding weak surface, respec-
tively.

According to the laboratory test results of layered
rock samples, σ

°1(0 ) and σ °1(90 ) are usually not equal.
However, in the Jaeger strength criterion, the two are
assumed to be equal. To distinguish the difference
between them, the Hoek‒Brown criterion is used in
the Tien–Kuo strength criterion to determine σ

°1(0 )

and σ
°1(90 ) as follows:

σ σ m σ σ σ
°
− = (

° °
+

°
) ,c c1(0 ) 3 (0 ) 3 (0 ) (0 )
2 0.5 (8)

σ σ m σ σ σ
°
− = (

° °
+

°
) ,c c1(90 ) 3 (90 ) 3 (90 ) (90 )
2 0.5 (9)

where σ
°c (0 ) and σ °c (90 ) are the uniaxial compressive

strengths when the bedding plane inclination
θ = 0° and 90°m . m

°(0 ) and m °(90 ) are the parameters
in the Hoek‒Brown criterion corresponding to the
sample with the corresponding bedding plane inclina-
tion angle, respectively.

The Tien–Kuo criterion contains seven material
parameters including the cohesion and the internal
friction angle of the weak bedding plane (cw and φw)
and the rock material strength parameters (σ

°c (0 ),
σ

°c (90 ), m °(0 ), m °(90 ), n). The method for determining
the material parameters can be found in the relevant
literature Tien and Kuo.46

3. The improved Hoek‒Brown strength criterion47

Hoek and Brown (1980)48 proposed an empirical
failure criterion for predicting the strength of a rock or
rock mass. The expression of their criterion is

σ σ σ m
σ

σ
s= + + ,ci

ci

α

1 3
3






 (10)

where σci is the uniaxial compressive strength of the
sample and m, s and α are the material constants.
When the rock is a complete rock, m m= i, s = 1 and
α = 0.5.

In the Hoek‒Brown criterion, the rock material
parameters σci, m and s can be determined by uniaxial
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and triaxial compression tests. For transversely isotropic
rock samples, the sample failure is greatly affected by the
inclination of the bedding planes. Hence, the Hoek‒
Brown criterion parameters (σci,m and s) can also present
the anisotropic characteristics. Saroglou and Tsiambaos49

pointed out that the Hoek‒Brown criterion parameters
(σci, m and s) were related to the intensity anisotropy
coefficient kθ. The improved Hoek‒Brown criterion can
be expressed as follows:

σ σ σ k m
σ

σ
= + + 1 ,cθ θ i

cθ
1 3

3
0.5






 (11)

where σcθ is the uniaxial compressive strength of the
samples with different bedding plane inclinations
θ and kθ is the intensity anisotropy coefficient. If the
uniaxial compression tests on samples with different
bedding plane inclination angles can be carried out,
σcθ can be therefore determined by the test results.
Saroglou and Tsiambaos49 argued that the uniaxial
compressive strength of layered rock samples can be
determined by the Jaeger strength failure criterion by
Equation (2) directly. However, kθ needs to be
determined by a large number of uniaxial and triaxial
compression tests.

4. The Ramamurthy strength criterion
Ramamurthy et al.50 proposed and developed a

strength criterion for predicting the nonlinear
strength variation characteristics of transversely iso-
tropic rock materials, and the expression is

σ σ

σ
B

σ

σ

−
= ,θ

cθ
α

1 3

3 3
m

m
θm






 (12)

where σcθm is the uniaxial compressive strength for
different inclination angles θm and the parameters Bθm
and αθm can be calculated using the following
equation:

α

α

σ

σ

B

B

α

α
= , = ,

θ cθ

c

α
θ

θ90 90

1−

90

90
0.5

m m m

m

90













 (13)

where σc90 is the uniaxial compressive strength of the
sample with the inclination θ = 90°m and α90 and B90
are the material parameters of the sample with the
inclination θ = 90°m , which can be obtained by
establishing the relationship between σ σ

σ

−1 3

3

and σ

σ
c90

3

through the triaxial compression test. By bringing it
into Equation (13), the material parameters αθm and
Bθm of the samples with different inclination angles θm
can be obtained.

5. The improved Rafiai strength criterion51

Rafiai47 proposed the empirical strength failure
criterion for isotropic rock materials. Under triaxial
compression, the expression of the strength criterion
can be expressed as follows:

σ

σ

σ

σ

A σ σ

B σ σ
r= +

1 + ( / )

1 + ( / )
− ,

ci ci

ci

ci

1 3 3

3







 (14)

where σci is the uniaxial compressive strength, A and
B are the material constants, which depend on the
mechanical properties of the rock material and r is the
strength reduction factor, and for intact rock, r equals
0. For rock masses with a high degree of joint
development or rock samples with many fractures, r
equals 1.

For transversely isotropic rock materials, Saeidi
et al.51 assumed that the transversely isotropic rock
material was a complete rock sample and did not
consider the existence of bedding planes. Namely, they
assumed r = 0. By introducing a new reduction factor
that takes into account the strength anisotropy αθ, the
Rafiai strength criterion can be modified as follows:

σ σ σ
A σ σ

α B σ σ
= +

1 + ( / )

+ ( / )
,cθ

cθ

θ cθ
1 3

3

3







 (15)

where σcθ is the uniaxial compressive strength of samples
with different bedding plane inclination angles, αθ is the
strength reduction parameter related to rock anisot-
ropy and A and B are material constants.

4.2 | The modified Jaeger strength
criterion

1. Jaeger single weak surface principle
Jaeger43 proposed the single weak plane principle

by assuming that transversely isotropic rock material
consists of rock media and a set of parallel bedding
weak planes. The failure of rock media and weak
bedding surface follows the Mohr‒Coulomb criterion,
but the cohesion and internal friction angle of rock
media and weak bedding surface are not equal.
Therefore, the expression of the failure criterion is:

For the destruction of rock materials:

τ c σ φ= + tan . (16)

For the destruction of weak bedding surface:

τ c σ φ= + tan ,θ w θ w (17)
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where c and φ are the cohesion and internal friction
angle of rock media, respectively, and cw and φw are
the cohesion and internal friction of weak bedding
plane. τ and σ are the tangential stress and normal
stress, respectively. τθ and σθ are the tangential stress
and normal stress when the bedding plane inclination
orientation is θ, respectively. The expression of
Equation (17) in the principal stress space is

f σ σ σ σ σ φ c φ( ) = ( − ) − ( + )sin − 2 cos

= 0.

ij 1 3 1 3
(18)

Using Equations (16) and (17), two different stress
values can be obtained when the specimen fails at
different bedding inclination angles, and the minimum
value of the two principal stresses is treated as the failure
strength of the specimen.

Figure 11 is a schematic diagram of predicting the
failure strength of layered rock samples using the single
weak plane principle. For the samples with the bedding
orientations of 0° and 90°, the four shear strength
parameters of the specimen can be determined from
the triaxial compression test results. The existing
laboratory test results show that the compressive
strengths of the samples are not equal when the
inclination angles of the bedding plane are 0° and 90°.
The experimental results of the triaxial compression can
be put into Equation (16) to establish the relationship
between σ σ( − )1 3 and σ σ( + )1 3 . The cohesion and
internal friction angle of the sample can be obtained by

linear fitting. It can be summarised from a large number
of laboratory test results that for the layered rock mass
samples when the inclination angle of the bedding plane
is 60°, the uniaxial compressive strength of the sample
reaches the minimum value, and the sample generally
presents slip failure along the bedding plane. According
to the triaxial compression test results, the cohesion and
internal friction angle of the weak bedding plane can
be obtained by fitting the results.
2. Modified Jaeger strength criterion

According to Jaeger's single weak plane principle,
when the dip angle θ of the layered rock sample is a
middle value, the failure of the specimen is mainly the
shear‐slip failure of the bedding plane. However, many
laboratory experiments and numerical simulations show
that in addition to slip failure, there is also a small
amount of shear failure of rock materials. Simulta-
neously, when a certain range of lateral pressure is
applied, the failure mode of the specimen may change
gradually, and slip failure is not the main failure mode.
In this study, by introducing the anisotropic parameter
Rcθ, Equation (15) can be therefore modified as follows:

τ R c σ R φ= (1 + lg ) + tan[(1 + lg ) ],θ cθ w θ cθ w (19)

where R =cθ
σ

σ
cθ

cmin
and σcmin is the minimum value of the

uniaxial compressive strength of the layered rock mass
sample, which can be obtained when the bedding
orientation is 60°. σcθ is the uniaxial compressive strength
of the sample with an orientation of θ. The expression of
Equation (19) in the principal stress space can also be
written as

σ σ σ σ R φ

c R φ

− = ( + )sin[(1 + lg ) ]

+ 2 cos[(1 + lg ) ].

cθ w

w cθ w

1 3 1 3
(20)

Similar to Jaeger's single weak surface failure
criterion, the failure of rock media and weak bedding
surface can be judged by Equations (18) and (19),
respectively. The determination method of the parame-
ters c, φ and cw, φw is consistent with the Jaeger criterion.
σcθ is the uniaxial compressive strength of the samples
with different bedding plane inclination angles, which
can be obtained by uniaxial compression test. Figure 12
shows the comparison between the results of the uniaxial
compressive strength of the layered rock mass predicted
by the modified Jaeger strength criterion and the
experimental and numerical results, from which we
can see that the theoretical prediction matches with the
physical tests and numerical simulations satisfactorily.

The experimental results of shale under the conven-
tional triaxial compression10 were adopted to verify the
accuracy of the modified Jaeger strength criterion under

FIGURE 11 Schematic view of failure stress prediction using
the single weakness plane theory.
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triaxial conditions. The parameters in the modified
criterion were calculated according to the experi-
mental data. Namely, c0, φ0, c90, φ90, cw and φw were
28.88 MPa, 52.29°, 53.35 MPa, 45.61°, 23.96 MPa and
41.66°, respectively. When the orientation of bedding
planes θ was changed from 15° to 75°, Rcθ could be
obtained, respectively, based on the experimental
results. The triaxial compression strengths predic-
ted by the modified criterion and obtained by the
experiments10 can be seen in Figure 13. In Figure 13,
the dot‐dash line represents the experimental results,
and the solid line represents the theoretical results.
The theoretical triaxial strengths obviously show a
U‐shaped changing trend with increasing the orienta-
tion of bedding planes. Basically, the theoretical
results are consistent with the experimental results.
The comparison demonstrates that the modified
Jaeger strength criterion is satisfied under triaxial
conditions.

4.3 | Anisotropy analysis of the layered
shale resistance

Nova and Sacchi52 conducted a theoretical analysis on
the triaxial compression of rock samples and proposed
the strength failure formula of layered rock samples
under the triaxial conditions. According to the uniaxial
compression tests and the numerical simulations of
triaxial compression, the corresponding parameters18

were first determined as c = 20.03t , μ2 = 0.685463t ,
α = 3.63 and β = 0.015 to analyse the theoretical results
of the layered shales suffering triaxial compression.
According to the triaxial strength failure theory, the

variation law of the compressive strength of the layered
rock samples under different confining pressures with
the inclination of the bedding plane can be further
calculated.

According to the strength theory of layered rock
samples subject to triaxial conditions proposed by
Nova and Sacchi,52 the theoretical strength value of a
layered rock mass under triaxial compression can be
calculated. The results gained by the numerical
simulation and theoretical prediction of triaxial
compression are compared in Table 2. We can see
that the variation law of the predicted results by the
theory is consistent with the numerical simulation
results. Simultaneously, when the inclination of
the bedding plane is 30° and 90°, the compressive
strength obtained from the theoretical prediction is
smaller than the numerical simulation results due to
the influence of the deformation localization and
the progressive development of micro‐cracks. The
comparison of uniaxial compressive strength and
triaxial compressive strength indicates that the varia-
tion law obtained by theoretical prediction analysis
is more consistent with the experimental and simu-
lated results, and the theoretical analysis is more
accurate.

According to the simulated and theoretical results of
triaxial compression, the changing trends of the cohesion
and the internal friction angle of the layered rock
samples with the inclination of the bedding plane
increasing were obtained by fitting the Mohr‒Coulomb
criterion envelope, as shown in Figure 14. From
Figure 14A, we can see that under triaxial compression,
the cohesion of the shale samples obtained from the
theoretical prediction and the numerical simulation first
decreases and then increases with the bedding plane dip

FIGURE 12 Uniaxial compression strength predicted by the
modified Jaeger strength criterion.

FIGURE 13 Triaxial compression strength predicted by the
modified Jaeger strength criterion.
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growing up, displaying a typical ‘U’‐shaped curve. For
the cohesion, the numerical simulation results are
consistent with the theoretical prediction results, and
the difference between them is small. Figure 14B shows
that under the condition of triaxial compression, with the
inclination angle of the bedding planes increasing, the
internal friction angle of the shale sample basically rises
up gradually. However, the internal friction angle
calculated by the theoretical prediction is smaller than
the numerical simulation because the gradual creation
and propagation of microcracks cannot be considered in
the theoretical prediction.

5 | CONCLUSION

In this study, to improve our understanding of the effect
of bedding surfaces on the anisotropic deformation and
strength parameters of layered shales, systemic numeri-
cal simulations and theoretical analyses were conducted.
The progressive failure process of layered shales was
modelled based on the statistical strength theory, damage
mechanics and continuum theory. Furthermore, the
influence of the formation and development of micro-
cracks on the mechanical resistance and failure mode of
layered shales was comprehensively discussed. Besides,
the modified Jaeger strength criterion was proposed. The
main conclusions can be drawn as follows:

1. As the inclination angle of the bedding planes grows up,
the compressive strength of the layered shales first
decreases and then increases, showing a typical ‘U’‐
shaped variation. For the layered rock samples with the
same bedding orientation, the compressive strength
increases gradually with the growth of the confining
pressure. Furthermore, when the bedding plane inclina-
tion is 0°, the peak intensity of the sample is the largest,
and when the inclination of the bedding plane is 45° or
60°, the peak intensity of the sample is the smallest.

TABLE 2 Numerical and theoretical
results of the layered rocks under triaxial
compression. θ

Theoretical results (MPa) Numerical results (MPa)

2MPa 5MPa 10MPa 15MPa 2MPa 5MPa 10MPa 15MPa

0° 228.88 234.27 243.21 252.05 211.00 223.95 264.94 298.18

15° 159.41 165.75 176.16 186.41 159.75 169.82 184.72 190.00

30° 97.78 104.57 115.73 126.72 112.48 136.43 164.8 175.82

45° 66.41 73.38 84.94 96.44 66.25 69.35 80.07 89.66

60° 58.13 65.37 77.42 89.47 61.20 67.65 87.85 95.01

75° 65.76 73.20 85.39 97.34 89.05 95.95 115.34 140.07

90° 81.35 88.11 99.04 109.62 179.48 214.3 234.37 247.66

(A)

(B)

FIGURE 14 Cohesion and internal friction angle of the layered
rock specimens with different inclination angles: (A) cohesion and
(B) internal friction angle
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2. With the inclination angle of the bedding planes
rising, the variation of the axial strain value at the
peak point is similar to the compressive strength, that
is, the typical ‘U’‐shaped changing trend. When the
confining pressure is 2 MPa, the strain value at the
peak point fluctuates slightly, but the variation law is
basically consistent with the other confining pres-
sures. Meanwhile, with the inclination angle of the
bedding planes increasing, the elastic modulus first
decreases, later increases and then decreases, showing
the ‘W’‐shaped curve. When the inclination of the
bedding planes is 30° or 75°, the elastic modulus
reaches the peak point. However, the elastic modulus
reaches the minimum value when the bedding plane
inclination angle is 45°.

3. The simulated failure modes of the layered shales
under uniaxial compression can be divided into three
categories, that is, the vertical tension‐splitting failure,
the local slip (along bedding planes and passing rock
matrix) and shear composite failure, and the slip
failure along bedding planes. When the bedding plane
dip angle is between 0° and 30°, the layered shale
samples are mainly sheared through the bedding
planes. When the bedding plane inclination is
between 45° and 75°, a shear failure zone passes
through the bedding planes, and the slip failure
gradually disappears. When the bedding plane orien-
tation is 90°, as the confining pressure increases, the
specimen gradually changes from the vertical tensile
splitting failure of the bedding planes to the oblique
shear failure of the rock media.

4. The modified Jaeger strength criterion was pro-
posed by introducing the anisotropic parameter
Rcθ. The modified Jaeger strength criterion was
verified by the numerical and experimental results.
It can reflect the failure mode and strength
characteristics of layered rock masses to a certain
extent. Under the triaxial compression conditions,
with the inclination angle of the bedding planes
growing up, the cohesion of the layered shale
sample first decreases and then increases, showing
a typical ‘U’‐shaped variation, while the internal
friction angle of the layered shale sample gradually
increases.
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